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Abstract: We consider the problem of model selection for quantile regression anal-
ysis when a particular purpose of the modeling procedure has to be taken into
account. Typical examples include estimation of the area under the curve in phar-
macokinetics or estimation of the minimum effective dose in phase II clinical trials.
A focused information criterion for quantile regression is developed, analyzed, and
investigated by means of a simulation study and data analysis.
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1. Introduction

Quantile regression was introduced by Koenker and Basseffl (1978) as an
alternative to least squares estimation and yields a far-reaching extension of re-
gression analysis by estimating families of conditional quantile curves. Since its
introduction, quantile regression has found great attraction in statistics because
of its ease of interpretation, its robustness, and its numerous applications that
include such important areas as medicine, economics, environment modeling,
toxicology, and engineering (see Buchinskyl (T994); Cade, Terrell, and Schroede
(1999); Wei ef all (2006) among many others). For a detailed description of
quantile regression analysis we refer to the monograph of Koenkex (2005), which
also provides a variety of additional examples. In a concrete application the
parametric specification of a quantile regression model might be difficult and
several authors have proposed nonparametric methods to investigate conditional
quantiles (see Y and Jones (T99R); Dette and Volgushevi (2008); Chernozhukov!
Fernandez-Val. and Galichon (P010) among many others). However, nonpara-
metric methods involve the choice of a regularization parameter and, for high
dimensional predictors, these methods are not feasible. Parametric models pro-
vide an attractive alternative, but a misspecification of the regression model may
lead to an invalid statistical analysis. Machadd (T993) considered a modification
of the Schwarz (I978) criterion for general M-estimates, Roncheffi (T985) studied
such a variant for the Akaike information criterion (see Akaikd (T973)). Koenken
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(2005) proposed to use the Akaike criterion for quantile regression, which usu-
ally overestimates the dimension but has advantages with respect to prediction.
More recently, several authors have worked on penalized quantile regression in
the context of variable selection in sparse quantile regression models (see Zou
and Yuan (2008); Wu and L (2009); Shows, Lu. and Zhang (2010)).

The present paper is motivated by recent applications of nonlinear median
regression to the EMAX model in pharmacokinetics (see for example Callies ef
all (2004)). In studies of this type model identification is not the primary goal
of the statistical analysis, but quantities such as area under the curve (AUC) or
minimum effective dose (MED) are of main interest, and model selection should
take this into account. Example 1 is one in which a dose response relationship is
modeled by nonlinear quantile regression and a clear target is involved. Different
dose response models are considered with the specific purpose of using the se-
lected model to estimate the minimal effective dose, the minimal dose for which
a specified minimum effect is achieved.

Model selection methods such as the Akaike information criterion or the
Schwarz-Bayesian information criterion operate in an ‘overall’ mode. Indeed, it
is not required and even not possible to specify beforehand which purpose the
selected model should serve. This is convenient since, for prediction beyond the
last observation as well as for estimation of the variability and for estimation of
a 10% quantile, one and the same selected model could be used. This, however,
implies that in situations where there is a specific purpose in mind, there could
be better search methods that lead to more efficient models. An example is in
phase IT dose finding studies where the sole purpose is to find the minimal effective
dose; there is usually no specific interest in other aspects such as predictions or
variability estimation.

The focussed information criterion (FIC, Claeskens and Hjorf (2003, PZO0SH))
is designed for targeted model searches. It explicitly takes the purpose of the
modeling procedure into account. The underlying idea is to start by specifying
the focus and then to select a model for which the focus estimator has the small-
est estimated mean squared error (MSE). Other loss functions than squared error
can be used, e.g., linex loss (Claeskens and Hjorf (20082)) or ¢, loss (Claeskens]
Croux, and van Kerckhoven (2006)). The use of the FIC has been extended
from the parametric regression models with maximum likelihood estimation for
which it was first defined toward semiparametric models (Claeskens and Carroll
(2007)), generalized additive partial linear models (Zhang and Liang (POLT)),
capture-recapture models (Bartolucci and Lupparellj (200R)), time series models
(Claeskens, Croux, and van Kerckhoven (2007)), Cox proportional hazard regres-
sion models (Hjort and Claeskens (2006)) and volatility forecasting (Brownlees
and Galld (2008)), to name a few.
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The purpose of the present paper is to develop a methodology for focussed
model selection in quantile regression analysis. The basic terminology is intro-
duced in Section 2, along with a motivating example from a phase II dose finding
study. Section 3 provides some asymptotic properties of the quantile regression
estimate under local alternatives. A rigorous statement of these properties is —
to the best knowledge of the authors — not available in the literature. In Section
4 we use these results to define a focussed information criterion for quantile re-
gression models. The methodology is illustrated by a simulation study and the
analysis of a data example in Section 5. Some concluding remarks are given in
Section 6; the more technical arguments are deferred to an appendix in Section 7.

2. Preliminaries

Let F(y|x) denote the conditional distribution function of a random variable
Y for a given predictor x. For a given 7 € (0,1) we consider the nonlinear
quantile regression model

Qr(x) = F~(7|z) = g(x: B),

where the regression function g(x; /) depends on a ¢-dimensional vector of pa-
rameters 3 := (B1,...,Bp, Bpt1s---,B¢)" € © C R? and an explanatory variable
x € X. We follow Claeskens and Hjorf (2003) and assume that the specification
of the parameter 3 generates several sub-models, where each of the sub-models
contains the first part of the vector 3, By := (B1,...,8p)". Claeskens and Hjort
(2003) call this the narrow model and call these parameters “protected” param-
eters.

Example 1. Consider the Hill model

Bra’s

g(x; B) = Ba+ W

(2.1)
that is widely used in pharmacokinetics and dose response studies (for some
applications see Chien et all (2005); Park et all (2001); Blake ef all (2008)). The
“simplest” model to describe the velocity of a chemical reaction or a dose response

relationship is a sub-model of (Z1) with f3 = 1 and 84 = 0, the Michaelis Menten-
model
prx

524-1"

Here (E22) corresponds to the narrow model (note that we have p =2, ¢ =4 in
the general terminology). Moreover, there are several other interesting models
that arise as special cases of the Hill model. A famous competitor is the EMAX
model with 83 =1,

g(x;ﬁlvﬁ% 170) =

(2.2)
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B
:B1, B2y 1, B1) = Ba + . 2.3
9(x; B1, B2, 1, B1) = B By 1z (2.3)
If no placebo effect is assumed, this can be addressed by the choice 84 = 0,
B’
i B, P2, B3,0) = ——. 2.4
g9(x; Br, B2, 83, 0) B 1 o (2.4)

The models (2701)—(23) are frequently used for modeling dose response relation-
ships.

In dose finding studies, a typical problem is to estimate the minimal effective
dose (MED) so that a minimum effect, say A, is achieved. For the purpose of
model selection, the aim is to find the model which best estimates the MED.
‘Best’ is here understood in mean squared error sense. In more detail, the focus
of the model search procedure is the quantity u(8) = g~ (A, 3). For the four
models in the current example, the focus is

(M)l/ﬁ?’ B2 A Ba(A — By) ( B A )1/63
pr+B1—A Tl —AT BB —AT \Pi—A

for (27m), (222), (233), and (Z4), respectively. It is typically the case in phase
IT clinical trials or in toxicological studies that the estimation of the minimum

; (2.5)

effective dose is the main goal of the experiment.

We derive a focussed model choice criterion for quantile regression analysis
that addresses problems of this type in more generality. We propose to choose
a subset from (Bpy1,...,0,) such that the MSE for estimating a certain focus
parameter

B= M(ﬁl)"'?ﬂPaﬁP%*h"'aﬁQ) (26)

by the chosen quantile regression model is minimal. In order to find this “best”
model, we determine the MSE of the estimator jig for each possible sub-model,
where S denotes any subset from (Bp11,...,08,)". Throughout the text, Bg
denotes a parameter vector for the model that includes all parameters from
the narrow model plus the parameters contained in a set S C {p +1,...,q},
Bs = (B1,---, B (Bj)jes)t. Note that g € g, where ©g C RPTIS| denotes the
canonical projection of © corresponding to the parameters from the sub-model
S. We use the notation g(z;fs) for the model g(z; ), obtained for the vector
B=(B1,---,Bp 0.5 (Bj)jes)t, where for a given set S the vector o g consists of
the parameters of a ¢ — p-dimensional vector 7 corresponding to the sub-model
S and S¢ denotes the complement of S. Here, the values of g are always chosen
such that g(x;B1,...,Bp,70) gives the narrow model. For example, in a linear
regression model where v corresponds to the regression coefficients, we choose
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70 = (0,...,0)t, whereas in Example 1 where the narrow and full model are given
by (E22) and (P), respectively, we have (70,1,70.2) = (1,0). Other functions of
the parameter [ are interpreted in the same way if their argument is Sg. In
order to emphasize the case where all parameters are included in the quantile
regression model we use the notation g(z; Br1) and take

Bogall = (B1,- - Bpyv0)" and Bos = (B, - - -, Bps 70.9)"-

Throughout, let n denote the sample size and § be a vector of dimension g —
p. Following Claeskens and Hjorfl (2003), we assume that the unknown “true”
parameter Giue is of the form

o
Btrue = (ﬁla cee 7ﬁpa Yo + %)t (27)

If a particular quantile regression model has been specified (by the choice of
an appropriate set S), the quantile regression estimate Bn’g on the basis of n
observations Yi,...,Y, at experimental conditions z1,...,xz, is defined as the
minimizer of the function

> 0 (Vi = g(wi; Bs)), (2.8)
=1

where p-(z) :=7I(z > 0)z+(7—1)I(z < 0)z denotes the check function (Koenkex

(P005)).
3. Asymptotic Properties

In this section we study the asymptotic properties of quantile regression es-
timates under local alternatives of the form (277), required for the derivation of
a focussed information criterion for quantile regression. We make some assump-
tions.

(AO) The parameter space © is compact.

(A1) (i) The random variables Yi,...,Y, are independent random variables
with densities f1,,(|x1),. .., fan(-|zn) such that for each x € X, fi, (-|x)
is continuous. Fj, denotes the corresponding distribution function,
while fin(u) = fin(u 4+ g(zi; Bo.s)|x:) is the density of the regression
error u; g = Y; — g(x;; Bo,s) with corresponding distribution function
Fi,.

(ii) There exists a constant w > 0 such that for i =1,2,...,n; n € N the
densities f;,,(-|z;) are uniformly bounded away from 0 by a constant
0 < K¢y < oo in a neighbourhood W := [g(z;, Btrue) — W, §(Z4, Birue) + W]
of g(l'i, ﬁtrue)-
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(iii) The densities f;, are uniformly bounded from above by a constant
0< Ky < 0.

(iv) The densities fi,(u) are differentiable with respect to u and |f! (u)| <
K5 in a neighborhood of zero, where the constant K does not depend
on n.

(A2) g(x; Bean) is twice continuously differentiable with respect to the parameter
vector Py for all @ € X. For a given sub-model S and S5 € Og, the
corresponding derivatives are

_ 0g(wi; Bs)

0*g(xi;
m(zs, fs) = =5 i M(ai, Bs) = (M)

dBs0B%

Bs=84 Bs=Bl

(A3) (i) There exists a positive definite matrix V' such that

NSRS
lim — > " m(aq, Bo.fan)m(zi, Bo )’ = V.

(ii) There exists a positive definite matrix ) such that

nlggo % ; fm (g(CUi; /Btrue))m(ﬂfz‘, ﬁ(),fuu)m(l’i, /BO,full)t =Q:= <Q00 QOl) ,

QlO Qll

where Qg is a p X p-matrix which corresponds to the narrow model and
@11 denotes a (¢ — p) X (¢ — p)-matrix corresponding to the additional
parameters of the full model.

(iii) There exist constants 0 < C,C2 < oo and w > 0 such that

max |m(z;, 5)| <Cr,  max [|M(zi,5)]| < Co
for all B in the neighbourhood U := {f € © | || — Bofuul| < u} of
Bo,tull

(A4) Fip(g9(xi; Brue)) =7 foralli =1,... n.

(A5) (i) There exists a constant 0 < k; < oo such that, for all § € © and for
n > ng,

1 n
k|l B = Bo,sunll” < - > lg(@s; B) — g(wi; Bo.ean)]*.

i=1

(ii) There exists a constant 0 < ks < oo such that, for all 8, 5" € © and for
n > ng, n

> gz ) — glwis B) < kol 8 — BII.

i=1

1
n
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Note that the second subscript n is used here for the distribution functions Fj,
(and corresponding densities f;,) in order to emphasize that we are working
under (270). A similar assumption as (A5) was used by Hureckova and Prochazka

(M994) in order to ensure identifiability of the parameter [y,
n

Bl 1P < o S Mot B) — gles P <Rall8 =817 (31)
i=1
for all 3,3’ € ©. For some important nonlinear models, the left inequality may
not be fulfilled. A typical example is model (E2T), where we have g(x; 0, B2, 3, £4)
= (4 independent of the values of 82 and fB3. However, for the derivation of the
asymptotic results it is actually enough to assume that (870) holds only for the
“pseudo-true” parameter Sy 1, which corresponds to (A5)(i).

3.1. Consistency of the quantile regression estimator

~In this section, we prove that under (274) the estimated regression quantile
Bn,s in a given submodel S converges in probability to Sy s.
Theorem 1. Assume that (A0)—(Ab) and (220) are satisfied. For any submodel
S, Bms — Bo,s = op(1) as n — oc.
Proof. Let

Ai(Bs) = g(w4; Bs) — g(xi; Bo,s), (3.2)
and note that under the local alternatives (E20), A;(Birue) tends to zero as n — oo.

Let rp - (x;) == Fm( i(Birue)) — m(()). Using (A1), (A3)(iii), and (2Z0), we
obtain, for some « satisfying |a| < [A;(Birue)]

|'I"n,‘r(flfi)| = |Fin(Ai(/8true)) - En(0)| = |fi"(a)Ai(ﬁtrue)|
< K, max [m(z:, Bo gan) ||

s RIS o ) <o), @3

where 8 := (0,...,0,8)! denotes a vector of length ¢ that is zero in the first p
components and takes the value ¢ from (277) in the last ¢ — p components. With
the u; g in (Al), (8,5 minimizes the objective function

n

Zn(Bs) = :L Z 9(z5; 85)) — pr(uss)]
=1
z:l

We have

- 7112/ (7 = Ts<n,8)1) (s — Ai(Bs)) + (Lgs<op — 7)s] dFin(s)
i=1 /R
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sl /A*ﬁ”smn@H / " sdBin(s)

i=1 —00 —0o0

+0i(8s) Fin(24(85)) = 7Ai(Bs) |

*z / $dFin(s) + Ai(B5) (Fin(Di(Bs)) — Fin(0))
+Az‘(ﬂs)(Fz'n(0) - mei(ﬁm)))}

fz /A (6 S Fin(s) + o), (35)

where the last identity follows from (BZ3) and the fact that (1/n) > " Ai(Bg) is
bounded due to (A5) and (A0). The integral in the last line is always positive,
except in the case A;(8s) = 0, which corresponds to the choice Bg = fp,s.
Furthermore, (A5)(i) guarantees that, for sufficiently large n and any parameter
Bs € Og different from [y g, we have

fZ( / o (5 A AFu) >0 (36)

This implies that, for sufficiently large n, the sum in (83) is only zero for fg =
Bo,s and is strictly positive otherwise. We show in the Appendix that

sup |Za(Bs) — E[Za(Bs)]] 2 0. (3.7)

Bs€Os

Because Z,, is minimized at 3, 5, we have

Zn(Bn,S) < Zn(BO,S) =0. (3'8>
Then from (BB), (82), and (BR) one has ||B,.5 — Bo.sll = op(1).

3.2. Weak convergence under local alternatives

Here we derive the asymptotic distribution of Bms for each sub-model S
under (277).

Theorem 2. Under (A0)—(Ab) and (EZ4) we have

Vil - bus) % Ns ~ (@51 (L 95 ) b1 - 1)Q5Vs05)

where N (1, X) denotes a normal distribution with mean p and covariance matrix
%,
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n—o0

R
Qs = lim —~ Z;fin(g(ﬂfi;50,5))7”(3%',/30,5)m(ﬂ7i7ﬁ0,s)ta
R
Vs = lim — > m(ai, Bo.s)m(xi, Bos)',
=1

and ws is a |S| X (¢ — p)-projection matriz consisting of ones and zeros that
extracts from Q11 the rows corresponding to the sub-model S.

Proof. The estimator Bn,S minimizes the objective function G, (8s) := > i,

[or (Y — g(z4; Bs)) — pr(uis)]. We use a Taylor expansion at the point £y g to
write G,, in the slightly modified form

n

Gu(B) = 3 [ scop(1 = 7IAu(558) = Ty o7 (55

i=1

T j0<u;,s<0:(85)} (Di(Bs) — uis) + Lia,(8s)<u; s<0} (uis —Bi(Bs))

= —Vn(Bs — Bo,s)" (Tn,s + Rus(Bs)) + D> bi(Bs), (3.9)
=1
where .
1
Ipgi= ; wr(ui,s)%m(%‘, Bo,s), (3.10)

n 1 ~
R, s(Bs) =) r(uis)—= |m(xz;, Bis) — m(zs, Bo,s)|
; vn [ 0 }
bi(Bs) = Lio<u; s<ni(8s)} (Di(Bs) — ui,s) + La,(8s)<us s <0y (Ui,s — Ai(Bs))

and Bi,g in the definition of R,, 5 denotes a suitable value between B¢ and fy s.

Here
Yr(uis) == Tl >0 + (T — Dy, s<0)

denotes the “derivative” of the check function p,. In the Appendix we derive the
following asymptotic properties of G,,.

e For I';, 5 as in (BI0) we have
D
Fn,S = Wg, (3.11)
where

W ~N(< Con )5,7(1 —r)Vs).

Ts@Q11
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e For every g € U,
1
Gn(Bs) = —v'Tns + S0'Qusv + Op(n™2|[v]*) + O(n~2|v|?)
+O(n " [ol*) + Op(n=0||0]*2), (3.12)

where U denotes the neighbourhood of £y gy in A3(iii) and
1~ .
vi=vVn(Bs = Pos), Qns = - > fin(0)ym(zi, Bo,s)m(zi, Bo,s)"-
i=1

The approximation (B12) is used to establish a Bahadur-type representation
for the statistic 7}, := \/E(Bng — Bo,s). More precisely, we show in the appendix
that

Il = Op(1). (3.13)

Theorem 1 implies that P(3,s € U) — 1 for n — oo, and therefore, by (B12)
and (B13),
. . 1. .
Gn(Bn,s) = —TTn s+ 5TfLQn,STn +op(1). (3.14)
Take 3} g := Bo,5+Un/+/n with Uy := Q, sT'n,s. By (8I), U, is asymptotically
normal distributed and, in particular, ||U,|| is also stochastically bounded. It

follows that P(8) 3 € U) — 1 for n — oco. Moreover, U, satisfies Ullps =
Ul Qn.sU, and consequently (BT32) yields

Gn(Bp,s) = —%UﬁQn,sUn +op(1). (3.15)

From (BT4) and (B13H),

. . . (USROS |
Gn(ﬁn,s) - Gn(ﬁnys) = _Tytlrn,S + iTéQn,STn + EUéQn,SUn + OP(l)
1

= i(Tn - Un)th,S(Tn - Un) + OP(l)‘ (316)

By the definition of Bms the left-hand-side of (BIM) is always non-positive, while
the dominating term on the right-hand-side is always positive due to the positive
definiteness of @, s. Consequently,

T, = \/H(Bn,s —Bo,s) =Up +op(1) = Q;}S‘F”’S +op(1).

The asymptotic normality of T}, follows directly from (BIm).
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4. The FIC for Quantile Regression

From Theorem 2, an expression for the FIC can be derived by similar argu-
ments to those in Claeskens and Hjorf (2003). By applying the Delta method we
get

. 5 D o '+
\/’E(HS_Mtrue) = \/ﬁ(u(ﬁn,S)_M(ﬁo,S))_{—\/ﬁ(ﬂ(ﬁo,S)_M(ﬁtrue)) — NS— 8ﬁfll d
(4.1)

with 5 5

Qo1 o’ 1y, o1 O

N, 0, — % — 4.2
s (5 05" () o g 70 -G ) a2
and 6 = (0,...,0,8)!. Here as well as in the following steps, all partial derivatives
% a respectively. This yields

for the MSE of (i)

_ Qo o Qo \' o t O
MSEs = 853 o' (m%) % <7TSQ11> (@) 554

Op ! < Qo1 > op_'s ( o ~>2 op 't 1y -1 O
-2 ) o+ )+ 9* o v O
9Bs Q TsQn 0Bt OB 9Bs 7( T)QS SQS 98

Because the third term in this expression does not depend on the particular

sub-model we define the FIC for the quantile regression estimator as

Qo1 Qo1 b _ 11 Ou
FICs = B [QS <7T5Q11>55t (ﬂSQn) (@) 71~ T)QSIVSQSI} 9Bs
,0n! Qo1 o ‘=
2355 s <W5Q11> 535fu11 > (4.3)

It remains to estimate the unknown quantities in this expression so that the
FIC can be calculated from the data. The key step is to find an estimator of
the matrices @) that is consistent under local alternatives. Using the regression

“errors” ¢, = Y; — g(xy; 5fu11) similarly as in Kim and White (2003), the matrix
Qs may be estimated by

n
> s, <ei<enym(i, Bo.s)mi(xi, Bos)’,

s = 26nn
where ,5’0,5 is calculated by taking estimates Bl, . ,Bp from the full model, and
¢n, denotes the bandwidth of the estimator which is in some way (e.g., by cross-
validation) determined from the data. The other terms in (E=3) can be estimated
as in [Claeskens and Hjorf (2003), e.g.,



612 PETER BEHL, GERDA CLAESKENS AND HOLGER DETTE

N 1 & ) .,
Vs = n ;m(%,ﬁo,s)m(xz,ﬂoﬁ) .

Finally, we have to estimate the term §6°. By Theorem 2,

D,, := \/ﬁ((Berl - 70,1)a ) (Bq - 70,q*p))t 2) D~ N(4,K),

where K denotes the (¢ — p) x (¢ — p)-matrix obtained by taking the last ¢ —
p rows and columns from the matrix 7(1 — 7)Q 'V Q~!. Therefore DD! has
mean 54 + K and, following Claeskens and Hjort (2003), we propose to use the
estimator 66t = D, D!, — K, truncated to zero if the result is negative definite.
An estimator K can be obtained directly by taking the corresponding rows and
columns of 7(1— T)Q*1VQ*1, the estimated covariance matrix of the full model.
The derivatives of i can be estimated by plug-in-estimators, using estimates for
Bo,funt from the full model. Summarizing these calculations, we obtain for every
submodel S an expression for the estimated FIC that can be calculated from the
data:

¢ A A t
FICs = Ou(5) ‘5:3 f HQ? < Qo1 )6315( Qo ) (le)tM

0Bs msQ11 TsQ11 0Bs B=Po tull
3#(5)t 17 A-190(8)
+ R 1-— Vi — .
0Bs ‘B:BU,fullT( T)QS SQS 0Bs ‘3150,@1
aﬂ(ﬂ)t A—1 < Q01 > + Ou(B)
-2 ) A 00t———= 4.4
0Bs ‘B:BO,full TsQ11 oy ‘550@11 ( )
where v := (Bp+1, ..., 3)" denotes the last (¢ — p) components of the parameter

vector 3.

The largest difficulty in specifying a focussed information criterion is the
derivation of the mean squared error expressions under local misspecification.
Once these expressions are obtained, the MSE values of several models may be
compared in order to decide on a best model. Such comparisons give rise to
inequalities in terms of the local misspecification neighborhood defined by 6,
the chosen focus p and K, related to the lower-right part of the inverse Fisher
information matrix. The result of Theorem 5.3 of Claeskens and Hjorf (PO0XK)
where the MSE values of two models are compared, is applicable to this setting.

It previously has been obtained that some averaged versions of the FIC
behave asymptotically similar to the AIC, see [Claeskens and Hjortl (20083). We
do not repeat these calculations.

5. Finite Sample Properties

Different model selection methods lead to different models. Theoretical prop-
erties, such as efficiency, might provide other reasons for practitioners to prefer
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one criterion over another. It can be shown that no model selection method
can be universally best, a criterion that is efficient cannot at the same time be
strongly consistent (Yang (2003)).

With the construction of the FIC, we start from a focus that is to be es-
timated and we seek the best model for this purpose. Dose finding studies are
ideally suited for the use of the FIC since the focus, the MED, plays the promi-
nent role in the modeling process. More generally, any focus p that is expressible
in terms of the model parameters 8 and is differentiable with respect to these
parameters can be taken as the starting point for the FIC; one proceeds to (£=2)
and the model with the smallest such value gets selected.

5.1. Linear quantile regression

We report on a simulation study of model selection by the FIC criterion in
a linear quantile regression model. We illustrate the practical application of the
FIC for quantile regression in a detailed way, and compare the performance of
the FIC for estimation of the focus parameter to such model selection criteria as
AIC and BIC. We consider the model

g(x; Bo, By 715 72,73, 74) = Bo + Bix1 + 7121 + Y222 + 1323 + Yaza. (5.1)

Here, By and (57 denote the “protected” parameters that are included in every
candidate model, while 71 to 74 may be included or not. Consequently, there
are 16 candidate models to choose from which all contain £y and S1, but differ
with respect to the y-parameters. For example, the narrow model only contains
Bo and B; while the ys are set to zero. The procedure starts by specifying
the focus parameter, for which we chose the prediction of Y at covariate value
(21, 21, 22, 23, 24) = (10, 10, 10, 10, 10). The focus is written in terms of the model
notation as

11(Bo, By V15 Y2573, 74) = Bo + 1081 + 1091 + 102 + 1073 + 1074.

Each candidate model is fitted to the data and the resulting parameter estimates
are used to estimate the MSE of the focus estimator in the considered models.
This yields an FIC value defined by (24) for every candidate model. The model
with the lowest FIC value gets selected and an estimator of the focus parameter
is obtained by taking the estimated focus from the chosen model.

For our simulation study, data were generated from (B1) with parameter
values By =1, 81 =1, and 713 = 2 = v3 = 74 = 1/y/n. A set of covariate values
of size n was generated as

X ~ N(20,25), Z; ~ N(20,6.25), Zy ~ N(—10,6.25),
Z3 ~ N(10,1), Z4 ~ N(5,2.25).
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Table 1. Median and median absolute deviation (MAD) of the absolute
errors of the estimates of the focus u; obtained from the FIC, AIC and BIC.

Median MAD
FIC AIC BIC FIC AIC BIC
n=50, e~ N(0,4) 1.90 211 2.09 094 1.12 1.17
n=50, e~C(0,2) 236 264 262 1.37 1.53 1.53
n =100, e~ N(0,4) 145 1.74 1.79 0.70 0.94 1.02
n =100, e~ (C(0,2) 1.65 2.01 2.05 0.87 1.18 1.20

Those values were then considered as fixed and used in all simulation runs. For
the distribution of the “error” € = Y — g(x, Sirue) We took two scenarios: A
normal distribution with mean 0 and variance o2 = 4, and a Cauchy distribu-
tion with location parameter ¢ = 0 and scale parameter b = 2. We considered
sample sizes n = 50 and n = 100. The parameters were estimated using me-
dian regression. We conducted 2,000 simulation runs where in each run model
selection was performed using the FIC. From the chosen model, we obtained a
post-selection-estimator /i1 prc for the focus parameter fi.

For comparison we also estimated 1 using the model selected by AIC and
BIC. In the median regression case, the AIC and BIC for the candidate model S
are obtained as

1
AICs = nlog(6) + p, BICs = nlog(s) + 3P log(n),

where & = (1/n) 321, [yi — 9(24; Bn.s)|, p denotes the number of parameters in
the model S, and n the number of observations; for details see Hurvich and T'sai
(T990). We computed the absolute errors of the post-selection-estimators for p;,

‘/ll,FIC - Ntrue‘ 5 |ﬂ1,AIC’ - Ntrue‘ 5 |ﬂ1,BIC - /~Ltrue| . (52)

We calculated the median absolute error and the median absolute deviation
(MAD) from the 2,000 replications separately for FIC, AIC, and BIC. The results
are in Table 1.

In a second setting, data were again generated from (50) with gy = 81 =1
and y3 = 79 = 73 = 74 = 0.3. The corresponding results are shown in Table
2. From Tables 1 and 2 it can be seen that in most considered scenarios FIC
performs best in terms of median absolute error and MAD, or at least as well as

AIC and BIC.

5.2. Nonlinear quantile regression: application of the FIC for dose-
response-modeling

Here we consider the class of quantile regression models introduced in Exam-
ple 1. All results are again based on 2,000 simulation runs and we consider three
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Table 2. Median and median absolute deviation of the absolute errors of the
estimates of the focus u; obtained from the FIC, AIC and BIC.

Median MAD
FIC AIC BIC FIC AIC BIC
n=50, e~ N(0,4) 260 272 334 1.24 1.47 1.47
n=>50, e~C(0,2) 342 396 3.83 1.59 1.98 2.12
n =100, e~ N(0,4) 239 1.87 2.76 1.19 1.16 1.55
n =100, e~ C(0,2) 290 4.05 4.01 1.38 2.04 2.38

Table 3. Median and median absolute deviation of the absolute errors of the
estimates of the focus us obtained from the FIC, AIC and BIC.

Median MAD
FIC AIC BIC FIC AIC BIC
N(0,0.01) 3.98 5.07 5.71 2.10 1.68 1.07
N(0,02%(z;)) 3.69 4.46 5.18 2.04 1.80 1.39
€(0,0.07) 4.33 5.62 5.69 2.35 1.06 1.00

scenarios for the error distribution: errors are normal with mean 0 and variance
02 = 0.01, Cauchy with location parameter a = 0 and scale parameter b = 0.07,
or normal with a heteroscedastic variance structure. In the heteroscedastic case
the errors are normal with mean 0 and standard deviation, depending on the

explanatory variable x, .
1

1+ e—T2x’
where 7o = —0.1, 7 = 0.24, and » = 0.15. This variance function was proposed
by [Lim, Sen, and Peddadd (2010) for dose-response-modeling. We consider two
competing models, the Michaelis-Menten-model (222) and the Hill model without
intercept (24). We generated data from () with parameter values 31 = 0.417,
B2 = 25, and B3 = 1.75. As experimental design we chose six dose levels equidis-
tantly over the dose range [lmg, 150mg] and assigned 32 observations to each
dose level. The parameters were estimated using median regression. From these
results we obtained a robust estimate for the focus parameter s, the minimal
effective dose (MED) defined in (2H) with A = 0.1. We investigated the perfor-
mance of the FIC for choosing between (22) and (Z4). As before, we compared
FIC to AIC and BIC. In Table 3 we display the median and median absolute
deviation of the absolute errors (52) of estimators obtained from the different

o(x) =1+ (5.3)

model selection procedures.

The median absolute error of FIC is clearly the smallest in all cases, while the
BIC yields the lowest MAD values, but also the largest median of the absolute
errors.

For this nonlinear example, we also compared FIC to AIC and BIC by count-
ing how many times in 2,000 simulation runs the FIC obtained a better estimator
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Table 4. Comparison of the absolute error of the estimate of the MED,
where the model is chosen by FIC and AIC (left part) and FIC and BIC
(right part).
€ FIC<AIC | FIC=AIC | AIC<FIC || FIC<BIC | FIC=BIC | BIC<FIC
N(0,0.01) 637 1083 280 1148 487 365
N(0,02(x;)) 618 1192 190 1143 496 361
€(0,0.07) 1064 511 425 1202 268 530

(in terms of absolute deviation) than AIC (FIC<AIC) and BIC (FIC<BIC), and
vice-versa. See Table 4.

Here in the majority of cases the FIC selected a model which is better than
the model chosen by AIC and BIC.

5.3. Application of the FIC in a clinical dose response study

We consider a data example from a dose response study that has recently
been investigated by Callies”ef"all (2004). Zosuquidar is an inhibitor of P-
glycoprotein which is administered in combination with chemotherapeutic agents
in order to increase tumor cell exposure to chemotherapy. In this study median
regression is used to estimate the relationship between the plasma concentration
of Zosuquidar and the percentage of P-glycoprotein inhibition, for details see
Callies_ef"all (2004). The intercept 4 in (E0) is assumed to be zero, so that
the Michaelis Menten model (222) and the Hill model with no intercept (2Z4) are
candidates to describe the dose response relationship. The focus parameter in
question is the ICyp, the dose where 90% of maximum P-glycoprotein inhibition
are realized, here A = 90. Figure 1 shows the data, the fitted median regression
curves and the location of the ICyy for both models. We observe substantial
differences between the estimates of the ICyy obtained from them, so model se-
lection is of importance in this study. We used the FIC to decide whether the Hill
slope f33 is included in the model or not. The resulting FIC values are 1.29 - 107
for (Z2) and 3.17- 10 for (Z4). Thus, the ICqy is estimated using the Hill model
with no intercept, which gives a value of [ Coo = 183.19. Finally we note that
the AIC also selects the Hill model with no intercept in this example, while BIC
favors the Michaelis Menten model with only two parameters.

6. Discussion

Our work was motivated by the problem of selecting a model to determine
the minimal effective dose in a dose response study on the basis of median re-
gression analysis. We have extended the available theory for estimation under
local misspecification from a likelihood setting towards quantile regression mod-
els and developed a focussed information criterion (FIC) that takes the specific
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Figure 1.  Zosuquidar data with estimated median regression curves from

the Hill (solid line) and Michaelis Menten model (dashed line).

target of the statistical analysis into account for the process of model selection.
Simulation studies demonstrate that this way of selection indeed often results in
estimators of the effective dose with smaller error than those obtained by such
standard selection methods as AIC and BIC.

The presented FIC is applicable in nonlinear quantile regression models in
general. The procedure is to specify the focus and write it in terms of the model
parameters. The MSE of the focus estimator is then estimated in each considered
model under a local misspecification assumption. This yields a value of the FIC
for every model, and the model with the smallest FIC gets selected.

In general the focus might depend also on the particular covariate informa-
tion x, hence p = u(B;x). In such cases, the derived FIC expression is specific
to the given value of x, and ‘subject-specific’ model searches could be performed.
When this level of detail is not wanted, we can average the risk function over a
wanted domain of values for the covariate x.

An interesting topic for future research is a study of asymptotic properties
of the estimators under a different local misspecification setting than (277), no
longer assuming misspecification at the coefficient level, but rather at the level
of the density functions. This line of thought is explained for likelihood re-
gression models in Claeskens and Hjorfl (2003, Sec. 8) where it is assumed that
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ferue(y) = f(y;00,7){1 + r(y)/+v/n} + o(1/4/n), for some function r(-) that sat-
isfies [ f(y;60,70)|7(y)|dy < oo and [ f(y;60,70)r(y)dy = 0. It is expected that
theoretical properties similar to those in the present paper can be developed for
such a situation.
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Appendix: Proof of technical results

Proof of (827). The proof of the uniform convergence property can be estab-
lished using results of Liese and Vajda (1994). However, we have to keep in mind
that we work under (272). For convenience, take 6, (8s) := Z,(8s) — E[Zn(Bs)],
where Z,, is defined by (B2). We begin with a proof of the following properties.

(B1) The class of functions {d,(8s)|n € N,n > ng} is equicontinuous on Og.

(B2) |Zn(Bs) — E[Zn(Bs)]| 5 0 for any fs € Os.
Observe that, for g1, 852 € Og,

0n(Bs,1) = 0n(Bs2)| < %Z 9(@i; Bs1) — g(i; Bs,2)!

by the Lipschitz continuity of the check function; (B1) is then implied by (A5)
and (A0). For (B2) let

zi(Bs) = pr(Yi — g(x4i; Bs)) — pr(uis)
=Ly, 5<01 (1 = 7)A(Bs) — Ly, 550174 (Bs)
{0, s<,(85)} (Ai(Bs) — uis)
+14a,(8s)<urs<0} (Uis — Ai(Bs)) (A1)

which gives

n

;Zzz (Bs) :%Z []l{u s<op(1 = 1) AF(Bs) + Ly, 4507 A7 (Bs)

=1 i=1
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+]1{0<ui,s§Ai(ﬁs)} (Ai(Bs) — uivS)Q

LA, (85)<us <0} (uis — Ai(Bs))?
=20 g0cu; s<n,(85)} TAH(Bs) (Ai(Bs) — wi,s)

+21{Ai(5s)ﬁui,sﬁo}(1 - T)Ai(ﬁS)(ui,S - A'L(,BS)):| . (A.2)

Taking e.g., the expectation of (1/n)> ", ]]'{O<ui,S§Ai(ﬁS)}(Ai(ﬂS) — ui,S)Q, the
third term in (A=) is

E

1 n
— > Mocus<aups) (LilBs) “mS)Q]

1=1
n A;(Bs) ~ n
I [ a0~ s < LS 23
=1 =1

n-

which is bounded due to (A0) and (A5). Since the expectations of the other
terms in (A2) can be similarly bounded, we obtain that (1/n) > " | E[z(8s)?]
is bounded. It follows from Chebychev’s inequality that

(1/n) Yi, Elzi(8s)°]

=o(1
ne2 0( )7

P(|Zn(Bs) = E[Zn(Bs)]| > €) <

which establishes (B2). The uniform convergence in (82) can be derived from
(B1) and (B2) using similar arguments as presented in Liese and Vajda (1994).
(B1) yields for any € > 0 the existence of a § > 0 such that, for every * € Og,

N €
sup 16n(Bs)| < [0n(B )|+§7 n € IN.
{Bs:18s—pB*|<d}

By the compactness of ©g, there exist finitely many points (1, ..., 8k € ©g such

that
€

sup [0, (Bs)| < [0n(Bi)| + 5, n €N,

Bs€Bs 2’
for some 7 € 1,..., k. As a consequence,
€
. < I ' S _o.
lim P( sup [0,(Bs)| >¢€) < nll_)rgoP(lrg%ﬁ\én(ﬂzﬂ > 2) 0

n—o0 /BSGG)S

where the last equation follows from (B2), which implies (B72).

Proof of (3IW). With the definition of F and f in (A1), a straightforward
calculation yields

E[pr(ui,5)] = 7(1 = Fin(0)) + (7 = 1) Fin(0) = Fin(Ai(Birue)) — Fin(0)-
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This gives

['ps] Z [( i (D (Borue)) — Fin (0 )) \}ﬁm(w‘iyﬁo,s)] : (A.3)

Note that for some «; satisfying |a;| < |A;(Birue)| and 3; between Bo,satt a0d Birue,
by using (A1), (A2), and (272), we obtain

P 84(Buen)) = Fin(0) = Fato) (i, )/
= fin(0) <m($i,ﬁo,fu11) \jﬁ> + 0(\/15)-
Together with (A=3) and (A1l)(iv), (A3)(i), and (B33), this yields
Ellus) = Y FanO)mlan, fosym(ass fosan)'S +0(1) ()
=1
and (A3)(ii) implies
Jim E[l,s) = (ﬂfg;ﬂ) 5. (A.5)

For the calculation of the variance of I, g, with r, , in (B3) and use of (AZ3)
and (A4) we get

VaTWT(Uz 5')]

Fin(0) — 27F3,(0) 4+ 72 — (1 — Ej, (0))?

2

En(Ai(ﬁtrue)) - Tn,‘r(*xi) - Fin(Ai(ﬁtrue)) - TTL,T(xi)

T(1=7) +1nr(2:)(27 = 1) = (rar(21))?
=7(1—71) +o(1). (A.6)

Using (B33) we have

Varllys] = 37 (1 = 7). o.s)m(ai, fos)') + (1)

which yields by (A3)(i)

lim Var[l',, ] = 7(1 —7)V5. (A7)

n—oo

Note that, due to (A0), (A2) and (A3), the process I', g satisfies a Lindeberg-
Condition. From this result and (A0), (B) is then obvious.

Proof of (BT2). We first establish the asymptotic properties of the terms in
(8M) for Bg € U. For the expectation of b;(8s), assuming that A;(Sg) > 0 (the
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case where A;(8s) < 0 can be treated analogously) we obtain that for some &;
with |&] < [Ai(Bs)],

Ai(Bs) = 7 A ’
Ebi(Bs)] = /0 (=5 + Ai(Bs)) fin(s) ds = fm(&)(AZ(gS))'

Note that for g € U by (A3)(iii), we have

A’L(/BS) - m(ﬂ}'i, 60,3)15% + %U M(xlvlgl)v = O(’I’l_l/2”’l}||) + O(n_1||UH2)7
(A.8)

where 3; € U denotes a suitable value between 8g and Bo,s. Thus, using (AZR)
together with assumption (A1)(iv) we obtain

n

P[] =3 (£ S ) 3 (i) - Futo) S0

=1
21% (R0 oshmais o)'v) 0™ )
400~ ol
=30 Qusv + O 2o]) + O~ o). (4.9)

Similarly, for the variance of b;(8s) (we again consider the case A;(8g) > 0,
calculations for A;(8s) < 0 yield the same result) it holds that

A;(Bs) . 3
Var[bi(fs)] < /0 (84(B5) — 512 Fin(s) s < £y O
and consequently, for g € U,
Var[» bi(Bs)] < K1Y AZ(QfS)’ = O(nY?|v|]?) (A.10)
=1 i=

where the last equality follows from (A3)(iii). An application of Chebychev’s
inequality using (A1) yields

> bi(Bs) = E[sz-(ﬁs)} +O0p(n~0)0|*?). (A11)
=1

i=1

Finally, we determine the asymptotical behavior of the term R,, s(8s) for 8s € U.
Using (A3)(i), a similar argument as in the proof of (8-I0) can be applied in order
to show that (1/y/n)> 1", ¢-(u;s) is asymptotically normal and stochastically
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bounded. Then, under (A3)(iii), one obtains v'R,, s(8s) = Op(n~'2||v||?), and
this completes the proof of (B12).

Proof of (ZI3). We need that ||T,,]] = Op(1). Note that Theorem 1 implies
|T]|/v/n = op(1). It follows from (812) and P(fS,,s € U) — 1 for n — oo, that

Gn(Bn,S) = An + Bn (A12>
with
Ani= BT+ op(ITal?) + Op(n VOITP2) +op(1),  (A13)
1. A N

By (BI0), the term I, 5 in (BI3) is asymptotically normal and satisfies 74T, 5 =
Op(|Ty||). Moreover, under Al(ii) and (A3)(i) we have |By| > ¢|Ty||? for some
positive constant ¢ and n sufficiently large and B, > 0 due to the positive
definiteness of the matrices @, 5. Observing that Gn(B,%S) < Gp(Bo,s) = 0 by
the definiton of BA,%S, we obtain

e|Tnll? < |Bal < |Anl. (A.15)

Considering the stochastic order of the terms in (AT3), this implies ||T},|| =
Op(1).
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