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Abstract: Conventional dimension reduction methods deal mainly with simple data
structure and are inappropriate for data with matrix-valued predictors. [Li, Kim!
and_ATtman (2010) proposed dimension folding methods that effectively improve
major moment-based dimension reduction techniques for the more complex data
structure. Their methods, however, are moment-based and rely on slicing the re-
sponses to gain information about the conditional distribution of X|Y. This can be
inadequate when the number of slices is not chosen properly. We propose model-
based dimension folding methods that can be treated as extensions of conventional
principal components analysis (PCA) and principal fitted components (PFC). We
refer to them as dimension folding PCA and dimension folding PFC. The pro-
posed methods can simultaneously reduce a predictor’s multiple dimensions and
inherit asymptotic properties from maximum likelihood estimation. Dimension
folding PFC gains further efficiency by effective use of the response information.
Both methods can provide robust estimation and are computationally efficient. We
demonstrated their advantages by both simulation and data analysis.

Key words and phrases: Central dimension folding subspace, central subspace, in-
verse regression, matrix normal distribution, sufficient dimension reduction.

1. Introduction

Dimension reduction methods are among the main techniques for studying
high dimensional data. Typical dimension reduction analyses explore the de-
pendence between a response Y € R! and a predictor vector X € RP. (Cook
(994, M99R) introduced sufficient dimension reduction (SDR), whose basic idea
is to reduce the dimension of the predictor vector X by replacing it with its
projection PsX onto a subspace S of the predictor space without loss of infor-
mation on the conditional distribution of Y|X. This requirement can be stated
as Y 1L X | PsX, where ‘1’ indicates independence. Under mild conditions, the
intersection of all such dimension reduction subspaces S C RP is also a dimension
reduction subspace and is called the central subspace, Sy|x.

Numerous dimension reduction methods have been developed that can
be incorporated into this rationale under certain conditions. Sliced inverse
regression (SIR; i (T9917)) and sliced average variance estimation (SAVE;
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Cook and Weisberg (I991)) are two early techniques for dimension reduction.
Since then, bootstrap dimension reduction (Ye_and Weiss (2003)), inverse regres-
sion estimation (IRE; Cook and Ni (2005)), directional regression (DR; Li_and
Wang (2007)) and many other methods were developed to improve the estima-
tion of Sy|x. Most of the proposed methods use the first two moments of X|Y" to
perform estimation, so called moment-based methods. In contrast, Cook (2007)
and Cook and Forzani (2008) presented model-based SDR techniques, including
principal fitted components (PFC), that give the maximum likelihood estimators
(MLE) of the central subspace based on normal inverse models of X on Y.

Although dimension reduction topics have been widely studied, the meth-
ods mainly focus on a simple data structure: ¥ € R! and X € RP. In some
applications, however, one encounters matrix-valued predictors, such as longi-
tudinal data with p predictors observed over ¢ times, EEG (electroencephalog-
raphy) data, FMRI (functional Magnetic Resonance Imaging) data and general
image data. For example, the EEG data studied by Li, Kim, and Altman (2010)
contains 122 subjects that are divided into alcoholic and control groups. For
each subject, the predictor contains measurements from 64 channels of electrodes
placed on the subject’s scalp and sampled at 256 times. Thus the predictor is
formed as a matrix of dimension 256 x 64, and the response is a binary vari-
able indicating groups. The data structure can be represented as Y € R! and
X € RPL*PrR_ Traditional dimension reduction methods are inadequate to an-
alyze such complex data structures since they can only reduce the predictor’s
dimension by vectorizing it, thus losing important information on its matrix
structure.

In face recognition and image analysis, certain unsupervised dimension re-
duction techniques were developed to deal with such data, based only on the
marginal distribution of X. These methods include 2DPCA (Yang et al] (2004)),
(2D)?PCA (Zhang and Zhou (2005)), GLRAM (IYe (2005)), Unified PCA (Shan
ef_all (200R)), probabilistic higher-order PCA (Yu, Bi, and Y¢d (2011)), etc.
Li, Kim, and Altman (2010) proposed supervised and moment-based dimen-
sion folding approaches that extend SIR, SAVE, and DR to data with matrix-
valued predictors, in order to reduce the predictor’s row and column dimen-
sions simultaneously without loss of information on Y|X. The idea of dimension
folding can be expressed as the condition: Y 1L X | I'TXT; or, equivalently,
Y llvec(X) | (T1 ® I'g)Tvec(X), where I'; € RPEX4R and T'y € RPLXIL have the
smallest column dimensions dr and dy, (dg < pr, dr, < pr), and ‘®’ stands for
the Kronecker product. The subspace Span(I'; @ I'z) or, equivalently, Span(I';)
® Span(I'9) is called the central dimension folding (CDF) subspace for Y| X, and
denoted as Sy|oxo-
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Like conventional moment-based methods, moment-based dimension fold-
ing approaches are generally more efficient for discrete than for continuous re-
sponses, since their performance depends on how to slice the response variable
in order to estimate the conditional mean or variance of X|Y. The estimation
can be inadequate if the number of slices is not selected properly. Moreover,
the moment-based dimension folding methods may not possess good asymptotic
properties since they require inverting the high dimensional covariance matrix
) = Gov[vec(X)]. When the predictor X contains a large number of rows and
columns, computational complexity and singularity issues intrude. As a result,
pre-screening is often necessary. To resolve these issues and improve efficiency, we
propose model-based dimension folding methods, to be called dimension folding
PCA and dimension folding PFC, that retain the key idea of dimension folding
and obtain the MLE of the central dimension folding subspace. Dimension fold-
ing PFC gains further efficiency by effective use of the response information. The
proposed methods circumvent directly inverting 3 and thus are more applicable
to high dimensional data. In addition, dimension folding PCA and PFC provide
robust estimators. They can be treated as generalized versions of conventional
PCA and PFC since they include them as special cases.

The remainder of this paper is organized as follows. In Section 2 we in-
troduce dimension folding PCA and its estimation. Section 3 is devoted to the
development of dimension folding PFC. Section 4 provides robustness results.
Prediction methods are discussed in Section 5. Section 6 and 7 contain illus-
trations of the performance of our methods with simulation studies and data
analysis. Discussion is given in Section 8.

2. Dimension Folding PCA

Dimension folding PCA is a preliminary step to developing dimension folding
PFC. It performs dimension reduction for data with matrix-valued predictors
by reducing the predictor’s row and column dimensions simultaneously, so the
predictor’s matrix information can be preserved. It is built on a normal inverse
model of the predictor X € RPLXPR on a latent matrix v € R4*® and provides
the MLE of the central dimension folding subspace.

Here is a brief review of conventional PCA methods. PCA was originally
considered as a well-established data-analytic method not associated with any
probabilistic model. Model-based PCA can be traced back to [[ipping and Bishop
(r999), where the PCA model was formulated as

X =pu+Tv+oe. (2.1)

In their case, X € RP is the predictor vector, u € RP is the overall mean of X,
[ € RP*4(d < p) is a coefficient matrix with rank d, v € R? is a latent random
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vector, and € € R? is the random error. Additionally, v and ¢ are assumed to
be independent and both have standard multivariate normal distributions with
zero means and identity covariance matrices. A random error with this structure
is called an isotropic error. The identity covariance assumption for v is not a
restriction, since one can always combine a non-identity covariance matrix with
I'. Thus, the parameter I itself is not identified but Span(I") is identified.

Under (), it can be shown that the maximum likelihood estimator of
Span(I") corresponds to the subspace spanned by the first d eigenvectors of the
sample covariance matrix 3 of X, which is the principal subspace obtained from
data-analytic PCA. Cook (2007) proposed that when the latent variable v is
replaced by some fixed, centered but unobserved values v, ..., v,, (1) can be
considered as the regression of X on v. Then R(X) = I''X is a sufficient
reduction satisfying X|I'7 X, v ~ X|T7 X, where ‘~’ stands for equivalence. The
MLE of Span(I") is the same as the estimator obtained from (2) with the normal
assumption for v.

2.1. Formulation of dimension folding PCA

Dimension folding PCA incorporates the idea of dimension folding into the
conventional PCA model (E). To achieve this, we assume that the matrix-
valued predictor X is matrix normally distributed and has some intrinsic struc-
ture among its rows and columns to convey its matrix structure. The model is
built on the inverse regression of the predictor as

X = p+ oIt 4 oe, (2.2)

where X € RPLXPR T € RPEXIR (dp < pg) and T'y € RPLXL (dp < pp)
are semi-orthogonal matrices that reduce the column and row dimensions of X,
p € RPLXPR ig the overall mean of X, and v € R *X4x ig a latent matrix with
mean zero. The random error ¢ is assumed to be independent of v and have a
matrix normal distribution. The matrix normal distribution is briefly reviewed
in the appendix. As dimension folding PCA is a starting model, we simplify
the error to be isotropic, so € is Ny, xpr(Op, xpr> Ipgs Ip, ). More general error
structures will be discussed in the dimension folding PFC section. In (E2),
neither I'y nor I'y is identified: if I'y, I'y and v are replaced by I'sAs, T'1 A
and A;'v(AT)™! equation (Z2) remains the same, where A; and As are any
nonsingular matrices. Thus, the dimension folding PCA model depends on T’y
and I'y only through their column spaces. Under (E22), v contains the coordinates
of the centered conditional mean E(X|v) — u relative to I'y and I'g, and the
relationship E(X|v) — u = Pp,[E(X|v) — p]Pr, holds. Therefore, the predictor’s
important row and column signals are preserved by Span(I';) and Span(T's).



DIMENSION FOLDING PCA AND PFC 467

Model (272) reflects the homogeneous characteristic among the rows and
columns of the centered conditional mean E(X|v) — p, because its column in-
formation is retained by the same I'; over all rows and its row information is
preserved by I'y over all of its columns. This feature can be found in many data
sets with matrix-valued predictors. For example, in the EEG data, the rows
and columns of the predictors indicate the time and location measurements for
each subject. It is reasonable to believe that the signals provided by the scalp
locations are consistent over time, and vice versa. This is one major distinc-
tion between dimension folding PCA and conventional PCA, which omits the
predictor’s intrinsic matrix information and simply converts it to a vector. In
addition to preserving the predictors’ matrix structure, another benefit of (E=2)
is to greatly reduce number of parameters in estimation and improve accuracy.
Meanwhile, when the column dimension of X is one, (E3) is equivalent to the
conventional PCA model (Z) under the setting of Cook (2007). Thus, it is a
generalization of the conventional model.

Model (E22) can also be written in a vectorization version as

vec(X) = vec(u) + (I'1 @ I'y)vec(v) 4 ovec(e). (2.3)

Here vec(e) has a multivariate normal distribution N(0p, pp, Ip,pp). In this way,
dimension folding PCA implies that under the isotropic error assumption, the
centered conditional means E[vec(X |v)] — vec(u) fall in the subspace spanned by
the columns of I'y ® I's.

A proposition connects the inverse regression models (224) and (EZ3) to the
dimension folding conditions.

Proposition 1. (a) Under (E3), the distribution of v|X is the same as the
distribution of v|I'Y XT'1 over all values of X; (b) under (Z33), the distribution
of v|vec(X) is the same as the distribution of v|(I'1 ® I's)Tvec(X) for all values
of X.

Based on Proposition 1, R(X) = I'Y XT'; is a sufficient reduction (folding)
satisfying X 1lv | FgXFl. Since both I'y and I's have the minimum column
dimensions, Span(I'; ® I'y) forms the central dimension folding subspace SyjoXo-

2.2. Estimation of dimension folding PCA

The parameters in (E2) are estimated based on maximum likelihood. We
assume that for each observation X; of X, i =1,..., n, there is a corresponding
coordinate matrix v;, such that X; = u + Iy, 1T + o€, where v; is fixed and
> m v = 0 without loss of generality. In general, we are not able to find a
closed-form solution for the MLE of the central dimension folding subspace. Yet
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we can apply a fast and stable algorithm that uses three eigen-based iterations
and provides connections to the conventional PCA model.

For an independent sample {X;}, according to (S1.1) in the supplement file,
the full log likelihood of (E22) can be written as

l(:ua‘gFleFan—Qﬂ/la t '7Vn)

— —Mlog@w) _ MPLPR logo™
2 2
1 n
T 952 Ztr[(Xi — = Do T (X — = Tas ] )], (2.4)
=1

where Sp, and Sr, denote the column spaces Span(I'1) and Span(I'2). It is easy
to see that the MLE i = X since Yo vi = 0. Then for any arbitrary o2,
maximizing (Z4) is equivalent to minimizing Y, tr[(X; — X — Toyy, I'T)T(X; —
X — Tou;I'T)], which can be solved based on the following.

Proposition 2. Suppose that X; € RPL*PR_§=1,...,n, are observed matrices.
Let (I'1, Ty, 01, ..., 0y) be minimizers of
n
D tr[(X; — GawiGT)T (X — GawiGY)) (2.5)
i=1
over all Gy € RPRXAR Gy € RPLXIL  gnd w; € RILX4R =1, ... n. Then

(i) For fized G, the columns of the minimizer Iy are given by the dy, eigenvectors
of the matriz X, = > 1", XZ-PlXiT/n corresponding to its dr, largest nonzero
etgenvalues, where P1 = G’lGr{.

(ii) For fized G, the columns of the minimizer Iy consist of the dr eigenvectors
of the matriz X =Y i, Xl-TPgXi/n corresponding to its dr largest nonzero
eigenvalues, where Py = GoGY.

(iii) For fived Gy and Gz, the minimizer v; = GE X;G1,i=1,...,n.

Based on Proposition 2, for fixed G; and Go, if w; is replaced by 0; =

GT X;G1, the objective function (23) is

n n

Ly =tr()_ X]X;) — x> (X]PyX)Py).

i=1 i=1
Then for fixed Pso, Ly is minimized by choosing the columns of Gy to be the
first dr eigenvectors of Z?Zl XiT P> X;. So we need to choose Py to minimize
Lip = Zzil M (X, XIPoX;), where A\g(A) indicates the kth eigenvalue of A.
This can be treated as an optimization problem over a Grassmann manifold but
it is hard to solve because eigenvalues are involved in the objective function.
Instead, we apply an iterative algorithm that can solve the problem efficiently.
We assume that the predictors are centered.
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1. Generate an initial value of T'1g € RPLX9L and let I = 0.

2. For given I'1, compute the matrix 37 = Yo Xif’lflTXiTA/n and find its first
dy, eigenvectors, denoted as 01, 02, ..., U4, . Estimate I'y as I'y = [01, 02, ..., 0, |.

3. For given flz, compute Xp = AZ?:1AX?f2ngi/n§ find the first dp eAigen—
vectors of X g, denoted as ly,[2,...,lq,, which form the columns of I'y as
U1 = [l1, 12, ..y Lag)-

4. For given 'y and f‘g, compute ; = f‘gXif‘l, t1=1,....,n.

5. Repeat Step 2 to 4 and iterate each time using the updated Iy and Iy until
Yo tr[(XG — Lo, )T (X; — Doy T'T)] converges.

The MLE of the central dimension folding subspace S,|ox, is then equal to
Span(I';) ® Span(I'y). Consequently, 62 is equal to [1/(nprpR)] Yo tr[(X —
fgﬁif{)T(Xi — f‘gﬁzf‘lT)] The estimators obtained from the dimension folding
model inherit the asymptotic properties of likelihood estimation under normality.

As with most optimization procedures, the proposed algorithm can conver-
gence to a local minimum. It has a linear convergence rate. Our experience
shows that the convergence behavior depends on the gaps between the eigenval-
ues of 37, and the gaps between the eigenvalues of Sk. The larger the gaps,
the more likely the algorithm obtains a global solution. Meanwhile, according
to our empirical study, the algorithm is quite stable with use of random initial
values of I'yg. When a better initial value is required, one can choose the first
dr eigenvectors of Y7 | X' X;/n as an initial I'j, where Y | X1 X;/n is the
sample row covariance matrix of X.

The proposed estimation procedure has connections with conventional PCA
and is easily interpreted. It can be seen that when the column reduction matrix
I'1 is known, the estimator of the row reduction I's is the same as that of I in the
conventional PCA model (21) with the original predictor X; replaced by X;I'y.
Although here X;I'1 is a matrix instead of a vector, the estimation logic remains
the same. Similarly, if I's is known, the column reduction I'; can be obtained
from the conventional PC model with X; replaced by FQTXi.

Compared to conventional PCA, dimension folding PCA is computationally
efficient for dealing with matrix-valued predictors. The algorithm has three major
steps at each iteration. An efficient way to compute 3. is to perform multipli-
cation for X; and I'; first and then multiply it by its transpose. Thus, the total
computation cost of 3, is O(nprdr(pr + pr)). The eigen-decomposition of S
requires O(p? dy,) operations. Similarly, it takes O(nprdr (pr+pr)) and O(pkdr)
operations to compute Sk and its eigenspace. The computation of 7; is of order
O(prdr(pr + dr)). Therefore, dimension folding PCA totally requires at most
O(max(pr, pr)*max(dr,, dg)nm) operations, where m is the number of iterations.
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Conventional PCA targeting vectorized X costs O(p%p%n) operations, which is
more expensive under the mild condition that max(dy,dr)m < min(pr, pr)>.

2.3. Relationship with tensor PCA

Higher-order tensor decompositions have been widely studied in applied
mathematics and engineering. Among them, the Tucker decomposition is con-
sidered as a higher order form of PCA, or tensor PCA (Kolda and Baded (2009)).
Here we discuss the connections of dimension folding PCA with tensor PCA. The
key idea of tensor PCA is to decompose a tensor into a core tensor multiplied by
a component matrix along each mode. Thus, in a two-mode tensor case where
X € RPLXPR we have X ~ GCHT, where C € R%“*4r ig the core matricized
two-way tensor, and G € RPLX4L and H € RPR*R are the component matrices.
If d;, and dp are less than p;, and pg, the core tensor C'is considered as a com-
pressed version of X. Thus, dimension reduction of the original tensor can be
achieved. There are several ways to compute the Tucker decomposition. Major
algorithms are developed to minimize the mean-squared loss function

f(G.H,C)=||X - X||}F =||X - GCH"||3, (2.6)

where || - || indicates the Frobenius norm. This loss function has the equivalent
form of the last term in our objective function (24). Kroonenberg and Leeuw
(T980) proposed an iterative least squares algorithm (ALS), called TUCKALS3
for computing a Tucker decomposition of three-way arrays. This method was
further refined by Lathauwer, Moor, and Vandewalld (2000), where they enhanced
the approximation by directly calculating the dominant subspaces rather than
their individual singular vectors. From this aspect, the algorithm we presented
for dimension folding PCA is equivalent to a sample version of the method in
Lathauwer, Moor, and Vandewalld (2000) for two-mode tensors.

Tensor PCA is a well-established data-analytic method but is not associ-
ated with any probabilistic model. Dimension folding PCA can be treated as a
model-based tensor PCA. It gains properties from maximum likelihood estima-
tion when the predictors are approximately normally distributed. The normality
assumption, however, is not essential in our model and can be relaxed to a gen-
eral distribution. In this case, dimension folding PCA is equivalent to tensor
PCA. The robustness of the dimension folding model regarding its normality
assumption will be further discussed in Section 4.2.

3. Dimension Folding PFC

Although dimension folding PCA can reduce the predictor’s row and col-
umn dimensions simultaneously, it performs dimension folding marginally and
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the relationship between the predictor and the response is omitted. Instead of
regressing X on a latent matrix v, dimension folding PFC models the inverse
regression of X|Y and provides more informative estimation of the central di-
mension folding subspace Sy o xo-

3.1. Formulation of dimension folding PFC

The dimension folding PFC model can be formed in several ways depending
on the relations between the predictors and response. One way is to fit the inverse
regression by taking the true model to be

X =p+Tobof(V)BIT 4 ¢ (3.1)

or, equivalently,
vec(X) =vec(u) + (T @ T'2) (81 @ B2)vec(f(Y)) + vec(e), (3.2)

where f(Y) € R":X"R contains elements formalized as functions of Y, 1 €
RIRXTR(dp < rR) and By € RXTL(dy < rp) are the coefficient matrices of rank
dr and dy,, and ¢ is the random error independent of Y. It can be isotropic fol-
lowing the matrix normal distribution 6Ny, wpr (0p, xprs Iprs
with Np, xpp(0p, xprs 2, M) error. In Section 4.2, we show that the normality

I,, ) or more general

assumption is not necessary in order to obtain consistent estimation. The other
terms in (B80) are defined as in Section 2.1. Based on (B), each coordinate Xj;
of X is a linear function of the elements in f(Y) plus a random error. In addition,

TL TR

(CTXT1) = T ury) + 30N B8R 80 F( ) + (DT ey,
k=1 [=1

where 51.(,? denotes the ¢kth element of (s, Bl(jl) denotes the [jth element of 57,
and f(Y)g is the kith element of f(Y),i=1,...,dr, 7 =1,...,dr. This shows
a multiplicative coefficient structure.

The function f(Y") is determinable in some cases, for instance when inverse
response plots (Cook (1998, Chap.10)) of X;; versus Y are informative about
f(Y), or when the response Y is categorical. In other cases, one can approximate
f(Y) by a series of basis functions or piecewise basis functions. Usually f(Y') can
be chosen as a diagonal matrix with dimension r; = rr = r. We use this matrix
form in the rest of this paper. When using polynomial approximations, f(Y") is
then a diagonal matrix with diagonal elements of Y, Y2, ..., Y". Correspondingly,
the conditional expectation [T3E(X|Y)[1];; is (T3 ul1)ij + > ory ﬁz-(z)ﬁ,g?Yk,
which often captures the main regression shape of X on Y when r is relative
large. In fact, in Section 4.1 we show that in order to receive a consistent estima-
tor for the central dimension folding subspace, the selected fitting function does
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not need to be very close to the true function, it is only required to be correlated
to it. This indicates that an approximation with a finite dimension for f(Y) is
generally adequate.

When the response Y is categorical, the fitting function f(Y") can be natu-
rally determined. For instance, suppose that Y has h categories, then f(Y') can
be simply chosen as a diagonal matrix of dimension » = h—1 and its kth diagonal
element can be specified as diag(f(Y))r = I(Y € Jy) —ng/n, k=1,...,h — 1,
where J indicates the kth category, ng is the number of observation in Jj, and
I(-) is the indicator function. The sample solution of dimension folding PFC
with a categorical response is not equivalent to that obtained by dimension fold-
ing SIR (Li, Kim, and Altman (2010)). Dimension folding PFC is more efficient
in estimation, does not involve computations relative to vec(X).

Compared with slicing-based methods, dimension folding PFC provides the
flexibility to formulate the relationship between X and Y. It can more effec-
tively use the response information by choosing an appropriate fitting function
to perform dimension folding. Slicing function can be considered as one special
choice for fitting f(Y') but it is generally less accurate when Y is continuous. A
proposition identifies the central dimension folding subspace for the dimension
folding model (BI).

Proposition 3. Under (Bl), when the random error € is isotropic the central
dimension folding subspace Sy|oxo = Span(I'1) ® Span(I'2); when € has a general
matriz normal distribution Np, xpp(0p, xpgr, 2, M), the central dimension folding
subspace Sy|oxo = Span(Q1T1) ® Span(M~'Ts).

Other ways to formulate the dimension folding PFC model are discussed in
Section 8. We focus on estimating model (B) with both isotropic error and
general error in the next section. Without loss of generality, the predictor X and
the fitting function f(Y') are assumed to be centered.

3.2. Estimation of dimension folding PFC

3.2.1. Isotropic error

When ¢ is isotropic with distribution 0N, xpp (0p, xpgs Ipgs Ip,, ), the central
dimension folding subspace Sy, x, is equal to Span(I';)@Span(I'z). For a random
sample of size n from (Y, X), the MLE of Sy/|,x, is obtained based on the log

likelihood function of (B71):

I, Sry, Sry, 0%, B1, B2)
_ _%bg(zﬁ) — np;pR loga2

—%,2 Do te((Xi = p = TaBa f(YV)BITT) T (Xs — = Tofof (Vi) BITT). (3.3)
i=1
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It is easy to see that the MLE 4 = X. Thus for any arbitrary o2, maximizing
(B3) is equivalent to minimizing the empirical expectation

E,{tr[(X —T282f(Y)B{ TT) (X = ToBaf (Y)B{TT)]} (3.4)
over X and Y.

Proposition 4. Suppose that X € RPLXPR s g random matriz and Y € R is a
random variable. Let (I'1,T'a, B1, B2) be minimizers of

E, {tr[(X — Gaba f(Y)b{ GT)" (X — Gaba f(Y)b] GT )]} (3.5)

over all Gi € RPRXIR Gy € RPLXAL b € RIRXTR qnd by € RILXTL. Then

(i) For fizred Gy and by, the columns of the minimizer Iy over Go are given by
the dy, eigenvectors of the matrix

Sae, = En(XGL ) En(ff )] Ea(f* 6T XT)

corresponding to its dy, largest nonzero eigenvalues, where f* = f(Y)b¥. The
minimizer By = ngn(XGlf*T)[En(f*f*T)]_l.

(ii) For fized Go and b, the columns of the minimizer fl over (G1 consist of the
dp eigenvectors of the matrix

Shep = En(XTGaf*)Ea(f* )] Ea(f* G X)

corresponding to its dr largest nonzero eigenvalues, where f* = by f(Y). The
minimizer 1 = FF{EH(XTGQf*)[En(f*Tf*)]_l.

Similar to Proposition 2, after replacing Go and by with their optimum so-
lutions I'y and 32 obtained from Proposition 4(i), the problem becomes an opti-
mization over a Grassmann manifold, but it is complicated to solve. Instead, we
choose a simple iterative algorithm to estimate the likelihood function (B33) as
follows.

1. Generate initial values of I'1g and (19 and let fl =TI"1p and Bl = Bio.

2. For given f‘l and Bl; compute the matrix ﬁlﬁtL = X%PFLXL/n, where X7 =
(X101, .., X D), Fr = (ff, .., £5)7 with ff = f(Y;)BF. Then the term
Py, X, represents the fitted values from the multivariate regression of X I
on f (Y)Bif Therefore, St ,, is the sample column covariance matrix of the
fitted values of X fl. Then the columns of fz are estimated by the first dj,

eigenvectors of St , and Bg = ngfIﬁ‘ I (IFEIF L)L
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3. For given fg and Bg, compute the matrix fiﬁtR = XEPFRXR/n, where Xp =
(X5 Iy ... Xng) (flT,. f*T) with f* = Bgf( Y:). The term
XTPFR represents the ﬁtted values from the multivariate regression of FTX
on 62 f(Y). Then Eﬁt » represents the sample row covariance matrix of the
fitted values of FTX . The columns of I'; are given by the first dg eigenvectors
of 34, and By = [TXEFR(FLEFR)~!

4. Repeat Steps 2—3 and iterate each time with the updated estimators until the
objective function (BJ) converges.

The MLE of the central dimension folding subspace is then given by Span(f‘l) ®
Span(I's). Correspondingly, o2 is estimated by

n

LS (X = Paba fOR)ATTTVT (X, — Tafo f (V) ATET)).

NPLPR ;]

It can be seen that the estimators f‘l and f‘g obtained from dimension folding PFC
have similar expressions as those achieved by dimension folding PCA. The only
difference is that we perform eigen-decomposition for the sample row (column)
covariance matrix of the fitted values of the linear regressions I' X (XI';) on
Bof(Y) (F(Y)BT). In this way, the redundant information of X that is not
related to Y is eliminated. Thus, dimension folding PFC is more precise in
estimation and prediction. The estimators obtained from this algorithm can be
treated as a generalized version of the results attained in conventional PFC.
From a computational perspective, the proposed algorithm is more economi-
cal than conventional PFC and dimension folding SIR. Its major costs come from
the computation of ﬁ)ﬁtL and i:ﬁt r- For ﬁ)ﬁtL, computing X7 and Fy requires
nprprdr and TLT'LT’RdR operations, and computing XTIFL and ]F:LFFL requires
ndrprry, and ndpr? 7 operations. The inverse of IFTIE‘L costs O(r ) Therefore, the
total cost of EﬁtL is at most O(max(ndg, rr)max(pr, pr,rr,7r)?) . Similarly, the
cost of EﬁtR is of order O(max(ndy,rg)max(pr,pr,7r,7r)?). Thus, dimension
folding PFC with an isotropic error requires at most O(max(ndy, ndg, rp,rr)max
(pL,PR,TL,TR)*Mm) Operations with m iterations. Analogously, it can be shown
that the computations of conventional PFC and dimension folding SIR targeting
on vec(X) take at least O(max(n, prpr)max(pLpr,r)r) and O(p? phmax(pLpr,
n)k) operations, which are in general more than dimension folding PFC when
pr, and pg are relative large. Here r is the dimension of the fitting function in
conventional PFC and k is the iteration number in dimension folding SIR.

3.2.2. General error

In this section, we consider a general error structure for € with the matrix
normal distribution Ny, spy (0p, xpg. 2, M). Based on this covariance structure,
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the dimension folding models reveal another homogeneous characteristic among
the predictor’s rows and columns. Let e; = (0,...,0,1,0,... O)T denote the py-
dimensional vector with ¢th component equal to one, i =1,..., pL Then eTX =
(vec(el X))T and var(el X|Y) = var[(I ® el )vec(X)|Y] = (I ® el )(Q® M)(I ®
e;) = m;;§), where my; is the ith diagonal component of M. This 1mphes that the
conditional covariance matrices of the predictor’s row vectors are all proportional
to €. Similarly, the predictor’s column conditional covariance matrices are all
proportional to M. Thus, the second-order moments also reflect the predictor’s
intrinsic row and column structure, which the conventional PC and PFC models
are not able to catch.

Another notable advantage is that the high-dimensional covariance matrix
Y = var[vec(X)] € RPLPRXPLPR can be decomposed into two smaller matrices
Q € RPRXPR and M € RPL*PL_ Therefore, one can circumvent inverting the
sample covariance matrix 3 in estimation. This is beneficial when the sample
size is relative small.

For estimation, note that if €2 and M are known, the problem reduces
to the isotropic dimension folding PFC since one can standardize X; to Z; =
M=12X;Q71/2. When Q and M are unknown, the log likelihood function be-
comes:

Z(H,Srl)SFQMBla BQ? Qv M)

= —np;pRlog(Qﬂ) — %logﬁﬂ — np%log]M\

»Ztr{ﬂ (Xi—p=TaBaf (V) BITT) M~ (X;—p—Tafa f(Y;) B{ TT ) }.(3.6)

It is easy to see that the MLE of y is X. The other parameters can be esti-
mated by alternating iterations with one group of parameters fixed. Let Xy =
(X172 X, Q7 V)T = (FY)BITTQ12 L f() BT TTQ- YT and
Xp= (XTM=2 . XITMYHT Fr = (fF()T BTG M2, f(Ya) BTFT
M~Y2)T Define e, = XLPFLXL/npR, ves = M =g, = X[Xp/npr— S, ,
and EﬁtR = XRPFRXR/an, s = QO — ZﬁtR = XRXR/an — EﬁtR, where Q and
M are sample row and column covariance matrices. Then the MLEs can be
obtained based on the following.

Proposition 5. Suppose that X; € RPLXPR § =1,...,n are observed and cen-
tered matrices, and let (I'1, Ty, 51, B2, 2, M) be the minimizers of (81).

(i) For fizred 2, 'y, and B, if UL[\LUE be the eigen-decomposition oergé/Qf]ﬁtL
Mr;§/2 and DL is the dmgonal matriz with the first dL eigenvalues of AL
replaced by zeros, then M = Mres—i—Mre/S ULD Unge/s , Fg M2 times the

first dy, eigenvectors of M~Y/2%, . M 0, M /2 and By = FTM 1X7£IFL(IF:£]FL)
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Table 1. Comparison of computation complexity.

Method Computation complexity
PCA DF-PCA O(max(pr,pr)*max(dr,, dr)nm)
PCA O(ppgn)
. . DF-PFC O(max(ndyr,ndr,rr,7r)max(pr, PR, 7L, TR)>M)
isotropic PEC PFC O(max(n, pLpr)max(pLpr,r)r)
DF-PFC O(max(npr, npr, s, "r)Max(pr, Pr, 7L, TR)>M)
general PFC PFC O(max(n, prpr)max(prpr,r)?)
SIR DF-SIR O(p? pimax(prpr,n)k)

(ii) For fizred M, Ty, and Ba, if URARUE 18 the eigen-decomposition Oer_eé/QiﬁtR
Qr_e;/ and Dy is the dzagonal matriz with the first dg eigenvalues of Ar
replaced by zeros, then O = Qreb + Qre/s URD Ug(lre{s , fl OY2 times the
first dr eigenvectors on /2% RQ 12 and 51 FTQ IXRFR(FRFR)

To estimate the parameters in (88), one can begin with initial estimates of
Q, I'y, and B, then iterate the two steps in Proposition 5 until the log likelihood
function (B8) converges. The computational cost of dimension folding PFC under
a general error is in general less expensive than that of conventional PFC and
dimension folding SIR. We summarize the results for all models in Table 1.

Remark 1. According to Proposition 5, M is invertible when Mres is invertible.
The existence of M L only requires that p;, < npr — 1 and Rank(I — Py, ) = py.
The latter condltlon is generally satisfied since the nonzero eigenvalues of Py,
are unlikely to be exactly equal to one and they are unlikely to be all identical.
Hence it is usually guaranteed that M1 and Q! exist if pr < npr — 1 and
pr < npr, — 1 or, equivalently, n > max(pr,/pr, pr/prr) — 1.

Remark 2. The maximum matrix dimension required in Proposition 5 is npy, x
npr or npgr X npgr, from Pp, or Pp,. This dimension could be very large
(> 30000 x 30000) in some cases (e.g. the EEG data) and exceed the storage
limit in R software. In this case, one can apply an equivalent iteration algorithm
that i) chooses moment estimators of € and M as initial values of Q and M;
ii) standardizes the predictors as Z; = M-Y2Xx;Q071/2 iii) applies isotropic di-
mension folding PFC to the standardized data; iv) updates Q and M according
o (S1.4) and (S1.5), the MLEs of matrix normal distribution (IDufilleul (T999))
described in the supplement file; v) repeats ii)-iv) using the updated parameter
values until the likelihood function converges.

Remark 3. Although the proposed algorithms are quite efficient for estimating
the central dimension folding subspace based on random initial values, using the
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conventional PFC model to obtain initial values can guarantee consistency of the
estimators when the fitted function f(Y') is misspecified. This is discussed in
Section 4 and the supplement file.

Let S;(A) denote the span of the d eigenvectors of A corresponding to its
d largest eigenvalues, and let Sy(A, B) = A~Y/2Sy(A~1/2BA=Y/2). Corollary
1 provides five equivalent forms of the MLE of the central dimension folding
subspace. We applied the original form SdR(Q,f]ﬁtR) ® SdL(M ,f]ﬁtL) in our
simulation and data analysis.

Corollary 1. The MLE of Sy|ox. under (B) with an general error is
Sap (9, ENﬁtE)®SdL (M, ZfitL)A. It is equivalent to SdR(Qre§7 Ehit) @84y, (Mres: 2EﬁtL)
= SdE(Qa E~ﬁtR) & SdL (Ma EﬁtL) = SdR(Qa Q) & SdL(M7M) = SdR(QremQ) b2y
SdL (Mr657 M)

4. Robustness

In this section, we study the robustness of the estimator SdR(Q,i]ﬁtR) ®
Sa, (M, Xg,) when f(Y) in model (B) is misspecified and the normality as-
sumption is violated.

4.1. Misspecification of f(Y)

Under (B0), we now assume that the true fitting function f(Y") is misspecified
by using the user-selected function h(Y) in place of f(Y). It can be shown
that the estimator of the central dimension folding subspace is still consistent
under certain conditions. To simplify the notation, let g = Bof(Y)S{ and | =
koh(Y)kT be the misspecified fitting components. Note that g and I are both

centered. We take p; = Varc_l/Q(g)covc(g, l)varc_l/2(l) to be the dy, x dy, column
correlation matrix between the elements of g and I, where var.(g) = E(gg’)
is the column variance of g, var.(l) = E(IIT) is the column variance of I, and
cove(g,1) = E(gl") is the column covariance matrix between g and I; let pp =
varr_l/z(g)covr (9, l)varr_l/Q(l) be the dr x dr row correlation matrix between the
elements of g and [, where var,(g) = E(g”g) and var,(I) = E({”1) are row variance
matrices of g and I, and cov,(g,1) = E(g71) is the row covariance matrix between

g and [.

Proposition 6. SdR(Q,fJﬁtR) ® Sq, (M, flﬁtL) 18 a \/n consistent estimator of
Span(Q71Ty) ® Span(M ~1T2) if and only if pr, has rank dy, and pr has rank dg.

Thus SdR(Q, St ) @84, (M I ,) can still be a reasonable estimator when
f(Y) is misspecified and the normality assumption is violated, as long as the
row and columns correlations between the true fitting function and the selected
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fitting function have full ranks. This result is a generalization of Theorem 3.5 in
Cook and Forzani (2008), and it is a mild condition. Nevertheless, in applications
care should be taken when selecting f(Y') in order to obtain better estimates.
Polynomial approximations can be simple and good choices.

4.2 Normality assumption

In applications, when the matrix-valued predictors do not satisfy the nor-
mality assumption, transformations such as log power are commonly used in
literature (Gasser, Bacher, and Mocks (1982)) to achieve relative normality.

In addition, we show that the normality assumption is not essential for our
model-based dimension folding methods. Suppose the random error € in model
(22) follows a general distribution with mean zero and covariance matrices Ip,,
and Ip, . The unknown parameters in this model can be estimated by minimizing
Sy (X — = Do) = 0 tr[(X — p— Do) (X — p — TonsI'T)).
Here the estimates Span(I';) and Span(I'y) have the same expression as what
we obtained under normality. Moreover, this objective function is equivalent to
the loss function (E8) of the two-mode tensor PCA. The asymptotic normality
and asymptotic efficiency of the projection matrix Py . onto the estimated
principal subspace Span(I'; ® I's) were developed by Hung et all (2012). Hence
without normality, one can still obtain /n consistent estimators for the principal
subspaces.

In terms of sufficient dimension reduction, the normality assumption can be
relaxed to the elliptically symmetric condition required by dimension folding SIR.
Suppose vec(e) ~ ECp, (0, Q0M, Q), where EC,,, .. (0, Q®M, Q) is an elliptical
contoured distribution with mean zero, row and column covariance matrices €2
and M, and a density generator Q(.). Let Y = sI(Y € Jg),s = 1,...,h, be
the slice indicator function, where Jy,...,J, are h non-overlapping slices. Let
¢ = (Q® M) 'E[vec(X)[Y], and let £2(() be the Kronecker envelope of ¢.
According Li, Kim, and Altman (2010), £2(¢) is the dimension folding SIR
subspace. It is defined as Sof ® S{o’ the Kronecker product of the two smallest

subspaces 505 and S{oa such that Span(¢) C So§®‘9§o- The relationships between
the dimension folding SIR subspace (S¢srr), dimension folding PFC subspace
(Srprc), and central dimension folding subspace (Sy|oxo) are shown below.

Proposition 7. Under (81), when the random error is elliptically contoured
distributed as ECy,p. (0,2 ® M,Q), Sysir € Sgpro € Syjoxos where Sgprc =
Span(Q~!T) ® Span(M ~1T3).

Thus, under the elliptically symmetric condition, the subspace Span(Q~!T'1)®
Span(M ~!T'5) given by dimension folding PFC is not guaranteed to be the true
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central dimension folding subspace but a subspace of it. It contains the dimension
folding SIR subspace at the population level and its sample estimate can be more
accurate since the fitting function f(Y) is generally more efficient than a slicing
function. Therefore, under this minimum condition, dimension folding PFC is
still useful. Both algorithms in Section 3.2 provide y/n consistent estimators for
S¢prc without normality, because the algorithm in Section 3.2.1 is equivalent
to a least square estimation and the consistent estimation of the algorithm in
Section 3.2.2 is given by Proposition 6, which does not rely on normality.

Similarly, Proposition 7 holds for dimension folding PCA in terms of S, o xo
and ¢ = E[vec(X)|v]. Hence dimension folding PCA and PFC are beneficial
under the minimum elliptically symmetric condition.

5. Prediction

The ultimate purpose of dimension folding is to serve regression and classifi-
cation. Dimension folding SIR, SAVE, and DR proposed by Li, Kim, and Altman
(2010) provide good prediction results in the classification case. Dimension fold-
ing PFC can further improve prediction accuracy for classification problems. In
the regression case, where the response variable is continuous, the function of
moment-based dimension folding methods is limited. Slicing could miss useful
information on the response variable and the choice of slice number is a big is-
sue. Dimension folding PFC can overcome this shortcoming and provide better
prediction results.

We propose two prediction approaches. Based on our knowledge, there is
no well-established method for predicting a univariate responses from a matrix-
valued predictor directly. Thus, we consider the prediction of Y from vec(X)
instead. The first approach is to regress Y on vec(X) in two steps. By applying
dimension folding PCA or PFC, one can obtain the MLE of the central dimen-
sion folding subspace Sy‘o xo = Span(I';) ® Span(I'y) under an isotropic error,
or Syjoxo = Span(Q7'I1) ® Span(M 1) = Su, (2, Shiey,) ® Su, (M, Spig, ) un-
der a general error. After dimension folding, one has a new predictor ng Iy,
or T¥M~1XQ Ty, with smaller row and column dimensions compared to the
original predictor X. The second step is to fit a model, such as a general
additive model (GAM), to estimate the mean function E[Y|vec(I'} XT')] or
E[Y|vec(T¥ M~1XQ~'T)], and then perform prediction based on it.

The second method was motivated by a nonparametric prediction technique
of Adragni and CooK (2009). Let f(X) and f(X|Y) be the density functions of X
and X|Y. Let R(X) denote a sufficient folding assumed to have a density. Then
ElY|X =] = E{Y f[R(z)|Y]}/E{f[R(x)|Y]}. This provides the key idea of this
nonparametric prediction approach because the estimated prediction function
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[V|X = 2] can be written as E[Y|X = 2] = S wi(x)Y;, where w;(z) =
[R@)|Y/ Sy fIR@)|Y) A

Once the density function f(X|Y) is estimated, the predicted value Y can be
easily obtained since it is the weighted average of the observed responses. This
method is applicable to our proposed dimension folding models since the condi-
tional distribution of X|Y is known through the model assumptions. According

E
f

to (S1.1) in the supplement file, when the random error ¢ is isotropic we have

FIR@)[Y;] = fR(vec(x))|Y;] )
o exp{—(26%) 7 |(T; ® T9) T [vec() —VeC( DIl
= exp{—(267) || R(vec(x)) — R(vec(X;))|[*}, (5.1)

where vee(X;) = vee(X) 4+ (1 @ I'2) (81 @ Ba)vec(f(Y;)) is the predicted value of
vec(z)|Y; and the reduction R(vec(z)) = (I'1 @ 's)?vec(x). When ¢ has a general
covariance structure, the estimated conditional density is

FIR(@)|Y] = flR(vec(x))[Yi] o exp{—%ll[(f“l @ T)" (o M)~ ([ @ Iy
x[R(vec()) — R(vec(X:)][*}, (5.2)

where R(vec(z)) = (I'1 @ T9)T(Q ® M)~ 'vec(x).

Each method outperforms the other under certain conditions. The inverse
regression prediction relies on the density function f[R(X)|Y] but does not make
any parametric assumption on modeling Y| X, while forward regression predic-
tion usually assumes a parametric model on Y| X or it depends on the estimation
of Y|X. Thus, the inverse prediction method shows its advantages when the
distribution of the random error ¢ in model (B) is known or can be well esti-
mated. The forward prediction is beneficial when the assumption made on Y| X
is reasonable.

In addition, the choice of f(Y) can affect the prediction accuracy. Con-
sider the mean squared error MSE = E[Y — Y(X )]? for which the minimum
prediction error is achieved when Y(X) is the conditional mean E(Y|X). Ac-
cording to Proposition 6, when the row and column correlations of the selected
fitting function k2h(Y )k, and the true function both have full ranks, which in-
dicates that the two are correlated, the estimator of the central dimension fold-
ing subspace is \/n consistent. For the forward prediction method, we have
Y (X) = E(Y|R(X)) = E(Y|TT M1 XQ'T";). If one chooses E(Y|R(X)) to be
a consistent estimator for E(Y|R(X)), such as the Nadaraya-Watson estimator,
then under mild regularity conditions, ¥ (X) — E(Y|R(X)) = E(Y|X) when the
selected fitting function is correlated to the true function. Thus the prediction
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error can reach its minimum asymptotically if the condition in Proposition 6 is
satisfied. For the inverse prediction method, we have

BIYIX = o] = = 3" fIR@YIY: /= FIRE@)Y

Assuming that f(Y) is known, then it can be shown that 1 3", fIR(z)|Y;] —
E{/[RCO|Y]} and L 0 fIR@)|YiY: — B{Y f[R(X)|Y]} at v/ rate. Then
E[Y|X = 2] converges to E[Y|X = z] and the prediction error is asymptotically
minimized. This result does not hold for misspecified f(Y') because the density
function f[R(X)|Y] is misspecified in this case. Yet we can expect that the
closer the approximation of the fitting function, the more likely we obtain good
prediction.

6. Simulation Studies
6.1. Evaluation of estimation accuracy

We assess the accuracy of our proposed dimension folding methods and com-
pare it to that of conventional methods. We measure the difference between the
estimated projection matrices and true projection matrices for the central dimen-
sion folding subspace and denote it as “PCDF _Error”; for conventional PCA and
PFC, we evaluate the estimation error of the projection matrices of the central
subspace and denote it as “PCS_Error”. Specifically,

PCDF _Error = ||Pg — Ps, ool (6.1)

7PSy\oXo||%" (62)

Y]oXo
PCS_Error = ||P3Y

vee(X)
where || - || is the Frobenius norm.

To evaluate the performance of the dimension folding PCA model (273), the
data were generated as follows: Let df, = dr = 2 and p;, = pr = p, with sample
size n = 100. The components of I'y and I'y were generated from N(0,1) and
the components v; before centering were generated from N(1,2), i = 1,...,n.
The vectorized isotropic error € was obtained from the multivariate normal with
mean zero and covariance matrix 0.81,,,,. We chose p = 5,10,15,20 and 30,
and ran each simulation 1,000 times. The results are summarized in Figure
1. We used “DF-PCA”, “DF-PFC” and “DF-SIR” to denote dimension folding
PCA, dimension folding PFC, and dimension folding SIR in figures and tables.
It can be seen that for all selected dimensions of p, dimension folding PCA was
noticeably more accurate than PCA. As the predictor’s dimension increases both
methods showed ascending estimation distance from the true projection space,



482 SHANSHAN DING AND R. DENNIS COOK

I~ I~ - 6
| N =
o
H
0 0
=
g ¥ o T
5 E 8
5 L
F o0 ' ©
A O ‘
= = =
_ o o

~ i ]

8 = *+
LT =
o = = o -
T T T T T T T T T T
5 10 15 20 30 5 10 15 20 30
DF-PCA with different p PCA with different p

Figure 1. The comparison results of DF-PCA and PCA.

but dimension folding PCA had the slower error increase in both the mean and
standard deviation.

For dimension folding PFC, we did simulations for both isotropic and general
error cases. When the general error structure was considered, we chose p;, = pr =
3,dr, =dr =2 and r, =rg =4 . Conventional PFC and dimension folding SIR
both required n > py;, X pr with a general error and we used small matrices py, x
pr = 9 in this case. The sample size was selected as n = 30, 50, 80, 100 and 150.
The components of I'y and I'y were generated from N(0,1). The elements of 1
and f2 were generated from N (1,2) and absolute normal |N(2,2)|. The responses
Y;, i = 1,...,n were obtained from N(0,1), and f(Y;) = diag(¥;, Y2, Y3, Y*).
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Figure 2. The comparison results of DF-PFC and PFC under general error.

The covariance matrices were

0.50 —0.25 0.00 0.886 0.266 0.062
Q=1 -025 0.50 —0.25 M =1 0266 0.248 0.048
0.00 —-0.25 0.50 0.062 0.048 0.015.

For the isotropic error case, we chose pr, = pr = 10 and o = 0.8, with sample size
n = 120, 150, 200, 300, 500. The other parameters were kept the same as those
in the general error case. We ran the simulation 1,000 times for each sample
size. Figure 2 summarizes the results under the general error setting. It can be
seen that the central dimension folding subspaces were estimated precisely based
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Figure 3. The comparison results of DF-PFC, DF-SIR and PFC.

on the estimation procedures proposed in Section 3.2 except for some extreme
outliers. Although the plots appear with dense outliers, the actual percentages
of these outliers were less than 5% under 1,000 repetitions. Some outliers like
the one with estimation error close to 3 at n = 150 could be due to the algo-
rithm getting caught in a local minimum. Conventional PFC had much higher
estimation errors for all sample sizes.

We further compared the model-based methods to dimension folding SIR.
For the latter, 8 slices were selected for the response variable. Based on our
simulation results, it was the best choice among 6, 8, 10 and 15 slices. The mean
estimation errors are shown in Figure 3, based on 1,000 repetitions. It can be
seen that dimension folding PFC provided the most accurate estimations for the
central dimension folding subspace over all sample sizes. Although conventional
PFC was less accurate than dimension folding PFC, it still beat dimension folding
SIR to a large extent. Dimension folding SIR failed to obtain precise estimation
because the conditional mean E(X|Y) was not adequately estimated by slicing
the responses. The PFC methods benefitted from careful fitting of the inverse
regression of X on Y.

6.2. Choice of d;, and dp

In the previous sections, the reduced row and column dimensions d;, and dg
were assumed known. In applications, one can apply an information criterion, say
AIC or BIC, to select optimal dimensions by minimizing the objective function
—2L(dr,dR) + h(n)g(dr,dr). Here L(dr,dRr) is the log likelihood function of
the estimated model, h(n) is log(n) for BIC and 2 for AIC, and ¢(dr,dRr) is the
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Table 2. Percentages of correct identifications.

DF-PCA DF-PFC
AIC BIC LRT(pval) AIC BIC LRI(p-val)
dp =dp =1 100 100 100 948 100 90.6
dp =1,dg =2 100 100 100 98.5 99.6 92.0
dp, =2,dg =1 100 100 100 98.1 99.6 93.2
dp =dp =2 100 100 100 99.9 99.8 95.8

number of parameters to be estimated. One can also use the likelihood ratio test
statistic A(dr,,dr,) = 2(L(min(rr,pr), min(rg,pr)) — L(dL,,dr,)) to perform
sequential tests for increasing values of dy, and dpg.

We illustrate these procedures using the simulated samples obtained from
the isotropic error setting. Here df = dr = 2, pr = pr = 10, and n = 200
were chosen for both dimension folding PCA and dimension folding PFC. The
simulations were repeated 1,000 times. All three methods were able to correctly
identify the true dimensions over 95% of the time. When we took the true
dimensions to be (dr,dr) = (1,1),(1,2) and (2, 1), the percentages of the precise
identifications were over 90% for all methods.

6.3. Prediction

We evaluated the prediction performance of dimension folding PFC, con-
ventional PFC, and dimension folding SIR using the simulated data under the
isotropic error from Section 6.1. The two prediction methods in Section 5 were
applied. For the first method, we fitted a generalized additive model of Y on
the reduced predictor (I'; ® I'y)Tvec(X) to the original data and then generated
new data for prediction. The new data are denoted by (X, Y*), i =1,..., nyew,
where nyew = n/4. The average prediction error was calculated as:

(Y - E(Y|X = X;))?
=1

(6.3)

TNnew

This procedure was repeated for 1,000 data sets and the averaged prediction
error 211:010 PE; /1,000 was used to assess the prediction accuracy of the three
methods.

For the nonparametric prediction approach, we used the same data and eval-
uation scenario except for using different prediction functions for E(Y|X = X7).
For dimension folding PFC and conventional PFC, the density function f(X|Y)
was obtained based on their model assumptions. For dimension folding SIR,
f(X]Y) was estimated based on the matrix normal distribution.

Figure 4(a) shows the prediction results with generalized additive model
fitting. It illustrates the potential advantages of using an inverse regression model
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Figure 4. Prediction results under isotropic error.

to estimate the conditional expectation E(X|Y'), or E[vec(X)|Y], instead of using
a slicing method. Dimension folding PFC predicted best over all sample sizes.
Though conventional PFC omits the predictor’s matrix structure, it still gave
more accurate results than did dimension folding SIR. Figure 4(b) shows the
prediction performance according to the second prediction approach. It provided
smaller prediction errors for dimension folding PFC and relatively large errors
for conventional PFC and dimension folding SIR.

7. Data Analysis

We applied dimension folding PFC to two data sets, one with a discrete
response, the other with a continuous response. For the discrete response case,
the EEG data used in Li, Kim, and Altman (2010) was studied, while Dow Jones
industrial stock data was used for the second case.

7.1. EEG data

The primary goal of this study was to explore the relationship between
alcoholism and the pattern of voltage values over times and channels. Let
(X1,Y7),..., (X122, Y122) denote the observed data, where X; is a 256 x 64 matrix
and Y; is a binary univariate variable, ¢ = 1,...,122. It is easy to see that error
structure is not isotropic. In this case, conventional PFC is not applicable since
n < pr, X pr. We applied dimension folding PFC with a general error to these
data. Since our proposed estimation procedures circumvent vectorization of the
predictors, we were able to handle the original EEG data without pre-screening
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work, as in Li, Kim. and Altman (2010). In our case, the maximum dimension
of a matrix inversion is 256 by 256 (M 1), instead of the 256x64 by 256x64
(f]_l) required for the moment-based dimension folding methods. According to
Remark 1 in Section 3.2.2, both inverse matrices M1 and Q! exist for the
original EEG data, because n > max(pr/pr,pr/pr) — 1.

For a categorial response Y of h categories, f(Y') can be naturally chosen as a
diagonal matrix with its kth diagonal element diag(f(Y))r = I(Y € Hy) —ni/n,
k=1,...,h—1. Thus, for the EEG data, we have d, =dr =rp =rg=r = 1.
Then the sufficient reduction ng ~1XQ~'T; obtained by the dimension folding
PFC model is a univariate variable, labeled as Xj;. Figure 5(a) shows good
separation of the two groups by X1 without pre-screening the original predictors.
Figure 5(b) shows the corresponding result after pre-screening the predictors to
smaller dimensions (p} ,p5) = (15, 15) with the screening method in [Li, Kim, and
Altmanl (2010). Pre-screening the predictors loses information about the original
data as the two groups cannot be separated quite as well as in (a). To obtain
classification results, we applied quadratic discriminant analysis and leave-one-
out cross validation. Without pre-screening the original predictors, dimension
folding PFC with a general error correctly classified 107 subjects out of the total
122 subjects based on X7i1; after pre-screening the predictors, it classified 102 out
of the 122 subjects. In comparison, dimension folding DR and dimension folding
SIR provided 97 and 94 out of 122 correct decisions, using (p7,py) = (15,15)
and (dr,dr) = (1,2).

7.2. Dow Jones stock data

We used Dow Jones industrial stock data from January 2001 to December
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Table 3. Prediction results (x1,000) with 10 folded cross validations.

DF-PFC DF-SIR Lasso

(isotropic) (general) (6 slices) (8 slices)
dp =dr=1 9.1 12.3 15.6 13.6 15.4
dp, =1,dp =2 8.7 12.4 10.7 9.8 15.4
dp, =2,dp =1 9.6 11.0 12.3 11.0 15.4
dp, =dr =2 10.0 10.1 12.8 11.0 15.4

2010. The response is the monthly Dow Jones industrial average index change
rate. If m; denotes the Dow Jones industrial average monthly index for the ith
month, the responses Y; = (m; —m;—1)/m;_1, i = 1,...,n, are the index change
rates, assumed to be independent. For each response (month), the predictor was
formed by 19 daily stock price change rates over the 30 Dow Jones companies.
We chose 19 daily stock price change rates because there are usually 19-23 trading
days each month. Hence the predictor for each observation is a 19x30 matrix
and the response is a univariate continuous variable. We deleted the observations
in September 2001 and September 2008 due to the incidents of terrorism and the
financial crisis, leaving n = 118 observation months. The final data set consisted
of (X1,Y1),...,(X118,Y118) observations. Primary interest was in association
between monthly stock index change rates and the daily stock price change rates
from the individual companies.

Dimension folding PFC with both isotropic and general errors, dimension
folding SIR, and the Lasso were applied to our study. We evaluated the predic-
tion performance for the first three methods using the prediction approach with
OLS fitting of Y on the reduced predictor Vec(f‘gX f‘l), as proposed in Section
5. Four sets of dimensions, (dr,dgr) = (1,1), (dr,dr) = (1,2), (dr,dr) = (2,1),
and (dr,dr) = (2,2), were selected. The function f(Y) was chosen as a diagonal
matrix with its diagonal elements formed by (Y,Y?2,Y3 Y*) for dimension fold-
ing PFC. Dimension folding SIR was studied with slicing numbers 6 and 8. We
also applied the Lasso to select important signals in vec(X) and performed pre-
diction. The 10-fold cross validation method was used to evaluate the prediction
performance using (623) for all methods. The results are summarized in Table 3.

It can be seen that isotropic dimension folding PFC provided smaller pre-
diction errors than all other methods. Since the dependence of the stock price
change rates is not strong from day to day and from company to company, di-
mension folding PFC under a general error structure could be overparametrized
and thus the prediction errors were likely to be increased. Dimension folding SIR
presented less accurate results than the isotropic dimension folding PFC model
over all selected dimensions and slicing numbers. Lasso showed relatively large
prediction errors.
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8 Discussion

Our dimension folding PCA and PFC methods provide likelihood-based di-
mension folding solutions for matrix-valued predictors that can be applied to a
broad range of applications with categorical or continuous responses. The fit-
ting components f(Y') in the dimension folding models possess the flexibility to
capture the useful information on response and provide more accurate estima-
tion for the conditional mean E(X|Y") than the moment-based dimension folding
approaches. The assumption on the covariance structure of the random error
provides another benefit for the model-based methods since one can circumvent
inverting the high dimensional covariance matrix of vec(X). In addition, the
MLESs obtained from our algorithms have good interpretations and connections
to the conventional PCA and PFC methods, and are robust to model assump-
tions.

There are different formulations for the dimension folding PFC model. Model
(B1) provides a multiplicative coefficient structure B f(Y)3¥ for the fitted func-
tion. Instead, one can model dimension folding PFC with an additive coefficient
structure, an interactive coefficient structure, or a general coefficient structure,
respectively, as

X =g+ To[Bof(Y)erpan + €apr fY)BTITT +e, (8.1)
X = p+ToBaf(Y)erpdn +€d, . fY)BE + Bof (V)BIITT + ¢,
X = p+ Dovec {Bg(Y)}I] +e,

N
w N

where e, 4, is a g X dr matrix with all elements equal to one, and eq, ,,
is similarly defined. If f(Y) is diagonal and its diagonal elements are formed
by polynomial basis functions, then under (81) the folded conditional mean
TTE(X|Y)];; = 22:1(51'(13) + ﬁ,g;))Yk, where the coefficients are additive.
When the multiplicative or additive coefficient model itself is not sufficient to
formulate the relationship between X and Y, (82) might be needed. In this
case, TTE(X[Y)1)y = S5, (8%) + L) + 8% L) YE. This is called the
dimension folding PFC model with the interactive coefficient structure. More
generally, one might not impose any constraints on the coefficients and adopt
(83), where “vec™!” stands for the matrixing operation. Then with polyno-
mial basis functions as the components of g(Y), the folded conditional mean
TITEX|Y)]; = Y EF ﬁ(j,l)dLﬂ-,kYk, where B(;_1)q,+ik 15 the element in
[(7 — 1)dr + iJth row and kth column of 8. The choice of a particular dimension
folding PFC model depends on the intrinsic row and column structure of X|Y.
To estimate model (833), one can apply the estimation procedure in Section 3.2,
though the algorithm cannot be directly used for the dimension folding PFC
model with the additive or the interactive coefficient structure. Instead, one can
use numerical algorithms with least square iterations.
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The proposed dimension folding models can also be generalized to array-
valued predictors. If X = {X;,.i,, 41 = L,...,p1,..yim = 1,...,pm} is a
m~way random array of dimension p; X -+ X p,,, and Y is a univariate random
response, dimension folding PCA and PFC are formulated as

vec (X)
vec(X)

() + T eTy®--- @Iy vee (1) + vee (g), (8.4)
W)+ T10T@ - @0y) - (1 ®B2® - @ Bn) - vee(f(y))
+vec(e), (8.5)

= vec
= vec

respectively. Here I'; € RPm—iXdm—i 4§ = 1 ... m, v; is a m-way array of di-
mension dy X -+ X dp,, f; € RIn—Xrm—i 4§ = 1 ... m, f(y) is a m-way array
of dimension 71 X -+ X 7y, and vec (¢) has a multivariate normal distribution
with mean 0y, ...p,, xp1--p, and covariance matrices 2 ® Q1 ® --- ® (),,,. It can be
shown that the dimension folding subspace with m-way array-valued predictors
is Span{(0 @ U ® - @ Q) 111 @ T2 ® -+ ®TI,y,)}, which can be estimated
by adapting the numerical algorithms in Section 2.2 and Section 3.2.

Background and proofs of all propositions and corollaries are provided in a
supplement file. The R codes and the EEG data are also provided in supplement
files. These files are available in the web-appendix of the online journal.
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