Statistica Sinica 24 (2014), 25-42
doi:http://dx.doi.org/10.5705/ss.2012.240

NON-ASYMPTOTIC ORACLE INEQUALITIES FOR
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Abstract: We consider finite sample properties of the regularized high-dimensional
Cox regression via lasso. Existing literature focuses on linear models or generalized
linear models with Lipschitz loss functions, where the empirical risk functions are
the summations of independent and identically distributed (iid) losses. The sum-
mands in the negative log partial likelihood function for censored survival data,
however, are neither iid nor Lipschitz. We first approximate the negative log par-
tial likelihood function by a sum of iid non-Lipschitz terms, then derive the non-
asymptotic oracle inequalities for the lasso penalized Cox regression using pointwise
arguments to tackle the difficulties caused by lacking iid Lipschitz losses.

Key words and phrases: Cox regression, finite sample, lasso, oracle inequality, vari-
able selection.

1. Introduction

Since it was introduced by [Tibshirani (1996), the lasso regularized method
for high-dimensional regression models with sparse coefficients has received a
great deal of attention in the literature. Properties of interest for such regression
models include the finite sample oracle inequalities. Among the extensive liter-
ature of the lasso method, Bunea, Tsybakov, and Wegkamp (2007) and Bickell
Ritov, and Tsybakov (2009) derived the oracle inequalities for prediction risk
and estimation error in a general nonparametric regression model, including the
high-dimensional linear regression as a special example, and kan_de Geer (2008)
provided oracle inequalities for the generalized linear models with Lipschitz loss
functions, e.g., logistic regression and classification with hinge loss. Bunea (200R)
and BacH (2011) also considered the lasso regularized logistic regression. For cen-
sored survival data, the lasso penalty has been applied to the regularized Cox
regression in the literature, see e.g., [ibshirani (1997) and Gui_and Li (2005),
among others. Recently, Bradic, Fan, and Jiang (2011) studied the asymptotic
properties of the lasso regularized Cox model. However, its finite sample non-
asymptotic statistical properties have not yet been established in the literature
to the best of our knowledge, largely due to lacking iid Lipschitz losses from the
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partial likelihood. Nonetheless, the lasso approach has been studied extensively
in the literature for other models, see e.g., Marfinussen and Scheikd (2009) and
Gaiffas_and Guillonx (2012), among others, for the additive hazards model.

We consider the non-asymptotic statistical properties of the lasso regularized
high-dimensional Cox regression. Let T" be the survival time and C' the censoring
time. Suppose we observe a sequence of iid observations (X;,Y;, A;), i =1,...,n,
where X; = (Xj1,..., Xim) are the m-dimensional covariates in 2", Y; = T; A C},
and A; = It1,<c,y- Due to a large amount of parallel material, we follow closely
the notation in kan de Geed (2008). Let

F = {f@(x) - ;ekggk, hecoc Rm}.

=1

Consider the Cox model (Cox (1972)):
A(HX) = ho(t)e* ™),

where 0 is the parameter of interest and Ay is the unknown baseline hazard
function. The negative log partial likelihood function for 6 is

1n(6) =~ > {fo(X) ~tog [ S, > V)l ba. ()

i=1 j=1
The corresponding estimator with lasso penalty is denoted by

0y, := argmin{l,,(0) + A\ I(0)},
0O

where I(0) := > " | 0%|0k| is the weighted {1 norm of the vector § € R™. wam
de_Geer (2008) considered oy to be the square-root of the second moment of
the kth covariate X, either at the population level (fixed) or at the sample
level (random). For normalized Xj, o = 1. We consider fixed weights oy,
k =1,...,m. The results for random weights can be easily obtained from the
case with fixed weights following kan"de Geer (200R), and we leave the detailed
calculation to interested readers.

Clearly the negative log partial likelihood (L) is a sum of non-iid random

variables. For ease of calculation, consider an intermediate function as a “re-
placement” of the negative log partial likelihood function

0(0) =~ " (oK) ~ log u(Yi: f)} A (1.2
1=1

that has the iid structure, but with an unknown population expectation

u(t; fo) = Exy{l(Y > t)efe(x)}.
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The negative log partial likelihood function (I0) can then be viewed as a “work-
ing” model for the empirical loss function (IZ2). The corresponding loss function
is

Vi = 1(fo(X), Y, A) i= —{fp(X) — log u(Y; fo) } A, (1.3)
with expected loss
1(0) = —Ey.ax[{fo(X) —log u(Y; fo) }A] = Py, (1.4)

where P denotes the distribution of (Y, A, X). Define the target function f as

f= argmin Py := fp,
feF
where § = arg mingeg Pvy,. It is well-known that Py, is convex with respect
to 6 for the regular Cox model, see for example, Andersen_and Gill (T982), thus
the above minimum is unique if the Fisher information matrix of 8 at # is non-
singular. Define the excess risk of f by

E(f) = Py - Py,

It is desirable to show similar non-asymptotic oracle inequalities for the Cox
regression model as in, for example, an"de Geed (2008) for generalized linear
models. That is, with large probability,

E(fp,) < const. x Iglel(gl {E(fo) + Vo} .

Here V is called the “estimation error”, which is typically proportional to A2
times the number of nonzero elements in 6.

Note that the summands in the negative log partial likelihood function (IZT)
are not iid, and the intermediate loss function v(-,Y,A) given in (IZ3) is not
Lipschitz. Hence the general result of kan"de Geer (PO0R) that requires iid Lips-
chitz loss functions does not apply to the Cox regression. We tackle the problem
using pointwise arguments to obtain the oracle bounds of two types of errors:
one is between empirical loss (I'2) and expected loss (I4) without involving the
Lipschitz requirement of van_de Geed (P00R), and one is between the negative
log partial likelihood (W) and empirical loss (IZ2) which establishes the iid ap-
proximation of non-iid losses. These steps distinguish our work from that of wzm
de Geed (2008); we rely on the Mean Value Theorem with van de Geer’s Lips-
chitz condition replaced by the similar, but much less restrictive, boundedness
assumption for regression parameters in BithImantl (2006).

The article is organized as follows. In Section 2, we provide assumptions that
are used throughout the paper. In Section 3, we define several useful quantities
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followed by the main result. We then provide a detailed proof in Section 4
by introducing a series of lemmas and corollaries useful for deriving the oracle
inequalities for the Cox model. To avoid duplicate material as much as possible,
we refer to the preliminaries and some results in van_de Geed (2008) from place
to place in the proofs without providing much detail.

2. Assumptions

We impose five basic assumptions. Let || - || be the La(P) norm and || - ||oo
the sup norm.

Assumption A. K, := maxi<p<m{||Xkl|loo/ok} < 00.

Assumption B. There exists an > 0 and strictly convex increasing G, such
that for all 6 € © with ||fs — fllcoc <7, one has E(fy) > G(||fo — flI)-

In particular, G can be chosen as a quadratic function with some constant
Co, i.e., G(u) = u?/Cy, then the convex conjugate of function G, denoted by H,
such that uv < G(u) + H(v) is also quadratic.

Assumption C. There exists a function D(-) on the subsets of the index set
{1,...,m}, such that for all # C {1,...,m}, and for all # € © and 0 € ©, we
have Y, ok|0r — Ox| < /D(X)| fo — f5l|. Here, D(%) is chosen to be the

cardinal number of % .
Assumption D. L, := supyee Y _py |0k] < 0.

Assumption E. The observation time stops at a finite time 7 > 0, with £ :=
PY>7)>0.

Assumptions A, B, and C are identical to those in van_de Geer (2008) with
her ¥ the identity function. Assumptions B and C can be easily verified for
the random design setting where X is random (van_de Geed (200R)) together
with the usual assumption of non-singular Fisher information matrix at 6 (and
its neighborhood) for the Cox model. Assumption D has a similar flavor to the
assumption (A2) in BithImann (2006) for the persistency property of boosting
method in high-dimensional linear regression models, but is much less restrictive
in the sense that L., is allowed to depend on m in contrast with the fixed con-
stant in BihImann (2006). Here it replaces the Lipschitz assumption in kan-dé
Geed (2008). Assumption E is commonly used for survival models with censored
data, see for example, Andersen_and Gill (T987). A straightforward extension of
Assumption E is to allow 7 (thus &) to depend on n.

From Assumptions A and D, we have, for any 6 € ©,

oK)l < Kmlmotm) .= I < o0 (2.1)
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for all 7, where O(m) = MaX1<k<m Ok- Note that U, is allowed to depend on m.

3. Main Result
Let I(0) := 31", 0%|6k| be the I; norm of §. For any # and 6 in ©, denote
L010) = > owlokl,  L(0]0) == I(0) — 1(019).
k:0,£0

Consider the estimator

0,, := arg min{l,(0) + \,I(0)}.
0eO

3.1. Useful quantities
We first define a set of useful quantities that are involved in the oracle in-
equalities.
e G, =4dan, a,=+/2K2log(2m)/n + K, log(2m)/n.
er1>0,b>0,d>1,and 1 > § > 0 are arbitrary constants.
o dyi=d([(b+d)/[(d— 1B V 1).
¢ \po= 5‘?,0 + 5\50, where
— — 2=
M=o (r1) = an (1 +2r1y/2 (K2 + anKi) + 74”“;;[(”) )

5‘50 = 5‘50(7"1) = % (2(_1nr1 + bg(fm)) '

o )\, = (1+b)A0.

e 01 = (1+b)"M and d; = (1+b)~N2 are arbitrary constants for some N; and
Ny, where N; € N:={1,2,...} and No € NU{0}.

o d(61,02) = 1+ {[1+ (&* = 1)&]/[(d — 1)(1 — 61)]}do.

e IV is a fixed constant given in Lemma 3 for a class of empirical processes.

e Dy := Dk : 0 # 0,k =1,...,m}) is the number of nonzero 6’s, where
D(-) is given in Assumption C.

o Vy = 20H (2)\n\/D79 / 5), where H is the convex conjugate of function G de-
fined in Assumption B.

o 0F :=argmingg{E(fo) + Vo}.

o ¢, = (1+0)E(fo;) + Voy.

o (' :=¢'/ o

o 0(e,) := argmingcg r(9—gx)<d,cx /p{10E (fo) — 2And1(6 — 07]67)}.

In the above, the dependence of 8 on the sample size n is through Vy that

involves the tuning parameter A,. We also impose conditions as in kan_de Geer
(2008):
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Condition I(b,9). | for — flloo <.
Condition IL(b,d,d). || foery — flloo < 1.

In both conditions, 7 is given in Assumption B.

3.2. Oracle inequalities

We now provide our theorem on oracle inequalities for the Cox model lasso
estimator, with detailed proof given in the next section. The key idea of the proof
is to find bounds of differences between empirical errors of the working model
() and between approximation errors of the partial likelihood, denoted as Zj
and Ry in the next section.

Theorem 1. Suppose Assumptions A-E and Conditions 1(b,d) and II(b,d,d)
hold. With
1— 42

A(b, 5, 51,52) = d((51,52) (5()

V1,

we have, with probability at least

{1 ) o (v 2o (—157)

that .
¢
=

1
€

6 and I(0,—0;) < d(51,6)

E(fy) <

4. Proofs
4.1. Preparations

Denote the empirical probability measure based on the sample {(X;, Y;, A;) :
i=1,...n} by P,. Let 1,...,e, be a Rademacher sequence, independent of the
training data (X1,Y7,A1),..., (X, s, A,). For some fixed % € © and some
M > 0, denote Zpr := {fyp : 0 € ©,1(0 — 0*) < M}. Later we take 0* = 07,
which is the case of interest. For any 6 where (0 — 6*) < M, denote

Zo(M) = |(Pa = P) gy = 13- ]| = | []n(®) = 10)] = [1n(0") = 166)] |

Note that van-de Geer (2008) sought to bound supyc gz, Zg(M), thus the
contraction theorem of Ledoux and Talagrand (T991) (Theorem A.3 in kan dd
Geel (2008)) was needed, which holds for Lipschitz functions. We find that
the calculation in wan_de Geer (200R) does not apply to the Cox model due to
the lack of Lipschitz property. However, the pointwise argument is adequate

for our purpose because only the lasso estimator or the difference between the
lasso estimator 6,, and the oracle 0}, is of interest. Note the notational difference
between an arbitrary 6* in the above Zy(M) and the oracle 6.
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Lemma 1. Under Assumptions A, D, and E, for all 0 satisfying 1(0 —0*) < M,
we have EZy(M) < a, M.

Proof. By the symmetrization theorem, see e.g., kan_der Vaart_and Wellner
(1996) or Theorem A.2 in van de Geer (200R), for a class of only one function we

)

have

EZy(M <2E(’ Zé‘z [fo(Xi)—log u(Yi; fo)lAi—[fo- (Xi) —log u(Yi; fo-)]

)

i 2E<‘711 >_cillog (Vi fo) — log u(Yi for )} A
=1

=A+ B.

<2E(]12a{fa< 0 for (X}A

=1

)

For A we have

< _ *
A< 2<Zak|0k 9k1>E(lr§r@1

k=1

sz )
k

1 n
*5 5@'Az
n -

=1

Applying Lemma A.1 in van"de Geet (2008), we obtain

ZE’ ><an

A < 2a, M. (4.1)

max
1<k<m

Thus we have

For B, instead of using the contraction theorem that requires Lipschitz, we
use the Mean Value Theorem:

‘ n

% > eillog u(Yis fo) —log p(Yis for )} Ai

i=1
1 n m 00

= |— 51Az / / Qk -0 Tie (x)dpxy X,y ‘
w A T o Dy 2 1)
m 1 n

= 0, — 07)— 7P
;Uk(k k)n;uYz,f** Uk// ayel? X,y (X, y)‘

< - * 3k

< D ow(Br - 07) max | Z@A Fyes (k, Y;)
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< M max

1<k<m | “—

1 n
= EilNiFpe (k, V7)),
i=1

where 60** is between 6 and 0*, and

E[L(Y > t)Xyelor=X)]

Fper (k,t) = 4.2
)= T o (42
satisfying
X lloo/ok)E [L(Y > t)efor=X)
ooty < ellofo) B 7 2 el ]
1(t; forr)
Since for all i,
BleidiFe (5, )] = 0. HsZAF**(k Yl < Ko, and
—ZE@A Fyer (K, Y7)] ZE Fyee (K, Y})]2 < EK? = K2,
=1 i=1
following Lemma A.1 in van de Geex (200R), we obtain
B < 2a, M. (4.3)

Combining (1) and (B=3), the upper bound for EZy(M) is achieved.

We now can bound the tail probability of Zy(M) using the Bousquet’s con-
centration theorem noted as Theorem A.l in kan_de Geer (2008).

Corollary 1. Under Assumptions A, D, and E, for all M > 0, r1 > 0 and all 6
satisfying 1(6 — 0*) < M, it holds that

P (Zg(M) > XQOM) < exp (—nazri).
Proof. Using the triangular inequality and the Mean Value Theorem, we obtain
Vfs = Vppe | < \fe( ) = for (X)[A + [log u(Y; fo) — log u(Y's for )| A

<Zak|e _ gy el ’“'+|logu<Y fo) = log (Y’ fi)

<MK, + E 0|0k — 03] -  max |Foes (k,Y)| < 2M Ky,
m
k=1 ==

where 0** is between 6 and 0%, and Fy««(k,Y) is defined in (E=2). So we have

1Vt = Vfpe lloo < 2M Ky, and  P(yg, — v4,.)° < AMZKZ,.
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Therefore, in view of Bousquet’s concentration theorem and Lemma 1, for all
M >0 and r > 0,

4r?a, K,
P <Z9(M) > an, M <1 +2r1v/2 (K2, 4 anKp) + Tlanm>) < exp (—nazry).

3
Now for any 6 satisfying I(# — 6*) < M, we bound

M):= ‘ [zn 6) — 1, (0) } L GEAGI

[log 1(Y; >Y;)elo(X3) —logl z": 1(Y; Zyl.)efe*(xj)} A,
1(Yi; fo) ni= i fe)
1 1(Y; > t)efoXs) 1 o= 1(Y; > t)elor(X5)
< su — — log — I =
ogtng & Z; 1(t; fo) n ]Z:; u(t; for)

Here recall that 7 is given in Assumption E. By the Mean Value Theorem, we
have

Ry(M)
m Zn 11(Y}Z )efg**(X )}
< su 0 —0; J=
ogtgpr ;( ’ k){ pu(t; forr)
Z?:ﬂ( th)Xjkefe**(Xj) - Z? 1(Y; > t)elo== (X )E[ (Y>t)X efe**(X
pu(t; fo--) 1u(t; forr)?
d (SIS elr %) By > 1) (Ko (X
= sup Zakwk—@k){ X H
o<t<r | = ijl (Y; >t)efo=(X9) E[1(Y >t) efe**
n ~1
<M sup [1 1(Y; >t)ef9**(xl)]
0<t<r nz:l
1 Xik Xy,
- 1(Y; > 1) (28 efo(Xi) _ B (Y > efor=(X)
e [T 10520 1202k
+ Km’i Z 1(Y; > t)efe**(Xz’) _E [1(y > t)efg**(x)i| ‘}’ (4.4)
i=1

where 0** is between 6 and 6* and, by (Z), we have

sup [1 anl(n > t)ef‘f**(xi)} s [1 R 7)} T )

o<t<r [T i n-=
Lemma 2. Under Assumption E, we have
P(l an 1Y; >7) < §> < 2e7E/2
n ' = -2/~ ’

=1
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Proof. This is obtained directly from Massarf (T990) for the Kolmogorov statis-
tic by taking r = £y/n/2 in the following:

P(iil(sz)_2)<P(f‘ 1(Y; > 7) §‘>r>
=1

(sup V|~ Z (YiZt)—P(YZt)‘Zr>

0<t<r i—1

< 2e2r"

Lemma 3. Under Assumptions A, D, and E, for all 6 we have

n

LS 1% 2 0696 — s fo)| 2 V) < Sw2emaiot, a)

P( sup
n-
=1

0<t<r

where W is a fixed constant.

Proof. For a class of functions indexed by t, .# = {1(y > t)efe@/U,, : t €
[0,7],y € R, elo(@) < U}, we calculate its bracketing number. For any nontrivial
e satisfying 1 > ¢ > 0, let ¢; be the ith [1/e] quantile of Y, so

P(Y <t)=ie, i=1,...,[=]—1,
13

where [z] is the smallest integer that is greater than or equal to x. Furthermore,
take tg = 0 and ty/.) = +o0. For i =1,...,[1/e], define brackets [L;, U;] with

ofo(@) . ' ofo(@)
i\ Ly = ti—
T (z,y) =Ly > ti-1) i

such that L;(z,y) < 1(y > t)ef"(m)/Um < Uj(x,y) when t;_; <t <t;. Since

/
{EM—LmF”s§ﬂ {uy>w—uy>mnﬂ?12
<A{P(ti—1 <Y§ti)}1/2:\@,
we have Njj(v/e, F, L2) < [1/e] < 2/e, which yields

2 (K\’
N[](anaLQ) < 67 = <€> ;

Ll(x?y) = 1(y > ti)

fo(X

where K = /2. Thus, from Theorem 2.14.9 in kan der Vaart and Wellnex (I996),
we have for any r > 0,

1 z”: 1(Y; > 1)elo D) u(t; fy)

n = U, U,

P45

0<t<r
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where W is a constant that only depends on K. Note that 72¢~"" is bounded by
~1. With r = \/na,r1, we obtain (EB).

Lemma 4. Under Assumptions A, D, and E, for all 0 we have

n

1 Xik .
P - 1(Y; > ik fo(Xq)
(o, e, [ a0 0
_E [ (¥ > 1)k efo(X )} ‘ > KpnUn, [&nrl + 1og(nzm)D
O

1 o 2 2
< — _nanrl' 4
10W e (4.7)

Proof. Consider the classes of functions indexed by %,

Jola) ol
:{1(yzt)m- e [0, T]yER‘ee ‘<K Unlt, k=1,.

Using the argument in the proof of Lemma 3, we have

K 2
NH(é‘?gk)LQ) < <€) )

where K = /2, and then for any r > 0,

1Y >t)efeX) x 1
(Y >t)e k:} 27‘>§5W26_T2,

0<t<r i—1

1 < 1Y > t)efoXd) X
P(\/ﬁ sup |— (Yizt)e lk—E[
0<t<r [N = o KinUn 0 KinUn
Thus we have
1 n efQ(XZ)XZk efG(X)Xk
P — 1(Y; >t 7—E[1 7} >
(v gum e, |3 120 g -2 22 o)
1 & efe(xi)XAk ef"(X)Xk
<P n sup |— 1Y, >t %—E[l ] >T>
< U f0<t1<)7' n ; ( = ) o UnKm T CopUn K o
1 n ef@(X'L)XZk efQ(X)Xk
<mP - 1Y->t7—E[1 Y>t7} >
=m <‘/ﬁ v nz Yizt) 5 T ‘—T)

m 2 1 2
< 7W2 —r? _ 7W2 log(2m)—r '
5 © 0 °

Let log(2m) — r? = —na2r?, so r = \/na2r} + log(2m). Since
log(2 log(2
\/a%r% + Og(nm) < Gy + Og(nm),

we obtain (A71).
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Corollary 2. Under Assumptions A, D, and E, for all M > 0, r1 > 0, and all
0 that satisfy 1(0 — 0*) < M, we have

né?

P (Rg(M) > \JoM) < 2exp <_> 3

+ TOWQ exp (—ndir%) . (4.8)

2
Proof. From (£4) and (£3) we have
P (Rg(M) <Ny M) > P(EfNESNES),

where the events Fq, F5 and E3 are defined as

n

El—{;ZMYizT)sg},

=1

FEy = { sup
0<t<r

n

1 .
=AY = e X — (e i)
i=1

> Unanr }’

1< X; X
— Z 1(Y; > t)ﬁefe**(xi) — E[l(Y > t)—kefO**(X)} ‘
n Ok Ok

FEs :{ max sup
i=1

1<k<mo<t<r
log(2
> K, Up, (anrl + Og(nm)> }

Thus
P (Rg(M) > Ao - M) < P(E1) + P (Es) + P (E3),

and the result follows from Lemmas 2, 3 and 4.

Now with 6* = 07, we have the following results.

Lemma 5. Suppose Conditions I(b,d) and II(b,d,d) are met. Under Assump-
tions B and C, for all 6 € © with I1(0 — 0) < dp(}: /b, it holds that

D1 (0~ 05) < 6E(fo) + ¢t — Efay).

Proof. The proof is exactly the same as that of Lemma A.4 in kan_de Geex
(2008), with the A, defined in Subsection 3.1.

Lemma 6. Suppose Conditions I(b,6) and II(b,0,d) are met. Consider any
random 0 € © with 1,,(0) + A\ 1(0) < 1,(03) + A\ 1(6}). Let 1 < dy < dyp. It holds
that

P (1(5 ~0;) < do?) <P (I(é ) < (dfibb) Cbn>

3 2
+ (1 + 1()W2> exp (—nc‘zir%) + 2exp <—n§2> .
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Proof. The idea is similar to the proof of Lemma A.5 in kan_de Geerl (2008R).

Let € = E(fz) and & = &(fyz). We will use short notation: I1(0) = I1(0(6;,)

and Ir(0) = I5(06;). Since 1,,(8) + A\ 1(0) <1 (9*) + A 1(07), on the set where
I(6 — 6*) < doC*/b and Z; 5(doCr /b) < doCi /b - A no, we have

Ry (402) = [0a(82) + AT ()] ~ [10(0) + AT(B)] — AI(6) + M (6)
Z

~[n(87) = 1 (6)]
n1(67) + Al (6) — [1n(6) — 1 (6)]
I

(63) + AT (B) — 0(67) — 16)] — do - 32

> A I
> =\
> M\ I(0F) + M () — E* + & — ngﬁyo%. (4.9)
By (ER) we know that R;(do¢};/b) is bounded by doA% '0Cn/b with probability

at least 1 — W2 exp ( naQT%) — 2exp ( n§2/2) then we have

E+MI0) < )\Bodo n +E + MNI(6F) + )\Aodo n.
Since I(0) = I1(0) + I>(0) and I(6%) = I1(6), using the triangular inequality, we
obtain

E+ (14 b)Anola(8) < Aodo Cb +E + (1 + D) Aol1(85) — (1+b)Anol1(0)
< Kot 2+ "+ (14 D)o 11 (0 - 63). (1.10)
Adding (1 + b)An0l1(f — 6%) to both sides and from Lemma 5,

*

E+(L+b)Aol(0—07) < Xn,odo%" + & +2(1+b)Auol1 (0 —67)

< (Anodo + A, O)C—” +6E
C*

= (do + b)An o2 + oE.
Because 0 < § < 1, it follows that
5k do +b ¢,
_ < o
16 = 6n) < 1+b 0
Hence,
5 o $n $n 14 Sn $n 1B Sn
—0F) < dyn (dg2) < on <
P<{I(9 bn) < do%y }ﬂ{ze(do b) S dodno7y }m{R ( ) dodn07 }

< Pl < B2

which yields the desired result.
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Corollary 3. Suppose Conditions I(b,0) and II(b,6,d) are met. Consider any

random 0 € © with 1,,(0) + A\, 1(60) < 1,(0}) + A\ 1(6}). Let 1 < dy < dyp. It holds

that
P(I(H~ —0,) < do%) < P(I(H~ —05) < [1+ (do— 1) (1 +b)"] %ﬂ)
2

—G—N{ (1 + %WQ) exp ( — n&ir%) + 2exp ( - n%) }

Proof. Repeat Lemma 6 N times.

Lemma 7. Suppose Conditions I(b,8) and II(b,8,d) hold. If O, = s, +(1—5)67%,
where
dép,

s = 2 ,
d¢x + bl(6, — 6;)
then for any integer N, with probability at least

3 2
1-N { (1 + 10W2> exp (—na%r%) + 2exp <—n§2> } ,

(s~ 05) < (14 (d—1)(1+ b)) %

Proof. Since the negative log partial likelihood 1,(f) and the lasso penalty
are both convex with respect to 0, applying Corollary 3, we obtain the above
inequality. This proof is similar to the proof of Lemma A.6 in kan_de Geer
(ZO0S).

Lemma 8. Suppose Conditions 1(b,d) and II(b,5,d) are met. Let Ny € N :=
{1,2,...} and Ny € NU{0}. With 6, = (1+b)~™ and §2 = (1+b)"N2, for any
n, with probability at least

2
1— (N1 + Ny) { (1 + 130W2> exp (—na2r?) + 2exp ( - n§>} ,

we have

2
we have *
10— ) < d(61.5) 5,
where (2 )6
1+ (d*—1)0
d(61,02) =1+ —————=0.
(O1:02) = 1+ G — 5™

Proof. The proof is the same as that of Lemma A.7 in kan_de Geer (2008), with
a slightly different probability bound.
4.2. Proof of Theorem 1

Proof. The proof follows the same ideas in the proof of Theorem A.4 in wam
de Geer (2008), with exceptions of pointwise arguments and slightly different
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probability bounds. Since this is our main result, we provide a detailed proof
here despite the amount of overlaps.

Define € := E(fy,) and €% 1= &(fpy); use the notation I(0) := 1(0]6}) and
I(0) = I(0|6}); set ¢ := db/(1 — §2). Consider the cases (a) ¢ < d(61,d2) and
(b) ¢ > d(61,2).

(a) ¢ < d(d1,02). Let J be an integer satisfying (1 + b)'~lc < d(d1,d2) and
(14b)7 ¢ > d(6y,82). We consider the cases (al) ¢C*/b < I(6,—0%) < d(01,2)C /b
and (a2) 1(0, — 0%) < ¢ /b.

(al). If ¢Gi /b < I(0, — 0) < d(01,82)C};/b, then

*
15
b

(14 b) 16y — 07) < (14 bic C*

for some j € {1,...,J}. Let dg = c¢(1 + b)’~! < d(61,02) < dp. From Corollary
1, with probability at least 1 — exp (—na2ri) we have Z5 ((1 + b)doCr/b) <
(1+b)doNt oG /b. Since Iy (0n) + AnI(Bn) < 1n(63) + A1 (65), from (B9) we have

E+MI(0,) < Ry ((1 +b)d C”) +E +AI(0;,) + (1 + b)X“Odo C”

By (E3B), R; ((1+b)doC;,/b) is bounded by (1 + b)j\ﬁodog’;/b with probability at
least

1-— 3T/V2 exp( TLCLQ’I“%) — 2exp —ng .
10 2

Then we have

Sn Cn

E+(1+D) Aol (6,) < (1+ b)/\BOdo +E + (1 +b) Aol (67) + (1 + b)/\AOdO
< (1+ b)An,oI(Hn — 05+ E + (L+b) Aol (6F).

Since I(6,) = T1(0)+12(0n), 1(0,—03) = T1(0,—03)+T2(0,), and 1(63) = 1,(6},),
by triangular inequality we obtain <201+ b) Aoy (0, —0%)+E*. From Lemma
5, E <€+ et —EF+ & =0E + €. Hence, £ < e /(1 —6).

(a2) If 1(6,, — 0%) < ¢C*/b, from (EI0) with dy = ¢, with probability at least

1— {( +130W2>exp( na T1)+2exp< 52)},

we have

A _ ~ ) _
€+ (L4 0)Anol(0n) < 773 M 0Ch + EF + (1 +D) Aol (61).

S1C
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By the triangular inequality and Lemma 5,

£< gm0+ E (1 D) Anol1 (0, — 6)
5 - e 5, 1 1

< _ * - *

<7z 5An )\n70+5+ €+ e 25
5 1 . 0.4

_< i

< T P

= 52 2) " T a1 +0) " 2

Hence,

go 2 [0 1. 1 L1,

sl1=a2 2 2010y " T 16

Furthermore, by Lemma 8, we have with probability at least

)

1 — (N1 + Ng) { <1 + 130W2) exp (—na 7“1) + 2exp (
that I(6, — 0%) < d(61,82)C* /b, where

1 1
N1 = logy 4y, (51> » No = logy 4, <52> :

(b) ¢ > d(01,8,). On the set where I(8, — 0%) <
(E10) we have with probability at least

1—{<1+§)W2> exp( na r1)+2exp<

d(01,062)Cr/b, from equation

)}

that e
E4 (1+b)Anol(0n) < Anod(61, 02) 3

o 5 * * \ *
< T oG+ €7 (L4 D) Aol (67).

+ E* 4+ (1 +b) Aol (6)

which is the same as (a2) and leads to the same result.

To summarize, let

1 * 2 * C:L
= — < —_— .
] _5en}, B {I(@n 1) < d(51,02) }

A:{ég

Note that

2
J+]_ S 10g1+b <(1+b) d(51752)) )

C
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Under case (a), we have

P(ANDB) = — P(A°Nal) + P(a2) — P(A° N a2)

(
> P(al) J{(1+ W2>exp(—nair%)+2exp<—n£22>}
{(1+ W2>exp( na T1)+2€Xp< §2>}
= P(B) - (J+1){<1+ W2>exp(na T1)+2exp< 52)}

—(N1+Na+J+1) { (1 + 10W2> exp (—nd%r%) 2exp <—n§2> }

2
140b)2 d(61,02)(1 — 62
21_10g1+b{(5152) ~d(0: 22(() )}

1+ iVV2 ex (—nc‘z2r2) + 2ex —ng

Under case (b),

P(ANB) = P(B) — P(A°N B)

> P(B) - { <1 + 130W2> exp (—na, 1Y) +2exp <_”£22> }
21_(N1+N2+2){<1+1?;)W2>exp(—n@72ﬂ“%)+2e)(p< )}

2
= 1—10g1+b{(151—;?}{<1+130W2> exp (—na r1)+2exp< Z)}

We thus obtain the desired result.
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