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Abstract: Empirical likelihood is a popular tool for incorporating auxiliary infor-
mation and constructing nonparametric confidence intervals. In survey sampling,
sample elements are often selected by using an unequal probability sampling method
and the empirical likelihood function needs to be modified to account for the un-
equal probability sampling. Wiand Rad (2006) proposed a way of constructing
confidence regions using the pseudo empirical likelihood of Chenand Siffer (1999).

In this paper, we propose using empirical likelihood in survey sampling based
on the so-called population empirical likelihood (POEL). In the POEL approach, a
single empirical likelihood is defined for the finite population. The sampling design
can be incorporated into the constraint in the optimization of the POEL. For some
special sampling designs, the proposed method leads to optimal estimation and
does not require artificial adjustment for constructing likelihood ratio confidence
intervals. Furthermore, because a single empirical likelihood is defined for the finite
population, it naturally incorporates auxiliary information obtained from multiple
surveys. Results from two simulation studies are presented to show the finite sample
performance of the proposed method.

Key words and phrases: Calibration estimation, optimal estimation, regression es-
timation, Wilk’s theorem.

1. Introduction

The empirical likelihood method, Owen (198K, 1990), provides a useful tool
for obtaining nonparametric confidence regions for statistical functionals. Even
though the empirical likelihood method is a nonparametric approach in the sense
that it does not require a parametric model for the underlying distribution of the
sample observations, the empirical likelihood method shares most of the desirable
properties of the likelihood-based method. Using a nonparametric likelihood
function, the empirical likelihood method can easily incorporate both known
constraints on parameters and prior information about parameters obtained from
other sources. For example, Chen and Qi (1993), Qin (2Z000), and Chaudhuri!
Handcock, and Rendall (2008) discussed combining information using empirical
likelihood. Qin and Lawlesd (1994) considered the situation when the parameter
of interest is the solution to an estimating equation. A comprehensive overview
of the empirical likelihood method is provided by Owen (200T).
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When the sample is selected by an unequal probability sampling method
from the finite population, the empirical likelihood needs to be modified to in-
corporate the sampling design. Chen and Sitfer (I999) considered the pseudo
empirical likelihood estimator that uses the sampling weight in the empirical
log-likelihood function. Kiml (2009) considered an alternative empirical likeli-
hood function based on the biased sampling likelihood of Vardi (I985) and (Qin
(993). In either case, the resulting empirical likelihood estimator naturally in-
corporates the available population information and achieves optimality under
some limited situations. Because the empirical likelihood function is changed
to incorporate the unequal probability sampling design, the resulting confidence
interval based on the likelihood ratio does not have a limiting chi-square distri-
bution and often extra computations, as discussed in Wu and Rad (2006), are
required to obtain a Wilk-type confidence region. Furthermore, the sample-based
empirical likelihood approach can be problematic if we want to combine informa-
tion from two independent surveys, since there are different empirical likelihood
functions associated with each sample.

In this paper, we propose a novel approach for the empirical likelihood in
survey sampling based on the so-called population empirical likelihood (POEL).
In this POEL approach, a single empirical likelihood is defined for the finite
population and the sampling design can be incorporated as a constraint in the
empirical likelihood. For some sampling designs, such as the Poisson sampling
or the rejective Poisson sampling of Fulled (2009a), the proposed method leads
to optimal estimation and the likelihood ratio follows a chi-square distribution
in the limit if the sampling rate is negligible. Thus, unlike the pseudo empiri-
cal likelihood method, a Wilk-type confidence interval based on the POEL can
be constructed without any artificial adjustment. Furthermore, because a sin-
gle empirical likelihood is defined for the entire finite population, it naturally
incorporates the setup of combining multiple surveys. The resulting empirical
likelihood estimator is asymptotically equivalent to the optimal estimator ob-
tained by the generalized method of moments (GMM), but it avoids the burden
of computing the variance-covariance matrix for the GMM computation.

The rest of this paper is organized as follows. In Section 2, basic setup
is introduced and the population empirical likelihood method is presented. In
Section 3, some asymptotic properties of the proposed estimator are discussed
under Poisson sampling. The proposed method is extended to the rejective Pois-
son sampling in Section 4, and extended to the problem of combining independent
surveys in Section 5. Results from two limited simulation studies are presented
in Section 6. Concluding remarks are made in Section 7. All technical details
are given in the Supplementary Material.
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2. Population Empirical Likelihood

Consider a finite population (z;,y;) of known size N. Suppose we are inter-
ested in estimating a parameter 6y that is defined by solving

N

> Ui, yi;6) =0, (2.1)

i=1
for . Many finite-population parameters can be defined as the solutions to (21).
Thus, if the parameter of interest is the population total Y = va 1 Yi, We can
take # = Ny, and p, through (21) with U(X,Y; puy) = (Y — py). Without loss
of generality, we assume that the solution 6y to (2) is unique.

Suppose now that a sample of size n is selected from the population using
a probability sampling design. Let s be the index set of the sample and m; =
Pr (i € s), the known first-order inclusion probabilities of unit i, for all units
in the population. Let d; = m,~ ! be the design weight of unit ¢ in the sample.
A design-consistent estimator of 6y can be obtained by solving the estimating
equation

N_IZdiU (xi,yi;Q) =0 (2.2)
1€S
for 6. Binded (T983) discussed some theories for the estimators defined from the
solution to the estimating equation (222) under complex sampling.

If we know aggregate population information on x, such as the population
mean Xy, then we can incorporate it to improve efficiency of the resulting es-
timator of #y. One way to achieve this efficiency is through calibration. Thus,
instead of solving (22), consider solving

ZdiwiU (wi,9i;0) =0, (2.3)
1€S8

where w; is determined to minimize ), . d; (w; — 1) subject to the calibration
constraint

> diwi(1, ) = (1, Xy (2.4)
s
For the special case of y = Yy = N1 Zf\il yi, Deville_and Sarndal (T992)
discussed the choice of objective functions that lead to calibration estimators
asymptotically equivalent to the generalized regression (GREG) estimator

Ocrec = Ji— B (Ta— Xn) | (2.5)

i) = () i (whw)

€S €S

where
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. -1
B = Z d;y; (a;z — i'd)/ { Z d; (wz — .’Z‘d) (l‘z — .fd)/ } .
i€s 1€S
Chen and Sitfer (T999) considered using the pseudo empirical likelihood function

Ip(w) = dilog (diw;) (2.6)
1€s
as an objective function for the calibration estimation with constraints (E4).
The resulting pseudo empirical likelihood calibration estimator for 8y = Yy is
asymptotically equivalent to the GREG estimator in (273). The GREG estimator
has certain optimal properties under the model where the finite population is a
realization of the linear regression model

yi = 18 + e, (2.7)

with Ec(e;) = 0 and Vi(e;) = o2, If the linear regression model (272) does not
hold, then the GREG estimator is no longer optimal.

The design optimal regression estimator that minimizes the design variance
among the linear class 0 = yuar — B(qur — dn) is

eopt = YHT — Bopt (QHT - CYN) ) (28)

where
(@yr ) = (N2 digh, N1~ diyi)'
1€s 1€Ss
¢ = (1,z}), and B’opt is a consistent estimator of By = Cov (yur,dnT)
{Var ((jHT)}fl . The design optimal regression estimator has been discussed by
Fuller_and Tsaki (I981), Monfanari (T987), and Rad (T994).

We consider an empirical-likelihood-type estimator that leads to a solution
asymptotically equivalent to the design optimal regression estimator in (23).
Instead of assigning weights only for the sample, we propose using the population-
level log-likelihood

N
l= Zlog (wi), (2.9)
i=1

Zf\i 1w;i = 1, as the objective function for the calibration estimation. Because
the final estimator is obtained by solving (E23) for 6, the final weights d;w; in (223)
are used to compute the design optimal estimator from the sample observation.
Unlike the pseudo empirical likelihood, the proposed likelihood (279), called the
population empirical likelihood (POEL), is defined at the population level. To
incorporate the auxiliary information into the estimation, we use

> diwi(1,27) = (1, X}),

€S
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the constraints in (24). For rejective Poisson sampling, in order to remove the ef-
fect of sampling design, we can incorporate additional constraints in the sampling
design, as will be discussed in Section 4.

There are several advantages of the proposed method. First, it naturally
incorporates additional information. For example, if hy = N~} Zf\il h(z;) is
known, h(z) an arbitrary function of x, then we can add the constraint

> diwih(z;) = hy,

€S
into the optimization using the POEL. Thus it is directly applicable in the cali-
bration problem of survey sampling. Given the constraints, it achieves the lower
bound for the asymptotic design variance under some sampling designs. For ex-
ample, if §p = Yy and h(z) = (1,2')’, we show that the proposed estimator is
asymptotically equal to design optimal regression estimator (Z8) when the sam-
pling rate is negligible. In addition, under some regularity conditions, the POEL
enables us to obtain the likelihood ratio confidence intervals using chi-square
quantiles. Then too, we can combine all sources of information from several sur-
veys by using a single POEL to obtain the optimal estimator, as will be discussed
in Section 5.

3. Main Results

Consider a Poisson sampling setup where independent Bernoulli trials are
used to select the sample. Let I; be the sample selection indicator that takes the
value one if unit ¢ is selected in the sample and takes the value zero otherwise.
In the Poisson sampling, the I; are independent Bernoulli (;) random variables,
where ; are known.

Under Poisson sampling, the POEL approach can be formulated as maxi-
mizing

N
1= log(w), (3.1)
i=1
subject to
N
Zwi = 1, sz;iUz(Q) = 0. (3.2)
=1 =1
Thus, without extra information, we get w; = N~! and the POEL estimator

éPOEL is the same as that obtained from the solution of (22). In order to
incorporate the known population size information, we add the constraint

N I,
Zwi(# —1)=0. (3.3)
i=1 v
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In the constraints (B22) and (B=3), the observed values of z; in the units with
I; = 0 are not used. To incorporate the auxiliary information associated with
the non-sampled part of x;, we can impose that

N
sz‘ihi = hy, (3.4)
- T

for some function h; = h(z;), where hy = N1 Zf\il h(z;). By (82) and (B33),

(B3) can be written as
N

Zwiﬁ (hi — hy) = 0. (3.5)

=
i=1 ¢

To solve for this optimization problem, by the Lagrange multiplier method,
a two-step algorithm can be used. In the first step, the optimal weight that
maximizes (B0) subject to .~ | w; = 1, (83), and (B3F) can be expressed as

11
Ni1+Xg

N

Wi

where g; = ((I;m; * — 1), Ly L (hi — hx)')’ and A is the solution to

1 Gi

K3
—g —— =0
Ni711_|_)\/gi

In the second step, we can get the resulting POEL estimator OpoEL by solving

N
> @i —Ui(0) = 0. (3.6)
= T

Because the control function h; in (82) does not depend on ¢, the POEL estima-
tor is obtained by this two-step algorithm. Such an algorithm was discussed in
Chaudhuri, Handcock, and Rendall (2008). If the control function h; depends on
the unknown parameter 6, say h; = h(z;;0), then the optimization is computa-
tionally more challenging. In this case, using hi = h(x;; é), 0 any /n-consistent
estimator of 0, in (B32) leads to the same two-step algorithm for optimization and
the two-step solution is asymptotically equivalent to the original solution.

To discuss asymptotic properties, we first assume a sequence of finite popu-
lations and samples satisfying regularity conditions

(C1) 6y € O is the unique solution to N1 Zfil U(X;,Y:;6p) =0, © is a compact

set in p-dimensional Euclidean space, and U(X,Y;0) is uniformly continu-
ous in ©.
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(C2) The partial derivative U (6) = dU(X,Y;6)/8 is a continuous function of 6
in the neighborhood of 6y almost surely, and 0U (6y)/00 is nonsingular.

(03) With gi = (Iiﬂ'i_l — 1;Ii7ri_1(hi — EN)/)/, as np — 09,

n}B/Q( -1 Zlﬂ'flU/ (o), N~1 Zgz> —>N(O V),

where np = F(n) and V' is a positive definite matrix.

(C4) ||oU (x,y;0)/00||, ||U(z,y;0)||*, and ||h(z)||* are bounded by K (z,y) in ©,
and limpy_,oo N1 Zfil K (zi,y;) = ux where pg > 0.

(C5) maxies [|hil] = 0p(n}?) and maxic, ||Ui(60)|| = op(nil?).

(C6) C1 < 7rz~Nnj§1 <Cy, 1=1,2,..., N, for some constants 0 < C; < Cs.

Condition (C1) and (C2) ensure the identifiability of parameter 6, and the
smoothness properties of function U(6). Condition (C3) ensures the asymptotic
normality of Horvitz-Thompson type estimator under Poisson sampling. The-
orem 1.3.3 of Euller (2009H) provides sufficient conditions for (C3). Condition
(C4) is the usual moment condition in survey sampling. Condition (C5) is one

of the typical conditions to enable A=0 (nBl/ ) and Taylor expansion, while
(C6) controls the behavior of the first order inclusion probabilities.

Theorem 1. If (C1)—(C6) hold, the population empirical likelihood (POEL)
estimator HPOEL at (BB) has the asymptotic expansion

N
OporL — 0o = —T{ Zi* Z 771 77N>} + 0p("31/2)7 (3.7)

where 7 = [N 1vala i(60)/060] ' n = (1,(h—hy)"), h = h(z), and B* =
0105, with

0 ( NESSE =D NEEL - - W') (9)

9 = _ _ ) .
N2y N (7 =) (h — hy) N2XN w7 (h — hay)®?

where X®2 = X X', We have

v (épOEL — 00) 4 N(0,1), (3.10)
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and Vi, = Q7" with

I N, N
Q= N_QV{ Z EUi - B*(; Ul Zlfh')}-

Remark 1. For g = Yy, h =z, and U =y — 0, (B) is

. N N
ePOEL:YN"‘NZT%(yi—YN)—BT(N—1)
1/2
~Bi{~ Z i = X))+ oplng ), (3.11)

where N = SN Ll (Bf, By) = 0195 with ©; and Q, at (8R) and (83). If
np/N — 0, under Poisson sampling,

N N
Ql = Cov (Nil Z IZ'T('Z-_lUi, Nil Z Imi_lq,) + Op(nél)
and Qy = Var (N"'S2N Iim71g) + op(np!) with ¢; = (1, (z; — Xn)'). Here
Oporr is obtained by minimizing the first order asymptotic variance of the esti-
mators in the class of (B2I). Thus, it is asymptotically equivalent to the optimal
estimator (3).

In Theorem 1, the sampling design is not necessarily Poisson sampling,
though the optimality result in Remark 1 is established under Poisson sampling.
By Theorem 1, the consistent estimator of V} can be written as Vh = TQhT

1 N
where 7 = { ISV L loui(6) /89} , Q= N2EL L1 — w27,

~

f’i = UZ(Q) — B*m, B* = Qlﬂ_l,

N
1 = (53 3 11— o) 2Ui(6 NQZIZW_QU(GA)(hZ-—BN)'),
=1 =
) N2 L —m)m? N72YY L1 = m)m; 2 (hi = hy)
AN O - hy) NS LB )
=141 )T\ N g N

with é = éPOEL-
By Theorem 1, we can construct a Wald-type confidence interval for 6 using
the asymptotic normality.

Theorem 2. Under the assumptions of Theorem 1, if Rn(6) = 2{l(@porL) —
1(6p)} where 1(0) = vazl log (w;) with w; satisfying (82), (B3), and (B3H), then,

asng — o0 and ng/N — 0, Rn(ﬁo)ixg, where p is the dimension of 6.
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According to Theorem 2, under some regularity conditions, a Wilk-type con-
fidence interval for 6y can be constructed with a chi-square distribution as the
limiting distribution when the sampling rate ng/N is negligible.

The variance of the POEL estimator depends on the choice of the control
function h; in constraint (B4). The optimal choice of h; requires some superpop-
ulation model for the conditional distribution of 1; on x;. Because the mode of
inference is purely design-based in our paper, we do not pursue this topic.

Remark 2. The sample empirical likelihood (SEL) estimator fspr can be ob-

tained by maximizing [, = > . __log(w;) subject to

i€s
dwi=1, Y wm'Ui(6) =0, (3.12)
1€S 1€S
Zwiﬂi_1<hi — iLN) =0. (3.13)
€S8

The resulting SEL estimator is algebraically equivalent to the nonparametric
likelihood estimator proposed by Kim (2009). Furthermore, under certain con-
ditions, it can be shown that

A d
Ro(60) = 2 {1 0s1) — 1e(00) } 53
For § = E(Y), if n/N — 0, the SEL estimator fgpy, with h = z is asymp-
totically equivalent to the optimal estimator

Oopt1 = Ja — B(Za — Xn), (3.14)
where iy .
(&), 5a) = Dies ™ i ffs i ?Ji7
ies T
B = C(§g, 2a){V (24)} ', and C(§q, 4) and V(Z4) are design consistent estima-

tor of Cov (g4, Z4) and Var(z,), respectively. Comparing (B14) with (E38), the
POEL estimator is more efficient than the SEL estimator.

4. Extension to Rejective Poisson Sampling

We now extend the results in Section 3 to other sampling designs. In particu-
lar, we consider rejective Poisson sampling, which covers simple random sampling
and stratified random sampling as special cases. Rejective Poisson sampling has
been studied by Hajek ([964), Hajek (T981), and Fulled (2009a). HajeK (1964)
considered the linear design constraint

N Y
Z ;Zzi = Zzi, (41)

i=1 i=1
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with z; = p; and Zf\il p; = n, where p; and §; are the inclusion probabilities and

considered a rejective sampling with constraints
Qpn = (3 — Zn)'VZ' (3 — Zn) <77, (4.2)

for some 2 > 0, where z, = N~* Zfil 5¢p;1zi and Vzz = Vj0i(%p), Vpoi denoting
the variance calculated under Poisson sampling design. Since (E) is a special
case of (I2), we consider only (E=4). We consider the following rejective Poisson
sampling procedure.

Step 1 For i =1,..., N, generate §; ~ Bernoulli(p;) independently.

Step 2 Check if (B2) holds. If it does not hold, then go to [Step 1]. If the
constraint is satisfied, then set (I1,...,In) = (d1,...,0n). The final
sample consists of elements with I; = 1.

Even if §; are generated independently, the realized sampling indicators
Ii,...,Iy are no longer independent. The initial selection probabilities p;(i =
1,2,...,N) for Poisson sampling are not equal to the target inclusion probabil-
ities m;(i = 1,2,...,N). The POEL estimator can be obtained by maximizing
() subject to

Sumt Seon-o Sedovacea
i=1 ‘ ! ’

bi

sz (hi — hyy) =0, sz Ui(9) = 0. (4.4)
=1 =1

In (E3), the constraint Y~ | w;(I;p; 1 —1)z; = 0 is added to account for the design
constraint in (E2). Suppose (C1)-(C3) and (C5) hold with 7; and g; replaced by
p; and gF, respectively, where g = ((Izpl —1)zF, Iip (h’ Ry))s 25 = (1,20).
Let Gn(7?) = Pr(Qpn < 1), Gni(F?) = Pr(Qpn <ies), GN(U)(%) =
Pr(Qpn < ~2i,j € s).

(C7) |ngN~1p;!|, 2 are bounded.

(C8) ]\(9M(6?)/89]\cdeZW(@ﬂ]4 are bounded by K (z,y) in ©, and limN_>Oo N1
SN K (2, y:) = pre for some px > 0, where M;(0) = (UL(6), 2, b, —
w).

(C9) GN(Z)( 2) = GN(Y®) + gin(¥)YPi + op(ng'), where i = npN~%(1 —
Di)p; 212 and g1 n(7?) is a bounded sequence.

(C10) GGy (7*) = GN (V) + 1w (V)P (mi + 115) + 0p(ng").
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(C11) V5 2(z, — Zn) SN (0, I).

zz

Condition (C7) is used to control the behavior of the first order inclusion proba-
bilities and the boundness of z;. Condition (C8) is the usual moment condition in
survey sampling. Conditions (C9) and (C10) are similar to Assumption 8 in Fuller
('7(10%), while (C11) holds for Poisson sampling under the moment conditions
without loss of generahty assume zZy = O and npN~2 ZZ (1= pi)p; 1z3 = 1.
After some algebra,

ll—pl
E(z,— Z ; 4.5
(o= Znli € 5) = L, (4.5)
s L1—p 11—17]
E(z, — Znl|i,j €8)=— Z i 4.6
1 1—p;
1 i 2
Var(z, — Znli € s) =npg "N z, (4.7)
1 1—p; 11—
Var(z, — Znli,j € s) =ng' — Pi 2 Bi 2 (4.8)

N2 p TN g
According to (C11), Gy is the CDF of the Chi-square distribution and Gy
and G are the CDF of noncentralized Chi-square distributions. According
to (E3)-(E1), we have

E(Qp,n|i S S) =1-n+ Op(nél)v E(Qp,n“vj € 5) =1-n - nj + Op(ngl)v

where 1; = ngN~2(1 —pi)pi_lzf. So, we can write

G (1) = Pr@Qpn <77l € 5) = Pr{(1=n) "' Qpn < (1= m)'9li € 5}
=GN {(L=m)"'7%} + op(nj')
=GN ((1+m)7?) + op(np')
=GN(Y) + v ()i + op(ng),
where g1 is the density of the Chi-square distribution. Similarly,

GV = G () + giv (Y)Y (i + 1) + op(ng).

Theorem 3. Consider a rejective Poisson sampling with the design constraint
in (B2). Let Oporr be the population empirical likelihood estimator obtained by
mazximizing (B) subject to constraints (B23) and (B4). If (C1)—(C3), (C5) and
(C6), and (C7)—(C11) hold,

- 1 &g iy
QPOEL—‘%:—T{NX:*Z Ui(bo) — Nz; }+0p( 570, (4.9)

-
i=1 " *
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’

-1 _
where T = {N—l SN an(eo)/ae} = (2, (hi — b)Y, ha = h(xy), 2F =
(1,2)), B = 9192_1, where

1 L1 1 XL _
0, = <W Z(; — V)U; ,WZ;Ui(hi — '), (4.10)
i=1 ° i=1 "
Q ( N_QZZ‘]L(W;l_l)Z;@Q _22?71( Jl—1)z *(h'_hN),> (4.11)
2= _ , . (4.
N2 N (r =) (hi—hn)zy N722N 77 (hi — hy)®

We have
v, 12 (épOEL _ 00) 4 N0, 1), (4.12)

where Vi, = 7Qp 1" with

N I N I N
Q=N {Z::W ;mm—;m)}

= ‘/poi(ép)a

Vypoi denotes the wvariance under Poisson sampling design, and €, = N1
N _ .
Zz’:l ]ipz- 161’ with €; = Ui — Bm.

Remark 3. For fy = Yy and h = z, (29) simplifies to

X 1 X 1 X
Oporr =Yn+ > —(yi—Yn) = Bi(= > — — 1)z
N mi N mi
N
1 I; 1/2
—Bz{ﬁ 2 ;i(wz = XnN)} +op(ng '),

where (B, By) = Q19,! with Q; and Qj defined at (B10) and (EIT). If v = o(1)
in (2), then
12y

ZHT_ZN —Op(TLB s (4.13)

with zZgr = N1 Zf\il Im; z;. When ng/N — 0, by (E13), we have

N
Ii
Zi

i=1

|
Z\H

| X
OpoeL = YN + N z;
1=

TG

b

N
wp 1 ~1/2
—-B — - X
v 2o o Kb+ o),
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where 2 = (1,2), (B}, B5) = QiQ5 ™1

N N
QU =N"2 Z(l — )7y — YN )., —{N_Q Z(l—m)ﬂfl(yi—YN)zg}
i=1 i=1
N N
{Z 1 7T1 ; Zz } {Z 1 771 ZZ%,'}’
=1 =1
N
5=N" 2 (1—m)m; qzqZ
i=1
N
{N 22 (1 —m)m; Lgiz }{ Z(l — )T, lzzz } {Z Dz}
=1 =1

with ¢; = (1, (z; — Xx)")’. Under some regularity conditions, it can be shown that
Q’{N: Cov (N1 Zfil Lim; 'U;, N71 Zfil Lim;tq;) + op(ng') and Q5 = Var (N~
S L gi) + op(ng'). Thus, by using a similar argument as in Remark 1, we

have OpopL = éopt + op(n;m), éopt defined at (23).

A consistent variance estimator of éPOEL can be constructed with Vh =
AA Ar A _ —1 A _ _
Tt 7= (N e, py ' OUI(0 (0)/00} ", and @y, = N=2 3%, Ii(1 — pi)p; 72,
where 7; = U;(6) — B*m, B* = 91951 and

N N
0 1 — A 1 _ A _
= <N2 Zfi(l — pi)p; Ui(0)z; ' N2 E Lip; 2U; (0) (hi — hN)/),
i=1 ;

_< N2V L1 — pi)py 22 221 L L(1—p)p; 22 (hiﬁzv)’)
2 — _ .
S L(L—pi)p; 2 (hi—hw)z; 2SN Iip; 2 (hi — hy)®2

Theorem 4. Suppose the sample is obtained as a rejective Poisson sampl}'ng de-
sign and that the reqularity conditions in Theorem 3 hold. If Ry, (0y) = 2{l(6poEL)
—1(0o)}, where 1(0) = Zf\il log(w;) with w; satisfying (B23) and (EA), then, as

ng — 00 and ng/N — 0, Rn(ﬁo)ixg, where p is the dimension of 6.

jo}

5. Combining Information from Two Independent Surveys

Consider two independent surveys, survey 1 and survey 2, from the same fi-
nite population, and suppose the auxiliary variable x; is observed in common. In
addition, we observe (z14, z2;) throughout the population, where z1; is observed
in the survey 1 sample and zo; is observed in the survey 2 sample, and suppose
that an intercept is included in z1; and z9;. This type of sampling design is often
called a non-nested two-phase sampling design (Hidiroglou (P00T)). [Zieschang
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(I990), Renssen and Nienwenbroek (I997), and Merkourid (2004) considered us-
ing GREG-type estimators to combine information from different surveys. Wi
(2004) considered the pseudo empirical likelihood method to solve such prob-
lems and showed that the pseudo empirical likelihood estimator is asymptotically
equivalent to the GREG estimator.

We propose using the population empirical likelihood method to combine
information from non-nested two-phase sampling. The proposed population-level
empirical likelihood method is different from the sample-level empirical likelihood
method of Owen (M988) in that we use all the available information and the
proposed estimator is optimal. In addition, under some regularity conditions, we
can construct likelihood ratio type confidence intervals with a chi-square limiting
distribution. The proposed method can be easily extended to combining more
than two surveys.

For simplicity, assume that the sampling designs in two surveys are inde-
pendent Poisson sampling designs. We can easily extend our results to other
sampling designs. Let I1; and I»; be the sample selection indicators for survey 1
and survey 2, respectively, and let m1; and mo; be the corresponding first order
inclusion probabilities.

We are interested in estimating the general parameter at (270). The proposed
POEL procedure for combining two surveys can be formulated as maximizing

N
1= log(w),
=1

subject to
N N
sz’ =1, Zwi(hﬂﬂl —1)z1; =0, sz Ipimy;! — 1)29; =0,
i=1 i=1

N
Zwi(Iliﬂ'i‘l - Igiﬂ'gil)hi == 0, Zwllgmile(G) = 0.
=1 =

Under the regularity conditions of Theorem 1 for each survey, if n/N — 0, it can
be shown that our proposed estimator Opogy, is asymptotically equivalent to the
optimal estimator that minimizes

Zary — Z1 Zury — 21
) huri —hy hur1 —hy
Q(hn,0) = | harg—hy | Vo' | hurz —hy |, (5.1)
ZHT2 — Zs ZHT2 — Zy
Unr2(8) Unr2(6)

with respect to hy and 6, where (zHTl,hHTl) = N1 ZALI Imrfil (z1 lis hi),
(Zura, hura) = NTVSSN | Lyt (200 i), (Z1, Za) = N™V 00 (210, 221), By =
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NN by Unrp(0) = N7UYN Tiomy,'Ui(0), and Vg is the estimated
variance-covariance matrix of (Zgr.1, hur,1, hur2, Zur2, UnT2(6)). The optimal
estimator obtained by minimizing (B) is called the generalized method of mo-
ment (GMM) estimator (Hansen (T982)). The GMM estimator is a popular tool
for combining information from several sources in the econometrics literature
(Imbens and TLancasfer ([994)); Hirano ef_all (T99R)). [mbens (2002) showed
the asymptotic equivalence between the empirical likelihood estimator and the
GMM estimator under the single sample setup. To compute the GMM estimator
from (B), we need to estimate the variance-covariance matrix. The empirical
likelihood approach avoids the computation for the variance-covariance matrix.

For the special case §g = Yy and h; = z;, the optimal estimator of 6
minimizing (61) can be written as

Oopt = Grr.2 + Biopt(Z1 — Zur1) + Boopt(Za — Zur.2) + Baopt(Trur1 — TuT2),

— -1 N -1
where ypro = N"" >0 Ioims; Yis

N N
- —1 1 _ 1 1
Tgry =N E Ly, @i, ZzZpre= N E Iy 2, t=1,2,

i=1 i=1

Bopt = (Biopts Biopt; Biopt) = C(Grr.2, SHT){V(SHT)}_I;

with Sur = (Zyyp, — 21, Zyrs — 2 Tyrp — Ty, C(Gnre, Sur) and V(Spr)
consistent estimators of Cov (yur2, Sur) and Var(Syr), respectively. Under
some regularity conditions for both surveys, we can get 2{l(Apopr) —! (90)}i>xf,
useful for constructing a Wilk-type confidence interval.

6. Simulation Study
6.1. Simulation one

We performed two limited simulation studies. The first can be described
as a 2 x 3 x 4 factorial design with three factors. The first factor is the model
for generating the finite population; the second is the sampling design; the third
is the estimation method. Two finite populations of (x;,¥;, z;), population A
and population B, with size N = 10,000 were generated. In population A,
the population elements were generated by z; ~ X2(2) +1, x; = a; + 2z and
yi = 1+ 1.2(x; — 3) + (v:/4)e;, where a; ~ N(0,1), independent of z;, and
e; ~ x2(1) — 1, independent of (a;, 2;). In population B, (;, z;) were the same as
in population A, and y; = 0.2(z; — 1)2+ (z;/4)e;. From each population, n = 200
sample elements were selected repeatedly for B = 2,000 times. For the sampling
design, three sampling designs were considered: simple random sampling (SRS)
without replacement, Poisson sampling, and rejective Poisson sampling. For the
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Poisson sampling, we used 7% =nz;/ (Zfil z;). In the rejective Poisson sampling,
the fixed-size constraint ) ;" I; = n was used with the initial sample selection
probability p; = nz;/ (Zi\il z;). The parameter of interest is the population mean
of y. From each sample, six point estimators were computed.

1. Héjek (HJ) estimator: O = Sies T i) ies T

2. Horvitz-Thompson (HT) estimator: O = N1 Y ics Wi_lyi.

3. Proposed population-level empirical likelihood (POEL1) method without us-
ing x information, obtained by maximizing | = Zfil log(w;) subject to (B2),
(B3) and Zfil wi(I; —pi) = 0 (for SRSWOR and rejective Poisson sampling)
with U =y — 6.

4. Pseudo-empirical likelihood (PEL) method with constraint (24).

5. Proposed sample-level empirical likelihood (SEL) method in Remark 2 by
using constraints (B812), (B13), and design constraint (for SRSWOR and re-
jective Poisson sampling) Y. wip; ' (p; —pn) = 0 with U =y — 0 and h = =.

6. Proposed population-level empirical likelihood (POEL2) method using con-
straints (82), (83), (84), and YN | wi(l; — p;) = 0 (for SRSWOR and rejec-
tive Poisson sampling) with U =y — # and h = z.

The first three estimators are computed without using = information while the
other estimators incorporate the population mean of z. In rejective Poisson sam-
pling, the constraint Zfil wi(Iip;l —1)p; = 0 is added to account for the design
information ZZJ\L 11i = n. Based on B = 2,000 Monte Carlo samples, we have
computed the biases, variances, and mean squared errors of the six estimators.
Table 1 presents the results. The HJ and HT estimators are identical under SRS,
but HT estimator is more efficient than the HJ estimator under other designs.
The PEL estimator performs well in Case A, where the regression model holds
for the finite population, because it is asymptotically equivalent to the GREG
estimator. The POELL estimator has the same efficiency as the HJ and HT
estimators under SRS, but it performs better under other designs because it ef-
fectively uses the population size (V) information. The three empirical likelihood
methods (PEL, SEL, POEL2) using = information show similar performances in
both populations under SRS, but SEL and POEL2 are more efficient than the
PEL estimator for other designs because the SEL and POEL2 methods incorpo-
rate the design information more efficiently than the PEL method.

In addition to point estimators, we also computed interval estimators for
the POEL2 method with a 95% nominal coverage. The interval estimators were
computed by the likelihood ratio method based on the results in Theorem 2 and
Theorem 4. Table 2 presents the simulation results of the interval estimators. In

Table 2, Wald-type confidence intervals were constructed as (é — 2ﬁ , 0+ 2\/? ),



Table 1. Monte Carlo biases, variances, and mean squared errors of the point
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estimators.

Population Design Method Bias Var MSE
HJ -0.006 0.046 0.046

HT -0.006 0.046 0.046

POEL1 -0.006 0.046 0.046

SRSWOR PEL -0.003 0.010 0.010

SEL -0.001 0.009 0.009

POEL2 -0.001 0.009 0.009

HJ 0.011 0.043 0.043

HT 0.004 0.035 0.035

Poisson POEL1  0.004 0.035 0.035

A PEL 0.001 0.008 0.008
SEL 0.003 0.007 0.007

POEL2 0.003 0.007 0.007

HJ 0.000 0.039 0.039

HT -0.004 0.028 0.028

Rejective Poisson POEL1 -0.002 0.016 0.0165

PEL -0.005 0.008 0.008

SEL -0.002 0.006 0.006

POEL2 -0.002 0.006 0.006

HJ -0.005 0.070 0.070

HT -0.005 0.070 0.070

POEL1 -0.005 0.070 0.070

SRSWOR PEL -0.005 0.024 0.024

SEL -0.003 0.024 0.024

POEL2 -0.003 0.024 0.024

HJ 0.007 0.038 0.038

HT 0.000 0.034 0.034

Poisson POEL1  0.000 0.030 0.030

B PEL -0.001 0.022 0.022
SEL -0.001 0.016 0.016

POEL2 -0.002 0.016 0.016

HJ 0.003 0.037 0.037

HT -0.002 0.019 0.019

Rejective Poisson POEL1 -0.003 0.014 0.014

PEL -0.001 0.022 0.022

SEL -0.004 0.013 0.013

POEL2 -0.004 0.013 0.013

HJ: Hajek estimator, HT: Horvitz-Thompson estimator, PEL: Pseudo Empirical
Likelihood estimator, SEL: Proposed sample EL estimator, POEL1: Proposed pop-
ulation EL estimator (without using z information), POEL2: Proposed population
EL estimator incorporating x information, SRSWOR: Simple Random Sampling

Without Replacement.

351
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Table 2. Coverage rate and average length comparison for Wald’s and Wilk’s
type 95% confidence intervals of proposed POEL2 method.

Population Sampling design ~ Method Coverage rate  Average length
Wald 0.923 0.362
SRSWOR Wilk 0.934 0.379
A Poisson Wald 0.931 0.313
Wilk 0.942 0.327
Rejective Poisson Wald 0.932 0.309
Wilk 0.944 0.322
Wald 0.923 0.580
SRSWOR Wilk 0.938 0.598
B Poisson Wald 0.935 0.486
Wilk 0.944 0.503
Rejective Poisson Wald 0.936 0.450
Wilk 0.949 0.471

where V was computed by the plug-in method described after Theorem 1 and
Theorem 3. The Wilk-type confidence intervals were computed by the method in
Theorem 2 and Theorem 4. The actual coverage rates of the Wilk-type confidence
intervals are very close to the nominal coverage rates in the simulation study. In
general, the Wilk-type confidence intervals show better coverage properties than
the Wald-type confidence intervals in terms of coverage rates. We found similar
results for the SEL method.

6.2. Simulation two

In the second simulation study, we considered combining information from
the two independent surveys discussed in Section 5. In this simulation, an arti-
ficial finite population of size N = 10,000 was generated from

2

Yi = 1+O.8(ZZ‘ —3)+1.5$i+(5

)éi,
where the z; were generated from x2(2) + 1, e; ~ x?(1) — 1, and z; ~ N(2,1).
From the finite population, we repeatedly generated two independent samples, A
and As, with sample sizes n; = 500 and ns = 200, respectively, and B = 2,000
times. The sampling design for survey 1 was simple random sampling without
replacement with sample size n; = 500. From the survey 1 sample, we only
observe z;. The sampling design for survey 2 was rejective Poisson sampling with
fixed sample size. For the rejective Poisson sampling, we used m;5 = noz;/ ZZI\; 1 %
for the initial selection probability. From the survey 2 sample, we observe z; and
y;- The parameter of interest is the population mean of y.

From each sample pair generated as above, we computed four point estimates
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Table 3. The Monte Carlo biases, variances, and the mean squared errors
(MSE) of the point estimators in Simulation Two.

Method Bias Var MSE
Pseudo EL 0.009 0.019 0.019
Naive Optimal 0.008 0.017 0.017

Augmented Optimal -0.002 0.006 0.006
Proposed POEL 0.002 0.006 0.006

1. Pseudo empirical likelihood estimator (Wl (20004)), denoted 0p EL, and Opp =
> jes, 4jYj, Where g; is obtained by maximizing [ = > ;. di;log(pi) + 3 s,
dajlog(q;), subject to > .. pi =3 s, @ =1 and Yoo piti = 3 i, 4575

2. The naive optimal estimator éoptl = yjd72+(:7:1—a?d,2)§0pt, with Z1 :nfl Zi€51 i,
(Ta2 Pa2) = (Cics, T2 )t Sics, Tia' (%4, i), and Bopy = {V(21)+V (Za2)} !
Cov (Ya2, Td2)-

3. The augmented optimal estimator 9Opt2 = Pa2+(T1 — Ta2) B’optl—i—(ﬁgN — Td.2)

Bopta, where Bopr = (Bly1s Bhya) = V71 (Sa)Cov (a2, 8a), Sa = [(Za2 —
71), (Rago — Ton))s Tag = Son Iomg o) SN | Igmgt oy = N“USON | gy

4. The proposed POEL estimator épOEL using constraints sz\il w; = 1, Zfil
Wz'Iliﬂ'l_il = leil (.UZ'IQi’/TQ_il = 1, Zz]\il willﬂT_;ZL'i = Zizl wz‘IQi’iTz_il.TUZ’, and two
design constraints ZiESl wi =n1/N and Y, wily = Zf\il WiT9;.

The augmented optimal estimator is included to show the effect of incorpo-
rating the inclusion probability into the estimation. Table 3 presents the biases,
variances, and the mean squared errors of the four point estimates. The proposed
POEL estimator is more efficient than the naive optimal estimator because it in-
corporates additional information associated with a fixed sample size for survey

2. The performance of the augmented optimal estimator is close to the proposed
POEL estimator.

7. Concluding Remarks

The objective function (E9) can be viewed as a population-level nonpara-
metric likelihood when the finite population is treated as a random sample from
a superpopulation model. In the purely design-based approach, the superpopu-
lation model is not assumed and the objective function in (Z9) is regarded as
the negation of a distance function

> () s (L)
; N & Ws ’
=1
where the distance is the Kullback-Leibler divergence from (N~! ...  N71) to
(wi,...,wn). The sampling design is incorporated into the constraints, rather
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than into the objective function for optimization, when solving the population
empirical likelihood estimator. Auxiliary information for the population can
also be incorporated into the constraint of the population empirical likelihood
method.

The optimality of the proposed estimator holds when the sampling fraction,
n/N, is negligible. If the sampling rate is not negligible then, instead of (B),
we can use Zf\il wi(l;/m; — 1)h; = 0 in the constraint, as suggested by (Qin!
Zhang, and Leung (2009) in the context of missing data problems. In this case,
the calibration condition holds only asymptotically, but not exactly. Population
size N is needed to implement the population empirical likelihood method. If
N is unknown, the sample empirical likelihood method discussed in Remark 2,
or the new approach proposed by Berger and De La Riva Torred (P0172), can be
used. Further extension of the proposed method, including extension to other
complex sampling designs and variable selection for calibration, is a topic of
future research.

Acknowledgement

We thank two anonymous referees and an associate editor for very helpful
comments. The research was partially supported by Cooperative Agreement
between the USDA Natural Resources Conservation Service and the Center for
Survey Statistics and Methodology at lowa State University.

References

Binder, D. A. (1983). On the variances of asymptotically normal estimators from complex
surveys. Internat. Statist. Rev. 51, 279-292.

Berger, Y. G. and De La Riva Torres, O. (2012). A unified theory of empirical likelihood ratio
confidence intervals for survey data with unequal probabilities and non negligible sampling
fractions. Southampton Statistical Sciences Research Institute (S3RI Methodology Working
Papers).

Chaudhuri, S., Handcock, M. S., and Rendall, M. S. (2008). Generalized linear models incor-
porating population level information: an empirical-likelihood-based approach. J. Roy.
Statist. Soc. Ser. B 70, 311-328.

Chen, J. H. and Sitter, R. R. (1999). A pseudo empirical likelihood approach to the effective
use of auxiliary information in complex surveys. Statist. Sinica 9, 385-406.

Chen, J. H. and Qin, J. (1993). Empirical likelihood estimation for finite populations and the
effective usage of auxiliary information. Biometrika 80, 107-116.

Deville, J. C. and Sarndal, C. E. (1992). Calibration estimators in survey sampling. J. Amer.
Statist. Assoc. 87, 376-382.

Fuller, W. A. (2009a). Some design properties of a rejective sampling procedure. Biometrika
96, 933-944.

Fuller, W. A. (2009b). Sampling Statistics. Wiley, Hoboken, New Jersey.



POPULATION EMPIRICAL LIKELIHOOD 355

Fuller, W. A. and Isaki, C. (1981). Survey design under superpopulation models. In Current
Topics in Survey Sampling. (Edited by D. Krewski, R. Platek, and J. N. K. Rao), 199-226.
Academic Press, New York.

Hajek, J. (1964). Asymptotic theory of rejective sampling with varying probabilities from a
finite population. Ann. Math. Statist. 35, 1491-1523.

Hajek, J. (1981). Sampling from a Finite Population. Marcel Dekker, New York.

Hansen, L. P. (1982). Large sample properties of generalized method of moments estimators.
Econometrica 50, 1029-1054.

Hirano, K., Imbens, G., Ridder, G. and Rubin, D. (1998). Combining panel data sets with
attrition and refreshment samples. Fconometrica 69, 1645-1659.

Hidiroglou, M. A. (2001). Double sampling. Survey Methodology 27, 143-154.

Imbens, G. W. (2002). Generalized method of moments and empirical likelihood. J. Business
& Economic Statistics 20, 493-506.

Imbens, G. W. and Lancaster, T. (1994). Combining micro and macro data in microeconometric
models. Rev. Economic Studies 61, 655-680.

Kim, J. K. (2009). Calibration estimation using empirical likelihood in survey sampling. Statist.
Sinica 19, 145-157.

Montanari, G. E. (1987). Post-sampling efficient Q-R prediction in large-sample surveys. Inter-
nat. Statist. Rev. 55, 191-202.

Merkouris, T. (2004). Combining independent regression estimators from multiple surveys. J.
Amer. Statist. Assoc. 99, 1131-1139.

Owen, A. B. (1988). Empirical likelihood ratio confidence intervals for a single functional.
Biometrika 75, 237-249.

Owen, A. B. (1990). Empirical likelihood ratio confidence regions. Ann. Statist. 18, 90-120.

Owen, A. B. (2001). Empirical Likelihood. Chapman and Hall/CRC, New York.

Qin, J. (1993). Empirical likelihood in biased sample problems. Ann. Statist. 21, 1182-1196.

Qin, J. (2000). Combining parametric and empirical likelihoods. Biometrika 87, 484-490.

Qin, J. and Lawless, J. (1994). Empirical likelihood and general estimating equations. Ann.
Statist. 22, 300-325.

Qin, J., Zhang, B. and Leung, D. (2009). Empirical likelihood in missing data problems. J.
Amer. Statist. Assoc. 104, 1492-1503.

Rao, J. N. K. (1994). Estimating totals and distribution functions using auxiliary information
at the estimation stage. J. Official Statist. 10, 153-165.

Renssen, R. H. and Nieuwenbroek, N. J. (1997). Aligning estimates for common variables in
two or more sample surveys. J. Amer. Statist. Assoc. 92, 368-374.

Vardi, Y. (1985). Empirical distributions in selection bias models. Ann. Statist. 13, 178-203.

Wu, C. (2004). Combining information from multiple surveys through the empirical likelihood
method. Canad. J. Statist. 32, 15-26.

Wu, C. and Rao, J. N. K. (2006). Pseudo-empirical likelihood ratio confidence intervals for
complex surveys. Canad. J. Statist. 34, 359-375.

Zieschang, K. D. (1990). Sample weighting methods and estimation of totals in the consumer
expenditure survey. J. Amer. Statist. Assoc. 85, 986-1001.

Department of Statistics, lowa State University, Ames, Iowa, 50011, U.S.A.

E-mail: chensixiaster@gmail.com

Department of Statistics, lowa State University, Ames, lowa, 50011, U.S.A.

E-mail: statistician.jkim@gmail.com

(Received November 2011; accepted December 2012)


chensixiaster@gmail.com
statistician.jkim@gmail.com

	1. Introduction
	2. Population Empirical Likelihood
	3. Main Results
	4. Extension to Rejective Poisson Sampling
	5. Combining Information from Two Independent Surveys
	6. Simulation Study
	6.1. Simulation one
	6.2. Simulation two

	7. Concluding Remarks

