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Abstract: There is a long history of testing the equality of two multivariate means.
A popular test is the Hotelling 72, but in large dimensions it performs poorly due
to the possible inconsistency of sample covariance estimation. Baiand Saranadasa
(r996) and Chen and Qin (2010) proposed tests not involving the sample covari-
ance, and derived asymptotic limits, which depend on whether the dimension is
fixed or diverges, under a specific multivariate model. In this paper, we propose
a jackknife empirical likelihood test that has a chi-square limit independent of the
dimension. The conditions are much weaker than those needed in existing methods.
A simulation study shows that the proposed new test has a very robust size across
dimensions and has good power.

Key words and phrases: High dimensional mean, hypothesis test, Jackknife empir-
ical likelihood.

1. Introduction

Let X1 = (X11,.-» X1.a) s, Xny = (X1, Xppa)? and Yy = (Yi1,
i)Y = (Yagt, oo, Yaya)T be two independent random samples
with means p; and po, respectively. The testing of Hy : p1 = po against
H, : p1 # po for a fixed dimension d has a long history. When both X; and
Y1 are multivariate normal and with equal covariance, the well-known test is the
Hotelling T2 test based on

T2 =X -Y)"A X -Y), (1.1)

where n=(n1 + na—2)ninz/(n1 +n2), X=(1/n1) > Xi, Y = (1/n2) >12, Y,
and A, = >0 (X —X) (X, = X)T+312, (Y= Y)(Y; — Y)?. However when d =
d(ny,ng) — oo, the test performs poorly due to possible inconsistency of sample
covariance estimation. When d/(ny + n2) — ¢ € (0,1), Bai_and Saranadasa
(T996) derived the asymptotic power of T2. To overcome the restriction ¢ < 1,
they proposed

M, =(X-Y)T(X-Y)—n r(A4,)
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as an alternative. Under a special multivariate model that did not assume mul-
tivariate normality but kept the condition of equal covariance, they derived the
asymptotic limits as d/n — ¢ > 0. Recently Chen and Qin (2010) proposed using

Zzn;é] TX ZZ«Z&] YTY 2?11 n2 XTY
ni(n; —1) na(ng — 1) nins
and allowed d to be of a possibly larger order than that in Bai"and Saranadasa

cQ = (1.2)

([996). The asymptotic limit of CQ depends on whether the dimension is fixed
or diverges, and results in either a normal or a chi-square limit, with special
models for {X;} and {Y;} being employed. Another modification of the T2 test is
proposed by Srivastava and Du (P008) and Srivasfava (P2009) with the covariance
matrix replaced by a diagonal matrix. Rates of convergence for high-dimensional
means were studied by Kuelbs and Vidyashankar (2010). For nonasymptotic
studies of high dimensional means, we refer to [Arlot, Blanchard, and Roquain
(2010a,5). Here, we are interested in finding a test that does not distinguish
between fixed and divergent dimensions.

By noting that p1 = ps is equivalent to (u; — po)? (1 — p2) = 0, one
may think of applying an empirical likelihood test to the estimating equation
E{(Xi,—Y;)) T (Xi,—Yj,)} = 0 for iy # iz and ji # jo. If one applies the empirical
likelihood method of Qin and Lawless (I994) to the samples X1,...,X,, and
Yi,...,Y,,, the empirical likelihood function is

ni no
Sup{{ H(nlpz)}{ H (HQQJ)} - P1 2 Oa"'upnl 2 0;(]1 Z 07"‘7Qn2 Z 07
i=1 7j=1

ni ng
Ypi=1,3¢q =1,
j=1

=1

1 n2
Z Z Z Z (pilXil - qJ'lel)T(piinz - Qj2YJ'2) = 0}7
i1=1is741 j1=1 joFJ1

but the estimating equation defines a nonlinear functional and, in general, one
has to linearize it before applying the method. For more details on empirical
likelihood methods, we refer to Owen (2001) and the review paper of Chen and
Van Keilegony (2009). Recently, Jing, Yuan, and Zhou (2009) proposed a jack-
knife empirical likelihood method to construct confidence regions for nonlinear
functionals with a particular focus on U-statistics. Using this idea, one needs
to construct a jackknife sample based on the estimator ny ' (n; — 1)~ 'ng ! (ng —

1)~ 211#2 Doy (X — Vi) (X, —Yj,), the statistic CQ given as (I2). How-
ever, in order to have the jackknife empirical likelihood method work, one has to

show that A% nln?nl_l(nl_l)ian (n2_ ) Ezgézg 2317&]2 (Xi1 _}/J'l)T(Xiz_sz)
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has a normal limit when p1 = ps. If ny =ny =n, d =1, and p; = ue, it is easy
to see that

nTtn =17 (X = Y) T (X, - Y,)

11712 J17£]2
= Xi =Yy} - Xi =Y+ > Xi) Y
nl{;< W= D ) +n(ni1)2 pRY

i=1 i=1 7j=1

4 (3 - 1DE(X1 - Y1)

as n — oo, where x? denotes a random variable having a chi-square distribution
with 1 degree of freedom. Obviously, the above limit is not normal. Hence a
direct application of the jackknife empirical likelihood method to the statistic
C@Q does not lead to a chi-square limit.

In this paper, we formulate a jackknife empirical likelihood test for testing
Hy : py = o against H, : u1 # po by dividing the samples into two parts. The
proposed new test has no need to distinguish whether the dimension is fixed or
goes to infinity. It turns out that the asymptotic limit of the new test under Hy
is a chi-square limit independent of the dimension, the conditions on p and the
random vectors {X;} and {Y;} are weaker as well. A simulation study shows
that the size of the new test is quite stable with respect to the dimension and
that the proposed test has good power.

We organize this paper as follows. In Section 2, the new methodology and
main results are given. Section 3 presents a simulation study and a data analysis.
All proofs are in Section 4.

2. Methodology

Throughout, take X; = (X;1,...,X;0)7 and Y; = (Yj1,...,Yjq)T for i =
1,...,n1, 7 = 1,...,n9 to be independent random samples with means p; and
2, respectively. With min{n,no} going to infinity, we wish to test Hy : 1 = o
against H, : 1 # pg. Since p1 = pg is equivalent to (u1 — p2)? (1 — p2) = 0
and E (X;, — V)" (Xi, = Yj,) = (1 — p2)" (11 — po) for iy # iz and j1 # ja,
we propose to apply the jackknife empirical likelihood method to this estimating
equation, but a direct application of it fails to have a chi-square limit. Here we

propose to split the samples into two groups, as follows.
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Take my = [n1/2], ma = [n2/2], m = mq + ma, X; = Xjim, for i =
1,...,mq, and Yj = Yjypm, for j =1,...,mo. First estimate (1 — p2)T (11 — p2)
by

mi1 ma

mlmQZZX V)L (X - Y5). (2.1)

=1 j=1

This is less efficient than the statistic C'Q, but it allows us to add more estimating
equations and to employ the empirical likelihood method without estimating the
asymptotic covariance. By noting that E {(X; —Y;)T(X; —Y;)} = (u1—p2)T (1 —
o) = |1 — po||? instead of O(||u1 — u2||), one expects that a test based on (21)
is as powerful for small values of ||p1 — p2||; this is confirmed by a brief simulation
study. In order to improve power, we propose to apply the jackknife empirical
likelihood method in Uing, Yuan, and Zhou (2009) to (Z-0) and a linear functional

such as
mi1 Mma

mlmQZZ{O‘ (X; = Y;) + ol (X; —

i=1 j=1

)} (2.2)

<.

rather than only (E70), where o € R? is a vector chosen based on prior infor-
mation. Theoretically, when no additional information is available, any linear
functional is a possible choice and o = (1,...,1)7 € R? is a convenient one.
Note that more linear functionals can be added at (22), with different choices of
«, to further improve the power. In the simulation study we applied the jackknife
empirical likelihood to (Z0) and (22) with a = (1,...,1) € R? which resulted
in a test with good power and quite robust size with respect to the dimension.
As in Uing, Yuan, and Zhou (2009), based on (Z1) and (), we formulate

the jackknife sample as Zj, = (7, 1, Zk72)T for k =1,...,m, where

( mi m2

my + ma > =
Zp1 = (X; — Y (X;-Y;

_m1+m2—1 ZZX Y1 (X — 7)),

(m1 — 1 m2

1#k,i=1 j=1
m1+m2 MR . —
Lo = o (X;=Y)+a (X; —
hp = ; 31]213{ i)+ ol (X = Y))}




JEL TEST FOR HD MEANS 671

for k=1,...,mq, and
( mi + mso 2 2
Zpy = —— X - Y)T(Xi-Y;
0 = 2 2K YK

mi1 ma

—mz Z (X; = V)T (Xi = Y7),

for k =mq +1,...,m. Based on this sample, the jackknife empirical likelihood
ratio function for testing Hy : u1 = po is defined as

m

m m
Lm = SUP{H(mpz) D1 > 07 <oy Pm > O»sz = ]-aZpZZZ = (07 O)T}
=1 i=1 i=1

By the Lagrange multiplier technique, we have p; = m™{1 + g7 Z;}~! for i =
1,...,m, and

m
Im = —2log Ly = 2> log{1+ 7 Z},

i=1
where [ satisfies
1 &< 7 T
— ——— =1(0,0)". 2.3
w2557~ 00 (23)
Write ¥ = (07)1<i<d1<j<da = B{(X1 — p1)(X1 — )T}, the covariance
matrix of X1, and use A\; < --- < Ay to denote the d eigenvalues of the matrix

;. Similarl_y, write 2 = (5i,j)1§i§d,1§j§d = E{(Yi — ,ULQ)(Yl — /LQ)T} and use
A1 < -+ < Ag to denote the d eigenvalues of the matrix Y. Also write

d d
p1 = Z Uij =tr(X?), pp = Z 62j =tr(2?), 7 =227 %a, m =2a"%a.
i,j=1 i,j=1
(2.4)
Here tr means trace for a matrix. Note that p; = E[(X1 — p1)T (X2 — 1))?,
p2 = E[(Y1—p2)" (Ya— p2)?, 71 = 2E [a" (X1 —un)]? and 72 = 2E [@” (Y1 — o) ?,
and these quantities may depend on ni, ng since d does.

Theorem 1. Suppose 11 and 1o in (E4) are positive, and for some § > 0,

E|(X1 — )" (X1 — pa)*

p§2+5)/2

_ O(mg§+n1111(6,2))/4)’ (25)
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E|{(Y1 —pu T?—,U, 244 d+min(4,
I8 2()%2)/12 2)| = o(mg min 2))/4)> (2.6)
P2
ElaT (X + X1 — 2u1) >0 S+min(6,2))/4
o (0 F X BT _ oo smins2)/4) (2.7)

T

Elof (Y1 + Y1 = 2u)|*F° oG24y
— o(m} .

7_2(2-&-6)/2

(2.8)

Then, under Hy : py = p2, by converges in distribution to a chi-square distribu-
tion with two degrees of freedom as min{ny,ny} — co.

Based on this result, one can test Hy : pu1 = po against Hy @ g1 # o
by rejecting Hy when [,,, > X%m where X%,'y denotes the (1 — «v)—quantile of a
chi-square distribution with two degrees of freedom and -~ is the significant level.

Remark 1. In equations (233)—(ZX), the restrictions are put on E[|W[**°/
(EW?)(+9)/2] for some random variables W; they are necessary for the CLT
to hold for random arrays. Later we will see that the restrictions are satisfied
by imposing some conditions on the higher-order moments or the dependence
structure.

Remark 2. The proposed test has the following merits:

1. The limiting distribution is always chi-square, and does not require estimation
of the asymptotic covariance.

2. It does not require a specific structure such as the one used in Baiand
Saranadasa (T996) and Chen and Qin (2011).

3. With a higher-order moment condition or a special dependence structure of
{X;} and {Y;}, d can be very large.

4. There is no restriction imposed on the relation between n; and no except that
min{ni,ns} — oo. Moreover, no assumptions are needed on p;/ps or 71 /7s.
Hence the covariance matrices »1 and 39 can be arbitrary as long as 7 and
To are positive, so that aT' X, and o1Y; are non-degenerate.

We verify Theorem 1 by imposing conditions on the moments and dimension
of the random vectors.

A1l: 0 < liminf A\; <limsup Ay < oo and 0 < liminf \; < limsup Ay < oc;

1100 n1—00 n2—00 ny—00

A2: For some 0 >0, (1/d) Z?Zl E{|X1; — w70 + Y1 — poy
A3: d = o(mldtmin(62))/[2(2+9)])

2o} =0(1);
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Corollary 1. If min{ni,n2} — oo and A1—A3 hold, under Hy : p1 = ua,
Theorem 1 holds.

Condition A3 is a somewhat restrictive condition on the dimension d. Note
that A1 and A2 are related only to the covariance matrices and some higher
moments off the components of the random vectors: higher the moments, less
the restriction on d. Condition A3 can be removed for models with some special
dependence structure. For comparisons, we prove the Wilks Theorem for the
proposed jackknife empirical likelihood test under a model considered by Bai
and Saranadasa (T996), Chen, Peng, and Qin (2009), and Chen and Qin (2010):

B (Factor model). X; = I''B; + p1 for ¢ = 1,...,n1, ¥; = FQB]- + po for
7 = 1,...,n9, where I'y, I's are d x k matrices with F1F1T =X, FgFg =3,
{Bi = (Bia,...,Bir) '}, and {B; = (Bj1,...,Bj)T}?, are two independent
random samples satisfying E B; = E B; = 0, Var (B;) = Var (B;) = I, E Bﬁj =
3+ & < oo, BB}, =3+ & < oo, B[, By = [[|_,EB}} and E [[}_, B} =

Hle E B;’ i whenever vy + --- 4+ 1, = 4 for distinct nonnegative integers v;’s.

Theorem 2. Suppose 11 and 1o in (Z4) are positive. Under B and Hy : p1 =
wa, lm converges in distribution to a chi-square distribution with two degrees of
freedom as min{ny,na} — oco.

Remark 3. It can be seen from the proof of Theorem 2 that the assumptions
EB;%]- =3+¢& < oo and EBﬁj = 3+ & < oo in model B can be replaced
by the much weaker conditions max;<;<g Eij = o(m) and max;<;<k Eij =
o(m). Unlike Bai and Saranadasa (1996) and Chen and Qin (2010), there is no
restriction on d and k for our proposed method. The only constraint imposed
on matrices I'; and I'y is that both a”Ya and a” Y« are positive, which is very
weak.

3. Simulation Study and Data Analysis
3.1. Simulation study

We investigated the finite sample behavior of the proposed jackknife empiri-
cal likelihood test (JEL) and compared it with the test statistic in (I”2) proposed
by Chen and Qin (P010) in terms of both size and power.

Let W1, ..., Wy be iid N(0,1) random variables, and let Wy, ..., Wy, inde-
pendent of the Wi's be iid #(8) random variables. Put X;; = Wy, X192 = Wp +
Wa, oo Xig = Wa1 + Wy, Yin = Wi+ 21, Y12 =Wi+Wa+puzo,...,Y1q4=
Wa—1 + Wy + poq, where po; = ¢1 if i < [cod], and po; = 0 if ¢ > [cad]. Thus,
100¢2% of the components of Y7 have a shifted mean compared to that of Xj.
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Table 1.  Sizes and powers of the proposed jackknife empirical likelihood
test (JEL) and the test in [Chen and Qin (2010) (CQ) are reported for the
case of (n1,n2) = (30,30) at level 5%.

d JEL cQ JEL cQ JEL cQ

c1=0 c1 =0 cp =0.1 c1 =0.1 c1 =0.1 c1 =0.1

Cy = 0.25 Cy = 0.25 Cy = 0.25 Cy = 0.25 Cy = 0.75 Cy = 0.75
10 0.070 0.049 0.071 0.049 0.072 0.062
20 0.056 0.037 0.057 0.049 0.096 0.060
30 0.064 0.047 0.066 0.049 0.113 0.066
40 0.070 0.052 0.069 0.058 0.116 0.072
50 0.067 0.049 0.083 0.054 0.138 0.067
60 0.063 0.039 0.069 0.043 0.174 0.055
70 0.053 0.053 0.076 0.065 0.190 0.081
80 0.056 0.059 0.063 0.067 0.191 0.082
90 0.056 0.044 0.080 0.054 0.204 0.071
100 0.066 0.060 0.082 0.064 0.229 0.091
300 0.056 0.045 0.114 0.054 0.537 0.092
500 0.049 0.051 0.160 0.063 0.731 0.110

Since we test Hy : EX; = EY) against H, : EX; # EYj, the case of
c¢1 = 0 denotes the size of tests. After drawing 1,000 random samples of sizes
ny = 30,100,150 from X = (X1 1,...,X14)7 and independently drawing 1,000
random samples of sizes ny = 30,100,200 from Y = (Y1 1,...,Y14)7 with d =
10,20, ...,100, 300, 500, ¢c; = 0,0.1, and co = 0.25,0.75, we calculated the powers
of the two tests mentioned above.

In Tables 1—3, we report the empirical sizes and powers for the proposed
jackknife empirical likelihood test with a = (1,...,1)7 € R? and the test in
Chen and Qin (2010), at level 5%. Results for level 10% are similar. From the
tables we observe that the sizes of both tests are comparable and quite stable
with respect to the dimension d; the proposed jackknife empirical likelihood test
is more powerful than the test in Chen and Qin (2010) for the case co = 0.75,
and the case when the data is sparse but d is large. Since equation (2Z2) has
nothing to do with sparsity, it is expected that the proposed jackknife empirical
likelihood method is not powerful when the data is sparse. Hence, it would be
of interest to connect sparsity with some estimating equations so as to improve
the power of the proposed jackknife empirical likelihood test.

In conclusion, we have good evidence that the proposed jackknife empirical
likelihood test has a very stable size with respect to the dimension and is powerful
as well. Moreover, the new test is easy to compute, flexible enough to take other
information into account, and works for both fixed and divergent dimension. In
comparison with the test in [Chen and Qin (2010), the new test has a comparable
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Table 2. Sizes and powers of the proposed jackknife empirical likelihood test
(JEL) and the test in Chen and Qin (2010) (CQ) are reported for the case
of (n1,ng) = (100, 100) at level 5%.
d JEL CcQ JEL CcQ JEL CcQ
c1=0 c1 =0 cp =0.1 c1 =0.1 c1 =0.1 c1 =0.1
Cy = 0.25 Cy = 0.25 Cy = 0.25 Cy = 0.25 Cy = 0.75 Cy = 0.75
10 0.074 0.054 0.072 0.063 0.099 0.090
20 0.043 0.047 0.053 0.055 0.145 0.098
30 0.047 0.047 0.056 0.063 0.191 0.115
40 0.051 0.050 0.063 0.062 0.264 0.125
50 0.055 0.040 0.077 0.061 0.326 0.131
60 0.055 0.044 0.077 0.067 0.374 0.151
70 0.043 0.051 0.063 0.086 0.395 0.150
80 0.042 0.059 0.082 0.079 0.474 0.171
90 0.043 0.040 0.098 0.065 0.527 0.163
100 0.049 0.054 0.091 0.088 0.575 0.194
300 0.048 0.054 0.217 0.102 0.974 0.389
500 0.049 0.041 0.353 0.115 0.999 0.544
Table 3. Sizes and powers of the proposed jackknife empirical likelihood test
(JEL) and the test in Chen and Qin (2010) (CQ) are reported for the case
of (n1,n2) = (150, 200) at level 5%.
d JEL CQ JEL CQ JEL CQ
C1 =0 C1 =0 C1 =0.1 C1 =0.1 C1 =0.1 C1 =0.1
Cy = 0.25 Cy = 0.25 Cy = 0.25 Cy = 0.25 Cy = 0.75 Co = 0.75
10 0.048 0.054 0.054 0.062 0.129 0.116
20 0.055 0.042 0.078 0.075 0.237 0.166
30 0.052 0.054 0.079 0.081 0.330 0.207
40 0.039 0.035 0.070 0.068 0.430 0.212
50 0.039 0.048 0.071 0.094 0.480 0.231
60 0.047 0.051 0.092 0.095 0.598 0.273
70 0.046 0.051 0.086 0.107 0.658 0.309
80 0.042 0.047 0.113 0.109 0.753 0.327
90 0.046 0.043 0.148 0.098 0.781 0.346
100 0.048 0.059 0.141 0.117 0.821 0.365
300 0.044 0.040 0.370 0.163 1 0.703
500 0.047 0.045 0.555 0.235 1 0.899

size, but is more powerful when the data is not very sparse. Some further research
on formulating sparsity into estimating equations will be pursued in future.

3.2. Data analysis
We applied the proposed method to the Colon data with 2,000 gene ex-



676 RUODU WANG, LIANG PENG AND YONGCHENG QI

0 1000
I I

|

-1000

difference of sample means

L

-2000

T T T
0 500 1000 1500 2000
genes

Figure 1. Colon data: differences of the sample means are plotted against
each gene.

pression levels on 22 (n1) normal colon tissues and 40 (ng) tumor colon tissues.
This data set is available from the R package ’plsgenomics’, and has been an-
layzed by Alon_ef all (T999) and Srivastava_and Du (2008). The p-values of
three tests proposed by Srivastava_and D (2008) equal to 1.38e-06, 4.48e-11 and
0.00000, which clearly reject the null hypothesis that the tumor group has the
same gene expression levels as the normal group. A direct application of the
proposed jackknife empirical likelihood method and the C'Q test for testing the
equality of means gives p-values 1.36e-01 and 5.06e-09, respectively, contradic-
tory results. Although the test in Chen and Qin (2010) and the three tests in
Srivastava and Du (200R) clearly reject the null hypothesis, the p-values are sig-
nificantly different. A closer look at the difference of sample means (see Figure
1) shows that some genes have a significant difference of sample means and a
high variability; this may play an important role in the CQ test, and (22) with
a=(1,...,1)Te R? for the proposed jackknife empirical likelihood method. To
examine this effect, we applied the methods to those genes without the signifi-
cant difference in sample means and the logarithms of the 2,000 gene expression
levels.

First we applied the proposed jackknife empirical likelihood method and the
CQ test to those genes satisfying [n; ' 32, X —ny ' 3272, Vi j| < c3 for some
given threshold c3 > 0. In Table 4, we report the p-values for different cs3; this
confirms the fact that some genes play an important role in rejecting the equality
of means in the C'Q test.
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Table 4. Colon data: p-values for testing equal means of those genes with
the absolute difference of sample means less than the threshold cs.

c3 number of genes CcQ JEL
50 1158 2.94e-01 2.13e-01
100 1501 5.63e-01 2.82e-01
200 1742 7.21e-01 3.87e-01
500 1913 2.71e-02 3.75e-01
1000 1978 6.79e-05 3.40e-01
3000 2000 5.06e-09 1.36e-01

Figure 1 clearly shows that some genes have a large positive mean and some
genes have a large negative mean, and the equation (222) with the simple a =

(1,1,...,1) can not catch this characteristic. Here, we propose to replace (222)
by
1 mi1 mo . B B ) )
g DD (X =Y {I(X; =Y >0) - I(X; - Y; <0)}, (3.1
i=1 j=1

which results in the P-value 2.63e-03, and so we reject the null hypothesis that the
tumor group has the same gene expression levels as the normal group. Note that
I(X; —Y; > 0) means (I(X;1 —Yi1 >0),...,1(X;4— Yiq > 0))T. Although the
derived theorems based on (Z) and (Z) can not be applied to (Z1) and (B)
directly, results hold under some similar conditions by noting the boundedness
of I(X; —Y;>0)—I(X; - Y; <0).

It is well known that gene expression data are quite noisy and some trans-
formation and normalization are needed before doing statistical analysis; see
Chapter 6 of Led (2004). Here we applied the CQ test and the proposed empir-
ical likelihood methods based on (Z1) and (E2), and (Z) and (B) to testing
the equality of means of the logarithms of the 2000 gene expression levels on nor-
mal colon tissues and tumor colon tissues, which give p-values 0.184, 0.206 and
0.148, respectively. We plot the differences of sample means of the logarithms in
Figure 2, and note much less volatility than for the differences of sample means
in Figure 1.

In summary, carefully choosing « in the empirical likelihood method is
needed when it is applied to the colon data, which has a small sample size and
a large variation. Simply choosing o = (1,...,1)” in the empirical likelihood
method gives a similar result as the test in Chen and Qin (2010) for testing the
equal means of the logarithms of Colon data.

4. Proofs

In the proofs we use || -|| to denote the La norm of a vector or matrix. Under
the null hypothesis p1 — po = 0, without loss of generality we take p; = po = 0.
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Figure 2. Colon data: differences of the sample means of logarithms of gene
expression levels are plotted against each gene.

Write U5 = (Xz —Y;)T(Xl —}7]) and Vij = OéT(XZ‘ —Y}) +OéT(XZ' —}7]) for 1 < /) <
mi,1 < j < mso. Then it is easily verified that for 1 < i,k < mq,1 < 4,1 < mao,

E (ui) = E (vy) = E (uijom) = 0,
d

Var (ug) = Y (07, +57;) = p1 + pa,
ij=1

Var (vy) =20 (2 + S)a =11 + 1.

Lemma 1. Under the conditions of Theorem 1 we have, as min{ni,na} — oo,

1 leTXid
i 204 N0, 1), 4.1
T N (4.1
1 kY'Y
— N(0,1), 4.2
T L ) (4.2
1 X aTXz—i—XZ)d
— N(0,1), 4.3
v ©0.1) (1.3
and - ~
1 < Y; +Y,
5+ Y) 4 vy, (4.4)
vmio VT
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Proof. Since Var (X! X;) = p1 and X{ X1,..., X% Xy, are iid. for fixed my,
(220) follows from (E53) and the Lyapunov Central Limit Theorem. The rest can
be shown in the same way.

From now on we write

m m m m
p=—p1+—p2 and T=—T] + —T.
mi ma2 my ma2

Lemma 2. Under the conditions of Theorem 1 we have, as min{ni,na} — oo,

XYy 2o, 4.5

— IZ Z (4.5)
1 T P,

X; =0 4.6

mlﬁ;a t ’ ( )
R

a'Y; =0, 4.7

mQﬁ; ! (4.7)

1 (XX 2 (4.8)

m2 (YIY)?
LZ( i ) 1, (4.9)
me = p2
1 = [ (X+ X)) p
Sl N s e 2 N 4.10
o z; - (4.10)
1 KXV +Y9)P 5
— —_—2 5] 4.11
L , (1)
1 & XIX[aT (X + X
— 3y & ilor (Xi+ Xo)] 2, (4.12)
m1 el \/Plﬁ
1 m2 YTY }7])] »
— — 4.13
ma < Z V/P2T2 ( )
Proof. (233) follows from the fact that
mi1 mg
ar XIS y;) { ( XTY) }
mlmg\fz 321 m m2 50 ;]21

mi Mma

=B > S (K] = B[]

2131
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In the same way, we can show (B8) and (£-2).

To show (A=), write u; = X! X;. We need to estimate E|> Y u?
—m1p1|(2+5)/2. Note that p; = Eu?. When 0 < § < 2, it follows from won Bahi
and Fsseen (T965) that

(2+6)/2
‘ < 2mElu? — B (u2)|@F9/2 = O(miE |up [2+0). (4.14)
When § > 2, it follows from [Dharmadhikari and Jogded (1969) that

— (2+6)/2
E ‘ Z ug — mlﬂl‘ = O(m&QM)ME u? — B (u%)|(2+6)/2)
i=1

= O(mPPTAE [ug [219). (4.15)

Therefore, by (214), (B-13) and (23), we have for any € > 0,

P(‘Z;ml u 1] > s) o o) BIET uf — mpy | 2402
mip1 N (myp1)2+9)/2

0 m_(6+min((572))/4E £ 240 _ o(1 s
(m; N )=o)

which implies (B8). The rest can be shown in the same way.

Lemma 3. Under the conditions of Theorem 1 we have, as min{ni,na} — oo,

g5
vm f:i Vo 4 N(0, I), (4.16)
mimg = — Yig
Jj=1i= VT
"> (Sou) - B (417)
_m _$h (R Vg, |
mimsp i j=1 ’ mp
e (D) - 22 5 (a15)
uk> - — — U, .
ity 2 (2 ) =,
k=1
M (S ) - T 4.19
- = .
m2m3r Z <ka3) miT ’ ( )
k=1 gj=1
M A [ e 2 mm op
o S (D vw) - e 20 (4.20)
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m mQ\/ﬁ Z (Zuk’ ka’l) 20, (4.21)

k=1 =1
P
— m2\/p7 ; (Z;ukz_:vjk) 2, (4.22)

where Iy is the 2 x 2 identity matriz.

Proof. It follows from Lemma 2 that

mo mi \/— m2 mi
ZZ “” - SN (XTX+ VY - XTY - VX))

mim2 i mmtzfj 1i=1
mo mi
m
Y1y, (XY +Y] X,
mlfz 2\/522 i Y mlmzf;; )
L SN g g
P
VR

= amAm + mem + 0,(1),

Where ap, = /TP \/TI1P. b = \/ P/ /T30 A = (1) % X] i/
4 N(0,1) and By, = (1//iiz) X272 Y'Y, /\/p2 % N(0,1). Obviously a2, +b2, =
1 and A,,, B;,, are independent. Denote the characteristic functions of A, and
B,, by ®,, and ¥,,, respectively. Then,

E exp(it(amAm + bmBm)) = E exp(itam Am)E exp(ithy,Bm) = @ (tam) Vi (tby)

apm,)?
= fexp(~ 22 4 o) exp(— P

i.e.,
mo mi1

> M AN, (4:23)

]111

Similarly, we have

A & vij _ /mr 1 ol (X; + X;)
ml’mzzz VT FW — VT

7j=11=1
_ym 12 \/i 4 N(0,1).
Vi =1
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Let a and b be two real numbers with a? + b? # 0. Note that

mg mi

mlmQZZ (0 +b=L)
w/71 1 XTX,  ymps 1 Y7y,
= Z Vo ﬁrz 0

VT 1 raf (Xt X))y 1S aT(Yj+ )
+b(x/W\/m7; VA Vmrym s vm ) o)

:(am 1 iXiTXi+b\/71 1 mla )
7)o

Vip /M1 im1 P1 VAT /M
+((L./mpg 1 & Y]-TY bymm 1 m2 (y; +Y
Vmap /me i VP2 /maT /m
=L+ —I—Op(l).

Since \/mp1/\/m1p, /mp2/\/M2p, /T /\/M1T, \/MT2/\/MaT are all bounded
by one, it is easy to check that I; and I» satisfy the Lyapunov condition by
(23)—(2R). Therefore

—1/2
{aQ% + bQE} n % N©,1)
mip maT
and

—-1/2
L A A

map moT

N(0,1).

Since the X/s are independent of the Y/s, it follows from the arguments used in
proving (°23) that I + Ir % N(0,a? + b?), i.e., (E=I8) holds.
To prove (ET1), we write

210 j=
m mi 1 ma2 1 ma
_ 2 T v E T~ . § T v 2
miP 250 250

Since mp1/mip < 1, it follows from Lemma 2 that

mi

m o mp1 p
(XIx)2-—=20. (4.25)
mip ; g mip
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By Lemma 1, we have

mip 4 Z <m2 ZYTY) = p(m?éip) = 0p(1). (4.26)

A direct calculation shows that

1 7o 12 1 ™\ v or( 1
(L Ern e (L E)nar (L)
mzj;j k m2j;] kA mz;j

1 j=1
1 & 1 &
—Etr{X. X (— Y)( YT}
r{Xy k My 4 J TTLQZ i)
7=1 =1
1 & 1 &
_ T N L T
= e (XX (03 ) (0, X))
]: =
_trfnLs) 021t
mo mo
=0(7m) ()
maom 2
. <m1P>
=o|— |,
m
which implies that
m <X 1 & 2
o {7 YTXk} = 0p(1). (4.27)
m%p; mzj.z::l J b
Similarly we have
m = 1 & 2
N xT Y} = 0,(1). 4.28
m%p;{ Fing 2273} =) (4.28)

mip =
_ / m <X 1 & _ 1/2
{3 Y (oY)

= 0y(1)oy(1) = 0y(1). (1.29)
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Similarly we can show that

( mi m2

m _ 1 _

IS KR (= DoY) = 0p(1)

mfﬂé mz ’
mi

m T

— D ¢ X (X ZY

mi 1 m2

YTY) (m2 ZYTXk> 0,(1)
YTY) (x7 ZY) = 0,(1

m2

n::z@?zwxo (155 =0

(4.30)

Hence (B17) follows from (B=24)—(2=30). The rest can be shown in the same way

(4.31)

(4.32)

(4.33)

as was (E-I7).
Lemma 4. Under the conditions of Theorem 1 we have, as min{ni,na} — oo,
T Zi 1 p
ﬁz (2{{2) _>N(O7-[2)7
k=1 \ V7
1 m
— > zp,-150,
Pi=
1 m
P
— > Ziy—150,
k=1
m

PT =
Moreover,
1K Em ‘fkfpl = op(m'"?) 1<k<m ﬁ = op(m'"?).
Proof. Note that for 1 < k < mjq,
A e mip+mg —1
Zk71— (= )m lel Ujj + ———— (m1 = 1)m Zuk],
j=11i

m2 mi

-1
Zh2 = (my — 1 Z Z Vij m;lj—mlz kaj’

]121

(4.34)

(4.35)
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and for mq +1 < k <m,

A o mi+m 1
1 2 —
Zk,lz m2_1 Zzuw 2_1 Zuzk mis
] 1:=1
2 mi1+m 1
1 2 —
P . S S —TT*ZWWY
ma ma ymy
] 14=1 =1
Thus
1 i Zi1 1 ( -1 n -1 +m1—|—m2—1+ mi+mg—1 )ii Ujj
\/TTL]CZI VP /m\ma—1 my—1 (mi—1)my (mg—1)my ==
Y
mame ST a
and similarly
W PRI
vm ¢ mm2 i
This implies (E=31) by using Lemma 3.
It follows from Lemma 3 that
o>
mp £ .1
m2 mi
m1 +mg —1 )2
el Wi A TT2 2 Ui
mpz(ml—lmlz;; i ml—l)mQ; J
1 & 1 2 m1+m2—1m 2
s "
o 2 N = 0 22 259 s = 1 24"
1 mz mi }2 (m . 1)2 mi m2 2
_ AL (3 u)
{(ml —1)y/mimp ;; Y (m1 — 1)*m3mp ; ; ’
m—1 12 1 A 2
{( ) o )
mp(my — 1)2mymeo z; ;uw} (mg — 1) /mamp ; ;uw
m—1 1/2 22 0 2
-{( ) )
+mp (ma — 1 2m2 Z (Z%O mp(ma — 1)?mamy ; ;um

- {op(mljmmﬁ)}z - (2 4 o)

+{Op<m1\/:mm\}g2>}2 + {Op(mz\/lmm\}’rﬁnQ)}
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s lm AP 02 (1)) 4 {0, ()

m?2(mg — 1)2 Umagyp may/mamy /m
m m
DL T2 ()
mip  Ma2p
=1 + Op(]')v

so (E=372) holds. Similarly we can show (E=33) and (E=34).
Since B (30" uy)2) = Var (S0 i) = ma(p1 + pa), we have

Bz, (5500)) 350 ((S00)) < mamton .0

which implies that

= Op(v/mami(p1 + p2)).

Similarly we have

max

1<1<my = Op(vVmami(p1 + p2))-

m2
E uij
Jj=1

Hence by Lemma 3 and the expression for Z 1, we have

mi1 ma2

Uij —1 Ukj
1g}ca<}§n’ﬁ|_ ml—lml‘z;; 1<k:<m1 (ml—l)TFLQZﬁ
il 2l 2 e 2
mg — 1)ma 1<k<m2 (mg — 1)my st NZ
_ 1 1/2
=op(1) + Op<(m1 - 1)m2\f{m1’m2 p1+ p2)} )
m—1
#nD) + O Gy Sy g mimalon + )
1/2

(min(my, mz))l/Q)

=o0p(1) + Op(
= op(ml/Q).
Similarly we can show that

( 1/2)'

max
1<k<m
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Proof of Theorem 1. This follows from Lemma 4 and standard arguments in
the empirical likelihood method (see Owenl ([[990)).

To show Corollary 1 and Theorem 2, we first prove two lemmas.
Lemma 5. tr(3*) = O((tr(X?))?), p1 = 2?21 )\]2, and 2||a|?A < 7 <
2[|arl[*Aq.

Proof. Since tr(¥/) = Z‘ij:l /\g for any positive integer j, the first equality
follows immediately. The second equality follows since p; = tr(X?). The third
pair of inequalities on 71 come from the definition of 7.

Lemma 6. For any § > 0

d

_ 2

B|XT X2 < dé(ZE|X1,i’2+6> 7
i=1

d
E |OZT(X]_ 4 Xl)|2+§ S 24+5HO[||2+6d6/2 ZE ‘Xl,’i‘2+6-
=1

Proof. It follows from the Cauchy-Schwarz inequality that | X{ X7 |> < || X1|?|| X1 |2
Then by using the C inequality we conclude that

d d
Bx7 5 < (Y x2) R (S x)
i=1 ;

d

_ (E (;Xii>(2+6)/2)2 < (d5/2 gE |X1,i\2+5>2
- d5(§:E|X171~|2+5>2.

i=1
Similarly, from the C, inequality we have
E ’aT(Xl + X—l)’2+6 < 24+6E ’OCTXl‘Z—HS < 24+6H04H2+6E (HX1H2+6)

d
1446/2
_ 24+5||a||2+6E ‘ Z ‘Xl,i|2‘
i=1

d
< 24+6||a||2+6d5/2 Z E |X1,i|2+6-
i=1
This completes the proof.

Proof of Corollary 1. Equations (Z3) and (EZ7) follow from A1—A3 by using
Lemmas 5 and 6, as do (Z8) and (ZR), since we have the same assumptions on
[X:} and {¥;}.
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Proof of Theorem 2. If suffices to verify conditions (23) and (EZ7) with § = 2
in Theorem 1. Recall that p; = pe = 0, and note that Var (X;) = ¥ = FlFlT.
With aTF1 = (al, e ,ak) and E/ = F{Fl = (U;7l>1§j7l§k,

ko k
T vy !
XiXq= Zzgjlel,jBl-l-ml,la

Jj=11=1
~ k
OéT(Xl +X1) = Z a;j(B1j + Bitm.,j)-
j=1

Set 0y ja,jarja = E (B1,j, B1,jy B1,jy B1,jy)- Then 65, j, jy 5, 18 3+&1 if ji = jo =
Jj3 = ja, is 1 if j1, 72,73 and js form two different pairs of integers, and is zero
otherwise. By Lemma 5, we have

T \4 / / / / S
E (X1 Xl) = E § 01,01952,029 43 I3 Jj4,l45]1732,137]4511712713714
J1,92,J3,.J4=111,l2,l3,l4=1

:O(| Z Z 0;17110;1712092751092,& ) +O( Z Z 041,10 ]2,)

j17’5j2117512 J1#j2 =1
kK k
+O(Z Z Uﬂll Jh) +O<ZZUZLZ>
J=1lL#l Jj=11=1
k k k k
- O(’ Z Z Z Z 0317110917120;2,11052712 >
j1=1j2=1l1=112=1
k k k k k
+O<Z sz’ll%l) (ZZ%)
Jj1=1ljo=11[=1 7j=11=1
k
_ 4 22
_O(tr ') > (;;0;71) )
- O(tr 2'4)> ( tr(z'2))2)
- O(tr ) ((tr(Ez))z)
= O(p1),

so (Z3) holds with 0 = 2.
Similarly we have

k

E(T(X + X)) <2'E (Zk:aij)él = O( > a§1a§2> + O<zk:a?)

J=1 J1,2=1 Jj=1
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which yields (E27) with 6 = 2. Equations (2Z8) and (2Z3) can be shown in the
same way. Hence Theorem 2 follows from Theorem 1.
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