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Abstract: Consistency of model selection hinges on the correlation between sig-
nificant and insignificant predictors for “large p, small n” problems. Thus, Ir-
representable Conditions play an important role in consistency, that insignificant
predictors are irrepresentable by significant ones. In this paper, we provide Ir-
representable Conditions when the Dantzig selector is applied; they ensure that
the Dantzig selector consistently selects the true model with fixed p and diverg-
ing p (number of predictors) even at an exponential rate of n. Our conditions are
sufficient for a strong sign consistency and Weak Irrepresentable Conditions are
necessary for a weak sign consistency. Strong sign consistency leads to the con-
ventional consistency of the estimation. As a by-product, the results also show the
difference between the Dantzig selector and the Lasso when consistency is at issoe.
Simulation studies are performed to examine the theoretical results.

Key words and phrases: Consistency, Dantzig selector, Irrepresentable Conditions.

1. Introduction

There are a large number of references referring to variable selection due to
its importance in applications. The aim of variable selection is to select a subset
of significant predictors of a given outcome from a large collection of candidate
predictors so that the low dimensional sub-model can be regarded as a working
model.

Penalized likelihood methods have been extensively studied as useful tools.
Examples include the Lasso ([[ibshirani (T996)), the SCAD (Fanl (T997); Fan and
i (2007)) and the Elastic-Net (Zonand Hasfie (2005)). For all existing methods,
consistency of model selection and estimation have been investigated. It is well
known that consistency hinges critically on the correlation between significant
and insignificant predictors. For instance, the Lasso estimator is in general biased
(Zon (2008)), especially when the number of significant entries is relatively large.
However, there are few works about this, particularly for “large p, small n”
paradigms. To the best of our knowledge, Zhao and Y (2006) first proposed an
almost necessary and sufficient condition to guarantee the consistency of model
selection by the Lasso. They called it the Irrepresentable Condition.
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Although the Dantzig selector (Candes and Tad (P007)) is in a certain sense
asymptotically equivalent to the Lasso (Bickel, Ritov, and Tsybakov (2009); Asif
and Romberg (Z010)), their estimation consistency requires different conditions
on the correlations between predictors because the Dantzig selector is related to
an estimating equation, whereas the Lasso requires a specific likelihood or an
objective function. We will see this very clearly when we compare the corre-
sponding results for the Lasso, Zhao and Yu (2006), and the Dantzig selector.
The two methods depend on different correlation structures of predictors for sign
consistency. Dicker and Linl (2009, 2011) considered random design of predictors
and suggested Irrepresentable Conditions for the Dantzig selector in the fixed p
case. Their method, however, cannot be extended to handle the case of p grow-
ing with n or the p > n paradigm. In this paper, we consider fixed design with
both fixed p and diverging p, even p = exp(n®) for some constant ¢ > 0. Irrep-
resentable Conditions are provided for the sign consistency of model selection.
These conditions are sufficient for a strong sign consistency and necessary for a
weak sign consistency. These two consistencies are defined in the next section.
Moreover, after shrinking the ultra-high dimension to a value that is smaller than
the sample size, we also provide the conventional consistency of estimation when
the dimension ¢ of significant predictors is of a rate of o(n).

The rest of this paper is organized as follows. In Section 2, we provide
Irrepresentable Conditions that are sufficient for a strong sign consistency and
necessary for a weak sign consistency when p is fixed. When p grows at a poly-
nomial rate in n, or even at an exponential rate, we prove that the Dantzig
estimator is still strongly sign consistent under Irrepresentable Conditions. The
conventional consistency of estimation is shown at the end of Section 2. Section 3
contains numerical studies that examine the theoretical results. Some concluding
remarks are included in Section 4. The proofs of theorems are postponed to the
Appendix.

2. Irrepresentable Conditions and Sign Counsistencies
Consider the linear regression model
y=Xp+e¢, (2.1)

where y = (Y1,...,Y,)" isan x 1 response, X = (X1,...,X,)"=(X1,..., XP) is
a n x p fixed design matrix with X; as the ith row of X, X7 as the jth column of

X, and € = (e1,...,&,)7 an n-vector of i.i.d random errors with F(e1) = 0 and
E(g?) = 02. Here 7 stands for transposition of vector or matrix.

For simplicity, we assume the response y = (Y1,...,Y},)7” is centralized and
the design matrix is standardized so that

(X7)7(X7)

n

1, xy=0, 1, x X/ =0, =1,5=1,...,p, (2.2)
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where 1,, is a n x 1 vector of all components 1.
The Dantzig selector estimator 37 is defined as

BP = argmin g||8li st [XT(y — XB)|loo < . (2.3)

Let T* = {j : B; # 0} and T = {j : B; # 0}. We refer to T* as the true model.
Let |T*| = g with |T*| the number of elements in the set 7.

As [Asit and Romberg (2010) commented, a dual problem to (233) is to have
a maximizer i over all u of the following function

~Ollult < XTy>) st X Xl < 1 (2.4)

both 3P and fi are for a given value of \. Asif and Romberg (2010) showed that
(ZH)-(ZR) are necessary and sufficient for (4%, fi) to be the unique primal-dual
solution pair to (23) and (22):
X (y — XBP)[loo < A,
X5 X o < 1.
X7 X = sign(pR.),
XG(y — XB7) = Asign(jig),
In this section, we study the consistency of BD . Following the notations in

Zhao and Y1l (70[)6) and Wainwright (7(][16), BD = ,3 means that both BD and
8 have the same sign element-wise.

(2.5)
(2.6)
(2.7)
(2.8)

Definition 1. The solution of (223) BD is strongly sign consistent if there exists
A = A(n) such that

lim P(3P(\) =. ) = 1. (2.9
Definition 2. The solution of (233) 3P is weakly sign consistent if
lim P(3 > 0,8P(\) =, 8) =1. (2.10)

We need some notation. Let C' = (1/n)X"X. For any subset T' C {1,...,p},
|T| denotes the number of elements in subset T, T is the complement of T in the
set {1,...,p}. Let By = (B;) er be the |T| x 1 vector whose entries are those of
B indexed by T'. Similarly, X is defined as the n x |T| matrix whose columns are
those of X indexed by T'. Given a p x p matrix C' and subsets 71, T> C {1,...,p},
let O, 1, be the |T1| x |T3| sub-matrix from C with rows corresponding to 77 and
columns corresponding to T5. Let diag(f) be the diagonal matrix with diagonal
B. For p € RP, sign(f) = (sign(p1),...,sign(Bp))" is the signal function of j,

where
1, B >0,

sign(8;) =< 0, B =0, (2.11)
-1, 8; < 0.
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Assume C7+ g is invertible for some E C {1,...,p} with |E| = |T™|.

Irrepresentable Conditions. The inequality

|G pCF psign(Br)| < 1 (2.12)

holds and there exists a positive constant vector n satisfying
CET*C’E}T*sign(CEE’Esign(ﬂT*))’ <1-mn, (2.13)
where 1 is a (p — ¢) x 1 vector of all components 1 and | - | means the two

inequalities hold element-wise in absolute value.
Weak Irrepresentable Conditions. The inequalities
|Ce pCF psign(Br+)| < 1, (2.14)
Cr-Crlp-sign(Cr! psien(Br-) )| < 1 (2.15)

hold, where 1 is the (p —¢) x 1 vector of all components 1 and |- | means the two
inequalities hold element-wise in absolute value.

We note that the Irrepresentable Conditions for the Dantzig selector are
different from those for the Lasso. The former are much more complex than the
latter because of the differences in the Karush-Kuhn-Tucker (KKT) conditions
for the two problems. The conditions we provide are different from those in
Dicker_and Tin (2009) for random design; their conditions cannot be extended
to handle p > n or the diverging dimension of the true model.

Proposition 1. The Irrepresentable Condition yields
P(BD s ﬁ) > P(An N Bn) (2'16)
for
ﬁ}
Vit
_ A 1. -
By ={|DCpr-Zp| < Vn{|Br+| = ~|DCppp.sign(fim)[}},

where Zp = (/n)"'X3e, Zg = (vVn)"'XZ%e, D = diag(sign(fr+)), and jip =
(X7 X )~ 'sign(Br-).

In the following, we show that the Irrepresentable Conditions are sufficient for

strong sign consistency, and the Weak Irrepresentable Conditions are necessary
for weak sign consistency.

An={Z5 = Cpr-Cylip Zi| <

2.1. Sign consistency with fixed p and ¢

For insight, we consider the case with fixed p and ¢ first. In this setting, it
is natural to assume the regularity conditions
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(a) C =C(n) — C*as n — oo, where C* is a positive definite matrix,

1
(b) — max X;"X; — 0, as n — oc.

n 1<i<n
When the X;’s are i.i.d. with a finite variance and p is fixed, then C = C(n) — C*
with C* = EX;7X; and maxi<j<p X;" X; = op(n) (see Owen (2001)). Hence (a)
and (b) hold trivially.

Theorem 1. If p and q are fized and (a), (b), and the Irrepresentable Conditions
hold, for positive \ satisfying \/n — 0 and X\/n(ct1)/2 = 0o with 0 < ¢ < 1,

P(BP(\) =, ) =1—0(e™) =1 as n — .

Theorem 1 states that, for fixed p and ¢, under some mild conditions and
the Irrepresentable Conditions, the probability that the Dantzig selector selects
the true model approaches 1 at an exponential rate. Moreover, the Weak Irrep-
resentable Conditions are necessary for the weak sign consistency.

Theorem 2. For fized p and q, if (a) and (b) hold, and if the Dantzig selector
based estimator is weakly sign consistent, then there exists an N such that Weak
Irrepresentable Conditions hold for n > N.

2.2. Sign consistency when both p and ¢ — o

Now we turn to the case where both p and ¢ grow with n. Here we need new
conditions. Let x,1 be the largest eigenvalue of B, B = C’E}T* CE, EC'_*{ gy With
E satisfying the Irrepresentable Conditions, and let 7,1 be the largest eigen-
value of the semi-positive definite matrix (I — K)(I — K)7 with idempotent
K = X« (XTEXT*)_IXg . Assume that there exist 0 < d; < do < 1 such
that

(C1) ¢ =0(n™),

(C2) n1-d2)/2 miTn |Bi| > My >0,
eT*

(C3) ||Crral}3 > My > 0 for any unit vector a, with E satisfying Irrepre-
sentable Conditions,

(C4) 0 < kp1 < K < 00,
(C5) 1 <11 < o0

Under these conditions and certain conditions on the moments of the error,
the Dantzig selector of (223) can select the true model consistently provided that
the Irrepresentable Conditions hold.
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Theorem 3. Assume the ¢; are i.i.d. random variables with E(g;)?* < oo for
some integer k > 0. If (C1)—(C5) hold, p = o(n'®=9%) for dy > dy, and X
satisfies A/v/n = o(n'®=4)/2) " and (\/\/n)* /p — oo, then the Irrepresentable
Conditions imply that

k
N pn
P(BP(N) =, ) > 1 — O(W> 5 1asn— oo (2.17)
When F in the Irrepresentable Conditions satisfies F = T™, (C4) is implied
by (C3), and (C5) is satisfied automatically, since (I — K)(I — K)7 is then a
symmetric idempotent matrix whose eigenvalue is at most 1.

Corollary 1. If the conditions of Theorem 3 hold with the exception of (C4) and
(C5), and if the Irrepresentable Conditions hold for E = T*,

k

P(BP(N) =, B) > 1 — o(%) — lasn — oo (2.18)

2.3. Sign consistency for p = exp(n®) and ¢ — oo

From Theorem 3, we have that sign consistency for the Dantzig selector
can be obtained under the assumption that the errors have finite (2k)-th order
moment for an integer £ > 0. However, even if all orders of moments of the error
exist, p can only grow at a polynomial rate in n. In this section, we consider
that p grows exponentially with n. As the cost for doing this, we assume a
sub-Gaussian tail for the error.

Theorem 4. Let (C1)—(C5) hold, and suppose the €; are i.i.d. random variables
that, for some constants 1<d<2,C >0 and K, satisfy P(|e;| >x) <K exp(—Cz?)
forallz >0 andi=1,2,.... Whenp =", (1/logn) 4= (\/\/n)? = O(n),
and 0 < d3 < dg < dod/2, the Irrepresentable Conditions imply that

P(BPN) =5 B)>1—0(e™) = 1 as n — oo, (2.19)
where 6 = min{dy — d3, d2d/2}.

Corollary 2. Assume the conditions of Theorem 4 except for (C4) and (C5).
Then the Irrepresentable Conditions with EE = T* yield

P(BD(A) = 0)=1- O(e*"(s) — 1 asn — oo, (2.20)
where § = min{dy — d3, d2d/2}.

Compared with Theorem 3, Theorem 4 and Corollary 2 tell us that p expo-
nential in n is possible if the error terms have lighter tails, such as sub-Gaussian.
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2.4. Conventional consistency of estimation after variable selection

In this section, we investigate the conventional consistency of the estimator
after variable selection, with ¢ = o(n).

Write the n x |T| design matrix as X 5(X
least squares estimator B of 3 is

17>+ > X,5)". The post-selection

. 1 1 <& .
-1 T -1
Br=Crpl- XY} =Coi{~ leTY} Bz = 0. (2.21)

Theorem 5. Assume that the Dantzig selector estimator is strongly sign con-

. 2 (— . .
sistent, and the 1<i<nﬁa1>§j<q Tips j < 00 holds, where X = (zip=1,...,%iT*q)

corresponding to the ith row of matriz Xp«. Then

18 = Bll2 = Op(\/g). (2.22)

Consistency here is quite different from that of the classical least squares
estimator, since the dimension of X is |T'|, also random.

3. Numerical Studies

Simulation studies were conducted to examine the role of Irrepresentable
Conditions in model selection consistency. For this purpose, we considered three
examples. In the first example, the sample size was 1,000 and p and g were
comparably small; the second featured a relatively large dimension p. In the
third example, the dimension p was greater than the sample size, and we also
considered a dataset analysed by [Iibshirani (I996) using the Lasso. We use it
to see, in practice, how we can check estimation consistency when the Dantzig
selector is applied.

Consider p = 6 and ¢ = 5 with the sample size 1,000. x1,x9, 3,4, x5, €,
and € were standard normal, then zg was generated as

1 V11

_ 1 +1 +1 +1 + + (3.1)
T = gTLF T2 F S ST+ ST g © .
The regression model was
Y = piz1 + Bawe + B3x3 + faxs + Bsrs + €. (3.2)

And we took two cases: (a) = (4,2,0.5,—0.6,—0.7)7; (b) 5 = (—4,—-2,0.5,0.6,
0.7)". Here T* = {1,2,3,4,5}. It is easy to check that for (a), with F =
T, CT**EC:F}’E = CE,T*CE,l’.F* = (1/8,1/4,1/2,1/2,1/2)", both Irrepresentable
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Figure 1. the Dantzig selector solution paths for settings (a) and (b). The
left is for setting (a), and the right for setting (b).

Conditions and Weak Irrepresentable Conditions hold. For (b), the Irrepre-
sentable Conditions do not hold, whatever be E. Figure 1 plots the estimated
coefficients for various values of A with the L1 norm of the coefficient vector on
the X —axis. The largest L; norm is attained when A = 0 because this does no
shrinkage of coefficients. For each plot, we here divided the original estimated
coefficients by the corresponding largest L; norm among them. Figure 1 shows
results that accord with our theoretical results. We conclude that in case (a),
the Dantzig selector can select significant components successfully, while in case
(b) it fails, as in a certain range of A, Xg is included in the working model.

Here p = 50,100, and 200, with sample size 1,000. x1,z2,e, and € were
standard normal. x3 was generated as

2 n 2 N 1
xr3 = 3581 3302 36’7
with the true model assumed to be
Y = 21061 + 2202 + €. (3.3)
We generated ii.d. z4,...,z, as standard normal and considered (a’) f =

(-2,3,0,...,0)7; and (b’) 8 =(2,3,0,...,0)".

Take E=T%*={1,2}. It is easy to obtain that Cr+ g = I5 and CT*7EC_*1’E =
Ch Cptr. = (2/3,2/3). Then for case (a’), both the Irrepresentable and Weak
Irreprese;atable Conditions hold. For case (b’), whatever be E, at least one of
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Figure 2. the Dantzig selector solution paths for settings (a’) and (b’) when
p = 50. The left one is for setting (a’), and the right one for setting (b’).
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Figure 3. the Dantzig selector solution paths for settings (a’) and (b’) when
p = 100. The left one is for setting (a’), and the right one for setting (b’).

the equalities in the Weak Irrepresentable Conditions fails. Figures 2—4 show
results that coincide with the theoretical analysis, all three values of p. Thus, in
case (a’), the Dantzig selector selects the true model while for case (b’) it does
not, as X3 is often included when X is in a certain range.

Here we consider p > n with n = 30,p = 50, and ¢ = 3, and with n =
50,p = 100, and ¢ = 8. The design matrix X was generated as multivariate
standard normal, and 8 = [[3’(71), ﬁ(TQ)]T, where f3(1) was a g—dimensional vector
with all entries 1 and By a (p — g)-dimensional zero vector. The true model was
Y = X + ¢, with € being generated as the standard normal.

It is easy to verify that the Irrepresentable Conditions hold. Thus the
Dantzig selector can select the significant predictors successfully. The selection
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Figure 4. the Dantzig selector solution paths for settings (a’) and (b’) when
p = 200. The left one is for setting (a’), and the right one for setting (b’).
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Figure 5. the Dantzig selector solution paths when p > n. The left hand
side is with n = 30, p = 50, ¢ = 3, and the right hand side is with n = 50,p =
100,q = 8.

paths are shown in Figure 5.

Data Example. We applied the Dantzig selector to the Prostate Cancer Data
on which [Tibshirani (I996) used the Lasso for variable selection. The data come
from a study of the correlation between the level of prostate specific antigen and a
number of clinical measures in men about to receive a radical prostatectomy. The
data frame was 97 rows and 9 columns. As [Iihshirani ([996) did, a linear model
was fitted to log(prostate specific antigen) after standardizing the predictors.
To check both the Irrepresentable and Weak Irrepresentable Conditions, we
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Figure 6. the Dantzig selector solution paths for Prostate Cancer Data.

find T* and sign(57) first, then compute the estimators of the coefficients by fit-
ting the linear model of Y against the predictors x1, ..., xs. Sorting the absolute
values of the estimators in decreasing order, we have an order of {1,5,2,4,6,3,8,
7} With T = {1,5,2}, the signs of 3} are taken as those of the estimators.
Then it is easy to check that both the Irrepresentable and Weak Irrepresentable
Conditions hold when E = T*. Thus when the Dantzig selector is applied, the-
oretically, it is possible to correctly select the true model. From the selection
path shown in Figure 6, we can see that the Dantzig selector does work. This
selection is exactly as that of Iihshirani (T996). Based on this analysis, we can
see that in practice, the Irrepresentable Conditions can be used as a tool to check
whether the Dantzig selector works or not. As we have done , we can select the
predictors first and assume them to be the significant ones to obtain the set T*.
Subsequently, we can check the Irrepresentable Conditions. Should the condi-
tions not be satisfied, we may need a check for the rationality of the selection to
see whether we need to try another variable selection method.

4. Concluding Remarks

We have investigated the model selection consistency of the Dantzig selector,
and have found the dimension can be as much as exponential in sample size.
Thus there are difference between the Lasso and the Dantzig selector as far as
consistency is concerned. The Irrepresentable Conditions (ICs) for the Dantzig
selector are more complex than those for the Lasso.
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Whereas there are a couple of papers discussing the equivalence between
the Lasso and the Dantzig selector in the literature, we suggest that such an
equivalence only holds in some special scenarios. [Asif and Romberg (2010) proved
that the Lasso and the Dantzig Selector share the same homotopy path under
some conditions, and the ICs for the dantzig selector are then identical to that
for the Lasso. James, Radchenko, and Lvi (2009) provided two types of design
matrix X for which, under proper conditions, equivalence also holds. However,
in general, the Danyzig selector is not equivalent to the Lasso.

When p > n and the Irrepresentable Conditions are not satisfied, how to
construct an adaptive Dantzig selector deserves further study.
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Appendix: Proofs

Proof of Proposition 1. For some subset E C {1,...,p} that satisfies the
Irrepresentable Conditions, let

ﬂE = (Xﬂ’]-”*XE)ilsign<ﬂT*>v :&'E - O? (A1>

Bre = (X X)) ' XLy — M(X5Xp:) 'sign(fig), fg- = 0. (A.2)

We have that if (i, 3) satisfies (223)—(ER), then § is the unique solution

to (23). Thus, we only need to prove that when both A, and B, happen,

Proposition 2.1, (i, 3) as () and (A2) satisfy conditions (E23) through (Z3).
We check these conditions one by one. plugging (A=) into (23), we have

XE(y — XB) = X (y — X fr-) = Asign(fin). (A.3)
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Meanwhile, by (213), we have

_ )\n

c {”ZE’ - OE,T*%}T* Zello < Z=(1 = |- Cily-sign(i) )|
= {IXE( = X (XEX) " Xp)e o
FAXE X (X5 Xr+) ~sign(fis) oo < A}
€ {IXR(1 — X+ (XpXr) " X )y + XXX (XpXog+) ~sign(fi) oo < A}
= {IXp(y — X ) oo < A} (A4)

Thus Ay, implies {||X%(y — X7+ 07) |00 < A}

Noting that X7, (y — X3) = X% (y — Xz+fr+) = Asign(jig), (Z38) holds. Also,
(212) implies || X7, Xl < 1.

For (271), on the one hand,

%*X[L = X%*XE[LE = sign(ﬁT*), (A5)

and on the other hand,

- 5|ch}T*sign<ﬂE)\}}
DCY. 2 < VB~ 2 DO} sin(in) |} )

DCpiZg < f{DﬂT* = iDCE T*Slgn(ME)}}

{-
{-
{D 2 X+ ) ' Xpe + DB > AD(X X))~ 81gn(ﬂE)}
{p(
{D

B, = {|DCgY. 25| < va{|5r-

N

1N

T X )T XLy — AD(X5 X ) Lsign(fip) > 0}
Br+ > 0}. (A.6)

Since {DfBr- > 0} = {diag(sign(fr+))Br- > 0} C {sign(Br~) = sign(fr-)},
together with (A) and (A=6), it is clear that B,, implies (277).

Thus, under the Irrepresentable Conditions, when A,, and B, hold simulta-
neously, (fi, 3) as (A1) and (BE2) satisfy (23)—(Z3).

This completes the proof.
Proof of Theorem 1. Let ¢ = ((1,...,(—¢)" = CE,T*CE,IT*ZE —Zg, &=
(&1,...,8)" = DCG Y Zp, andh = (hy, ..., hy)" = DCpp.sign(fip). By Propo-
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sition 2.1, P(BP =, 8) > P(A, N B,). Thus we have

1_P(BD :sﬂ) Sl_P(Antn)
= P(A;, UBy)
< P(AS) + P(By)

SY(EE ) + 5= P(lgl 2 valls - 2h). a1
i=1 Jj=1

Since ¢ is an n-dimensional vector of i.i.d. random variables, under (a) and (b),
we have

C — dN (07 (72 (CE T+ (C*)E T*CE E(C*)T* C* D CE T (C*)]__@,IT*CEE -
Ch p(CVTh 5Che 5+ Ci ) ) (A.8)
§—a N(OJ (D(C*)E}T*CE,E(C*);},ED))'

It follows that all (;’s and ;’s converge in distribution to normal random variables
with mean 0 and finite variances.

Assume that Vi, j, and E((;)? < 3, E(&)? < t2 for some constant ¢y >
0. Then for x > 0, it follows that the tail probability bound of the Gaussian
distribution implies

PG >z) <z e ™2 P(g > ) <ate ) (A.9)

fori=1,....p—q,j = 1,...,q. Therefore, when \/n — 0, M\/n(ctD/2 &
with 0 < ¢ < 1, and p and ¢ are fixed, we obtain that

otz n) <28 (n) oo (520
= o(e™™), (A.10)

p—q

=1

ip(w > Vil - 2hy)

J=1

> P(lgl = valgl + o(v/nl8) )
7j=1
<2y (valBs1 +0(1)) " exp (= 5 (valgs i +o(1))

j=1

e™™). (A.11)

I
S
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Combining (AT) and (A=) with (A=4), Theorem 1 follows immediately.

Proof of Theorem 2. Refer to 7™ as the true model. Consider the event
Ci = {3 X s.t. BP(\) =, B}. The duality of the Dantzig selector implies that
there exists ji € RP with {j : ji; # 0} £ E satisfied (223)—(238). Then on C;, we
have R

X5 X piip = sign(fR.) = sign(Br+). (A.12)
By (£8), X7, X7~ B:P* = XLy — Asign(fig). Since XX is invertible, plugging
fip and BR.. solved by (BI2) and (£27), into (23) and (E8), respectively, and
recalling that C' = (1/n)X"X, Zp« = (1/y/n)X%.¢, Zp. = (1/y/n)XF. €, we get

CL CCy:= {|CT*7E07*17ESigH(ﬁT*)’ <1,

_ A L 3 ' A
‘CE,T*CE,IT* Zp — ZE — ECE,T*CE,IT*Slgn<CT*1,E51gn(5T*)) ‘ < %1}
= Hi N H, (A.13)

Rewrite Hy = {|Cg 1+ CE’IT* Zg—Zp — ()\/\/ﬁ)CET*C’g}T*sign(CZF}Esign(ﬁT*))]
< (A/v/n)1} as
A A

R — -1 — — R

where
L= Cpr-Cylp.sign (053, Esign(ﬂT*)) -1,
R=Cgrps Cg}lT*sign (CEE,ESigH(/BT*D +1.

To prove the necessity of the Irrepresentable Conditions, we proceed by
contradiction. If the Irrepresentable Conditions fail, then for any inte-
ger N there always exists n, n > N, such that at least one component of
|CE,T*CE’1T*Sign(C;*1’ psign(fr=))| is no less than 1. Without loss of generality,
assume it is the first component and vice versa for the less than -1 case. Then
A A

CppCyp-Zp—Zph € |—=L1,—=R

(E,T ET*4E 2 \/151\/51
On the other hand, by (A=), as n increases, with a nonzero probability
(CETCEITZE — Zz)1 is negative and the probability of Cy does not tend to 1;
hence we have

] C [0, 00). (A.14)

liminf P(C}) < liminf P(Cy) < 1, (A.15)

which conflicts with weak sign consistency. Therefore, the Weak Irrepresentable
Conditions are necessary for weak sign consistency. This completes the proof.
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Lemma A.1. Let 0 = (61,...,0,)" be a random vector with i.i.d. entries, and
such that E(01)?* < oo for some integer k > 0. Then, for constant vector a,

E(a70)* < (2k — D)!1||a|3E(6,)2. (A.16)

~

Proof of Theorem 3. By Proposition 1, P(B” =, 8) > P(A,, N B,). Thus we
have

1-P(BP =,8)<1—-P(A,NBy,)
= P(AS U BS)
< P(AS) + P(BS)

<3 P(Icl = Zen) + 32 P(Igh1 = v - 2h)) . (A7
i=1 Jj=1

where ¢! = (¢},¢3,---,Gg)” = CaprCplpaZp — Zp, & = (&,...,&) =
DCpi.Zp, and h = (hy,...,hy)" = DCglp.sign(fig). Write ¢! = G7e with
G =(G1,...,Gpg)" = (1/y/n)(Cp1-C5p. X}, — XT). Then
1 1 owr wr _
GG = E(CE’T*CE}T*XE — X3)(XpCr! xCr 5 — X )
= CprCpir-CreCr 5Crp—CprCplpCr = Ch pCrd 5Cr 5+Ch 5
1 T T T _
= ~Xp(I- K - K"+ KK")X;
1
= —X7T(I - K)(I - K)"Xz
- X( ) ) X,

where K = X+ (X5, X7+) " 1XT,.
Therefore, by (C5) and using (X7)™(X7)/n = 1, we have

IGill5 = G7Gi = €] G™Ge; < 71 < +00, (A.18)
foranyi=1,...,p—q.
Similarly, let €' = He with H™ = (Hy, Ha,..., H,)" = (1/y/n)DCy 5. X
Then )
H™H = gDCE,lT* #XpCr! zD = DCY. Cp pCrl pD.

By (C4) and the fact that D? = I, we have {} = Hle with
|1 H; |13 < k1 < 400 (A.19)

forany j=1,...,q.
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Given (AIR), (A1), and E(e1)?* < oo, Lemma A.1 implies
E(()* <00, i=1,...,p—q,
E()* <00, j=1,....q,
which gives
P(|¢i| > t) =0(™), P(l&|>1t) =0, (A.20)

foranyi=1,...,p—¢q, j=1,...,q, by the Chebyshev inequality.
By making use of the first equation in (A=20) we have

p—q k k
> (1 ) == 00(5a) = 0(5ar): (A21)
Besides, (C3) has
23] - ocss s, < e, < 8
When \/y/n = o(nl42=41)/2) (C1) yields
2kl = ofnl®:172) (A.22)

Therefore, when \/\/n = o(n(%2~%)/2) and (C1) and (C2) both hold, using (E—Z2)
and the second equation in (A=20), we have

q

S P(1el = vals| - Shy) = S0 P (Il = Valgs |+ olval;1)
=1 j=1

k
_ pn
= qO(nF2) = O(W). (A.23)
For p = o(n\®~9%) and (\/\/n)* /p — oo, combining (BZ1) and (A23) with

(A=T2), we have
k

A pn
PBP =, 8)>1— o(ﬁ). (A.24)
Lemma A.2 (Huang, Ma, and Zhang (200R)). Suppose that €1, ...,&y, are i.i.d.
random variables with Ee; = 0 and Var(e;) = 0. Further, suppose that P(|e;| >
r) < Kexp(—Cz?),i=1,... for positive constants C and K, and for 1 < d < 2.

n

Then, for all constants k; satisfying > ;4 k? =1, we have

(2

d
n exp —L>, 1<d<2,
fu(t) = sup P{] E kiei| > t} < M p
i k=1 o s W)a d=1,
i=1K; gn)}

(A.25)
for a positive constant M depending only on {d,K,C} .
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Proof of Theorem 4. In the proof of Theorem 3, we have
1-P(BP =,8)<1—P(A,NBy,)

= P(A;, UB;)

< P(A;)+ P(By). (A.26)
By the proof of Theorem 3, G'G = (1/n)XL(I — K)(I — K)"Xp, where K =
X (X%XT*)_lX}'E. Then Cil = G7e = e] G"¢, where ¢; is an unit vector with the
ith component 1, others 0. By (C5), we have ||G;[|3 = GTG; = eIG"Ge; < 1,
i=1,...,p— q. Hence under the conditions p = ¢"®, (1/logn) 4=} (\//n)¢ =
O(n™), and 0 < d3 < dy < d2d/2, 1 < d < 2, Lemma A.2 implies

> r{cl1> en)

p—

Q

M“M

(e ﬁ}

-
Il

A
=) {IIG RG> )
< (p— ) fal wﬁm=O<e"d3*d4>. (A.27)

Similarly, by (C4), we have ||H;||3 < kn1, j = 1,...,q. Therefore, under (C1),
(C2), (C4), and 0 < d3 < min{da, d2d/2}, by Lemma A.2 again, we have

I
MQ

P8y =3 P(IEl] = Va5 - 2hy)
j=1
=>" P(1H7el = VIl +o(1))
7j=1
q
=>» P jel > \B |(1 4 of
(=
1 - n
< P(|mﬂls| > |28+ of1)
Mynd2/? _pdad/2
< qfn(lﬁlu +o(1)) = 0™, (A.28)

Combining (A28) and (A=27) with (A=2R), and invoking § = min{dy —ds, d2d/2},
we obtain that

P(BP =, B)>1—0(e™) = 1,as n — oo. (A.29)
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Proof of Theorem 5. Take A, = {sign(f) = sign(8)}. On A,, T = T* is
fixed. For any 7 > 0,

P(13 = B| > 7) = P(|B; — Br-
< P(187 = Bre| > 7.A) + P(AS)

= P(1B7 — Bre| > 7| &n ) P(AR) + P(AS).

>T)

Under sign consistency, we know that P(AS) goes to zero as n tends to infinity.
Thus it is sufficient to prove P(!BT — Bzl > T|An) tends to zero. For this, it
suffices to prove that, on A,

ot oSl -0 (). aw
=1

in X  Xjp« ; < 00, We hav
Since  ma 2 ; < o0, we have
1<i<n,1<j<q

1 & 2 1 & ) )
EH{H ;XiT*Ei}HQ =3 ; [ Xir-[|2E{e7 }

o(?).

By the Markov inequality, we get that

IS5 =on(2) i

And it follows that
et {250 Xree Y = trace (230 Xires) €t Ol (230 Xiress))
T*,T* ni:l iT*cq 9 ni:1 iT*ci T T* ~T* T* ni:l iT* €1
1 & 2 q
oIS ) 02,
o5 xr)]) -0

The second equality holds because of (C2). Hence, (A=30) holds.
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