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Abstract: Post-stratification is used to improve the precision of survey estimators
when categorical auxiliary information is available from external sources. In natu-
ral resource surveys, such information may be obtained from remote sensing data
classified into categories and displayed as maps. These maps may be based on clas-
sification models fitted to the sample data. Such “endogenous post-stratification”
violates the standard assumptions that observations are classified without error
into post-strata, and post-stratum population counts are known. Properties of
the endogenous post-stratification estimator (EPSE) are derived for the case of
sample-fitted nonparametric models, with particular emphasis on monotone regres-
sion models. Asymptotic properties of the nonparametric EPSE are investigated
under a superpopulation model framework. Simulation experiments illustrate the
practical effects of first fitting a nonparametric model to survey data before post-
stratifying.
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1. Introduction

Post-stratification (Sarndal, Swensson, and Wretman (1992, Chap. 7.6)) is
the primary method in use today for improving the precision of survey estima-
tors by calibrating the estimates to known population quantities. Calibration
is achieved by adjusting the sample weights so that their totals over the strata
match the stratum population counts, which is useful to ensure consistency be-
tween surveys and other data products released by government agencies. Cali-
bration can facilitate interpretability of the sample weights, because the stratum
counts are often highly visible quantities such as the sizes of important subpop-
ulations. Improvement in precision is achieved when stratum membership has
predictive power for the survey variables, since post-stratification is a form of
model-assisted estimation with regression on categorical covariates. Relative to
other calibration methods such as regression estimation or more general model-
assisted estimation, post-stratification has the important practical advantages of
simplicity and interpretability, often with only a modest loss in efficiency.

In order to post-stratify, categorical auxiliary information is required from
sources external to the survey. In surveys of natural resources such as forest
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inventories, auxiliary information is often obtained from remote sensing data.
These data are typically not directly interpretable, since they are composed of
reflectance values at different wavelengths and various indices derived from those
values. Models are applied to the remote sensing data to transform them into
more useful and interpretable quantities, such as predicted biomass or landcover
types. The resulting derived variables are classified into categories, displayed
as pixel-based maps and used in post-stratification for surveys. In particular,
these are the methods used by the U.S. Forest Service in producing estimators
for the Forest Inventory and Analysis (FIA; see Frayer and Furnival (1999)). The
FIA relies on post-stratification using classification maps derived from satellite
imagery and other ancillary information. The assurance of some consistency
between the maps derived from remote sensing data and estimates derived from
field survey data is regarded as an important practical advantage of the method.

The models used for transformation of remote sensing variables into forestry-
relevant variables are built using statistical methods and empirical data. In order
to ensure the relevance and accuracy of the post-stratification variables with re-
spect to the survey being post-stratified, the sample data themselves are a very
attractive option for the model building. For example, the FIA data represent a
source of high quality ground-level information of forest characteristics, so there
is a clear desire for being “allowed” to use them in estimating the classification
maps used later for post-stratification. However, in traditional survey theory, the
post-stratification variables are considered fixed with respect to the population,
and the stratum counts are assumed known without error. Using a model fitted
on sample data to post-stratify the sample data violates these assumptions, so
that existing results on post-stratification do not apply. Breidt and Opsomer
(2008) coined the term endogenous post-stratification estimation (EPSE) for this
scenario, and studied it for the case of a sample-fitted generalized linear model,
from which the post-strata are constructed by dividing the range of the model
predictions into predetermined intervals. Under the generalized linear model
set-up, Breidt and Opsomer (2008) obtained the design consistency of the en-
dogenous post-stratification estimator for general unequal-probability sampling
designs. Model consistency and asymptotic normality of the endogenous post-
stratification estimator (EPSE) were also established, showing that EPSE has
the same asymptotic variance as the traditional post-stratified estimator with
fixed strata. Simulation experiments demonstrated that the practical effect of
first fitting a model to the survey data before post-stratifying is small, even for
relatively small sample sizes.

The results in Breidt and Opsomer (2008) provided some “weak justifica-
tion” for using FIA data in estimating classification maps to be used for post-
stratification (see Czaplewski (2010)). The restriction of those results to paramet-
ric models limits their applicability in the FIA context, where the methods being
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used are often nonparametric in nature (e.g. Moisen and Frescind (2002)). As a
specific example of this, McRoberts, Nelson, and Wendf (2002) explored nearest-
neighbor methods for creating strata for FIA, which effectively corresponds to
using a nonparametric EPSE-like method even though it was not acknowledged
as such.

In this paper, we extend the EPSE methodology to the nonparametric esti-
mation context, and hence strengthen the justification for inferential methods in
current use by the U.S. Forest Service in FIA applications. We show here that
the superpopulation results obtained for EPSE by Breidt and Opsomer (Z00R)
continue to hold in this nonparametric setting, justifying the use of the non-
parametric EPSE, the corresponding normal-theory confidence interval, and the
standard variance estimator. We focus on the case where the underlying model is
nonparametric but monotone, which is the most practically reasonable scenario
in surveys since the model is used to divide the sample into homogeneous classes.
Our theoretical results are valid for a general class of nonparametric estimators
that includes kernel regression and penalized spline regression.

In the following section we give the definitions of the estimators we propose
in this paper. The asymptotic results are given in Section 3. Section 4 examines
some of the models and estimators satisfying the outlined conditions, and in
Section 5 we present both a numerical illustration and the results of a small
simulation study. Application of the NEPSE methods to U.S. Forest Service
data for a region of Utah appears in Section 6, followed by a discussion section.
The proofs of the asymptotic results are collected in the Appendix.

2. Definition of the Estimator

Consider a finite population Uy = {1,...,4,...,N}. For each i € Uy, an
auxiliary vector x; is observed. A probability sample s of size n is drawn from Uy
according to a sampling design py(-), where py(s) is the probability of drawing
the sample s. Assume 7y = Pr{i € s} = > ... pn(s) > 0 for all i € Uy, and
define m;jy = Pr{i,j € s} =3, jcsPn(s) for all 4,5 € Uy. For compactness of
notation we suppress the subscript N and write 7;, m;; in what follows. Various
study variables, generically denoted y;, are observed for i € s.

The targets of estimation are the finite population means of the survey vari-
ables, gy = N1 ZUN yi- A purely design-based estimator (with all randomness
coming exclusively from the selection of s) is provided by the Horvitz-Thompson

estimator (HTE)
1 Yi
U=y 2
1€8

Post-stratification (PS) and endogenous post-stratification are methods that take
advantage of auxiliary information available for the population to improve the
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efficiency of design-based estimators. Following Breidt and Opsomer (Z00R),
we first introduce some non-standard notation for PS that is useful in our later
discussion of endogenous PS. Using the {x;};cv, and a real-valued function m(-),
a scalar index {m(x;) }icv, is constructed and used to partition Uy into H strata
according to predetermined stratum boundaries —co < Tp < 71 < -+ < T <
7 < oo. Typically, m(+) is the true relationship between a specific study variable
z; and the auxiliary variable/vector x;. We assume the additive error model

Z2i = m(ml) + U(mi)ei, (21)

where o%(x;) is the unknown variance function, and E(¢;|z;) = 0, Var(e;|x;) = 1.

Breidt and Opsomer (2008) considered the particular case in which the index

function m(-) is parameterized by a vector, A. We write m)(x;) in that case.
For exponents £ = 0,1,2 and stratum indices h = 1,..., H, define

1
Axne(m) = 5 D Uilin i <m@)<m}

i€eUn
]. EI{iES} (22>
A}thZ(m) = N Z Yi T [{Th,1<m(:ci)§7'h}7
i€eUn
where Ijcy = 1 if the event C occurs, and zero otherwise. In this notation,

stratum h has population stratum proportion Axpg(m), design-weighted sample
post-stratum proportion A%, ,(m), and design-weighted sample post-stratum y-
mean A}, (m)/Ax,o(m). The traditional design-weighted PS estimator (PSE)
for the population mean gy = N1 > icuy Yi is then

Z Anno(m Nhl (m)

 Asolom)

= A N ‘n i II{T;L 1<m(xi)<7n} = (2.3
Z Z Nno(m Ajpo(m) v wa e (29

€S €S

where the sample-dependent weights {w,(m)}ics do not depend on {y;}, and so
can be used for any study variable.
For the important special case of equal-probability designs, in which m; =
nN~!, we write
Anhf(m) = % nyI{Th_1<m(wi)§Th}'
1€S
In this case, the equal-probability PSE for the population mean 3 is

nhl m
ZANhO A " m szs ylv
0
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Table 1. Data for example of EPSE calculations for n = 4 sample from pop-
ulation with N = 9 and 7i(z) computed by ordinary least squares estimation
of simple linear regression model.

i1 € Uy 30 -20 -1.0 -1.0 00 1.0 20 3.0 4.0

Zi,1 €8 -3.0 -1.0 1.0 3.0
m(x;) = 1.4x; -42 -28 -14 -14 0 14 28 42 5.6
h 1.0 10 10 1.0 1.0 20 20 20 20

where the weights {w;s(m)};cs are obtained by substituting nN ! for m; in (223).

In parametric PS, the vector A is known. In parametric endogenous PS, the
vector A is not known and needs to be estimated from the sample {x;,z; : i €
s} using, for example, maximum likelihood estimation or estimating equations.
Thus, my(x;) is estimated by mj(x;), and the endogenous post-stratification
estimator (EPSE) for the population mean gy is then defined as

Z ANhO A}k\]hl Z wzs

Alvno(m ics

This parametric EPSE was studied in Breidt and Opsomer (2008). We consider
now the case where m(-) is not assumed to follow a specific parametric shape.
Again, m is typically the true regression relationship between a specific study
variable z; and an auxiliary variable/vector x; as in model (ET).

The estimator fi;;,(m) is infeasible, because m(-) is unknown. We can estimate
m(-) from the sample {(x;, ;) : i € s} by nonparametric regression, and here we
explicitly consider both kernel and spline-based methods. However, results should
also apply to such other nonparametric and semi-parametric fitting methods
as regression trees, neural nets, GAMs, etc. Writing m for the nonparametric
estimator, the nonparametric endogenous post-stratified estimator is then defined
as

Z Anno( Aﬂ;\ml(m)- (2.4)
Aypo(112)

For the special case of equal-probability designs, in which m; = nN~!, the
equal-probability NEPSE for the population mean gy is

ZANhO 7 nhl m szs Yi- (25)

m
nhO €S

To demonstrate the endogenous post-stratification calculations, we examine
an equal-probability sample of size n = 4 selected from a finite population of
size N = 9. Table 1 provides the data. As would be the case in practice, the
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auxiliary variable x; is observed for all population elements, while the survey
variable z; is only observed for the sample elements. The HTE is z; = 0. Given
the small sample size, we consider parametric EPSE with m obtained as the
ordinary least squares fit of the simple linear regression model to the sample data
{(zi,2i) : i € s}, yielding m(z) = 0+ 1.4z. A single boundary at 71 = 0.7 divides
the data into two strata based on the m(x;) values. The quantities required to
compute the EPSE in (E33) are given by

Anno(1) App1(h) Anho(h)
h=1 5/9 1(=3+(-1)=-1 2/4
h=2 4/9 1(1+3) = 2/4
and the EPSE is
5(-1) 41 2

pelm) = 5597s Y oaa T o
In the next section, we study the theoretical properties of the NEPSE. It is
sufficient to consider the following simpler estimators

. 1
Are(1h) = - > YT <y
i€Un

A 1 I {ies} ¢
() = N Z —Yilgn@)<r)

, T

i€eUn
for a generic boundary value 7 € {79, 71,...,7g}. For equal probability designs
we write 1

5 )
Anre() = — >t Lo <r)-
1€S

The form of these estimators suggests the use of tools from empirical process
theory, which we turn to next.

3. Main Results
3.1. Superpopulation model assumptions

We need the concept of bracketing number of empirical process theory (vam
der_Vaart_and Wellner (T996)). For any ¢ > 0, any class G of measurable
functions, and any norm || - ||g defined on G, Njj(e,G, || - [|g) is the bracket-
ing number, i.e., the minimal positive integer M for which there exist e-brackets
{1 ugl = Ml = willg <&, llg: lusllg < oo, j=1,..., M} to cover G.
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Assumption 1. The covariates {x;} are independent and identically distributed
random p-vectors with nondegenerate continuous joint probability density func-
tion f(x) having compact support. The function u — Pr(m(x) < u) is Lipschitz
continuous of order 0 < v <1, and

Pr(m(x) < mh—1) < Pr(m(x) < )
forh=1,..., H.

Assumption 2. The sample s is selected according to an equal-probability design
of fized size n, with m; = nN~1 — 7 €[0,1] as N — oco.

Assumption 3. The nonparametric estimator m(-) satisfies

sup |m(x) — m(x)| = o(1) a.s..

Assumption 4. There exists a space D of measurable functions that satisfies
m € D, Pr(m € D) — 1 as n — oo, and

/ s NGO ) dA < o,
0

where F = {x — I{4@a)<s) : d € D}.

Assumption 5. Given [z;)icu,, the study variables [y;licu, are conditionally
independent of the post-stratification variables [z;)icuy, and y; | ; are condition-
ally independent random variables with B (y? | x;) < K1 < oo for £ =10,1,2.

These assumptions follow those of Section 3.2 in Breidt and Opsomer (200R),
generalized to the nonparametric setting. In Section 4, we discuss specific com-
binations of nonparametric models and estimators that satisfy them. As noted
earlier, we focus on monotone models, because they are of primary interest in
applications and because it is easier to establish Assumption 4. Intuitively, all
that is required is that the class of functions is not too large, which is represented
by the bracketing number of the class. When the class is too large, the bracketing
integral in Assumption 4 fails to be finite. The class of monotone functions is
one example of a well-behaved class, but other classes exist as well. Consider
for example the class D = C§;(X) of all continuous functions f : X — IR with
|| flla < M, where

)

k k
- N |D” f(x) — D" f(y)|
[1Flloc = maxsup | D7 ()] + maxcsup —0 o

a is the largest integer strictly smaller than o, k = (k1, ..., kq), Dk = W,

and k. = Y k;. Suppose that the support X of « is a bounded, convex subset of
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IRP with nonempty interior. Then it follows from Corollary 2.7.2 in kan der Vaarf
and Wellner (T996) that log Njj(A, D, || - [[2) < KA~P/ for some 0 < K < oo, and
hence it can be easily seen that Assumption 4 holds provided « > p.

3.2. Central limit theorem

For ¢ = 0,1,2, take a.(m) = E(yff{m(wi)gr}). We start with a crucial
lemma that shows that A,,(m) is asymptotically equivalent to E (yfl{fn(mi)g‘r} \
m) + A’ré(m) - an(m)'

Lemma 1. Under Assumptions 1-5, for £ =0,1,2,

ATZ(m) —-E (yff{m(ml)gr} | m) - ATé(m) + an(m) = OP(N_I/Q)’ (31)
op(n~Y%).  (3.2)

Aneo(1) = B (4 (<o) | 1) = Anre(m) + rg(m)
We are now ready to state the main result of the paper.

Theorem 1. Under Assumptions 1—5,

1 Y2
L3 - 4 N0V,
where
H
Vym = ZPT{Th—1 < m(x;) <} Var(y|mh—1 < m(x;) < 73).
h=1

The proofs of both results are deferred to the Appendix.

3.3. Variance estimation
For the estimation of the variance Vj,, we follow Result 3 of Breidf_and

Opsomer| (200R), omitting the proof.

Theorem 2. If

H A
Vo — A%Vho(m) Anna(
yin =

h=1

m) — A2, () /Ao (i)
Anho(m) AnhO(m) —n~t 7

(3.3)

and Assumptions 1—5 hold,

{le (1 B %) }_1/2 Vyjﬁlm(ﬂy(m) —UN) ﬂ) N(0,1).
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4. Applying the Results

The results in the previous sections are expressed under quite general condi-
tions on the class D and the estimator m. We now give some particular models
for the regression function m and some particular estimators m for which the
conditions are satisfied. The underlying models we consider are at least partly
monotone, which is reasonable in this context because the function m is used to
split the data into homogeneous cells.

4.1. Monotone regression

Let

D ={d: Rx — IR : d monotone and sup |d(z)| < K}
TERXx

for some K < oo, where Rx is a compact subset of IR. Suppose for simplicity
that the functions in D are monotone decreasing. Then, the class F defined in
Assumption 4 is itself a set of one-dimensional bounded and monotone functions,
and hence

IOgNH()"]:v H ’ ”2) < I(l)\_1

for some K; < oo, by Theorem 2.7.5 in van_der Vaarf_and Wellned (1996). It
follows that Assumption 4 holds.

Let 7 be any estimator of m for which sup,¢ g, [(z) — m(z)| = o(1) a.s..
Then, provided the true regression function m is monotone and bounded, we
have Pr(m € D) — 1 as n — oo. The estimator m does not need to be mono-
tone itself, a classical local polynomial or spline estimator does the job. Hence,
Theorem 1 applies in this case. Moreover, the case of generalized monotone re-
gression functions, obtained by using e.g. a logit transformation, works as well.
See Subsection 4.4 for more details.

4.2. Partially linear monotone regression

Consider now

D={Rx = R: (z,22)T — gl + d(z») : B € B C IR* compact,

d monotone, sup |d(z2)| < K},
x2€RX2

where Ry = Rx, X Rx, is a compact subset of IR*T!. Suppose for simplicity
that all coordinates of an arbitrary ; € Rx, and 8 € B are positive. Divide B
into r = O(A™2¥) pairs (BF,8Y) (i = 1,...,r) that cover B and are such that
Zle(ﬁg — BE)? < X4 Similarly, divide Ry, into s = O(A2¥) pairs (mle,wlUj)
(j = 1,...,s) that cover Rx, and are such that Zle(a:?ﬂ — xfjl)Q < A Let
df < d¥,....dk < dY be the ¢ = O(exp(KA™)) || - [|oo-brackets for the space
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of bounded and monotone functions (see Theorem 2.7.5 in kan_der Vaart and
Wellned (1996)). Then, for each 5 € B and d monotone and bounded, there exist
i,7 and [ such that, for all (x1,z2) € Rx,
L
Eijl(x2) = I{ﬁmilUjerlfJ(xg)gT}

< g7 oy td(ws) <)

U
= I{Bfwaj+dlL(x2)gT} = ugj(2).

It is easy to see that the brackets (x1,x2) — (ZZL] (xg),ug.l(xg)) are A-brackets
with respect to the || - [[2-norm. The number of these brackets is bounded by

A4 exp(KA71), and hence Assumption 4 holds.

The estimator 1 can, as in the previous example, be chosen as any uniformly
consistent estimator of m. Then, Pr(m € D) — 1 provided the true regression
function m belongs to D. This shows that Theorem 1 also holds for this case.

4.3. Single index monotone regression

Our next example concerns a single index model with a monotone link func-
tion. Let

D={Rx - R:x — d(f'x): BeBc R* compact, d monotone, sup |d(u)] <K},

where Ry is a compact subset of IR*. The treatment of this case is similar to
that of the partial linear monotone regression model. We omit the details.

4.4. Generalized nonparametric monotone regression

The use of generalized linear models in EPSE was initially discussed in Breidt
and Opsomer (2Z00R). This approach enjoys the benefit of being able to han-
dle categorical response variables, and has (in many cases) obvious and easily
interpretable boundary values. Let the covariate x; be univariate for ease of
presentation, and write

E(zilzi) = p(wi), Var(zila;) = 0% (2:) := V(u(x:)).

Consider the case of a known monotone link function g(-), such that g(u(z;)) =
m(z;), following the framework of McCullagh and Neldey (T989). The quasi-
likelihood function Q(u(z), z) satisfies

9 z — p(x)
Qlu(),2) = 7=+
() V(u(z))
as in McCullagh and Nelder (I989). The function m(x
parametrically, as suggested by Green and Silvermani ([
and Wand (I995), among others.

can be estimated non-

)
994) and [Fan, Heckman|
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Now approximate the function m(z) locally by a pth-degree polynomial
m(z) = Bo + Bi(x — x;) + -+ + Pp(x — 2;)P, and maximize the weighted quasi-
likelihood to estimate the function m(z) at each location x on the support of x;,
as suggested by Fan, Heckman, and Wand (T995),

) %Q(g_l(ﬁo + B1(@ — i) + -+ Bplr — x4)P), i) Kn(zi — ), (4.1)

- 1
€8

where K3, (-) = (1/h)K(-/h) and K () is a kernel function (for details, see Simonoff
([996) and Silverman ( 999)).
Let (ﬁox,ﬁlx,...,ﬁpx) e the minimizer of (E). Then m(z) = Box, and

E(z|X = z) = g '((z)) = g7 (Box). One can retain the boundary values for
variable z, {79, 71,..., 7}, and define A}, ,(m) as in (22):
* A 1 I s
Anne(1t) = >y {W }I{Th_1<g*1(ﬁl(mi))§7'h}7 (4.2)
€Uy v

for | = 0,1,2. Given (E32), a natural estimator for the population mean gy is
the same as in (24). The verification of Assumptions 3 and 4 is similar to the
verification in Subsection 4.1, and is therefore omitted.

5. Simulations
5.1. Numerical example

In Section 2, we illustrated the endogenous post-stratification calculations
with a linear regression example. To demonstrate the more interesting use
of nonparametric regression, we briefly discuss a second small example with
penalized splines, as justified in Subsection 4.1. Figure 1 shows data for an
equal-probability sample of size n = 25 selected from a finite population of size
N = 100. Here, 7 is estimated using the sample data {(z;, z) : i € s}, a penal-
ized spline with 10 knots, and a smoothing parameter that allows approximately
five degrees of freedom. A single boundary at 7, = 0.44 divides the data into two
strata based on the m(x;) values. The “rug” lines at the bottom of the graph
indicate the known z; values for ¢ € Uy. Using the notation of Section 2, we
have the tabled values

Anpo(m)  Appi(m)  Appo()
+5(30)  5£(0.24) =(8)
h=2 $5(70)  5=(24.41)  5(17)
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Figure 1. Equal-probability sample of n = 25 (z;, z;) values from a finite
population of size N = 100 fitted with a penalized spline, m, with ten knots
and five degrees of freedom. “Rug” lines at the bottom of the graph represent
x; for 1 € Uy. Boundary value 7, determines the strata, h = 1 and h = 2.

where 0.24 and 24.41 are the sums of the sample z; values in each stratum. Based
on this, the HTE is z; = 0.99 and the estimated mean using (Z3) is

1 0.24 1 24.41

0L (1) = —— — ()22 — 101,
frz(m) = 1550 5= + 155 (10— 0

5.2. Monte Carlo study

The main goal of the simulation was to assess the design efficiency of the
NEPSE relative to competing survey estimators. The simulations were performed
in a setting that mimics a survey in which characteristics of multiple study vari-
ables are estimated using one set of weights. We considered several different sets
of weights for estimation of a mean: the Horvitz-Thompson estimator (HTE)
weights {n~1},c,, the PSE weights {w;s(m)}ics, the NEPSE weights {w;s () }ics,
and the simple linear regression (REG) weights (e.g., Sarndal, Swensson, and
Wretman (1992, p.233)). We used H = 4 strata with fixed, known boundaries
T = (—00,0.5,1.0,1.5,00) for PSE and NEPSE. The HTE did not use auxiliary
information; the PSE used auxiliary information with a known model; the REG
used auxiliary information with a fitted parametric model, and the NEPSE used
auxiliary information with a fitted nonparametric model. Specifically, we used a
linear penalized spline with approximate degrees of freedom determined by the
smoothing parameter (Ruppert, Wand, and Carroll (2003, Sec. 3.13)).
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We generated a population of size N = 1,000 with eight survey variables

of interest. The values x1,...,xny were independent and uniformly distributed
n (0,1). The first variable, ratio, was generated according to a regression

through the origin or ratio model (see e.g. Sarndal, Swensson, and Wretman
(992, p.226)), with mean 1 + 2(xz — 0.5) and with independent normal errors
with variance 202x. For the next six variables (y;), we took their mean functions

to be )
gr () — mingeo 17 gx ()

2 - )
maXze(o,1] gr(z) — minge(o,1] gk(z)
where
quad: g1(z) = 1 + 2(x — 0.5)2,
bump: go(7) = 1 + 2(x — 0.5) + exp(—200(x — 0.5)),
jump: g3(x) = {1 + 2(z — 0.5) H{z<0.65) + 0.651 (20,65}
expo: ga4(x) = exp(—8z),
cyclel: gs(z) = 2 + sin(27x),

cycled: gs(z) = 2 + sin(8nx).

This means that the minimum was 0 and the maximum was 2 for each of the
first seven mean functions. Finally, the eighth survey variable was

noise: gr(z)=8.

Independent normal errors with mean zero and variance equal to o2 were then
added to each of these mean functions. The variance function for the ratio
model was chosen so that, averaging over the covariate x, we had E[v(z)] = o2
Thus, the heteroskedastic ratio variable and the remaining seven study variables
all had the same variance, averaged over x.

For given values of o, we fixed the population (that is, simulated N values
for each of the eight variables of interest) and drew 1,000 replicate samples of
size n, each via simple random sampling without replacement from this fixed
population. We constructed HTE and REG weights using standard methods.
We then computed the ratio of the MSE for each competing estimator to that of
the NEPSE.

In the first simulation experiment, we consider in detail the case in which
the PS variable follows a regression through the origin or ratio model. We used
the ratio variable as the PS variable and computed PSE weights with known
m(z) =1+ 2(z — 0.5) and NEPSE weights with (approximately) 2 or 5 degrees
of freedom (df) in the smoothing spline. The weights were then applied to the
remaining seven study variables. We also varied the noise variance (o = 0.25
or o = 0.5). With 2 df, the smoothing spline yields the linear (parametric)
fit, and thus corresponds to EPSE. Results for this case, presented in Table 2,



202 MARK DAHLKE, F. JAY BREIDT, JEAN D. OPSOMER AND INGRID VAN KEILEGOM

are qualitatively similar to those in Table 1 of Breidt and Opsomer (2008) (the
results are different because the earlier paper fits regression through the origin
instead of simple linear regression, and uses different signal-to-noise ratios since
the mean functions are not scaled to [0,2]).

NEPSE dominates HTE in every case except cycle4 (since NEPSE does
not have enough df to capture the four cycles and so its estimate of the mean
function is oversmoothed and nearly constant) and noise, where NEPSE fits an
entirely superfluous model. REG beats NEPSE for ratio, where REG has the
correct working model, and is slightly better for bump, which is highly linear over
most of its range. REG is also slightly better for cycle4 and for noise. NEPSE
performs far better than REG for all of the other variables.

The effect of changing degrees of freedom in NEPSE is negligible in this
example, since the true model for the PS variable is in fact linear. The effect
of increasing noise variance is quite substantial, bringing the performance of all
estimators closer together, as expected. Finally, NEPSE is essentially equivalent
to the PSE in terms of design efficiency, even for n = 50, implying that the
effect of basing the PS on a nonparametric regression instead of on stratum
classifications and stratum counts known without error from a source external to
the survey is negligible for moderate to large sample sizes.

In the second simulation, we fixed n = 100, df ~ 5, 0 = 0.25 and considered
four different PS variables: ratio, quad, bump, and cyclel. The latter three
allowed us to investigate the behavior of NEPSE when monotonicity did not hold.
Table 3 summarizes the design efficiency results as ratios of the MSE of the HTE,
PSE(4), or REG over the MSE of the NEPSE(4). Overall, the behavior of the
NEPSE is consistent with expectations. Even for the non-monotone functions,
NEPSE produces a large improvement in efficiency relative to the HTE for the
variable on which the PS is based, and usually for other variables as well. NEPSE
is as good or better (i.e. MSE ratio > 0.95) than REG in all but 12 of the 32
cases considered: NEPSE loses out in particular when the true model is linear or
nearly so (bump). The noise variable shows that, when a variable is not related
to the stratification variable, the efficiency is near that of the HTE (since the
stratification is unnecessary).

We also assessed the coverage of confidence intervals computed using the
normal approximation from Theorem 1 and the variance estimator from The-
orem 2. Coverage of nominal 95% confidence intervals, fi, () + 1.96{n"1(1 —
nN=")V,m /2, was consistently in the range of 93% to 96%.

6. Application

We illustrate the applicability of the NEPSE approach using pilot study data
collected by the U.S. Forest Service in a region of Utah. The field-based data
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Table 2. Ratio of MSE of Horvitz-Thompson (HTE), post-stratification on
4 strata (PSE(4)), and linear regression (REG) estimators to MSE of non-
parametric endogenous post-stratification estimator on 4 strata (NEPSE(4)).
Numbers greater than one favor NEPSE. Based on ratio post-stratification
variable in 1,000 replications of simple random sampling of size n = 50 from
a fixed population of size N = 1,000. Replications in which at least one
stratum had fewer than two samples are omitted from the summary: 4 reps
at df =2, 0 = 0.5 and 33 reps at df = 5, 0 = 0.5.

(c =0.25) (o0 =0.5)
Response NEPSE(4) versus NEPSE(4) versus
Variable df ~ HTE  PSE(4)  REG HTE  PSE()  REG
ratio 2 4.98 1.01 0.74 2.19 1.02 0.91
) 4.68 0.95 0.69 2.21 1.03 0.91
quad 2 2.34 1.03 2.56 1.62 1.05 1.75
) 2.29 1.01 2.51 1.50 0.97 1.62
bump 2 3.22 1.00 0.94 1.88 1.00 0.95
5 3.26 1.01 0.95 1.90 1.02 0.96
Jump 2 2.19 1.00 1.80 1.40 0.99 1.26
) 2.13 0.97 1.76 1.33 0.94 1.20
expo 2 1.88 0.99 1.17 1.29 1.01 1.07
5) 1.88 0.99 1.17 1.28 1.01 1.06
cyclel 2 3.10 1.04 1.56 1.97 1.03 1.26
) 3.04 1.02 1.53 1.96 1.02 1.25
cycled 2 0.96 1.00 0.92 0.98 1.02 0.95
5 0.98 1.02 0.94 1.00 1.05 0.98
noise 2 0.93 1.00 0.96 0.92 1.00 0.96
) 0.92 0.99 0.95 0.93 1.01 0.97

collection methods and variables are similar to those currently in use in the For-
est Inventory and Analysis (FIA) program, while the remote sensing variables
are among those being considered as post-stratification variables in this context
(see e.g. Blackard et all (P00R)). FIA is the primary source of information in the
United States for assessing status and trends in forested areas, including size,
health, growth, mortality, and removals of trees by species. The pilot study is
designed to assess the increased use of remote sensing information in the inven-
tory.

The population in this example is a set of N = 1,707 90mx90m plots that
were classified as forest and for which extensive remote-sensing data are avail-
able. The n = 250 sample plots were selected with equal probability from that
population, and a large number of field-based variables were measured on those
plots. We considered variables that are representative of the variables typically
collected as part of the FIA: basal area of live trees per acre (BA), net annual
growth of sound live trees (GROW), stand age (STAG), and a binary forest type code
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Table 3. Ratio of MSE of Horvitz-Thompson (HTE), post-stratification on
4 strata (PSE(4)), and linear regression (REG) estimators to MSE of non-
parametric endogenous post-stratification estimator on 4 strata (NEPSE(4)).
Numbers greater than one favor NEPSE. Based on four different PS vari-
ables in 1,000 replications of simple random sampling of size n = 100 from
a fixed population of size N = 1,000.

PS Variable Estimator ratio quad bump jump expo cyclel cycle4 noise
HTE 5.17 246 348 212 213 331 0.99 0.95

ratio PSE(4) 098 1.03 1.02 097 1.01 1.02 1.00 1.00
REG 071 249 097 170 119 1.64 0.90 0.97

HTE 097 547 1.01 153 131 097 0.98 0.96

quad PSE(4) 1.01 100 1.02 1.02 1.04 1.00 1.03 0.99
REG 0.13 553 028 123 073 048 0.89 0.98

HTE 4.07 193 4.13 202 230 270 1.13 0.95

bump PSE(4) 127 133 0.76 1.07 1.11 0.96 1.05 1.00
REG 056 195 1.15 162 1.29 1.34 1.03 0.97

HTE 289 1.01 253 126 135 5.68 1.00 0.97

cyclel PSE(4) 1.01 1.00 1.06 1.04 0.96 0.92 1.03 1.01
REG 040 1.02 070 1.01 075 281 0.91 0.99

(FOTP), chosen here as “Aspen” (code 901). We constructed the NEPSE post-
strata using BA, since this is a commonly used forestry indicator for the amount
of harvestable wood on a plot and is a key FIA variable. From the remote sensing
data, we chose as the auxiliary variable the so-called Greenness index (GREEN).
This is a frequently used summary of reflectances at different frequencies with
good predictive properties for forestry variables (Crist_and Ciconé ([984)). As
in traditional post-stratification, we then applied the resulting NEPSE weights
to all of the other survey variables.

As in the simulation study, a linear penalized spline was used in the re-
gression of BA on GREEN to form the nonparametric endogenous post-strata. For
comparison, the data were analyzed at two levels of degrees of freedom and for
four different numbers of strata. The degrees of freedom levels were determined
by adjusting the smoothing parameter and the strata were determined by using
appropriate quantiles of the {7 (x;)}Y, values. For comparison, we also ap-
plied the Horvitz-Thompson estimator (HTE) that does not use any auxiliary
information.

Figure 2 shows the n = 250 BA versus GREEN values, plotted as open cir-
cles, for the Utah pilot study data. Also shown are ‘4’ symbols indicating the
penalized spline fitted values, {(x;)}Y,, using four degrees of freedom. The
three gray lines indicate the post-stratum boundaries for the four-stratum case,
computed as the quartiles of the fitted values. In this case, the relationship is
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Figure 2. BA vs. GREEN values (n = 250) for a U.S. Forest Service pilot study
in Utah. Plus signs (+) indicate penalized spline fitted values, {m(z;)}Y,
using four degrees of freedom, where N = 1,707. Gray lines are boundaries
for the case of four post-strata, based on quartiles of the fitted values.

monotone but nonlinear, so that this application falls under the setting of Sub-
section 4.1. In actual large-scale forestry survey practice, additional auxiliary
variables can be expected to be available and more complicated models would
undoubtedly be required.

Table 4 shows the estimates and estimated standard deviations for the four
forestry variables considered, using NEPSE and HTE. At both df levels and for
all numbers of strata, the estimated standard error for each variable is smaller
for NEPSE than for HTE. The results are reasonably insensitive to the amount
of smoothing and the number of post-strata. Averaging across these factors, the
HTE has standard error averaging 19% higher than NEPSE for BA, 7% higher
for GROW, 4% higher for STAG, and 25% higher for FOTP.

In this particular illustration, the NEPSE-derived post-strata could be in-
terpreted as corresponding to levels of (predicted) tree basal area per acre (e.g.
thinly stocked stratum vs. heavily stocked stratum), facilitating interpretation
by forest scientists and other users of FTA data. While a single covariate, GREEN,
was used here, in actual large-scale forestry survey practice, additional auxiliary
variables can be expected to be available and more complicated models would
undoubtedly be applied. The interpretation of the strata would remain the same,
which is a strong practical advantage of NEPSE. More sophisticated models are
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Table 4. Estimates of finite population means for BA, GROW, and STAG, and
estimated population proportion of Aspen (FOTP = 901) with estimated
standard errors in parentheses. The numbers in parentheses after “NEPSE”
indicate the number of strata.

Estimator BA, ft? GROW, ft3 STAG FOTP

HTE 26.80 (1.20) 7.92 (1.82) 112.98 (4.87) 0.088 (0.017)

df = 4
NEPSE(2) 26.92 (1.09) 8.02 (1.79) 112.64 (4.63) 0.089 (0.016)
NEPSE(4) 26.30 (0.98) 7.49 (1.67) 114.27 (4.67) 0.080 (0.014)
NEPSE(8) 26.23 (0.95) 6.98 (1.65) 114.12 (4.69) 0.072 (0.013)
NEPSE(16) 26.07 (0.97) 6.98 (1.63) 113.16 (4.77) 0.068 (0.012)

df =38
NEPSE(2) 26.92 (1.09) 8.02 (1.79) 112.64 (4.63) 0.089 (0.016)
NEPSE(4) 26.30 (0.98) 7.49 (1.67) 114.27 (4.67) 0.080 (0.014)
NEPSE(8) 26.31 (0.99) 7.32 (1.75) 114.31 (4.70) 0.073 (0.013)
NEPSE(16) 26.04 (1.01) 7.12 (1.70) 113.67 (4.75) 0.072 (0.012)

also likely to result in increased efficiency, and hence a larger decrease in the
estimated standard errors relative to HTE, compared to that seen in Table 4.

7. Discussion

In this article, we have obtained the theoretical properties of NEPSE, a
new post-stratification-based estimator that uses a sample-fitted nonparametric
index to create the post-strata. The finite-sample properties of the estimator are
shown in a simulation study, and the applicability of the method is illustrated
on a forestry dataset.

There are a number of open issues related to implementation of NEPSE
in surveys. Perhaps most importantly, the choice of the number of strata and
the selection of the boundaries are of clear interest to practitioners. As noted
above, we expect that in many situations these will be dictated by the application.
Nevertheless, a data-driven approach that provides guidance in this respect would
be desirable, and is currently being investigated.
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Appendix

Proof of Lemma 1. The expression on the left hand side of (B) is

NS Wi <y — Y Lo <ry — B W <y | 7]+ B Wi ey <)}
i€eUn

Let

H={(z,y) = v T{a@r — ¥ Tim@yry — B W L@y ) E W Ty - d€DY,

where D is as in Assumption 4.
In a first step we show that the class H is Donsker. From Theorem 2.5.6 in
van_der Vaarf_and Wellner (I996), it suffices to show that

/ s NGO - 2) ) < oo, (A1)
0
From Assumption 4 we know that the class

F={(x,y) = ¢ Ijgw)<ry : d € D}

satisfies (BA) with H replaced by F, and hence the same holds for H itself, since
the three other terms in 4 do not change its bracketing number.
Let

M@, y) =y (Ina<r) — Im@<r)) = B [ (@< — Tm@r<n))| 1]

where (x,y) is independent of the fit, m(-). Then

Var (fz(a:,y) | m) = Var ( y' (I{ﬁz(zc)ﬁ’r} = Ln(a)<ry

)
<E _(y’Z (Tpm(@)<ry — l{m(m)g}))2 i
=B [y (Iinia)<r) — Limwr<n))’| )

[ 2
=E B[y (Iinw<r) — Ipm@<n)

~ 2
=B |Ely* |, 2] (In(e)<ry — Lm(@)<r)

m

=B [EW* | o] (Linwy<r) — Ipmw=<n)’| )
< K {Pr(m(x) < 1,m(x) > 7| m)
FP(() > 7m(e) < 7| )}, (A2)

where K7 is given in Assumption 5. Let € > 0 be given. By Assumption 1,
F(u) = Pr(m(x) < u) is uniformly continuous, so there exists 6 > 0 such that
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|ur — ug| < 9 implies |F(u1) — F(ug2)| < e. We show that Pr(m(z) < 7,m(x) >
7 | m) = op(1). Consider

Pr (Pr(m(x) < rm(z) > 7| m) > e)
<Pr (Pr(m(a;) < om(@) > 7 | 1) > € sup (@) —m(@)| < 5)
+Pr (sgp | (x) — m(x)| > 5)
<Pr (Pr(m(w) —d<t,m(x)>71|m)> 6) +o0(1)
=Pr (Pr(m(a:) —d<T1,m(x)>T1)> ) +0(1)
= I{F(r+6)-F(r)>ep T 0(1) = o(1), (A.3)
by choice of §, where the second inequality follows from Assumption 3. Similarly,
Pr(m(zx) > 7,m(x) < 7| m) = op(1). (A.4)
For fixed n > 0, A > 0 consider
Pr (NY2|Ary(1i) = By Ipa,y <oy | 1] = Are(m) + are(m)] > )
=Pr (N‘lﬂ‘ Z h(zi, yi)| > /\)

€Uy
<Pr (Nfl/z‘ Z h(zi,y;)| > X\, Var (h(x,y) | ) < n,m € D)
i€eUn
+ Pr (N_l/z‘ Z iL(:L'Z,yl)
ieUn

SPr( sup 1/2‘ > hiwi, i) )
heH,Var (h i€UN

> X, Var (h(z, y) | 1) > 0,1 € D) +Pr(in ¢ D)

+ Pr(Var (h(:c,y) | m) >n)+ Pr(m ¢ D)
= le + d2N + d3N-

As N — o0, diy = 0o(1) as n | 0 by Corollary 2.3.12 in kan der Vaarf and Wellnex
(996) and the fact that H is Donsker. Also, doy = o(1) by the arguments in

(A2)—(A=2), and d3y = o(1) by Assumption 4. This establishes (B), and similar
arguments verify (82).

Proof of Theorem 1. Note that Anpe(M) = A; (M) — A;,_,¢(M) and
Apne(M) = Apr (M) — Ayr,_o(M), for M = {m,m}. Let

ane(m) = ane(m) — or_o(m) = B[y T, | <om(an<m)]-
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Then, applying Lemma 1 to two consecutive boundary values, 7,1 and 75, we
have that the differences of the expressions are

Anpe() — E [yff{m_gm(mi)gm} | ] — Anne(m) + ape(m) = Op(N_l/z), (A.5)
Apne() = By, citwn<my | 1] — Anpe(m) + ape(m) = o,(n"/2). (A.6)

Given (A) and (AE), the remainder of the proof is very similar to the
corresponding proof in Breidt and Opsomer (2008). We mention highlights of
that proof (in the NEPSE context) and omit much of the detail. Begin by
taking ap, = Anpo(m) — Anpo(m) and by, = Anp1(m) — Appi(m). Calculation of
appropriate covariances shows that a;, = O, (n_1/2) and b, = O, (n_1/2). By
arguments similar to those in (A=),

2
E |:{E [yfI{Th_1<ﬁl($i)STh} | m] - Odhg(m)} :|

<E [Kl{ Pr(mh_y < (x;) < 1, m(zs) > 7 | 1)
—i—Pr(Th,l < m(w,) < Th,m(wi) < T1h_1 ‘ Th)

+ Pr(my(

(m(

acl) > Th, Th—1 < m(mz) <7 | m)

+Pr(m(x;) < th_1, Tho1 < m(x;) < 7 | m)H (A7)

We want to show that (A7) converges to 0 as n — oco. For a given € > 0,
Pr <Pr(7h,1 < ina:) < mhym(z) > 7 | 10) > e)
<Pr (Pr(m(mi) < mym(@) > T | 10) > e) = o(1),

by (A=3). Similar reasoning shows that each of the terms inside the expectation in
(A7) is op(1). By uniform integrability, (A7) is o(1). Thus, E [yfI{Th71<m(wi)§Th}
| 7] converges to apg(m) in mean square, and hence in probability.

Next,

Anne(m) — ape(m) = O, (N—1/2> and Appe(m) — apg(m) = O, (n—l/Q)

by the Central Limit Theorem. Further, A,;(m) and Aypi(m) are Op(1) by the
Weak Law of Large Numbers.
Since apo(m) > 0 by Assumption 1, we have

1 1
= + op(1). A8
Anho(m) ano (m) P( ) ( )
We substitute (A=3), (A6), and (A=R), and apply the established order results to
show that the NEPSE error,

H
o Anno (1) Appi () — Anno (1) Anpa ()
My(m) YN = ; { AnhO(m) } )
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can be rewritten as
fu, (1) — G (A.9)

— {m (Anno(m)—Appo(m)) — (Anp1(m)— Appr(m)) } +o, <n71/2> 7

showing the asymptotic distribution is the same as that obtained when m(-) is
known.

To derive the asymptotic distribution, we apply the Central Limit Theorem
to (A09) and refer to previously mentioned covariance computations. The limiting
distribution of the NEPSE error is normal with mean zero and the variance is
approximated by

Var (jy (1) = )
1 n e a2 (m) 1 n u o
n (1‘N)hz+n(1—N> 2 cnlm) | o+ Var (5= — )
1

A 062 m
L -2y o (g2 4 var ()

n N apo(m)

12

By definition of expectation given an event,

ap(m)

apo(m) =E [y | Th—1 < m(x;) < 1)

and
H
E(y2)= ano(m) {Var (yi | Th—1 <m(a:) <7)+[E (yi | h-1 < m(z;) <))},
h=1

from which the variance given in Theorem 1 follows.
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