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Supplementary Material

This supplementary material gives the detailed proofs of the theorems in the paper:
The Lasso under Poisson-like Heteroscedasticity.

0.1 Proofs

The Lasso problem is defined as

1
ﬂ(/\):argmﬁin%IIY—XﬂH%+>\||5||1, (1)

where for some vector 2 € R¥, ||z, = (325, |2]")/.

0.1.1 Proof of Theorem 1

To prove the theorem, we need the next Lemma which gives necessary and sufficient con-
ditions for the Lasso’s sign consistency. They are important to the asymptotic analysis.
Wainwright (2009) gives this condition which follows from KKT conditions.

Lemma 1. For linear model Y = X[B* + ¢, assume that the matriz X (S)" X(S) is
invertible. Then for any gwen A > 0 and any noise term € € R", there exists a Lasso
estimate B(\) which satisfies B(N\) =5 B*, if and only if the following two conditions hold

\X(SC)TMS)(X(S)TX(S»* LX)~ dsign(°(8)] - LX(5Y <A (2

sign (5*(5) +(Ex ) x(s) [1X<S>Te - Asz’gnms»]) _ sign(8*(5)), (3)

n n
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where the vector inequality and equality are taken elementwise. Moreover, if (2) holds
strictly, then

p=(8",0)
is the unique optimal solution to the Lasso problem (1), where
4(1) _ g 1 T 1|1 T .
B = () + (CX(S)TX(S) ™| X(8) e = Asign(s") | Q)

As in Wainwright (2009), we state sufficient conditions for (2) and (3). Define
- .
b = sign(57(5)),

and denote by e; the vector with 1 in the ith position and zeroes elsewhere. Define

U= el (XS X(S) ™ | 1X(8)"e 2T

v = X7 {X(X(STX ()TN ~ X)X (S)TX ()X (S)" - 1] £}

By rearranging terms, it is easy to see that (2) holds strictly if and only if

M) = {maeIvil < 2} )

holds. If we define M(8*) = minjeg |B;] (recall that S = {j : B; # 0} is the sparsity
index), then the event

M) = {maxlti] < 2157} (6)

is sufficient to guarantee that condition (3) holds. Finally, a proof of Theorem 1.

Proof. This proof is divided into two parts. First we analysis the asymptotic probability
of event M(V), and then we analysis the event of M(U).

Analysis of M(V) : Note from (5) that M(V') holds if and only if w <1
Each random variable V; is Gaussian with mean

1y = AXTX(S)(X($)TX(8) 1.

Define V; = X7 [I - X(S)(X(S)TX(S))*X(S)T} < then Vj = y1; +V;. Using the
Irrepresentable condition (defined in Equation (5) in the paper), we have |u;| < (1 —n)A
for all j € S¢, from which we obtain that

Vil

maX;ege i

1.
\ <

1 ~
3 ax |V <7 =
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By the Gaussian comparison result (17) stated in Lemma 5, we have

/\2772
2 maX;ege E(f/ﬁ)

1 -
P L max [Vj] = n} < 2(p — g) exp{~

}.
Since )
72 T
E(V7) = ﬁXj H[VAR(e)|HX;
where H = I — X(S)(X(S)" X(8))"*X(5)" which has maximum eigenvalue equal to 1,

and VAR(e) is the variance-covariance matrix of €, which is a diagonal matrix with the
ith diagonal element equal to o2 x |27 5*|.

Since |z7 8*| < /||z:(S)|12]|8*||2 < max; ||z;(S)]|2]|3*|]2, an operator bound yields

~ 0'2 * 0'2 *
BE(VP) < —3 max||zi(5)|2[|8 l2[1X5113 = —- max||zi(S) 2] 87]l2-

Therefore
1 - nA\?n? }
P | —max|V;| > < 2(p—q)expl — .
Bz < 20 dee g G
So we have
1 1 -
Plimax|V;] <1| > 1-P|<-max|V;[>n
A A
)\2 2
> 12(pq)eXp{ el }

202(|3* (|2 max; i (S) |2

Analysis of M(U) :

1

max U] < /(X (8)7X(8) ™ LX) elloo + A (- X(5)TX(5) 7 Bl

Define Z; := eiT(%X(S)TX(S))_I%X(S)Te. Each Z; is a normal Gaussian with mean 0
and variance

var(Z) = CX(8)TX(8)7X(8)TIVAR()] X (8)( X ()T X(8)) e
< OlIBll2 max; i (S)]l2
- nChin
So, for any ¢ > 0, by (17)
t2nCiuin

P(max|Z;] > t) < 2qexp{— 1,
1€

202(| 8*[|2 max; ||z (S)][2
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by taking t = \/éL’ we have
An nAZn?
P(max |Z;| > < 2qexp{— .
btz ) 2025 s mas Ts(S)

-1
Recall the definition of ¥(X, 8*,\) = [7] (Cnin) ™% + H (%X(S)TX(S)) ?H } , we

have

. nA\n?

By condition M (8*) > ¥ (X, 5*, A), we have

2,2
Plangx U] < M(5%) > 1~ 24050 { rA b

2028 ]|2 max; [|z:(S)||2

At last, we have

PMWV)& M(U)] >1-2 - s
= PEPA 7202155 max; [[2:(S)]J2

0.1.2 Proof of Corollary 1

Proof. Recall the definition of I'(X, 8*, 02):

2
. n° uSNR
L(X,p",0%) = —1/2 —1 2 ’
8max; [|2:(5)[|2(n Crin ™ + VACin)? log(p + 1)

where uSNR = M) So

2Bl ~ 7

nip? _AD(X, 7,02 () Col? + /3 O log(p + 1)
2023+, max; ||[2:(5)[2 (M (B2

By taking

M(5*)

A= :
2 (71 Cl;lln/ * Va Cr;iln)

we have

V) = Ao G (AT x0) T

i

IN

A0 Conl® + vacsh]
M(5")

2
< M),
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and

n)‘2772
202(|B* [z max; [[z:(S)[l2
So, the probability bound in Theorem 1 greater than
1- QQXP {_ (F(X7ﬁ*70'2) - 1) 10g(p+ 1)} s

which goes to one when I'(X, 8%, 02, a) — oc.

(X, %, 0%) log(p + 1).

0.1.3 Proof of Theorem 2

14¢ with ¢ > 0, then V; = A(1+¢) +V;, where V; = —[X(S) (X(S)TX(S)) X(S

I]£ is a Gaussian random variable with mean 0, so P(V; >0)=1. So, P(V; >\
which implies that for any A\, Condition (2) (a necessary condltlon) is violated wi
probability greater than 1/2.

Proof. First prove (b). Without loss of generality, assume for some j € 5¢, X TX(s (
)" -
1
Z 3
it

For claim (a). Condition (3),

sign <B*(S) +(txs) x(s) [1X<S>Te - Asign(ﬁ*(S))D — sign(5(5))

n

is also a necessary condition for sign consistency. Since %X(S)TX(S) = Iyxq, (3) be-
comes

sign <B*(S) + [1

n

X(8)%e - Asign(ﬁ*(S))D — sign(8*(5)),
which implies that
sign (6*(3) + :LX(S)Te) — sign(8*(S)). (7)

Without loss of generality, assume for some j € S, 37 > 0. Then (7) implies Bi+Z; >0,

where Z; = e 1x (S) e is a Gaussian random variable with mean 0, and variance

J

o*el [ X(8)" diag(| X5 X(5)] e;

n2

var(Z;) = eT%X(S)TVAR(e)%X(S)ej

S5
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where the last equality uses the definition of c%y ; in Theorem 2. To summarize,

PB(N) =, "] < PIB; +Z; > 0]

= PlZ; > -5l
= P[Z; < Bj]
= 1- h v ———}dz

6* A /2771)@7' 2’UCL’I” Z])
= 1- / p{—*}dx
Bs/\/var(Z;) V 27T

x

1
- ( +
‘/2”/5§/\/m 1+z  (1+x)?2

B
— exp " 2var(Zy)

oy B
27T(1 T \/var(Zj))

2
exp {— C’é’j }
= 1 —

\/%(1 + Cn’j) .

IN

Jexp{— 5 }do

0.1.4 Proof of Theorem 3

To prove Theorem 3, we need some preliminary results.

Lemma 2. Conditioned on X(S) and €, the random vector V is Gaussian. Its mean
vector 1s upper bound as
| E[V]e, X(S)] [< A(L =n) 1. (8)

Moreover, its conditional covariance takes the form
CO’U[V|6, X(S)] = an2\1 = Mn[zzg — 221<211)_1212]7 (9)

where

M, = X2 BT(X(S)TX(S) 1T + %J[I ~X(S)(X(S)TX(S) X () e, (10)

Lemma 3. Let M = A2 5 7(X(S)"X(8) 18 and Mz = LT [T—X(S)(X(S)7 X (S) X () e,
then M, = My + Ms. We have when n is big enough

2 2

P[ A4y < 22 } > 1 — exp{—0.01n}, (11)
2nCmdx nCmm
2. /A *
Pl > 30’ Omax”/B ||2] S l (12)
n n
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Lemma 4.

P Inax [2:(S)]|2 > 2Cmax max (16¢,4logn) | < (13)

S

Proofs of these lemmas can be found in Appendix 0.1.7. Now, we prove Theorem 3.
Analysis of M (V): Define the event T' = {M,, > v*}, where
* 2)\%q i 307y C’maXHB*HZ

n

v = =
nC&ﬂn

By Lemma 3, we have P[T] < exp{—0.01n} + 1, when n is big enough.

Let pj = E[Vj|e, X(S)], Z; = V; — pj, and Z = (Zj) ese, then E[Z|X(S),e] =0
and cov(Z|X(S),¢€) = cov(V|X(S),€) = My Xq;.

Vil = L 7.
max V| max |j1; + 7]

. 7.
max(lu;| + 2]

IA

1—n)A Zl.
(1 = mA + max|Z;|
From this inequality, we have
Z; i .
{gréaé)g\ il <nA} C @g%ggl%l <A}
Define Z to be a zero-mean Gaussian with covariance v*Xg)q. Since
Plusslz) 2 7] < 3 PlZ) >0 T
jES*®
—_ P [ 7. }
(p Q)?gg 1Z;] > nA
UQAZ
2v*émax

IN

b

< 2(p—q)exp{—
we have

Pmax|V;| > A] < P |max|Z;| > \| Tc} + P[T]
jeSe JES®

UQAQ

1
———} +exp{—0.0In} + —,
2 G+ PO

< 2(p—q)exp{—

when n is big enough. This says that

n2A2 1
PM(V)] >1-2(p—q)exp{———=—} — exp{—0.01n} — —.

Analysis of M(U): Now we analyze max;ecg |Uj|.

1

max U] < | (X ()" X(5) L x(5)7e v

_ A H(:LX(S)TX(S))_l b

. .
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Define A;() to be the ith largest eigenvalue of a matrix. Since

— T -1y )\\/a
(-X(8)"X(8))""b Hoo = Amin(2X(8)7X(S))’

by Equation (20) in Corollary 1, we have when n is big enough

(1X(S)TX(S))1?H < 2%@} > 1 — 2exp(—0.01n).

n

P

min

Let

K3

1 1
Wi = el (- X(5)"X(8) 7'~ X(8)"e,
then conditioned on X (5), W; is a Gaussian random variable with mean 0, and variance

var(Wi|X(S)) = e?(%X(S)TX(S))*1

02| 8*[|2 max; [|z:(S) |2

|
nAmin(2X(8)"X(S))

n

1

X(9)"IVAR())- X (8)(- X(5)T X (5)) e

oS

Using (20)

1 1
PlA(=XTX) > 3 min} > 1 — 2exp(—0.01n),
n

and Lemma 4, we have

028" lo max; ||z (S)ll2 _ 202||ﬂ*\\2\/2émaf max (16¢,4logn)
nAmin(2X(5)"X(5)) ~ 1Cimin

with probability no less than 1 — 2exp{—0.01n} — <.

Define event

7 _ ) Pl 2 maxi [ai(S)ll> 202||ﬂ*\|2\/2C’maxmax(16q,4logn)
nAmin (2 X (9)TX(S)) ~ nCrnin ’

n

then P(7T) > 1— 2exp{—0.01n} — 1. From the proof of Lemma 5, for any ¢ > 0,

P(IWi| > 1] X(S)) < 2exp (‘zwr(wti | X(S))) '

The above is also true if we replace var(W; | X(S) with any upper bound. So we have

t2

2 202]18* |2 \/2(7,“%,( max (16¢,4 log n)
NnChin

P(IWil > 1] X(5),T) < 2expq —
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So

P(Wil>t) < P(Wi| >t |T)+ P(T")

t2

1
< 2exp{ — + 2exp{—0.01n} + e

2 202|3* Hz\/?éma_x max (16q,4 logn)

NnChmin

By takeing t = A(TL, ﬂ*7 0.2) = \/4U2||B*|2 10%”\/2(;max max(16q74logn)7 we have

NnChmin

2
P |max |W;| > A(n,ﬁ*,aQ)} < 2, 2qexp{—0.01n} + 4
€S n n

3
= ;q + 2qexp{—0.01n}.

Summarize,

2
P |max|U;| > A(n, B*,02) + ~\/(j

min

3
< ;‘1 + 2gexp{—0.01n} + 2exp{—0.01n}

At last, if M(B*) > \il(n,ﬁ*7 A, 0?), we have when n is big enough

242

PIM(V) & MU) <1-2(p—q) exp{—#} — (2¢ + 3) exp{—0.01n} —

0.1.5 Proofs of Corollary 3

Proof. By taking A = [M(ﬁ*)_Ai%*’az)}émi“, we have

\I'(n,ﬁ*,)\,oz) = A(n,ﬁ*,aQ)—k2~>\\./a
M(B*) + A(n, 5*,0?)
2

< M(B),

where the last inequality uses the assumption that M(5*) > A(n, 8%, 0?).

1+ 3¢
—

S9
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A2 A2
V*(n, B*, X, 0?) 222 302/ Cunax 182
nCmin n
1
29y 302Gl
nCmin nA?
1
?q 4802%qy/ émaxuﬁ*lb~
nCmin n[M(B*)—A(n,5*,02)]2CL;,

By the definition of f‘(n, B*,0?), we have that

= 9 , 0 ),
2[/ (’n,ﬂ ,)\70 )Cmax

so the probability bound in Theorem 3 now becomes,
A2

2V*(n, B*, X, 02)Criax

=1-—2exp {— log(p — ¢+ 1)I'(n, 5%, 02) + log(p — q)} — (2¢ + 3) exp{—0.01n}

1+3¢
n

>1—2exp {~log(p — g+ DIF(n, 5%, 0%) — 1]} — (2q + 3) exp{—en} -

143
1—2exp {— + log(p — q)} — (2¢ + 3) exp{—0.01n} — _; a

1+ 3¢q

If Condition (14) stated in Corollary 3 holds, then f‘(n, B*,02, a) — oo which guarantees

P[B(\) =s %] = L. O

0.1.6 Proof of Theorem 4

Proof. Without loss of generality, assume
6?221(211)7181.971(5*(5)) =1 + C,

for some j € S¢ and ¢ > 0. Since E[V|X(9),€] = Aa1(Z11) tsign(8*(S)), V; condi-
tioned on X (S) and € is a Gaussian random variable with mean A(14-(). So P[V; > A(1+
¢)|X(S),€] = %, which implies P[V; > A X(S),€] > 5. Then we have P(V; > \) > 3.
So for any A,

P[B(A) = B7] < Plmax Vi < A <

DN | =
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0.1.7 Proofs of Lemma 2 — Lemma 4

Proof of Lemma 2

Proof. Conditioned on X (S) and ¢, the only random component in V; is the column
in the column vector X;, j € S°. We know that (X (5°)|X(5),e) ~ (X(59)|X(9)) is
Gaussian with mean and covariance

E[X(S)TIX(S),e] = Ea(Sn) ' X(S)7, (14)
var(X(S9)[X(S) = o = Ta0 — X1 (Z11) 'Tia. (15)
Consequently, we have,
[E[VIX(S), €|
= [Pa@)X©)T {XSEE)TX(E) AT

— [x(s)x(8) X)X ()" - 1] <}

n

_>
1201(Z11) A b

A

where the last inequality uses Irreprsentable Condition (defined in Equation (13) in the
paper).

Now, we compute the elements of the conditional covariance
cov(V;, Vile, X(9)).
. T T T -1 T €

Let @ = X(S)(X(S)" X(S))~'Ab — | X(S)(X(S) X(8))"'X(S)” —1I)| <, then
V; = X]TO_Z. So we have

cov(V;, Vile, X(9)) = @’TCOU(Xf,Xg|€,X(S))@ = [var(X(59)|X(9))]; ata.
Consequently,

cov(V]e, X(9)) = @’ var(X(S%)|X(S)) = a"a@%q; = @ @[Sz — 821(X11) ' S1a].

By careful calculation, we have aTd = M,,. O
Proof of Lemma 3

Proof. Recall that M; = A2 5 T(X(S)7X(5))~1 5. So,
2 2
o <M < A E
Amax(X<S) X(‘S)) Amm(X(S) X(S)>
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From (20) we have, when n is big enough

2 2
)\~ q <M, < 2)\“q
QTLCmaX nCmm

} >1—2exp(—0.01n).

Define ¢ = E[|Z|], where Z ~ N(0, 1), then for any random variable R ~ N(0,0?),
E[|R|] = op. Since 2T 8* ~ N(0, 8*(5)"£118%(S)), we have

Ella] 8*]) = \/ﬁ ) E1184(9)e.

We know that M, < 26 €. Since Ele?] = E[E[2|X(9)]] = E[o?|zI'B*|| =0 \/ﬁ 211,8*(5)9,
and Elej] = E[E [€?|X( )] = 3E[o*|2] B|] = 305*(S) " £118*(S), we have
P [Zi g oot \/3—92)\/5*(5)T2116*(S)]
n? - n

= P

- n02g\/5*( 2115 ) > no \/ﬁ\/ﬂ* 2115* )]

nvar(e?)
n204(3 — 02)8*(S) " =118%(S)
3018*(S) £118*(S) — o84 (S) £118*(9) 0
not(3 — 02)B*(S)" £118*(9)

IN

1
n

So

o
P | My >

<

2(0+v/3= )/ B*(S) 11 B*(5)

s |-

While /BT%118*(S) < VCmaxllBll2 and 0 = E(1Z]) < VE(Z]?) = 1, where Z is a

standard normal random variable, so

o2(0+ /3= )/ B°(S) 0 87(S @nﬁ I
n

Then we have

2 ~ *
P[M, > 30V Cmax||8 ”2 ] < l
n n

Proof of Lemma 4
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Proof. By lemma 6, we have for any ¢t > g,

P e 15591 2] < newi-t 1 -2,/%))

7

R

Take t = max (16¢, 4logn), we have

exp(—t [1—-2y/%]) < exp(—t [1 -2 %})
— exp(-4)
< L
So .
1
P | max [|Z22:(S)|3 22max(16q,4logn)} < —.
i=1,...n n
1
Since [|3y,*%i ()3 > z—]l2:(S)[|3, we have
- 1
P {n%ax l2:(S) |12 > 2Cmax max(16q,4logn)] < —. (16)
i=1,...n n
O
0.2 Some Gaussian Comparison Results
Lemma 5. For any mean zero Gaussian random vector (Xi,...,X,), and t > 0, we
have
£2
>4 < -
Pl X012 1) < 2nespl 5 ) (17)
Proof. Note that the moment generating function of X; is
E(X?)t?
E(e'™) = exp{i( 21) }.
So for any ¢t > 0,
E(etX E(X?)t?
P(X; > z) = P(e!™ > e!®) < (em ) = exp{i( 21) — xt},
e
by taking t = #Xf)’ we have
22
P(X;>z) < eXP{—W}-
So
2 2
P(|X;| >t)=2P(X; >t) <2 — <2 ——1
(1Xil 2 1) = 2P(X, 2 1) < 2expl 5} < 200p{ 5o
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So

t2
> < - .
P(lrgiaéxn | X;| > t) < 2nexp{ QmaxiE(X-Q)}

7

0.3 Large deviation for \? distribution

Lemma 6. Let Z1,...,Z, be i.i.d. x>-variates with q degrees of freedom. Then for all
t > q, we have
P [_rrllax Z; > 2t} < nexp(—t [1 — 2\/—] ). (18)

The proof of this lemma can be found in Obozinski et al. (2008).

R

0.4 Some useful random matrix results

In this appendix, we use some known concentration inequalities for the extreme eigenval-
ues of Gaussian random matrices (Davidson and Szarek, 2001) to bound the eigenvalues
of a Gaussian random matrix. Although these results hold more generally, our interest
here is on scalings (n, ¢) such that ¢/n — 0.

Lemma 7 (Davidson and Szarek (2001)). Let I' € R™*? be a random matriz whose
entries are i.4.d. from N(0,1/n), ¢ < n. Let the singular values of T be s1(T') > ... >
sq(I"). Then for any t > 0,

max {P [sl(F) >1+ \/g+ t} , P [sq(r) <1-— \/g— t} } < exp{—nt?/2}.

Using Lemma 7, we now have some useful results.

Lemma 8. Let U € R"*Y be a random matrixz with elements from the standard normal
distribution (i.e., U;; ~ N(0,1), i.i.d.) Assume that g/n — 0. Let the eigenvalues of
LUTU be Ay(LUTU) > ... = A(LUTU). Then when n is big enough,

P B < Ai(lUTU) < 2} >1—2exp(—0.01n). (19)
n

Proof. Let I' = ﬁU, then A;(2UTU) = s3(I'). By Lemma 7,

P [sq(r) <1-— \/g — t} < exp{—nt?/2},
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by taking t =ty =1 — g — 0.1, we have

s4(T) < g +0.1- \/z] < exp{—nt?/2}.

Since ¢/n — 0 by assumption, we have when n is big enough, ¢/n < 0.1, then

P

P

sq(T) < \f] < exp{—nt?/2},

which implies that, for any i = 1,...,q,
Lo 1 2
P Ai(E(U U)) < 3 < exp{—ntg/2}.

Followed the same procedures,
Lo 2
P Ai(ﬁ(U U)) > 2| < exp{—nti/2},

for t; = /2 — 1.1. Then inequality (19) holds immediately. O

Corollary 1. Let X € R"*? be a random matriz, of which, the rows are i.i.d. from the
normal distribution with mean 0 and covariance ¥. Assume that Cipin < Ai(X) < Chax
and g/n — 0, then there exist a constant ¢, when n is big enough,

P B(Z*mm < Ai(leX) < 2C*max] >1—2exp(—0.01n). (20)
n

Proof. Let « denote the ith row of X. Let u} = /¥~ 2, then var(u;) = I;x, and matrix
U with ith row u] satisfies the condition in Lemma 8. Then

1 1
P [2 <MN(-UTU) < 2} > 1 —2exp(—0.01n).
n

Since . ' 1
émin/\l(;UTU) <A(-XTX) < C*maqu(gUTU),

result (20) is obtained immediately. .
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