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Abstract: Owing to the fact that general semiparametric inference procedures are
still underdeveloped for multivariate interval-censored event time data, we pro-
pose semiparametric maximum likelihood estimation for the gamma-frailty Cox
model under mixed-case interval censoring. We establish the consistency of the
semiparametric maximum likelihood estimator (SPMLE) for the model parame-
ters, including the regression coefficients and the cumulative hazard functions in
the Cox model, and the variance of the gamma frailty. The SPMLEs of the cumu-
lative hazard functions are shown to have a n'/3-rate of convergence, while those of

1/2

the regression coefficients and the frailty variance have a n"/“-rate of convergence;

here n denotes the number of study units. The asymptotic normality of the regres-
sion coefficients and the frailty variance is also established, with the asymptotic
variance given by the inverse of the efficient Fisher information matrix. A profile-
likelihood approach is proposed for estimating the asymptotic variance. Based on
the self-consistency equations and the contraction principle, we propose a stable
and efficient computation algorithm. Simulation results reveal that the large sam-
ple theories work quite well in finite samples. We analyze a dataset from an AIDS
clinical trial by the proposed methods to assess the effects of the baseline CD4 cell
counts on the times to CMV shedding in blood and urine.

Key words and phrases: Correlated data, interval censoring, proportional hazards,
self-consistency.

1. Introduction

Data on survival or event time are often subject to censoring due to limi-
tations in the observational process. For example, right censoring occurs when
time to the event is beyond the end of observation, while interval censoring oc-
curs when the observation is only made at several examination times, and hence
one can only know that the event time lies in some interval bracketed by two
examination times. The incomplete nature of censored event time data compli-
cates the subsequent statistical analysis, including event time regression analysis
where the covariate effects on the event time are to be assessed. In particular,
interval-censored data generally create more difficulties than right-censored data


http://dx.doi.org/10.5705/ss.2011.151

384 CHI-CHUNG WEN AND YI-HAU CHEN

in both theory and computation. For instance, for the Cox model under the
“case k” interval censoring where there are k examination times per subject, it
has been shown that the maximum likelihood estimator of the regression param-
eter is asymptotically normal and efficient, but that of the baseline cumulative
1/3_rate of convergence (Huang and Wellnet (1997)),
-rate achieved with right-censored data (Andersen and (ill

hazard function has only a n
slower than the n!/2
(I987)). Also, in contrast to convenient computation via the partial likelihood
(Cox (T972)) under right censoring, the computation of the maximum likelihood
estimator for the Cox model with interval censoring may involve a high dimen-
sional Newton-Raphson iteration (Finkelstein (I986)). The monograph by Sun
(2006) provides a comprehensive review of the problems on event time analysis
with interval-censored data.

The results mentioned above pertain to univariate interval-censored data.
The challenges from interval censoring become even more prominent when mul-
tivariate event time data are considered, because correlations among multiple
event times cause a further complication. Some marginal regression approaches
based on working independence have been proposed for the Cox model (Gog]
gins and Finkelstein (2000), Kim and Xud (2002)), the proportional odds model
(Chen, Tong, and Sun (2007)), and the additive hazards model ([Long, Chen, and
Surl (2008)). It is expected that such methods lose information since correlations
among event times are not accounted for. The full-likelihood approaches based
on the frailty Cox model have also been developed, but only for the specific
“case 1”7 interval censoring where there is only one examination time for each
event per subject (Chen, Tong, and Suy (2009), Wen and Chen (2011)), or for
restricted maximum likelihood estimation (Xiang, Ma, and Yau (2011)). A semi-
parametric maximum likelihood approach under general “mixed-case” interval
censoring, where the number of examination times for each event per subject can
vary randomly, is still lacking for the analysis of multivariate interval-censored
data.

In this work we consider semiparametric maximum likelihood estimation for
the gamma-frailty Cox model with bivariate mixed-case interval-censored event
time data. Our motivation comes from a dataset from the ACTG 181 clinical trial
on HIV-infected patients (Goggins and Finkelstein (2000), Sun (2006)), where the
effects of baseline CD4 cell counts on the times to shedding of cytomegalovirus
(CMV) in the urine and blood are of interest, and data on CMV shedding times
are subject to interval censoring since they are determined only at intermittent
clinic visits. We formally establish the consistency of the semiparametric max-
imum likelihood estimator (SPMLE) for the model parameters, including the
regression coefficients and the cumulative hazard functions in the Cox model,
and the variance parameter for the gamma frailty. In particular, the SPMLEs of
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the cumulative hazard functions are shown to have a n'/3-rate of convergence,
while the SPMLEs of the regression coefficients and the frailty variance param-
eter have a n'/2-rate of convergence; hereinafter n denotes the number of study
units. The asymptotic normality of the finite-dimensional parameters, includ-
ing the regression coefficients and the frailty variance, is also established, with
the asymptotic variance given by the inverse of the efficient Fisher information
matrix. A profile-likelihood approach is proposed for estimating the asymptotic
variance. Based on a set of self-consistency equations and the contraction princi-
ple, we propose a stable and efficient computation algorithm for semiparametric
maximum likelihood estimation of the gamma-frailty Cox model under general
types of interval censoring, extending an earlier version of the algorithm proposed
by Wen_and Chen (2011) for the “case 1” interval-censored or “current status”
data. Simulation results reveal that the large sample theories developed for the
SPMLE work quite well in the finite sample setting. We assess the effects of the
baseline CD4 cell counts on the times to CMV shedding in blood and urine using
the proposed method.

2. The Data and Model

Let T and T» denote two possibly correlated failure times in one study unit
(e.g. subject or family), and Z; and Z the vectors of covariates that may affect T}
and T, respectively. To assess the effects of Z; on T} (j = 1,2), while accounting
for correlation between 77 and T3, the gamma-frailty Cox model proposed by
Vaupel, Manton, and Stallard (T979) may be utilized. Suppose 7 is a gamma
random variable with mean 1 and variance v > 0. We consider three types of
gamma frailty models that assume that, conditional on (n, Z1, Z3), 11 and T» are
independent with the marginal cumulative hazard function of T; (j = 1,2) given
by one of

nexp(B'Z;)A(t), (2.1)
nexp(8'Z;)A;(t), (2:2)
nexp(B;Z;)A;(t). (2.3)

In these models, 8 and the 3;’s denote vectors of unknown regression pa-
rameters, and A and the A;’s denote functions of unspecified baseline marginal
cumulative hazards. Hence the correlation between 77 and 15 is accounted for
by the shared but unobserved frailty 7, with a larger value of v corresponding
to a stronger correlation. Model (E71) assumes homogeneous baseline hazards as
well as covariate effects for 77 and T5; model (22) assumes homogeneous baseline
hazards but heterogeneous covariate effects; model (223) assumes heterogeneous
baseline hazards as well as covariate effects.
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In bivariate interval-censored data, T}, j = 1,2, is not observed exactly but
is known only to occur within some censoring interval (L;, R;] with L; < Rj.
To define how the pair (L;, R;) is generated for each j, we consider the ‘mixed-
case’ interval censoring as defined in Schick and Yil (2000). Let K; be a random

positive integer denoting the number of examination times for 7 in a study

unit, and U; = {Ul(gj)l 1l =1,...,K;,K; = 1,2,...} a triangular array of
At : : 6)) . (4) — 77()

random examination times with UK],’1 < < Uy K Then L; = Uy i-1 and

J J
o 77) . () () _ , . () —
Rj( )— UKj,l when T; € (UKj,l—l’UKj,l] forl=1,...,K;+ 1, with UKJ_70 =0 and
Ulgj,Kj-s-l = 0.

The following assumptions are imposed on the censoring mechanism. (i)
{K;,U;,j = 1,2} and {n,T},j = 1,2} are independent conditioned on {Z;,j =
1,2}. (ii) The conditional distribution of {K;,U;,j = 1,2} given {Z;,j = 1,2}
does not depend on parameters of interest. Also, assume that 7 is indepen-
dent of (Z1,Z2). Then, the likelihood under (E=3) for a single observation O =

{Lj,Rj,Zj,j = 1,2} is

L(0,A1,A2)(0) = Eﬂ{ ﬁ [exp(—neﬁ9ZjAj(Lj)) - exp(—neﬁészj(Rj))} }

j=1
= S(L1, Lo|Z1, Z2) — S(L1, Re|Z1, Z2)
—S(Ry, La|Z1, Z2) + S(R1, Ra2| Z1, Z2), (2.4)

where 0 = (81, 85,7)’, Ey is the expectation with respect to n, and
S(t1, 2] Z1, Zo) = (1 + 7170 Ay (1) + 7e®2 72 My (1)) 71

is the unconditional joint survival function of (77, 7%) under (233). The likelihood
under (22) can be obtained by setting $; = 2 in (E4) and that under model
(ED) can be obtained by further setting A; = As.

The identifiability of model (223), the most complicated model considered in
our setup, is established in Appendix A.2.

3. Semiparametric Maximum Likelihood Estimation

In this section we discuss semiparametric maximum likelihood estimation of
(0, A1, A2) under (223) with bivariate interval-censored data, where 6 = (31, 55, 7v)’.
Semiparametric maximum likelihood estimation under (EZ1) and (22) can be
analogously obtained with slight modifications. Let the observed data O, ..., 0O,
be nii.d. copies of O with O; = {L;;, Rj;, Z;,j = 1,2}. The likelihood function
of (0,A1,A2) based on {O;,i =1,...,n}is

L0, A1, A2) = [T £(6, 01, 42)(03). (3.1)

=1
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We now establish the existence of the semiparametric maximum likelihood es-
timator (SPMLE) that maximizes this likelihood. For every fixed 0, we first show
that there exist random elements [A\lg and Kgg in the space of right-continuous
non-decreasing functions that maximize £,,. Let Lj(n) = max; Lj; for j = 1,2.
From (B) it is clear that ZA\jg(Rj,k) = oo for those R; > Lj(,), and Kj@(Lj(n)) <
oo as L, would be 0 otherwise. By the fact that limy_,~ exp(—Cy) — 0 for pos-
itive constant C, we have that there exist positive constants M7 and Ms such
that, for each fixed 6,

max En(H,Al,A2)> sup En(e,Al,Ag).
Al(Ll(n))ngvAz(LQ(n))SM2 Al(L]_(n))>M1 or A2(L2(7L>)>M2

The existence of (Klg, KQ@) thus follows from the continuity of £,. Further, due
to the compactness of the parameter space O of 6, the maximizer, say 5, of the
continuous function 6 — En(G,JA\w,lA\Q(;) exists. Let Ay = JA\lg and Ay = K2§,
then (é\,Kl,KQ) maximizes L, (0, A1, Ag).

Since the likelihood function L, depends on the baseline cumulative haz-
ards (Ay, Ag) only through their values at the examination times {L;;, R; ;i =
1,...,n,j = 1,2}, it is easy to see that the SPMLE of the baseline cumulative
hazards is unique only within the class of all right-continuous non-decreasing step
functions with possible jumps only at {L;;, R;;;i = 1,...,n,j = 1,2}. Hence,
we need only restrict the search of SPMLE of A; and Ay within this class of
functions.

___Our theorems establish asymptotic properties for the proposed SPMLE Z:
(9, Al, AQ) of C = (9, Al, Ag)
Theorem 1 (Consistency and rate of convergence). Under conditions (C1)—(C6)
in Appendiz A.1, the SPMLE 6 s consistent; that is, A 0o and each JA\j(t) Lt

Ajo(t) for every t in (11,72). The rate of convergence of SPMLE is of order only
n=1/3 under the metric d* defined in (A=), d*(¢, o) = Op(n_1/3),

Theorem 2 (Asymptotic normality). Under conditions (C1)—(C6) in Appendiz
A1, /r(0—60) 4, N(0,I;Y). The asymptotic variance I is the inverse of the
efficient Fisher information matrix Iy, whose existence is examined in Appendix
A4

In theory, the variance estimation of 9 can be obtained by inverting the
observed information matrix. However we note that the information matrix
does not have a closed form, which makes this approach to variance estimation
difficult to implement. One approach is to numerically approximate the observed
information matrix by

~

Iij = _nilpr:Q [log Zn(§+ pnei + pnej) — log E’n(é\"i_ pnei)
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—log £, (0 + pnej) + log Zn(é\) , (3.2)

where Zn(ﬁ) = supy, A, £n(0, A1, A2), ie., Zn(é) = En(é,fh,f\g), e; is a d-
dimensional unit vector with the ith element equal to 1, and p, is a tuning

/2.

constant with an order of n~ This method of approximation was used by

Wen and Chen (2011), among others.

Remark 1. Although the overall convergence rate for (5, Kl,lAXg) is Op(n_l/ 3,
the convergence rate for f achieves the usual parametric rate Op(n_l/ ). This
extends the results of Huang and Wellner (T997) from the univariate Cox model
to the bivariate gamma-frailty Cox model under interval censoring.

4. Computation Algorithm

In this section, we first state the main idea underlying our computation
method for the SPMLE;, then describe in detail the algorithm. For simplicity, here
we only focus on the computation algorithm for the model (233). The algorithms
for (20) and (2Z22) can be obtained in a similar way.

For j = 1,2, let 0 = ¢jpo < ¢j1 < -++ < ¢jm; < Cjn;+1 = 00 denote the
distinct ordered values of the examination times {L;;, R;;;i = 1,...,n}. As
discussed in Section 3, to obtain the SPMLE we can simply consider A; a right-
continuous non-decreasing step function with possible jumps only at time points
{¢j1,- -+, ¢jn,}. Inthis case A; can be represented by A;(t) = Zl:wﬁ vj 1, where
vj = (vj1, ... ,vj,nj)’ is a vector of nonnegative parameters with v;; representing
the jump size of A; at ¢;;. Then in terms of the parameters (6,v,v2), the
logarithm of the likelihood £,, can be written as

0(8,v1,v2) = Z log{Arri — ALri — ARrL:i + ARR;i} (0,v1,v2),

=1
where
B/Z X B/Z X _1/7
Arr,i(0,v1,v2) = (1 + yet “{ U1,l} + veP2 2”{ vg,z}) ,
lic1 1 <L1; licog1<La;
B Z1.; Bl 7. —1/v
Apri(0,v1,v2) = (1 + e “{ Uu} + ye2 2”{ vz,z}) ,
lic1 <Ly licg 1 <Ra ;
B Z1 4 B 7 4 _1/7
ARr,i(0,v1,v2) = (1 + e “{ v1,z} + el 2”{ vz,z}) :
licy 1 <Ry licg 1 <La;
5/Z . B/Z ) _1/'\/
ARp,i(0,v1,v2) = (1 + et “{ U1,z} + ye2 2”{ 0271}) ,
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with V1,0 = V2,0 = 0, and Vini+1 = V2 ne4+1 = Q.
For 1 <k <nj,j = 1,2, the partial derivative of ¢ with respect to v; takes
the form

ol

87(97 U1, 1}2) - aj,k(ea 1, U2) - bj,/c(g) U1, ’UQ),
Vj.k
where a; (6, v1,v2) and b; (6, v1,v2) are positive functions given by

' Ziif Al 1
efi%ss {ARJZ,@ - ARHi}(Q: v1,02)

{ALL; — ALRi — ARrL: + ARRi}(0,v1,02)

ajr(0,v1,09) = Y
Z':Rj,izcj,k
"Ziig 4l 1
%5, {ALJEZ. - ALJIF%}(G,ULUQ)

{Arr: — ALri — ArLi + Arri}(0,v1,0v2)

bik(0,v1,v2) = Z
Z:LJ,ZZC],IC
A necessary condition for (é\, U1, U2) to be the maximizer is (8/82)]-7;6)6”(5, U1, 02) =
a;j i (0,01,02) — bj x(0,01,02) = 0, which leads to the “self-consistency” equations
. - ajx(0,71,72) + My .
Vjk = Vjk J ~—— k=1,...,n5 j=12, (4.1)
b;k(0,v1,02) + My
where My > 0 is a chosen constant whose rationale will be given later. Let
D= ({Dl,la N 7D17'ﬂ1 }I, {D271, NN ,D27n2 }I), where

(0 M,
a‘%k‘( 701,1}2)+ 0 k_17’n]7t]:1,2

Dip=D;p(0,v1,02) = v; , k=
ik = Djr(8,v1,02) i (8, oryva) + My

Then, we have (01,02) = D(0,01,), i.e., (01,02) is a fixed point of D(d,-,-),
which motivates the computational approach.

Since the parameter + is restricted to be positive, for stability in computation
we use the reparametrization v* = log~y. With a slight abuse of notation, we
denote by 6 the parameter set (81, 85,7*). Using the Newton-Raphson method
and the self-consistency equations in (E0), we propose the following procedure
to iteratively compute the SPMLE (8, [A\l(t), Kg(t))i

Step 1. Choose an initial value (9(1),1}%1),1151)) € R? x (0,00)™ x (0,00)"2,
Step 2. Update each current estimate (H(k),vgk),vék)) for k> 1.
Step 2.1. Update %) to 9+ by
gk+1) _ p(k) _ 6;91(9(’“), v%k),vék))ﬁe(e(k),vgk),vgk))y

where ¢y and fgg are the first and second derivatives of ¢ with
respect to 6, respectively.
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Step 2.2. Update (v}, v{?) to (0T, o{+1y by

(FD p{FDy = okt ) )y, (4.2)

Step 3. If the updated estimate (§*+1), v%kﬂ), Uék—’—l)) is close to (A, v%k), vék)),
then stop the procedure and let (6, Aq(t),As(t)) = (0(k)721;c1 s ”Yfz)a

Zl:cwgt vgfl)); otherwise, return to Step 2.

In the procedure, Step 2.1 is essentially the one-step Newton-Raphson
method for maximizing ¢(0,v1,vs) with v; and ve being fixed, and Step 2.2 is
based on (E21).

It is worth noting that the logarithm of the likelihood function £, is not
concave in A, hence the existing algorithms for nonparametric maximum likeli-
hood estimation with interval-censored data, such as the iterative convex mino-
rant (ICM) algorithm and its variants (Groeneboom and Wellnen (T997), Huang
(T996), Wellner and Zhan (T997)), cannot be applied to the problem we consider.

We now describe the rationale of the self-consistency equations (21) leading
to the proposed algorithm. From the facts that both a;; and b;; are positive
functions, and 94/0v; 1 = a;jr—bjr = 0, 626/81)]-,;62 = 0a; 1/ 0vj ) —0bj 1 /0vjr <0
at (67, V1, U2), we can choose a constant My > 0 large enough such that

8 ] Y o~ o 8bv i~ A~ o~
3Zj: (0,v1,02) — 37);:’; (0,v1,02)

b;x(0,01,72) + My

(0,v1,02)] = |1+ Uk

'6Dj”“ 0. €(0,1) (4.3)

avij

forall k =1,...,nj, j = 1,2. By the Mean Value Theorem and the continuity
of 0Dj}./0vj ), we know from (B=3) that there exists 0 < by < 1 such that
|Dj (0, u1,u2) — Dj7k(0,vll\v2)| < b0|uj7£c — vk for k=1,...,n5, j =1,2, and
(0,u1,u2),(0,v1,v9) near (0,v1,v2). If d{(u1,u2), (vi,ve)} = Z§:1 ZZJ:I [uj ) —
vix|, then d is a metric satisfying d{D(0,u1,uz), D(0,v1,v2)} < bod{(u1,us),
(v1,v2)} for all (0,u1,u2) and (6, v1,vs) near (é\, U1,U2). This implies that the
system of simultaneous equations (B=2) forms a locally contractive iteration, and
hence converges by the contraction principle (see, for example, Rudin (I973,
p-220).

Although a sufficiently large My may theoretically be needed in order to
satisfy the condition (B=3) for local convergence, a large My may adversely slow
down the convergence. To solve the dilemma, we may start with My = 0 for
convenience. If the algorithm has shown a trend towards convergence during
early iterations, then we fix My = 0 throughout; otherwise, we increase My to
a larger value in later iterations to ensure convergence. In all of our simulations
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and data analysis, we found that the convenience choice of My = 0 leads to con-
vergent results, and using a variety of values of My leads to the same convergent
solution. Therefore, the specification of My seems not to be a sensitive issue in
computation.

The self-consistency equations may have multiple solutions as the informa-
tion loss due to censoring and missing data (if any) becomes heavier (see Wellnex
and Zhan ([997) for the examples of this issue with doubly- and interval-censored
data). However, our simulation studies have shown that the proposed algorithm
is not sensitive to initial values for 6 and (vy,v3), various different choices of the
initial values usually lead to the same solution. Also, multiple initial values can
be used to check whether the algorithm is trapped in a local maximum or not.

Remark 2. Note that v, is kept at 0 if its initial value is 0. Hence, the proposed
algorithm always starts with non-zero initial values for the jump sizes (v, v2) to
avoid stopping prematurely at a zero point.

Remark 3. It is not necessary that all the intervals {L;;, R;;;i=1,...,n,j =
1,2} be given mass by the SPMLE. For example, in (222) or (223) , where sep-
arate cumulative hazards are specified for 17 and T5, the theory developed for
the univariate interval-censored data (e.g., Hudgend (2005)) can be applied to
know which intervals contain no mass for A;. For these intervals, the proposed
algorithm does result in a value of ¥j ; very close to 0 (< 107%) in our numerical
study under (22) or (23).

5. Simulation Studies

We report on the assessment of the numerical performances of the proposed
SPMLE and the adequacy of the normal approximation. All the computation
was done on an ordinary PC with MATLAB. We conducted 400 replications in
each setting of each simulation study.

In the first simulation study, two related survival times 77 and T were
simulated from the frailty Cox model (Z3) for each individual, where A;(t) =
0.8t%8, Ay(t) = 0.8t12, and 7 followed a gamma distribution with mean 1 and
variance 7g. For each T;, j = 1,2, K; = 2 examination time points UQ(JI) <
Unif(0,1.5), and the censoring interval (L;, R;] was just (0, U2(]1)] if T; < U2(?‘1)’
and was set to (UQ(Q,OO) it T; > Uz(jQ), otherwise, (L;, R;] = ( 2(]1), 2(]2)] The
covariates Zj, j = 1,2, were Bernoulli with a success probability of 0.5. The
number of subjects was n = 200 or 400. Various combinations of values for
(Bos70), with Sp = 0,0.5, or 1, and 9 = 0.4 or 1.2, were considered.

UQUZ) were generated as the order statistics of a random sample of size 2 from
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Table 1. Results for the first simulation study under model (272). SDp: the
average of standard error estimates; CP: the coverage probability of the 95%
confidence interval.

n = 200 n = 400

Yo [Bo Parameter Bias SD MSE SDp CP Bias SD MSE SDp CP
04 0 154 0.001 0.181 0.033 0.170 93.75 -0.011 0.122 0.015 0.118 94.50
ol 0.045 0.221 0.051 0.238 97.75 0.008 0.154 0.024 0.157 96.00

0.5 154 0.022 0.168 0.029 0.171 96.25 -0.003 0.124 0.016 0.117 92.25

¥ 0.039 0.202 0.042 0.220 98.25 0.012 0.142 0.020 0.145 96.25

1 B 0.049 0.195 0.041 0.192 96.25 0.016 0.132 0.018 0.129 94.00

~ 0.035 0.193 0.038 0.214 98.00 0.014 0.137 0.019 0.140 96.75

1.2 0 154 0.009 0.212 0.045 0.208 95.00 0.006 0.146 0.021 0.143 95.25
ol 0.130 0.407 0.183 0.408 96.00 0.044 0.288 0.085 0.268 94.50

0.5 B 0.038 0.213 0.047 0.211 94.50 0.021 0.144 0.021 0.144 95.00

y 0.137 0.386 0.168 0.385 95.50 0.052 0.265 0.073 0.252 94.00

1 154 0.083 0.239 0.064 0.234 96.00 0.043 0.153 0.025 0.157 96.25

ol 0.137 0.372 0.157 0.376 96.50 0.061 0.254 0.068 0.245 94.50

In the second simulation study, we considered the frailty Cox model (P=3)
under the same scenario as in the first simulation study, except that here Z; was
Bernoulli with success probability 0.5, and Zy was Unif(—1,1). The covariate
effects were given as 819 = 0,0.5 or 1 and B9 = 0.5. For each simulated sample,
we applied the algorithm described in Section 4 and formula (B3) to calculate
the SPMLE 6 and the estimated information matrix for variance estimation. The

pn in (B32) was set to n~ /2

. The algorithm was declared convergent when the
change in any parameter estimate at successive iterations was less than 1077,

In Tables 1 and 2, these results are shown: “Bias”, the average of - 0y over
replications; “SD”, the simulation standard deviation of the estimates; “MSE”,
the simulation mean squared error of the estimates; “SDp”, the average of the
standard error estimates; “CP”, the coverage probability of the 95% confidence
intervals obtained by normal approximation. It is seen that the proposed SPMLE
is essentially unbiased, and the proposed standard error estimates are quite close
to the simulation standard deviations. Also, the coverage probabilities of the
95% confidence intervals match the nominal value well, implying that Theorem 2
works well for the proposed SPMLE in the finite-sample settings considered. The
Q-Q plots in Figure 1 also confirm the adequacy of the normal approximation
theory, where we depict the standardized SPMLE (nI)Y/ 2(5— fo) versus the
standard normal variate, based on the simulation scenario under model (EZ3)
with 510 = ,820 = 0.5, Yo = 1.2, and n = 400.

In the simulation study under model (233) with (810, £20,70) = (0.5,0.5,1.2),
the average CPU time per replication (in seconds) for implementing the proposed
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Table 2. Results for the second simulation study under model (23). SDp:
the average of standard error estimates; CP: the coverage probability of the
95% confidence interval.
n = 200 n = 400
Y (Bi0,P20) Parameter Bias SD MSE SDp CP Bias SD MSE SDp CP
04 (0,0.5) b1 -0.006 0.230 0.053 0.238 96.50 -0.009 0.171 0.029 0.166 93.50
B2 0.017 0.242 0.059 0.220 92.50 0.025 0.155 0.025 0.152 96.00
ol 0.032 0.222 0.050 0.238 97.75 0.014 0.151 0.023 0.159 96.25
(0.5,0.5) b1 0.016 0.224 0.051 0.237 97.00 -0.002 0.179 0.032 0.163 92.75
B2 0.017 0.241 0.059 0.219 91.50 0.026 0.156 0.025 0.151 95.50
ol 0.032 0.215 0.047 0.229 98.25 0.011 0.153 0.023 0.152 94.75
(1,0.5) 51 0.043 0.252 0.065 0.257 96.50 0.019 0.183 0.034 0.174 94.75
B2 0.020 0.241 0.058 0.220 93.25 0.025 0.155 0.025 0.151 95.25
¥ 0.036 0.219 0.049 0.228 96.50 0.008 0.151 0.023 0.149 95.75
1.2 (0,0.5) b1 0.011 0.312 0.098 0.292 94.25 0.010 0.215 0.046 0.202 93.00
B2 0.018 0.269 0.073 0.268 95.75  0.027 0.189 0.036 0.183 94.75
¥ 0.121 0.414 0.186 0.410 96.25 0.059 0.288 0.087 0.272 94.75
(0.5,0.5) 51 0.043 0.311 0.099 0.295 95.00 0.024 0.205 0.043 0.202 96.25
B2 0.016 0.269 0.073 0.266 95.50  0.027 0.189 0.037 0.182 95.50
¥ 0.131 0.405 0.181 0.400 96.50  0.056 0.265 0.073 0.263 96.00
(1,0.5) b1 0.097 0.337 0.123 0.319 93.75 0.045 0.214 0.048 0.215 95.50
B2 0.014 0.272 0.074 0.267 95.25 0.030 0.188 0.036 0.182 94.50
5 0.148 0.403 0.184 0.399 96.50 0.068 0.265 0.075 0.261 95.25
4 4
/
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Figure 1. Q-Q plots of standardized estimates versus the standard normal

distribution under the simulation scenario for model (23) with 519 = B20 =
0.5,v9 = 1.2, and n = 400.
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Table 3. Analysis of CMV shedding data.

Model  Parameter  Estimate  Standard Error  p-value log likelihood

() I6] 0.8326 0.1851 0.0000 -459.4535
~ 0.0003 0.2114 -

(22) B 1.3617 0.2996 0.0000 -397.9190
~ 1.4597 0.5244 -

(£3) b1 1.3962 0.4743 0.0032 -397.9144
Ba 1.3490 0.3272 0.0000
¥ 1.4559 0.5256 -

procedure for both point and interval estimation, was 18.3 (n = 100), 50.2 (n =
200), and 269.3 (n = 400). The CPU time for the case of vy = 0.4 was similar.

6. Data Analysis

We applied the proposed inference procedures to the ACTG 181 data where
the effects of baseline CD4 cell counts on the times to shedding of cytomegalovirus
(CMV) in the urine and blood are of interest. In this study, the presence of CMV
shedding was determined from the urine and blood samples collected at clinical
visits for each patient. The sample collection times differed from patient to
patient, resulting in “mixed-case” interval censoring for blood and urine CMV
shedding times bracketed by the last negative and first positive lab test dates.
There also were left- and right-censored CMV shedding times owing to shedding
that occurred before the first visit or had not started by the last visit.

We fit the gamma-frailty Cox models (21), (24), and (EZ3) to the CMV
shedding time data using the computation algorithm proposed in Section 4. Fol-
lowing Goggins and Finkelstein (2000), the covariate Z; = Zs is binary with a
value 1 if the number of baseline CD4 counts is less than 75 cells/ul and with
a value 0 otherwise. Results from all the three models, shown in Table 3, imply
that the baseline CD4 counts do have a significant effect on the CMV shedding
times in either blood and urine; patients with baseline CD4 cell counts below 75
(cells/ul) have significantly higher risk of CMV shedding in blood or urine than
those with baseline CD4 cell counts above 75 (cells/ul). The models (22) and
(233) seem to produce remarkably better fit than the model (21), suggesting that
the CMV shedding times in blood and urine may have different baseline survival
functions. This can also be confirmed from Figure 2, where the estimated base-
line survival functions for CMV shedding times in blood and urine are depicted.
We note from Table 3 that models (22) and (23) fit the data equally well. Figure
3 shows the estimated marginal survival functions for CMV shedding times in
blood and urine under the model (E72).
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Figure 2. Estimates of marginal baseline survival functions for blood and
urine CMV shedding.
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7. Concluding Remarks

Interval censoring creates substantial challenges for subsequent statistical
analysis in both theory and computation. This is particularly so for bivariate
or multivariate event time data. In the literature, analysis procedures for multi-
variate interval censored data are mainly limited to parametric or non-likelihood
based methods; general theories and computation methods for semiparametric
inference are still underdeveloped.

In this work, we have developed a semiparametric maximum likelihood infer-
ence procedure for bivariate interval-censored data based on the gamma-frailty
Cox model. In the proposed procedure, the baseline cumulative hazard functions
are estimated as non-decreasing right-continuous step functions, with potential
jumps at the examination times bracketing the event times. We do not impose a
specific form such as piecewise linear on the baseline cumulative hazard functions.
We have established large sample theories for the proposed SPMLE. As in the
case of univariate interval censoring, the SPMLE for the regression coefficients

1/2_rate of convergence, and is asymptotically normal with the

can achieve the n
asymptotic variance given by the inverse of the efficient Fisher information ma-
trix, while the SPMLE of the cumulative hazard functions can achieve only a
n'/3-rate of convergence. A computation algorithm utilizing the self-consistency
equations and contraction principle is proposed, which provides a stable and ef-
ficient tool for implementing the proposed SPMLE. Note that the theories and
computation method are proposed under a very general “mixed-case” interval
censoring, which includes the “case 17 and “case k” interval censoring as special
cases.

The proposed inference framework extends those in Chang, Wen, and Wu
(2007) and Wen and Chenl (2011) from current status data to general mixed-case
interval censoring. The extension involves major difficulties. First, in obtaining
asymptotic theories including the consistency, rate of convergence and asymptotic
normality, we need to pay attention to the distribution of the random number
K of the examination times for event Tj (j = 1,2), as well as the distribution of
the random examination times U; = {Uk,; : l = 1,..., K}, j = 1,2. We employ
a technique of characterizing U; by a triangular array of random variables, and
apply some existing empirical process theories. Second, in computation, although
we have applied a computation algorithm similar to that in Wenand Chen (2011),
the self-consistency equations involved in the current work are more complicated
than those under current status data.

As commented by a referee, the shared frailty model has some limitations.
For example, dependence and non-proportionality are confounded in the shared
gamma frailty model (Elbers_and Ridded (T982)). A natural extension of the
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shared frailty model to allow separate parameters for the association and non-
proportionality is to consider the correlated frailty model proposed by [Yashin]
Vaupel, and lachine (IT995). In this work, we focus exclusively on the shared
gamma frailty model owing to the fact that it has a long tradition in modeling
multivariate survival times. In particular, we address the inference and com-
putation of the shared frailty model under general interval censoring that has
not been well addressed in the literature, even though the shared gamma frailty
has been widely studied under right censoring. In fact, the proposed idea of us-
ing self-consistency in computation should work in the correlated gamma frailty
model, and our theoretical results for the shared gamma frailty model may be
extended to the correlated gamma frailty model after suitable modification. De-
tails for such an extension, however, go beyond the scope of this work, and will
be studied in another work.

In addition, it is possible to extend our proposal to multivariate interval-
censored data with general frailty distribution. Extensions to regression models
more general than the Cox model, such as the semiparametric transformation
models (Zeng and Lin (2007)), also deserve further research.
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Appendix

We use the notation P,, Py, and P for the expectations taken under the
empirical distribution, the true underlying distribution, and a given model, re-
spectively. Let € be the class of right-continuous non-decreasing functions that
are bounded at ¢t = 7, the termination of the study period. Define the metric d*
on the parameter space © x {2 x 2 as

d*(¢,¢) = {116 = 011 + 1A — Auif + [[A2 — Ao |3}2, (A1)

where || - || is the Euclidean norm, [|A;|? = DI Z;Zl fi; 1 (ki u) A2 (w)du,
and fr; 1(kj,u) denotes the density of (Kj;,U I(g) ;). For simplicity the proofs are

J

presented under the simpler setting where the distribution of {Kj;,U;,j = 1,2}
is independent of {Z;,j = 1,2}, although the proposed method can allow the
dependent case.
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A.1. Regularity conditions

Throughout the proofs of the proposition and theorems, we require regular-
ity conditions. (C1) The distribution of Z;, j = 1,2, is not concentrated on any
proper subspace of R% and has a bounded support. (C2) There exists a positive
¢ such that P(UY, — U, | > ¢) =1for I =2,...,Kj;,j = 1,2 (C3) Given
K;,j7 = 1,2, each U[(gj)l,l = 1,...,Kj, has a continuous density; the union of

the support for conditional distribution Ul(gj),l given K;, l =1,...,K;,j = 1,2,
is an interval [r, 7o) with 0 < 71 < 72 < o0. (C4) The true parameter is
Co = (0o, A10,A20), where 6y = (51, B49,70)" is an interior point of its pa-
rameter space with dimension d; Ajg is continuously differentiable and satisfies
M1 < Ajo(m1) < Ajo(T2) < M. (C5) If m(¢) = log £*(¢) with £* given in (B2,
for any ¢ near (o, Po(m(¢) —m(¢o)) < —d*(¢, ¢o)?, where < means smaller than,
up to a constant. (C6) There exist t] and t3 in (71, 72) for which there are d 4 2
different values of (01, d2, 21, 22) such that if
0 0 0

(U] =7 + ugm— + uzo—
90 I A2 (01,91,y2)=(00,A10(]),A20(t3))

log(1 + 617171 y; + aye2?2yy) 17 = 0

for each of these d+ 2 values, then u; = us = uz = 0. Here (01, d2) = (1,0), (0,1)
r (1,1) and z; is in the support of Z;.

Remark 4. Conditions (C1)—(C5) have been similarly made in the context of
univariate interval censoring studies (Huang and Wellner (1997), Zeng. Cai, and
Yu Shenl (2006), Ma (2010)). In particular, (C2) rules out accurately observed
failure times and makes the number of monitoring times K; bounded. Condition
(C6) is also similarly made with multivariate “case 1” interval-censored data
under the gamma-frailty model (Chang, Wen, and Wu (2007)), and is needed
for both the identifiability of the parameters and the invertibility of the efficient
Fisher information.

Remark 5. In practice, (C6) can be verified numerically. We illustrate it by
assuming Z; and Zo are binary and univariate (d = 3). Let G : R® — R® be the
function whose components are of the form

(0, y1,92) — (1+ 01ve™ P yy + dpye=2y) 71/,

for (5la 02, 21, 22) = (17 0,0, O)a (1a 0,1, 0)7 (Oa 1,0, 0)7 (07 1,0, 1)7 and (17 1,0, O) We
can validate (C6) by showing that the Jacobian determinant of G, Jg, at (6o,
Aq10(t7), A2o(3)) is not zero for some t} and t4 in [y, 72]. For example, consider
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the model with 6y = (1,0.5,1.2), Ajp(t) = 0.8t%%, and Ag(t) = 0.8t'2, one
of the parameter settings in our simulations. Choosing t] = t5 = 1 we have
Ja = —0.0094, showing (C6) is satisfied for this model.

A.2. The identifiability
We discuss the identifiability of the model parameters ¢ = (0, A1, A2) under
model (233). Rewrite the likelihood (22) as

Ki+1 Ko+1
_ (1) (2)
L) =Y > AR LA L AQK K111 — QKy Koy 115

=1 Ilx=1
*QK17K2,Z1J2—1 + QK17K2711J2} ) (A'Q)

where A | = I{Ugj)yl_l < T < U}ﬁj{l} for I =1,...,K; +1, j = 1,2, and

J

Qir koot = (L+ 1PN (U ) + 722 05(U) )71,

Suppose L£*(¢) = L*({p) with probability 1. We first claim that, to establish
the identifiability, it suffices to show that 6 = 6y and A;(t7) = Ajo(t]) for j = 1,2

and some t}, t5 € [r1,72]. To see this, consider A(IQ,Kﬁl = A(Igi,K2+1 = 1 with

Ul((ll) K, = tior U[(?Q) K, = U3, so that one of

(14 e 12 A () + 76B§Z2A2(UI(?2)7K2
= (1+0e 07 Ao (£7) + 70€B§°Z2A20(U§(22),K2))_1/707
(47 M (U] ge,) + 7% Ao (83)) 0

= (1007 Aao(Ug 1, + 06807 Moo (15)) 1/,

))—1/7

holds. The claim follows by noting that both sides of the two displays are mono-
tone in U]((QQ) K, and U I(<11) K, » respectively.

Now examine possible cases in the identity £*({)=L*({p): A%Z 1= A% Kot 1

. 1 2 . 1 2 . 1 2
= 1 with (Ul((l),17Ul((2),K2) = ( 1,t2)3 A%Z,Kﬁrl = Afxﬁ; = 1 with (UI(Q),KNUI((Q)J)
. 1 2 . 1 2 . x
:h( 1}alt2)3 and Ag{i,f(ﬁl = Ag{i,l{zﬂ = 1 with (Uz((l),Klle(Q),KQ) = (t1,t3). We
thus have
(14 01ye™# Ay (1) + Saye™2 Ag(t3)) /7

= (1 + 81790”1071 Ayg (t]) + Jay0e™2072 Ao (t5)) /0

for (01,d2) = (1,0),(0,1),(1,1), and all (21, z2) in the support of (Z;, Z3). Taking
specifically the d+2 different values of (01, d2, 21, 22) in (C6) for the above display,
the Inverse Function Theorem and the claim made in the last paragraph imply
the identifiability of the model parameters.
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A.3. Proof of Theorem 1 (Consistency and rate of convergence)

Consistency. We apply Wald’s theorem (van_der Vaarfl (T998, p.48)). Take
w(¢) = log{[L*({)+ L*(o)]/[2L*(¢0)]}. By compactness of the parameter sets of
6 and Aj, j = 1,2, w(¢) is uniformly bounded. Also, ¢ — w(¢)(Y") is continuous
at ¢, rela(tj)ve to( ﬁ)he product of the Euclidean and two weak t(o_%)ologies, (f(;r every
_ j j 7 o j j
Y = {UKJ_J,AKJ_J,Z],Z =1,...,Kj,j = 1,2} such that UKj’l,...,UKth are
continuous points of A; for j = 1,2. In fact, by (C3), ( = w(¢)(Y) is continuous
at ¢ for almost every Y and every given (Aj, Az). Because ¢ is the SPMLE,
Paw(0) = Pu{(1/2)log(L(0)/£7(Co)) + (1/2)log1} = 0 = Pyuw((y). On the
other hand, by the concavity of g(u) = log((u + 1)/2) and Jensen’s Inequality,
we have Pyw(¢) = Pog{L*(¢)/L* (o)} < g(Po{L*(¢)/L*({p)}) = 0 for any (, and
equality holds only if § = 6y and A; = Ajo on (71, 72) from the identifiability of
the parameters. Therefore, it follows directly from Wald’s theorem that o5 0o

and /A\j(t) £ Ajo(t) for every 1 <t < mpand j=1,2.

Rate of convergence. Before obtaining the rate of convergence of the SPMLE, we
require some definitions from kan_der Vaarfi (T998). Given two functions [ and
u, the bracket [l, u| is the set of all functions f with [ < f < u. An e-bracket in
Ly(P) = {f : Pf? < oo} is a bracket [l,u] with P(u —1)? < £2. For a subclass
C of L?(P), the bracketing number Nji(e,C, Ly(P)) is the minimum number of
e-bracket needed to cover C.

With the established consistency, we can restrict 6 to Ny, a neighborhood of
6o, and A; to Qo = {A € QM1 < A(r1) < A(r2) < M}. Let ¥ = {m(¢)|¢ €
No x Q2}, where m(¢) = log £*(¢). Tt is easy to see that each element in ¥ is uni-
formly bounded and satisfies Py(m(¢)—m((o))? < d*(¢, {p)?. By Lemma 1 below,
the bracketing integral J| (6, ¥, L2(P)), defined as foé(log Niy(e, 9, Ly(P)))Y?de,
is of order O(§'/?). Consequently, Lemma 19.36 of kan der Vaarf (I998) gives

51/2
. B B 1/2
P s VB~ R)m() ~m(@)] 520+ 5

where P* is the outer expectation. According to Theorem 3.2.5 of kan_der Vaarf
and Wellner (I996), this, together with (C5), implies d*(¢, (o) = Op(n~1/3).

Lemma A.1. log N| (g, ¥, Lo(P)) = O(1/¢).

);

Proof. First consider the functions in ¥ for a fixed 6. Given the e-brackets
A]Lj <A; < A;Jj, it is easy to get a bracket (m”, mY) for m(¢) with

2 K;

mb = log En{ 11 [Z Aﬁ?_’l{ exp[-neZAB (W, )]

J J
j=1 1=1
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Z (9)
—exp[-ne” AT 0 )1} |

mVU = log En{ H [Z A {exp neﬁ ZJA (U[(gj),l,ﬁ]

j=1
— exp[—nei A; i (U%.),l)] }] }

Due to (C2), we can choose ¢ small enough that m” is well-defined. Further, by
the Mean Value Theorem, we have

U. L 5
m® —mY 2 < ZZA V= APUR )+ (A = AU )Y
j=11=1
Thus brackets for A; of || - ||; -size € can translate into brackets for m(({) of

Lo (P)-size proportional to . By Example 19.11 of an der Vaarfl (T998), we can
cover the set of all A; by exp(C/e) brackets of size € for some constant C. Allow
6 to vary freely as well; because 6 is finite-dimensional and (9/06)m({)(Y) is
uniformly bounded in (¢,Y), this increases the entropy only slightly. Lemma 1
is thus proved.

A.4. Efficient information

Here we derive the efficient score for 6 and establish the invertibility of the
efficient Fisher information.

Efficient score. Denote the score function for 6 by mg(¢). The score functions
for A1 and A5 are

Ki1+1 K>+1
’ 1
m(Ohn] = A2 Y N Ak am (UL, )
=2 Ip—1
K, Ka+1
1
+>0> BKI,KQ,ll,zghl(Uf(gl)Jl)}’
=1 =1
K141 Ko+1
’ 2
ma(¢)[hs] =e/3222{ SN Ak knnha (U, )
=1 l,=2
Ki+1 Ko
2
+ ) ZBKI,K2,11,12h2(U1(<2)712)}7
=1 Ip=1

respectively, where

A —AD A®) (= Q K2l1 Lila— 1+QK1K211 L)
KiKolnle = 2Ky 2 Kol L*(¢) ’
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1+~ 14~
B A A@ QK nn T QK )
Ki,Kalule = 2K 0 DKol L*(¢) )

and h; and hg are any functions in Ly(P), where Ly(P) = {h : f:f h%(z)dz < oo}.
The efficient score for 6 is defined as m*(¢) = mo(¢) —m1(¢)[hi] —m2(¢)[h3],
where h] and h} are d-vector functions satisfying

Pl(mo(¢) = mi(Q)[hi] = ma(Q)[hz])(ma(Q)[ha] +ma(Q)[ha])] =0 (A3)

for any h; and hg in Lo(P). Here and in the sequel it should be understood
that all operators on h] or h3 are applied in a componentwise manner. We now
establish the existence of (hj, h3).

Consider hg = 0 in (BA=3) to get

P(mo(¢Q)ma(Q)[h]) = P((m1(Q)[hi] + ma(C)[ha])ma (O)[ha]),

which can be written as
/hl(az)cl (x)dx
- / e [ f(2)ar(z) + / {bus (. y)(y) + bu(x,y>h;<y>}d4 dz,

where
oo ki+1 Ko+1
/ 1
cix)=) Zthh—l(kl"’”)E[ ZmU(C)EﬁIZIAKLKleJz|K1:klaUl(ﬁ),lrl:l'}
k=11, =2 lp=1
[e’e] k1 Ko+1
/ 1
+ Z Zle,ll(klan)E{ ZmO(C)eﬁlleKLKz,h,b’Kl:khUf((l),ll :3«“},
ky=11=1 ly=1
oo ki+1 Ko+1 (
/ 1
a(z)=>Y > le,ll—l(k‘l,fU)E[ > ENAL K = UKl),zlq = x]
k=11, =2 lr=1
e} k1 Ko+1
IZ 1
+ Z Z fK1,ll(k17$)E[ Z e IB%Q,Kle,lz’Kl = kl’Uf(ﬁ),h - w}’
ky=111=1 ly=1
o ki
bu(,y)=) Z{le,h—l,h(klax,y)
k=11, =2

Ko+1
282 _ (1) _ (1 _
E[ E eﬁl 1AK1,K2711,123K17K2,11712’Kl_klvUKl,llfl_x?UKl,ll_y
lo=1
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oo ki
+ ZZ{le,ll—ul(kh Y, )

k1=11=2
i) (1) (1)
2812 1 _ o _
E[ Ze hi 1AK1,K2711JQBK17K2J1J2’Kl:klaUK1,1171—% UKl,ll_x}}’
la=1

00 oo ki+1ko+1

bia(x,y) = Z Z Z Z{le,Kg,ll—l,lg—l(khk2,x7y)

ki=1ko=111=2 l2=2
B 2148572 A2 _ _ n - _ 2 _
E|:€ ! 2 AK17K27117l2|K1_k17K2_k;2’UKl,ll—l_x’UKl,lg—l_y

o] oo ki+1l ko

DI I ID W PN

k1=1ko=111=2l2=1

' Z1+B5 7.
E[eﬁl 22 A Kot ta BE Ko o |

1

Ky = k1, Ko = kg, Ug),zl—l =7 U}?Bh - y} }

[e'e) k1 ko+1

£33 % 3 stk

k1=1ko=111=113=2

" Z1+BL 7.
E[eﬁl 1+ 2BK17K2J1712AK1,K2J1J2’

Kl = ]{jl,KQ = k?g, UI((11),Z1 =, U[({21)712_1 = y:| }

oo k1 ko

+ Z Z Z Z{fK1:K27l1,l2(k17k27337y)

k1=1ko=11l1=112=1

/ ! 2
E[66121+52ZQB%(1,K2711712|K1 = k1, Ky =k, Ul((ll)yll = UI(<1)712 - y] }

Here fr; s, fi; st and fr, Kk, s¢ denote the densities of (Kj, Uf(gis), (K, U;(ﬁj)ﬁ,
Ul(gj),t) and (K1, Ko, U[((ll)’s7 U;?;t), respectively. Therefore

ci(z) = hi(z)ai(z) + /{bn(x,y)h’{(y) + bia(z, y)hy(y) Hdy.

Similar arguments by considering h; = 0 in (AZ3) give

ca(x) = hy(z)az(z) + /{bzl(%y)hi(y) + baa (2, y)hs(y) pdy,
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with
oo ko+1 Ki+1
! 2
=2 Zsz,IQ—l(k2a$)E[ ZWO(C)652ZQAK1,K2,Z1,12|K2=k2’Uéoj,h—Fx}
ko=1 15=2 h=1
[e'e) ko Ki+1
! 2
+ Zme(k?’x)E[ Zmo(g)e/%ZQBKl,K%llb|K2:k27Uf((z),h:x:|,
ko=1lo—1 =1
oo ko+1 Ki+1 ()
267 2
= Z Z fK27l2_1(k2’x)E[ Z € £ 2AK17K2,Z1112|K2 k27UK2 lo—1 — m]
ko=1 lo=2 =1
[e'e) ko Ki+1 ( )
2BL 7 2 2
+ Z Z fKQ’lQ(kQ’x)E[ Z e*% 2BK1,K2,Z1712|K2 = kz’UKz,lz = 7],
ko=112=1 =1
[e’] Ki+1
baa(,y) Z Z{fK2,l2 112 (k2, 2, y) [ Z QQﬂQZQAKl,Kz,ll,lzBKl,K2Jl,l2
kg 1l2 2 11:1
_ (2) 2 _
Ky =k, UD, =2, UD, —y}}
o0 ko Ki+1
+ Z Z{sz,llez(k%yax)E[ Z QQﬂQZQAKLKle,bBKl,K2,11712
ko=112=2 li=1

(2) (2 _
K2 - k?aUKQ lo—1 — =Y, UKQJQ _xi|}7

00 oo ki+1ko+1

bai(z,y) Z Z Z Z{le,Kg,ll 1is—1(Fk1, k2,9, x)

ki=1ko=111=2 [5=2
BL1Z1+B322 A2 — — (1) — (2) _
E[e ' : AK17K27l1752|K1_kl’KQ_kQ’UKl,ll—l_y’UKl,lg—l_‘r

0 k1 ko+1

+ Z Z Z Z {le,Kg,ll,lg 1(k1, k2, y, )

ki=1ko=111=1 12=2

" Z1+B5 7.
E[eﬁl P2 A Koty s By Ko 1]

Ky = k1, K = ko, Uf(gll),ll =Y, Uf((zl),zQ—l = x}}

o0 oo ki+l ko

DI Z{le,Kz,zl—l,zz(kbk2,y,x‘)

k1=1ko=111=2l2=1
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/Z + IZ
E[eﬁl 22 Bl Kyt ta ARy Ko o

1,0

Ky =k, Ky = kz,U;((I)ll 1= Uz(() x}}

oo ki1 ke

- Z Z Z Z{fK17K27ll7l2 k17k27y7 )

k1=1ko=111=112=1

\ Z1+BYZ> 2 1 2
E[eﬁl 2B KL=k K = ke U =y U, = x}}
Because a; > 0, we can write

B [h’f] _ [1114-311 By ] [h’{] _ !( )]

hi| Ba1 Iz + By | | hj ()’
where I;; is the identity operator and B;j(h%) = [ b;;(z,y)h s(W)dy/aj(x), i,j =
1,2. Because each B;; is a compact operator on Lo(P), by Theorem 4.25 in
Rudin (T973) it suffices to show the operator B is one-to-one to establish its
invertibility. Now suppose B([h1, h2]") = 0. By reversing the above derivation
with ¢1(z) = ca(x) = 0, we can obtain P(mq(¢)[h1] + m2(¢)[he])? = 0, and
hence m1(¢)[h1] + m2(¢)[h2] = 0 a.s. Setting A(IQ,Kﬁl = A(K;’KQH 1 in
m1(¢)[h1]+ma(¢)[h2] = 0, we conclude that efBiZlhl(UI((ll) K1)+eﬁ2ZQhQ(UI((2) k) =
0, which implies h; = he = 0 by the non-degeneracy of7Zl and Zs. Therefore B
is invertible and hence the existence of (hj, h}) is established.

Invertibility of efficient Fisher information. We now prove that the efficient
Fisher information Iy, defined as Py(m*((o)m™*({p)’), is positive definite. Let
v € RY. Since v'Iov = Py(v'm*({y))? > 0, it suffices to show that v'Ipv = 0
implies v = 0.

Suppose v'Iyv = 0, then v'm*(¢y) = 0 a.s. Consider A%zg = A%’Kﬁl =1
with (Ui 1 Uie) ) = (#.83), Mg ey 0 = Afg)y = 1 with (U] e, Ui )) =
(t1,t5), and A(Ig,Kl—f—l = Ag{i,Kgﬂ = 1 with (UI(<11)7K17U}(<22),K2) = (t],t3) in
v'm*({o) = 0. Some algebra concludes that

gy~ Bt 5 — B3(t5)

Slegle

)

dya (01,y1,y2)=(00,A10(¢]),A20(¢3))
log(1 + 017e®171y; + Gyye®272y) 17 = 0

for (01,62) = (1,0),(0,1), (1,1) and almost every (Z1, Z2). Using condition (C6),
we know v = 0. This completes the proof.
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A.5. Asymptotic normality

Define
mo1(¢)[h1] = 685 Ezomo(Q,Au, A2),
mo2(¢)[he] = 885 Ezomo(ﬂ/\h Ase),
mi1 (Q)[h1, 1] = 886 E:0m1(971\1a Ag)[n],
mia()[hn, ho] = % 8:0m1(9,A1,A25)[iL1],
may (¢)[ha, hi] 8666_07712(9,A15,A2)[ﬁ2],
ma (), ho] = ((995 ezomz(Q,Ah Age)[hal,

where (0/0¢)|c=0\je = hj,j = 1,2. We first verify that
VnPom* (6o, A1, As) = op(1). (A.4)

Apply a Taylor expansion to m*(6p, A1,A2)(Y) at the point (Am(U[((ll)’l),...,
2 2
Mo(UR) 1)y Ao (U )), - Moo (U 1)) to get

Pom™ (0o, A1, A2) = Pom™(Co) + Po {mo1(¢o)[A1 — A1o] + mo2(Co)[A2 — Ago]
—m11(Co)[h, A1 — A1o] — m12({o) [hy, A2 — Ago]
— m21(Co) [h3, A1 — Ao — ma2(Co)[h3, Ao — Agol}

2
+0,( Z 1A = AjollF)-

Using the facts that Pym*(Go) = 0, P(mo(Q)my(Q)lhs)) = —P(mo;(€)[hy]) for
j = 1,2, P(mi(Q)[hilm;(Q)[hy]) = —P(mij(¢)[ha, hy]) for i, j = 1,2, (E3), and
the rate of convergence of AJ, we have Pym* (6o, A1,As) = Op(n=2/3), which
implies (A=).

It is known from Example 19.11 of an_der Vaarfi (T99R) that the class of
uniformly bounded functions of bounded variations is a Donsker class. Applying
Theorem 2.10.6 of van_der Vaarf_and Wellned (I996), it can be verified that
{m*({)|¢ € No x Qo x Qo} is a uniformly bounded Donsker class; the proof is
technical and hence omitted here. Combining this with the consistency of Zleads
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to /1 (Py — Py)(m*(C) — ( 0)) = op(1). Adding (A.4) to this display and using
the fact that Pym*((p) = P,m™(¢ ) = 0, it is seen that

—mp()(m*@ —m*(60, A1, As)) = Vlm* (Go) + op(1).

By the Mean Value Theorem, there exists 6 lying between 0 and 0o such that
0 0NN n *
—\/EPO(%m (9,A1,A2))(9 — (90) = \/HIP’nm (Co) + Op(l).

By the consistency of ¢ and the fact that Py[— 69m *(€0)] = Po[m*(¢o)m*(p)'] =
Iy, we have

Va0 = 00) = Iy 'nPum* (G) + op(1) 5 N(0, I; ).
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