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1 Appendix

This technical section gives the details of derivation of the linear system (14) and the
exact expressions for the A\ functions and the 7 functions used thereof. Let us start with
reminding the readers of the defining system of the statistic T. For every € > 0, T} is a
solution to

H(T) = (H(T),...,H,—1(T)) =0,

i.e.,

H(T:; Fs) = (Hl(T:? Fs)v ) anl(T; Fe)) =0
where Hy,(T) = h¥(T) — 3h5(T) — 6h%(T) + 12h%(T) — 4hE(T) and

hi(T) = ¢} (T, 4),

h3(T) = 2¢(T, 2)¢7(T, 2),

h5(T) = 47 (T)p5(T),

hi(T) = 2p1(T)p5(T)¢2(T, 2) + p7(T)¢} (T, 2),
h5(T) = p5(T)¢2(T,3) + pi(T)¢7 (T, 3)

The expressions for the ¢ functions and the p functions are given in (4):(7). For fixed
ke {1,...,n—1}, implicitly differentiating with respect to € the equation Hy(T7; Fr) =0
yields

d

de
which in turn boils down to determine the derivatives with respect to € of the functions
&% (To,p; F.), ¢o(Te,p; FL), p1(Te; FL), and p5(T.; F.) for p being an integer. Let us
work out the derivative of ¢o(T.,p; F.) as an example; the other derivatives can be
derived similarly but sometimes more tedious. Recall that

¢o(Te,p; Fe) = > {cpl'[f” 1y e, ¥ E[XQ;FE]}-

lal=p

[hlf(TsQFs) - 3h’2€(Ts§Fs) - 6h§(Ts§Fs) + 12h{4€(T6;Fs) - 4h§(Ts§FE)] =0,
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Therefore, by the product rule (Leibnitz rule) of differentiation, we have

d
- T, p; Fe
e E:0¢2( p; Fe)
> ] T ) o™ sy
de
lal=p =V =1 =1

q
0
= i+l d nt \q |
+cP H gf—\q \ (d H (1 _|_§ze) > [X9]
i=1 €le=0 ;1
it L/ d
+cP 1—[1 55’ a7 (1 + & ) 2 (ds E_QE[X%FA) } . (1.1)

lal
which in turn amounts to differentiating [} 11 & fa™| T (1 +¢&.) 7, and E[X% FL.
Note that in (1.1) we have evaluated the derivative of (bg( o D; Fg) at ¢ = 0 and have

applied the convention that &, o = &, E[-; Fy] = E[-]. We have seen that

d

= E[X%F]=-E[X9] +x9.
| [X9; Fe] (X9 +x

Consider the following terms,

d — i1 ) eyl it
a H p—la _ ZI TX{(p_|qz+1|)£§ @ gl |}
€le=0 ;1 i#j
n—1
=Y (T, x)¢s,;(T,p,q)
j=1
d n—1 ) lai| n—1 ] ) M,l ) lat|
P H (1+&.) "~ :ZIJ‘(TaX) la’|& (1+¢5) * H(1+§i,€) :
e=0 ;=1 j=1 i#£j
n—1
=Y L(T,x)¢,(T,p,q).
j=1
Now plug the above two expressions back into (1.1) we have
d n—1
o 0(TepFo) =3 L(T.x)6,(T.p) = 62(Tp) + é2(Topx), - (1.2)
e=0 j=1
where
n—1 qil n—1 i1
E(Tp) =Y & (wm 2. [] (1+€2) 7 +voi(Top,@) [[ €719 ')E[XQ],
lal=p i=1 i=1
n—1 i
it la’|
d2(T,p,x) = Z Cg(]:[gf la ‘(1+§2) 3 )Xq. (1.3)

lal=p i=1
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Here we remark that the function ¢o(T, p,x) above is exactly the function obtained by
replacing the expectation term E[XY] in (5) by x9.

The derivatives of ¢¥(T., p; F.), p1(T-; F.), and p(Te; F.) can be calculated simi-
larly. We list the formulas in the following without detailed derivations.

d _
% ¢) Eapa Z T Xgl] )7¢§(T7p)+¢]f(T,p,X),
e=0 j=1
d n—1
Tl T ) = Y LT X)01(T) — pi(T) + i (T %),
e=0 j=1
d n—1
| (TR = Z (T,%)05 ;(T) — p5(T) + p5(T,x),
e=0 j=1
where
n—l qi\ it
flj Z cp<¢1] D, q H 1+§ 2 +¢2,j(T7pvq)H§f la !
lal=p i=1 i#k

B

(<p g el

HTp0=3 e (pr “”'H (1+€)

gkt
_guerticla ')E[Xq]

_1_|gkt? 1_|gkt1
[(p_|qk+1‘)€z la \_quiJr la })xq,

(1.4)

E[ ]1{i>j}

01, (T z( H & H 1+

—8in —1-3%in
2 (1= 6in)&(1+ &) 2 E[Xiﬂ{iq'})

2 (&7(1 = 6ir) — (1= 80) 0k ) (1 — 63 )E[X;] 155 3

ok (T z{ M allare)”

i=1 N gk =i+l

+H£zH 1+¢7)

P = 6i)& (1 + 5;2) (fk(l —Gir) — (1= 6in)dir) (1 — 0 )E[Xi]1 1 jy

l;ék 14j
n—1
+H§z 11 (1+¢) =" (2§k(1—5ik))5kj}7
Ik 1=it1
n i—1 n—1 1-5;,
p1(T, x) ZZ (Hfz H (1+512)2xi>, (1.5)
i=1 \I=1 I=it1
n i—1 n—1 15,
s(Tx)=> | T[ & ] 1+§z) 7[R = bir) — (1= bin)Oir] i | - (1.6)

i=1 \I=1,#k I=i+1l
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and
%,g( P, A )
. it —1 it _gktt—1 gkt
— (e T e '(<p—|q'f+1|>§§; @ el '*)(1—@%)
ij ik

Clgitl B
+ e {(p— ") (p — g - 1erld
ik

k+1| o

k41
—qulp— g+ erla ']@-k.

Now we have the derivatives of the ¢ functions and the p functions, which are
involved in the definition of h functions. Let us compute as an example the derivative
of h§, for fixed k € {1,...,n — 1}, as follows.

| e, Ry —2 L .
E|_ ha(Te, Fe) =2 — » [62(T<,2; Fo)¢ (T<, 2; FL))]
d d
= 2¢}(T,2) e [#2(Te,2; F.)] + 2¢2(T, 2) - 6% (T., 2 )]
e=0 0

j=1

n—1
= 2¢}{(T, 2) (Z Ii(T,x)&2,;(T,2) — ¢2(T, 2) + ¢2(T, 2, X))

n—1
+2¢5(T, 2) (ZI (T,x)&1 (T, 2) — ¢F (T, 2) +¢’f(T,27x))

j=1
EZ (T, %)A5;(T) = h5(T) + 73(T, %),

where

X5 5(T) = 2[é2,5(T,2)67(T, 2) + & ;(T, 2)$2 (T, 2)],

775(’1 X) = 2[¢2(T5 2, X)(b]f(T? 2) + ¢2(T7 2)¢lf(T7 2, X) - ¢2(T7 2)¢]f(T7 2)}
Similarly, the derivatives of the other h functions can be written as, for a = 1, 3,4, 5,

n—1

d

|, hy(Te, F.) = ;1 §(T,x)A; ;(T) — g (T) + 7q (T, x),
where
1;(T) =& ,(T,4), (1.7)
AzJ(T) = 2[62,;(T, 2)¢1 (T, 2) + &1 ;(T, 2)¢2(T, 2)], (1.8)
A5,;(T) = 12p3(T)p5(T) 01,5 (T) + 4p3(T) 05 ;(T), (1.9)
;5 (T) = 201,5(T)p5(T)¢2(T, 2) + 2p1(T) 05 ;(T)$2(T, 2) + 2p1 (T)p5(T)&z,(T, 2)
+2p1(T)01,;(T)$1 (T, 2) + p(T)Er (T, 2), (1.10)

AE(T) = 05 ;(T)¢2(T, 3) + p5(T)&2,;(T, 3) + 01,;(T)$5 (T, 3) + p1(T)EF (T, 3)
(1.11)
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and
(T, x) = ¢1(T,4,x), (1.12
5 (T, %) = 2[¢2(T, 2, )87 (T, 2) + ¢a(T, 2)$7 (T, 2,x) — (T, 2)¢ (T, 2)], (1.13
w5 (T, x) = 4307 (T)p5(T)(—p1(T) + p1(T, x)) + pi (T)p5 (T, x)], (1.14
i (T, %) = 2(=p1(T) + p1(T, %)) (p

)
)
)
5(T)¢(T, 2) +pl( )91 (T, 2) + 2p1(T)p5 (T) (T, 2, %)
+07 (T)5 (T, 2,%) + 2p1(T)$a(T, 2)(—p5(T) + p5(T, %)), (1.15)
75 (T, %) = ¢2(T, 3)(=p5(T) + p5(T,x)) + p5(T)$2(T, 3, %) + ¢ (T, 3)(=p1(T) + p1(T, x))
+p1(T)¢1 (T73’X)' (1 16)

Finally, recall that

Hk(Ts; Fs) = hlf(Ts; Fs) - 3h§(Ts; Fs) - Ghl?j(Ts; Fs) + 12h{4€(Ts; Fs) - 4h§(Ts§ Fs)

and note that, for every € > 0,

RY (T F.) — 3h5(TF; F.) — 6h5 (T2 F.) 4 1205 (T3 F.) — 4hE(TH F.) =0,

we obtain
d n—1
%Hk(T:7F) =Y Li(T*,x)gh(T*) + tx(T",x),
e=0 j=1
where

gF(T*) = A}, —3A5, —6A5, + 1205, —4ak
te(T*,x) = 7 — 375 — 675 + 120) — 4nb.

Note that Af;, ' denote A} ;(T*) and xf(T*,x) i = 1,...,5, respectively for short.

Therefore, the system of equatlons can be written in matrix form as

d
d—H(T* F.) = G(T") - I[(T",x) + t(T",x)
€ e=0
g1 - Gha I (T", x) ty
=| z | o[-0
91 L gE:% I,1(T",x) th—1

This is to say, the influence function I(T*, x) solves the system of linear equations

G(T*) - I(T",x) = —t(T", x).



