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Supplementary Material

This note provides details of proofs and supplementary technicalities for the pa-
per ”Sharp Minimax Estimation of the Variance of Brownian Motion Corrupted with
Gaussian Noise”.

S1 Additional Lemmas for the Risk Estimation of 52

Notation: We suppress the index n and for two sequences (a,),, and (b,), we use the
notation a,, < b, if a, = o (b,).

Lemma S1.1. Let A, = An(k,m) :== >, (0? + 20772 and C, = A, (1,n),
where \; is as defined in (2.2). Then for any e >0

(i)
sup |C,, — Lnl/2 =0 (n1/2>
o, T>€ " 4703 ’
sup —— ‘C’n_l — 47’0371_1/2‘ =o0 (n_1/2> , (S1.1)
o, 7> O°T

(ii) and if k < n'/? < m also

1 ‘ 1 3 —1/2 ~1/2
su A" —4ro°n /‘zo(n /),
O',Tgf o878 "
and
1 -1 —1/2
sup A =0 (n ) .
o, T>€ otrd "

Proof. (i) Let us fix the notation

1/2 1 32n31402 4+ 10n%7%0* 4 32n*78 + nob
I, :=2n ( dr = .
0

02 + 724n sin? (:137r))2 B (o2 + 4n7'2)7/2 o3
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By Taylor expansion and monotonicity in ¢*, we have

(0% + 4n7'2)7/2 — (4n72)7/2 <7(c*+ 4n72)5/2 o?. (51.2)

Note that Lemma implies for n > 2

L ) L1
oroe Cn = re O (logm) + o In = o3
32137402 + 10n2720* 4 32n%76 + no® 1
= O (logn) + sup 5 NP ~ 1 3n1/2
o,m>€ (02 4+4n7t2)" 0o TO
1 32n37% + 10n27202 + no*

<O (logn) +

——— sup
€ (1 + 4n)1/2 o, T>€

(02 + 4n7’2)7/2 — 2T Tpd
47 (02 + 4n72)7/2

oXi! __ w2
= O (logn) + 087356 4071 (02 + 4n7?)

(02 + 4n72)° o

1
+ sup —3
o,7>e O

=0 (logn).

Finally we show (S1.1]). Note

’Cgl — 47’037171/2‘ < |C;1 - Igl| + |7 — 7o~ Y/2 (51.3)
and by Lemma forn > 2
|Cht =LY <16logn o1, Ct (S1.4)

By the Cauchy-Schwarz inequality we have for all £k < m

m 2/\4 2)2
Cit < A thmy < Y TN ET)

i=k+1

, whenever Z t; =1. (51.5)
i=k+1

Hence with Lemma it follows for k, m, k < n'/? < m, n sufficiently large

2[n1/2] 72
Ay (k,ym)™ ' < Z [nl/ﬂ (% + 72/\;1)2
i=[n1/2]+1
-1
<2 [nl/ﬂ (04 + T4)\2[il/2]) < 4n~1/? (o* + 167" 7%) (51.6)

and C,;! < 4n~Y2 (0* +167%7*). We now estimate (o7)7° |Cyt — I using 1}
and (a +b)" <27 (a" +b") for a,b,7 > 0, as

wp o1 < sup 27/26410gn (o7 + 27n™/277) /2 (o4 4 16m7)
o, T>€ o715 " "oz o, T>€ o675 (32n37402 + 10”27'20'4 + 32n47'6 + n06)
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and some elementary calculations finally yield

1 _ _ _
sup ﬁ’Cnl—Inw:O(n 1logn).

o, T>€
Note in order to bound the second term in (S1.3))
(0* + 4m'2)7/2 o 3, —1/2
— 4rein/
32n37402 + 10n27204 + 32n476 + nod
((02 + 4n7'2)7/2 — (4n72)7/2> o3

32n37402 4+ 10n27204 + 32n476 + not

]n_1 - 47’03n_1/2‘

(4m'2)7/2 o3
32n371402 4+ 10n27204 + 32n476 4+ noS

—4ronT1/2|,

Using (S1.2)) yields

1 ((02 + 4n72)7/2 — (4n72)7/2) o3
US,EES o575 |32n371402 + 10n27204 4 320476 + no®
o104 2515/275 455 —0 (n—l) _

32n476 + not

1

< 25/27 sup —

o> 0

5
Finally,

(4n7‘2)7/2 o3
32n37402 4+ 10n27204 + 32n476 4+ nod

— 470012

1
sup
o, T>€ o575

4,”71/2
= sup

o, T>€ o274

32n3740% + 100?720 + noS
32n37402 4+ 10n2720* 4 320476 + nod

=0 (nfl) .

(ii) Note that since C,;;* < A1 and due to (i)

sup —— ’A,‘Ll — 470311_1/2‘
o,7>e O°T
1 -1 ~1 -1 3, —1/2
< sup 88"4” -C, |+ sup —— |C,," —410"n
o, 7> O°T o> O°T

< sup N (Cp —Ap) A2 + 0 (nil/z) .

o, T>€ o878

By (S1.6]) it holds further for sufficiently large n

k n n
C,— A, = Z (02 + 72)\;1)_2 + Z (02 + 7'2)\;1)_2 <o k4774 Z /\?.

i=1 i=m+1 i=m+1
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This finally yields, applying Lemma again,

1
—1 —1
sup —— [4,1 - O
o,7>e O°T

The second statement follows directly from (S1.6]). O
Lemma S1.2. Let k = [nl/Q_b} and m = [nl/”b}, 0<b<1/2. Then for any e >0

sup (o7)® ‘E (A;l) — At =0 ((nk)flm) .

n
o, T>€

Proof. Arguing as in (S1.5) yields

m _9 ~2\2 m
N N + T
A;l < g t?%, whenever g ti=1
i=k+1 t i=k+1

and with the choice t; = A A2/ (02\; + 7'2)2, i=k+1,...,m we have

) m )\2 )
—1 —2 i —2 . ~2
A, <A, }_%Hl 7(02& T (62N +7%)".

Hence with similar arguments as in (2.18)
B(A) <A (1+8712)

1/2) 4-2 i _2\ 12 .2
+2(1+K72) 47 i:§k+:1 ST (MSE (5%) A? + MSE (72))

_ - 1 oy, L )
<A [1 +ETV2 42 (1 - kl/Q) (0_4 MSE (6%) + — MSE (Tﬂ)ﬂ :

It follows from (2.12) and (2.13) that for sufficient large n,

Bias? (62) < Bias? (%2) ,  Var (62) < Var (%2) + % (02 + 7'2)2

and hence by (2.6)

sup —— MSE (%) =0 (k). (S1.7)

o, T>€ otrd

This yields for o,7 > €

1 A—1 —1
s (B (A1) - 4,

1 _ _ _ 1 _ 1 .

and thus sup, .~ (m’)*8 ’E (121;1) — A;1’ =0 (n*1/2k*1/2) ) 0
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Lemma S1.3. Let k = [nl/Q_b} and m = [n1/2+b}, 0 <b<1/18 and define
o j-2 i 2 _ 22\2y2 2 _ 2242
=4, Z m[(a — )N + (7P = 7%)?] .

Then for any e >0

sup (07) " E(ya) = O™

O, T>€

Proof. We argue with similar techniques as in the proof of Lemma Note that

P A2
A7 M
i:zk;d (@2 + %2)4
. Ui A2 7 & A2
< A—lA—2 Z J (5_2)\ +7A_2> Z 7
— n n 4 J — ~on\4
ih (02X +72) it (@A +72)
72\ + 72)° 1
< A;l _max 7( J )2 . max ———————
j=k+1,...,m (0-2)\j + 7-2) i=k+1,...,m (0-2/\i + 7—2)
2 2
< A;l)‘k;—l 1 < ;1)%;1%
Am (0‘2)\m —+ 7‘2) )\m T

and in the same way

I A 1A,
AP P TERTT iy )\SLlAnl-
i:k+1(0>\i+7-) o m
This yields with Lemma [S1.1] (2.6) and (S1.7)
m )\2
. -2 i 2 _ 221242 2 A2y2
:BEEUSTSE@ 2 ey (TN ‘T”>
’ i=k+1
Y 1 1 m
11 ~2 L2 _ ~1/2
gas,ipgagTs( " (ﬂMSE(U)—&-Tﬁ‘MSE(T )))_o< k5)

S2 Further Technicalities

Lemma S2.1. Let A; as defined in (2.2). Then it holds for alln > 1 andi=1,...,n

_Qﬁ

n
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Proof. Tt holds zm/2 < sin (z7) < xw whenever x € [0,1/2]. Setz; := (26 — 1) / (4n + 2).
Hence

O
Lemma S2.2. Let g(z) := 1/ (0% + 4n7? sin? (x7r))2. Define z; == (20— 1)/ (4dn+2)
and let & € [(1 — 1) / (2n) ,i/ (2n)]. Then it holds for n > 2

Y lo @) —g(€)] < glogn.

Proof. Obviously |g (z1) — g (§1)] < [g (z1)|+lg (§1)] < 2/0*. Because§; € [(i —1) / (2n) i/ (2n)]
for i =1,...,n, we have by Taylor expansion for a suitable n; € [(i — 1)/ (2n),i/ (2n)],
1 1—1

o)~ (6] <l )l (5 — 5

) = 47%71sin (2mm) g (771')3/2 .

If x € [0,1/2] then z7w/2 < sin (z7). Hence for sufficiently large n

Z lg (2;) — g (&)] < Z - 4T ﬂsin.(2217i71—-)

4402
pa = 3o%4nT? sin” (n;m)

n

8 16 «— 1 _ 16
< — ) < —(1+]
_;3047177 3ot ;Z ~ 30t +logn).

S3 A Central Limit Theorem

Theorem S3.1. Let {Z,,; : 1 < k < m} be a triangular array of i.i.d. random variables
with mean 0 and variance o and let ¢,y be some regression coefficients that satisfy the
Noether condition

(i) max [cpy| — 0.

(i) m
Zcfnk - O’ (831)
k=1

where C is a non-zero constant.
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Then it holds that

Sm = ok Zmi > N (0,Ca?) .
k=1

The Noether condition implies Lindeberg’s condition and hence the Theorem follows by
applying the Lindeberg CLT (Theorem 11.1.1 in Athreya and Lahiri (2006)).
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