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Supplementary Material

This supplement contains technical details, proofs of lemmas and theorems in the
main article. All section and equation numbers refer to the main article.

In the following, we prove Lemmas 1, 2 and 1, and which are needed in the proof
of Theorem 1.
Proof of Lemma 1 (Necessity) Suppose that (i) and (ii) hold. By the Chebychev’s
inequality, for all Py-continuity set U and € > 0,

P(|P(U) — Po(U)| > €| X1, ..., Xn)
< G%E(|P(U) — Py(U)]| X1, Xn)
_ é[Var(P(UﬂXl, o X)) +{E(PU)| X, ..., Xn) — Po(U)}2)
— 0 Py° —a.s.

Let O be a weak neighborhood of Py. Then, there is a weak open set O; containing Py
such that Py € O and

Ol = {Q e M: |Q(U’L) _PO(U2)| < eiai: 172a"'7k} cO
where U;s are Py-continuity sets and ¢;s are real numbers. Hence,

PO Xy,..., X,) <P(Of|X1,...,Xn)
=P{Q e M |Q(U;) — Po(U;)| < €5, =1,2,...,k}°|X1,..., X4]

k
< Y PH{Q e M: [Q(U) — Po(Uy)| = e} X1, ..., Xo]
=1
— 0 Py —a.s.

This completes the proof of the necessity.
(Sufficiency) Suppose that the posterior is consistent at Py. Let U be a Py-continuity
set and € > 0 be a positive number. Then,

A={QeM:[QU) - hU)| <e}



is a weak neighborhood of F.

lim E[P(U)|X1,...,X,] > lim E[P(U)I(P € A)|X1,...,X,]

n—oo

> lim (Py(U) — e)P(A| X, ..., X,)
=Py(U)—¢, PP —a.s.,
and

lim E[P(U)| X1, Xa] < lim [(Po(U) + )P(A|X1,..., Xo) + P(AY X1, ., X))

=Py(U)+e PP —as.

Since € > 0 is arbitrary,

lim E[P(U)|X1,...,X,] = P(U), P°—as.

n—oo

Similarly,

lim E[P(U)?X1,...,X,] >sup lim (Py(U) — €)*P(A|X1,...,X,) = Po(U)?, P° —a.s.

n—oo Elo n—oo
lim E[P(U)?|X1,...,X,] <sup lim (Po(U) + €)*P(A| X1, ..., X,) + P(A°|Xq,..., X,)
n—oo 510 n—oo

=Py (U)?, P° —as.
Thus, lim,, . E[P(U)?|X1,...,X,] = Py(U)?, P§° — a.s., which implies (ii). B

Proof of Lemma 2. (i). Since Xy, Xo,... is iid sample from Py, Y i I(X; & Z) ~
Bin(n, \), which implies k*/n = 13" I(X; & Z) — A, P{°-a.s.

Fix € > 0. There is a sufficiently large | such that ¢g; +---+¢ > 1 — A —¢/3. By
the strong law of large numbers, for all sufficiently large n with n > 2[/¢ we have

Inj/n—qj| <e3 7 forj=1,...,0 and |ki/n— ) <e,
where nj = Y"1 | I(X; = z;). Thus, for all sufficiently large n with n > 2l/e, we get
kn/n <[l+n—(np1+-+n,0)]/n<e/24+1—(1-X—¢€/2) <A+
and
kn/n>kr/n>X\—e

Since € > 0 is arbitrary, we get the result.
(ii). Suppose that A > 0. Note

| 1 ko —kE 1 k1
Gknza ~Z 5XJ+E ~Z 65(]_ = T k/’n—k’fg Z 5zj+ag Z 55(1
X;ez X;¢2 X;ez X,¢z

From (i), (k, — k%)/n — 0, P§°-a.s. Combining these, we have

G, = p Pyt-as.



Lemma 3. Under the assumptions in Theorem 1, the followings hold
(i) E[P(B)|X1,.., X, = [0/ (n+ )] Fu(B)
i

(ii) IZ)E[PS];)?\Xl, o Xo] = [02Fn(B)? 4+ nFo(B) — a(b + aky ) (1 — v(B))]/[(n +b)(n +
+

where Fy,(B) =n~' 3.7 I(X; € B) — ak, Gy, (B)/n + (b+ ak,)v(B)/n.

Proof. From the posterior distribution (3.2), we have

Mw

E(P(B)|Xy,...,X I(X; € B) + Ry, PY (a,b+ aky,,v)(B)|X1,..., X,
:1
kn
b+ aky,
Z X, eB)+ %, p)
— b+n
n ak,, b+ ak,
= F,(B) — B B
b B = g G (B) + 5= mv(B)

where F,, = n~! Z i 0x;-
Simple algebra on the Dirichlet distribution and the Pitman-Yor process also give

kn
E(P(B)?|X1,..., X, Z B) + Ry, PY (a,b+ ak,,v)(B))?|X1,..., X,
n? ak,, b+ ak, 2
T bt+n)b+n+l) (F”(B) T G B+ — ”(B))
n b+akn
+ Grmbrnt D) <Fn(B) — (B) + - v(B)(1 — a—|—al/(B))>
_ n?Fu(B)? + 0k (B) — a(b+ aky)(1 — v(B) u

(n+b)(n+b+1)

To prove Proposition 2 and Theorem 4, we need the following lemmas for the mo-
ments of the posterior.

Lemma 4. Suppose P ~ SSP(p,v) and X,..., X, given P is a random sample from
P, where p is an EPPF and v is a diffuse probability measure. Let n be the partition of
n defined by Xi,...,X,, and k = k(n). Then, for a measurable set B,

(i) E[P(B)|X1,...,Xn] = Zpi(n)I(Xj € B) + pr+1(n)v(B)

k
(ii) E[P(B)?|X1,...,X Z pi(n )I[(X; € B)I(X, € B)+ Z n)pe (' H)I(X; €

3,7=1 =1
B)v(B) + prs1 ()prs2 @V (B) + prsr (0)prr (0w (B)-



Proof. Using the conditional distribution of the species sampling sequence, we obtain

E[P(B)|X1,...,Xn] =P(X,41 € B|X1,...,Xn)
k
— Zpi(n)l(f(i € B) + prs1 (n)v(B).

To get (ii), first define By = B\ {Xl, e Xk} We expand P(B)? as follows.

k 2

P(B)? (Z P(BN{X;}) + P(Bo))
k

> P(BN{X;})’+ > PBN{X:})P(BN{X,})

i=1 i#j

+2P(Bo) Y P(BN{X}) + P(By)*.

We obtain the posterior expectation of the above expansion term by term.
E(P(BN{X;})?|X1,...,X,)
= E[EPBN{X; DX, .., X, P)[ X1, ..., X0
E[P(X,11 € BN{X;}, Xni2 € BN{X;HX1, ..o, X, F)| X1, ., X
= P(X,11 € BN{X;},Xni2 € BN{X;}|X1,...,X,)
= p;(n)I(X; € B)p;(n’")I(X; € B)
= pi(n)p;(n?")I(X; € B).
Similarly, we get for i # j,
E(P(BN{X:})P(BN{X; X1, .., Xn)
=P(X,11 € BN{X;}, X0 € BN{X;}|X1,..., X,)
= pi(n)p;(n"NI(X; € B)I(X; € B).
For the third term,
E(P(Bo)P(BN{X;})|X1,...,Xn)
=P(Xn41 € BN{X;}, X120 € Bo|X1,..., X,,)
= Pj(n)pk+1(nj+)V(B)I(Xj € B).
Finally, the last term becomes

E(P(Bo)*X1,...,Xn) =P(Xni1 € Bo, Xpyo € Bo|X1,..., Xy)
= [ @) (s 0B\ (i)
0]

01 (0T (012 = Tn41) ) V(dwng)

= P ()P o (F TV Bo)? + pry s () prr1 (nFHDH)(By).



Using the fact that v is a diffuse probability measure and collecting the above results,
we obtain the result of the lemma. B

Lemma 5. Suppose the same assumptions of Theorem 4. If the posterior is consistent,
for any B C Z,
lim E[P(B)|X1,...,Xn] = Po(B), FP5°—a.s.

n—oo

Proof. We will show for B = {z}, z € Z. For an arbitrary B C Z, a similar argu-
ment can be used to prove the lemma. An application of Theorem 1.2.2 of Ghosh and
Ramamoorthi (2003) for a closed set B gives us

limsup E[P(B)|X1,...,X,] < Py(B), P —a.s.

By the assumptions, for all sufficiently small € > 0, there exists an open set B, with
B C B such that v(B.) < ¢ and B.N Z = B. Since z € Z, for all sufficiently large n,
z = X, for some j. Thus,

E[P(BJ)|X1,..., X, =pj(n) + prr1(n)v(B.) < E[P(B)|X1,...,X,] +e
This implies

Py(B) < Py(B.) < liminf E[P(B,)|X1,. .., X, < liminf E[P(B)|X1,..., X,] + €.

n—oo n—oo

Since € is arbitrary, this completes the proof. B

Lemma 6. Assume the assumptions in Theorem 4 and P, is a mixture of discrete
probability measure and v with A > 0. The following convergences hold Ff® — a.s.

@ > Y pim)p; (™)X, € B)I(X; € B) — Po(BN 2)?,
i:X,€2 j:X,;€2

() > p@I(X; € B)[ > pi@NI(X; € B) + prra(n™)w(B)] — APRy(B N

i: X, €2 X, €2
Z)v(B),

(i) > p@I(XieB)[ Y pj@ )I(X;€B)+2pp(n)v(B)]
X ¢Z §:X;¢2

+Pr+1 (0)V(B) [prae (D)0 (B) + pra (D)) — (Av(B))?.

Proof. Let the three left hand side terms in (i), (ii) and (iii) be Iy, I and I5 respectively.
(i) Using p;(n'™) = (n; + 1(i = j))/(n+ 1), I is separated as follows.

n

I = . X
L Z pl(n)I(XZEB)n+1Fd7,L(B)
X, EZ
% i w0 % 1 %
+ > nmIKieB)| Y (i) —pjmTNIK; € B)+ = I(Xi € B)
i X;EZ JX;€EZ

= I+ 1o



where F,(B) =n~! >%ez n;1(X; € B). By the strong law of large numbers, (4.5)
and Proposition 3 (i),

n
n+1

111 — Poa(B)?| < ‘ Fyn(B)? — Pod(B)z‘ + Z lpj(n) —p;(m)| — 0, IG5 —a.s.

j:)z'j €z
where Pyqg(B) = Py(B N Z). From the assumption (4.5),

] (10 1 v o)
12| < Z pi(n){ Z p;j(n*") —pj(n )+ mI(Xi € B)} —0, B~ —as.
X, €2 j:X;ez

(ii) I is also separated into two groups. Let Hy.m)(B) = (k*(n))™' 3, 5.ap_ = pi(n).

L= Y pin)I(X; € B)\(B)
X, €2
+ (K (0 )py (0) + e (0™) = Nu(B) + k* (0 )py (0) (Hge (i) (B) — v(B))]
= Iz1 + Ia2.
By Proposition 3 (i), Iz; — Po(B N Z)\v(B), P§°-a.s. and
Io| < > pi(m)[[k* (0 )py () + pryr (07F) = A| + [Hp- (i) (B) — v(B)|]
X, €2

— 0, PF®—as.
(iii) Since 37, .02 pi(n)I(X; € B) = k*p, (n)Hy- (B), we have
Iz = (K*py(n) Hg+ (B) + pri1(n)v(B)) Av(B)
+per1 (v (B) [(k* (@D T)p @F DY) 4 ppo (*FDF) — N (B)
+Pk+1(n(k+1)+) + k*(n(k+1)+)p+(n(k+l)+)(Hk*(n<k+1J+)(B) - V(B))}

+ Y pm)I(X; € B) (K (0 )py (0F) 4 prsa(nF) = \u(B)
X €2

+ K@ )py (1) (e i (B) = v(B)|
= I31 + Is2 + I3 + I34 + I35.
Note that by Proposition 3 (ii), Isy — Av(B)\v(B), P§°-a.s. and
szl < k(@D )y (H4) 4 pep (aHD4) N 20, B — as.
| I33] < pryr(0FFIY) 4+ [ Hy i) (B) = v(B)| = 0, P5® —aus.
sal < pi(m)[E* (0 )py (07) + prya () = A = 0, B —aus.

ss) < > pil0)[Hyeniy(B) = v(B)| = 0, B —as.
X, ¢Z



Thus, the lemma follows. B
We now give the proofs of Propositions 2 and 3 and Theorem 4.

Proof of Proposition 2. From Lemma 2, we have

k k
E(P(B)X..... Xa) = 3 LI(X; € B)+ 3 (ps(0) = “DI(X; € B) + pres (m)(B)
k
= Fu(B)+ 3 (p;(0) = “DI(X; € B) + pis ()v(B).

By the assumptions and Proposition 3 (iii), the second and the third terms tend to 0.
Thus, as n — oo, we get |E(P(B)|X1,...,X,) — F.(B)| — 0, P§° — a.s.

In (ii) of Lemma 2, E[P(B)? Xy,...,X,] is expressed as the sum of four terms,
which we will call I1,...,I; in the order of appearance.

First term I, is separated into three parts as follows

k
D7 [ i () 47 )y () = p3 0)) 4+ (i) = i () (0] (Xi. X, € )

The second and third group converge to 0 P§° — a.s. by (4.2) and (4.4). The first group
becomes

Zpl )I(X;, X, €B) =

4,j=1
Thus, I1 — Py(B)?, P§° — a.s. as n — oo.

The other terms are

k
Lo + I5 + Lu| < prss(n) {QZpi(n(k-H)-i-) + s FFDF) 4 pp o (nEFDTY]
i=1
<2pg41(n) — 0. P5° —a.s
Thus, we get the desired result. B

Proof of Proposition 3. y
(i). Fix a Borel set B. Using 31, (n;/n)I(X; € ZN B) = F,(ZN B),

k
‘Zpi(n) (X, € ZNB) - zma] Z|pz —ni/nl.
Dominated convergence theorem and (4.5) give

lim Y " p;(n)I(X; € ZnB) = lim F,(ZNB) = Py(ZNB) Zqz z; € B).

n—oo



(ii). Apply (i) with B = Z. Then,
lim Z pi(n) = Zqi =1-X P —as.
X, ez i=1

By noting that p;(n) + - - + pry1(n) = 1, we get

Epym)+perin) = D pim) +pea(n)=1— > pjn) = A P®—as.
i X;eZ i X;€2

(iii). Note that (4.5) is assumed. The equation (4.4) is

lim C,, = lim [ Z lp;(n) —n;/n|+ Z |pj(n)_”j/”|}

e e j:X,;€2 X, €2
= 1im [ 7 [ps(m) = ny/n] 4 (5" py (0) 4 pr () = K0 = piya ()
j:XjEZ
= nh_}ngo [0 +A=A— pk+1(n)|]

lim pgyi(n), P —a.s.
n—oo

If A > 0 is assumed, then F§°-almost surely

n—oo

0= lim Z |pj(n)—%| = lim (k*/n)|nps(n) — 1| = A lim |npy(n)—1]. W
j:XjQZ

Proof of Theorem 4.

(Sufficiency)

Case A: when condition (i) holds. In this case, the posterior is consistent by the
Proposition 3 (iii) and Proposition 2.

Case B: when condition (ii) holds. We first consider the case when Py is discrete,
i.e., A = 0. By noting that py11(n) =1— Z?lej(n) —1—(1=X) =0, P$° —a.s., this
case reduces to Case A and the posterior is consistent.

Now we consider the case when P, is a mixture of a discrete probability measure
and v with A > 0. Note

k
E[P(B)|X1,...,X,] = Z pi()[(X; € B) + pry1(n)v(B)

k k
- ij(n)I(Xj €ZNB)+ Y pim)I(X; € B— 2)+ prar(n)v(B).

j=1

The first term converges to Z;‘;l g;I1(z; € B) by Proposition 3 (i). The fact that Hy«(B)
converges to v(B) together with Proposition 3 (ii) yields

K pa (0) (Hy (B) — v(B)) + (K (n) + pross ()0(B) — Av(B),  P§ — aus,



where Hj.- is defined by Hy-(B) = (k*)~1 Z?Zl I(X; € B— Z) for all Borel set B. Thus,

lim E[P(B)|X1,..., X, =Y q;I(z € B) + \(B) = Py(B), Pg° —a.s.
n—oo
j=1

Terms in Lemma 2 are regrouped as

Y. Y piln)p(n™)I(X; € B)I(X; € B)

X, €2 j:X;€2

22 Y pmIh e B Y p I € B)+pun (o)
X, €2 j:X;¢Z2

+ > pin)I(X; € B) [ > pi@™MI(X; € B)+ 2pk+1(ni+)u(3)}
X ¢Z :X;¢Z
+ pr+1(n)v(B) [Pk+2(n(k+1)+)V(B) + Pk+1 (n(kHH)]
:Il +12+13+I4

Lemma 4 shows that I; — Py(BN 2)?, Iy — 2APy(BN Z)v(B) and I3+ 14 — (A\v(B))?,
Pg-a.s. Hence, we have

lim E[P(B)?|X1,...,X,] = (Po(BNZ2)+ \(B))* = (Py(B))? P —as.

n—oo
Therefore, by Lemma 1, the posterior is consistent at F.

(Necessity) Suppose the posterior is consistent at Py. By taking B = {z} with z € Z
in Lemma 3, we have p;(n) — ¢;, P5° —a.s, for all j such that #; > 1 and the decreasing
ordering n = (Ay,...,7y) of ny,...,nk. Also it is not hard to see p4(n) —1/n — 0.
Fix € > 0. There is L such that ), ; ¢; < €/6. By the strong law of large numbers
and Proposition 3 (i), there is Ny such that |p(n) — ¢;| < €q;/6 and |p;(n) — ¢;| < €q; /6
for all n > Ny and ¢ = 1,..., L where pf(n) = n;/n. Again by the strong law of large

numbers and Lemma 3 with B = Z — {z1,..., 21}, we get
Z p;(n) — Z g; and Z pj(n) — Z g, Py°—a.s.
j:X,€B J>L j:X;€B i>L

Also, there is N7 such that for all n > Ny

‘ Z p}f(n)—qu <¢/6 and ‘ Z pj(n)—qu‘<e/6.

j:X;€B J>L j:X;€B J>L

By merging inequalities, for all n > Ny + Ny

> Ipi(n) —n;/n| <e.

j:X;€2

The arbitrariness of € > 0 gives (4.5).



Now suppose that P, is not a mixture of a discrete probability measure and v. Then,
Py is a mixture of a discrete probability measure and a diffuse probability measure pu
that is different from v with A > 0.

The predictive probability given by

k
E(P(B)|X1,...,X,) = ij(n)z(f(j € B) + prpy1(n)v(B)

should converge to Py(B) for every Py-continuity set B. Since p # v and the predictive
probability is eventually unaffected by v, pgy1(n) should converge to 0.

Suppose that there is a sequence n; such that pyi1(n;) — ¢ > 0. Since k*py (n) +
Pr+1(n) — A\ k*pi(n;) — A — ¢ > 0. The predictive probability is

k k
ij(nl)l(f(j € ZNB)+ ij(nl)f(f(j € B - Z) +p}c+1(nl)V(B).

j=1
By the Proposition 3 (i), the first term converges to Z;’;l gjI(z; € B), Pg§° —a.s. The
second term goes to

k
pe(m) Y I(X; € B—2) = k*py(m) x %ZI(Xj €B-2Z2)

(A= )u(B - Z)= (A O)u(B), P - as.

Hence, the predictive probability E[P(B)|X1,. .., Xp,] converges to
Y 4il(z € B)+ (A= 9)u(B) + ¢v(B) = Po(B) + ¢(v(B) — u(B)), Fg* —a.s.
j=1

It contradicts to the assumption that the posterior is consistent at Py. Thus, pg41(n) —
0, P — a.s.. This completes the proof. B

The following lemma is used to check the conditions of the posterior consistency for
the N-IG process prior.

Lemma 7. When 0 < k <n,

nwy, —1 as n— oo.

Proof. Since y > 1, obviously 1 — =2 < 1 and

S S =y )yt dy
T Ty b temavdy T

It is not hard to see that (1 — y~2)""'y*¥~1e=% on (1,00) is unimodal and 77121,1@ =
argmaxy21(l —y~2)n~1yk=le=9 goes to infinity as n increases. Thus nfm is unique and
(1 — y=2)n~ 1y =1e=9 increases on (1, niyk) and decreases on (1. ;,,00). For simplicity,



let 7 be the positive root of 77721,,k' By reducing the integration range of numerator as
(n,0) and separating the integration range in denominator, we have

S =) (1 -y )yt tem vy
(]_ _ 72)n71yk7167aydy+f00 1— 72)n71ykflefaydy

nwin 2 f'r]
1

—2n1k:1—ayd -1
> (1— 52 [ Ji'a y y]
fn 1_ nlkle aydy
—1)(1 = —2\n—1,k—1 e—an -1
S R I
(? =m) (1 —n=2)n=tyk-teman
-1
:L—J, as n—oo. N
n

The following lemma is used to check the conditions of the posterior consistency for
the Poisson-Kingman process prior.

Lemma 8. When 0 < k£ < n,

w(n, k) -1 as n— oo

Proof. The upper bound is easily obtained by

fooo mun 1(b+u)ak n 7CF(1 a)(b+u)® /adu

<
un 1 b+u ak—ne—cF(l—a)(b+u) /adu - 1
0

w(n, k) =

The lower bound is quite similar to Lemma 5. For fixed n and k, it is easy to show that
u" (b + u)knem P 1ma)(b+w)*/a ig yunimodal in w. Then, v2 , = argmax,qu" "' (b +
u)“k_"e_cr(l_“)(““)a/a is unique and goes infinity as n goes to infinity. Besides, the
argument function increases on (0,v}, ;) and decreases on (v}, ;,00).

Let v be the positive square root of v? n.k- For the lower bound of w(n,k), the
integration range of numerator is reduced to (U 00). A similar calculation to Lemma 5
gives

o0 1 —
w5 Jo BT+ W)k e OO ey
fO un— 1(b+u)ak7nefcl"(17a)(b+u) /adu
v { o (b 4 w)ek e T () fagy, ] -

>
“b+4w fvﬂz un—l(b + u)ak—ne—cF(l—a)(b+u)“/adu

(% v - ’Unil(b 4 ,U)ak—nefcr(l,a)(m,v)a/a —1
> 14
b+w { (v2 =) - L(b+ U)uk_"e_cr(l—u)(b+v)a/a:|
-1
_v 1 as n—oo. N
b+v
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