Statistica Sinica, 20(2010), Supplement, 000~000

ESTIMATING THE PARAMETERS OF BURST-TYPE SIGNALS

Swagata Nandi! and Debasis Kundu?
Indian Statistical Institute and Indian Institute of Technology, Kanpur
Supplementary Material

This note contains the proofs of the results stated in Section 2 and definition of
some limits which has been used in obtaining the asymptotic distribution of the least
squares estimators. Lemmas 1 and 2 are first stated and proved. They are required to

prove theorem 2.1. Then Theorem 2.1 is proved. Several limits are defined afterwards.

S1. Proof of Consistency

The technique used to prove Theorem 2.1, is that of Wu (1981). Lemma 2 gives a
sufficient condition for strong consistency of the LSEs and Lemma 1 is required to verify
the condition given in Lemma 2 under the condition that the error random variables
are i.i.d. The methodology adopted in the following might be applicable to the case of
undamped periodic signal models.
Lemma S1.1. Let X (1), X(2),... be i.i.d. random variables with mean zero and finite
second moment, and let b be a real number such that e/’ < K. Let II = (0,7) x (0,7) €

R2. Then
N

1 a.s.
sup —ZX(t)exp{bcos(at)}cos(@t) =0, as N — .
(a,0)€ll N

Proof of Lemma S1.1. If Z(t) = X (t) when | X (¢)| < t2 and is 0 otherwise, then

> PlZ(t) # X(#)] > PlX ()] > 2]

=Y > PIx@)>nd

t=1 2t—1§nS2t

< S 2tp[x(1)] > 27
t=1

< Z?tZP F < IX(1)] < 2%
e’} J

< ZP S <X(1)] < 23] Z 2t
j=1
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CZW 1p's <|X(1)| < 2] < cE|X(1)? < .
So, P[Z(t) # X(t) i.0.] =0 and Z(t) and X (t) are equivalent random variables. Thus

sup Z X (t) exp{bcos(at)} cos(ft) 3
(c, 0)61'[

1 a.s.
& sup — Z Z(t) exp{bcos(at)} cos(ft) = 0.
(e,0)€ll N =1

Let Uy = Z(t) — E(Z(t)). Then
| X
sup ZZ ) exp{bcos(at)} cos(Ot) e“’l Z |Z(t)] — 0.
(a,0)€Il t:l

Thus, it is enough to show that

sup U, exp{bcos(at)} cos(At) “3 0.
M)enzvzt {bcos(at)} cos(0r) °

1
m. Then |hUt COS(Gt)ebCOS(at)| S

1 1
7 Now, using el*l < 2¢% and e* < 14 x + 222 for x| < 2 we have

For any fixed € > 0, assume that 0 < h <

N N
1 3
N Z Uy cos(Bt)e cos(at)| > e| < e MNe H E (exp{\hUt Cos(gt)ebc%(at) ‘})
t=1 t=1
N
< e Ne H E (exp{hUt cos(0t)e COS(M)})
=1
N
< 2"V ][ +20%0°K?)
=1
< 26—hNe+2Nh202K2.
1 . . .
If h= INEK in the above inequality,

N
% Z Uy cos(6t)e® cos(at)| >

t=1

P—1 2 Ea—1
;| S 267%N2K e+%o’ S 667%N2K e'

Let L = N2 Choose (a1,6y),...,(ar,01) such that for each (a,f) € II, we have a
e T ™
(e, 8;) satisfying |a; — a| < N2 and |6, — 0] < ek From

‘cos(@t)eb cos(at) _ cog(ft)ebcoslit)
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Cos(9t)eb cos(at) _ cos(Hjt)eb cos(at) 4 cos(9jt)eb cos(at) _ Cos(Gjt)ebcos(o‘ft)‘

bcos(at) _ eb cos(ajt)

IN

|ebeosta)||cos(0t) — cos(B;t)| + | cos(B;t)] |e
Kt|9]' — (9| + Kt|b||Oéj — Oé|,

IN

N N
2
Z (cos ()b eos(@ad) —cos(ﬂjt)ebcos(o‘jt)> < = D HEKU(0; 0] + [bllag — al)
P} t=1
2 A
< = tﬁK— b
< 3K
T
< 2K(1+1b])—= — 0, as N — oo.
< 2K+
Therefore, for large N,
1 & 1 &
. b cos(at) bcos(a t)
P saug N;Utcos(et)e 22€‘| < P ;2?\/}5 ;Utcoset) j >e]
1na 1,
< cNZe zN2E ¢
1oL
Since ZnQe*WﬂK ¢ < 00, we have
N
sup ZX ) exp{bcos(at)} cos(ft) “3 0,
(v, 0)61'[
as N — oo, using the Borel Cantelli Lemma. |

Lemma S1.2. Let Sy = {n: |n —n°| > 6¢,|A| < M}. If for any € > 0 and for some

1
M < oo, l}ggofnehslﬁfﬂ N [Q(n) — Q(no)} > 0 a.s. then 7 is a strongly consistent

estimator of n°.

Proof of Lemma S1.2. It is simple and can be proved by contradiction along the same
lines as Wu (1981), so it is not provided here. |
Proof of Theorem 2.1: In this proof, we denote 7 by 7y = (An,bn,an,cn,ON, ON)
to emphasize the dependence on N. Assume that 7, is not a consistent estimator for
n° and consider two cases.

R 1
CASE I: For all sub sequences { Ny} of {N}, |[An, | — co. This implies A [Q(f1n,) — Q(n°)]
k
— 00. But as 7y, is the LSE of n° with sample size N}, we have Q(Ny,) — Qn° <o,

which leads to a contradiction. So ) is a strongly consistent estimator of n°.

CASE II: For at least one sub sequence {N} of {N}, 9y, € S s for some € > 0 and
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some 0 < M < co. Now we write % [Q(n) — QN°)] = f(n) + g(n), where

N
fm) = Z[ exp{b° (1 — cos(a’t + )} cos(8°t + ¢°)

—-A exp{b(l — cos(at + ¢))} cos(6t + ¢)} 2,

gn) = % [AO exp{b®(1 — cos(a’t + )} cos(0°t + ¢°)

—A exp{b(l — cos(at + ¢))} cos(0t + gzb)} .

Using Lemma 1, we have lim sup g¢(n) = 0, a.s. Define sets S! ,,, i = 1,...,6, as
N—oo nNESe, m ’

;M ={n:|n—nY| >e¢|Al < M}, where n;, i = 1,...,6 stands for the elements of 7,
that is, A, b, a, ¢, 8 and ¢. Note that Se pr C U?:1SZ,M = S (say). Therefore,

liminf inf - [Q(n) ~ Q(n")] > lminfinf - [Q(n) — Q(n")].

N—oo Se m N—o00

1
Our aim is to show that liminf inf N [Q(n) — Q(no)] = liminf inf f(n) > 0, a.s. for

N—oo S’ N—oo St

1= ,6 which would imply hm inf inf N [Q(n) — Q(no)} >0 a.s. So, for ¢ =1,

N—oo Se m

B gL S

o . 0( 0 0 0 0
= 1}\171335|AJ%\>5NZ[ exp{b”(1 — cos(a’t + "))} cos(6°t + ¢°)
2
—Aexp{b(1 — cos(at + ¢))} cos(0t + ¢)

N

= ]\/lgnoo |A32£|>6 % ;(A — A% exp{20°(1 — cos(a’t + c°))} cos? (0%t + ¢°)

Y

N
1

2 lim — Z exp{—2b° cos(a’t + *))} cos®(6°t + ¢°)
N=

Cpo 62

5 > 0 a.s.

N
1
> 200 200 2 li 2700 0
> ee ¢ lim N;_l(:% 0"t +¢°) =

where ¢, = 1,if b > 0 and ¢, = e~ 1%, Using a similar technique, the inequality holds

for other 7 as well and the theorem is proved.
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S2. Limits Used in Asymptotic Distribution
For p = 0,1,2,..., the following limits have been used to obtain the asymptotic
distribution of the LSE #) of nY:

li L
1m
N—oo NP +1

N
th672bcos(ozt+6) COSQ(Gt + ¢) _ 51 (E7p);
t=1

N
I g Do e 1 — cosfat +))cos' 01+ 6) = a(E.p)

N
1\}13100 Nr T the—%cos(oct+0) Sin2(at +o) COSQ(et 4 ) = 05(€,p);
t=1

N
R v D e 2beoslott sin? (0t + ¢) = 64(&, p);
t=1

N
1 ‘
ngnoo Np + 1 Z:ltpe—chob(at'i‘C)(l _ COS(at + C)) COS2(9t 4 ¢) _ 55(6,]7),

N
Z tPe2bcos(at+e) gin(at + ¢) cos® (0t + ¢) = d6(€, p);

lim ——
N—oo NP +1 =

N
NN > trem2beos( @) in(0t + ¢) cos(0t + ¢) = d7(€,p);
t=1

N
A}im Nl Z tPe=2beos(at+e) gin(at + ¢) }(1 — cos(at + ¢)) cos? (0t + ¢) = ds(€, p);
t=1

li L
1m
N—oo NP —|—1

N
Z tPe—2bcoslatte) (1 _ cos(at + ¢)) sin(0t + ¢) cos(0t + @) = 8o(€,p):
=1

N
Jim 2 ; tPe=2beos(at+¢) gin (ot + ¢) sin(Bt + ¢) cos(0t + ¢) = d10(&, p).
Note that
exp{—2|b|} < exp{—2bcos(at + c)} < exp{2|b|}. (52.1)

Using it in the first sequence listed above, with p = 0, we have

N

N N

1 1 1

e*2|b‘ﬁ E cos? (0t + ¢) < N E e~ 2beos(atte) os? (Ot + ¢) < e2|b|N E cos? (0t + ¢).
t=1 t=1 t=1

—2)p) o2l
<61(¢,0) < 5 For notational simplicity,
5k(,p) = dk(p), k = 1,...,10, has been used in obtaining the asymptotic distribution
of the LSEs.

Now taking limit as N — oo, we get
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Using the inequality given in (S2.1), in d(&, p), we have

N
_ . 1 .
d6(&:p) < {Z }e‘%‘ {e \25\} i N tgl tP sin(at + ¢) cos® (0t + ¢)

— e|2b|{e_|2b|} x 0.

This implies that 0 < dg(&,p) < 0 = 06(&,p) — 0, for all p and £€. In a similar way, we
find that 5 (&,p) — O for all p and & for k =17,...,10 and d5(&,p) = 61(&,p).



