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Throughout the paper, b*)(z) of a function b(z) denotes its kth derivative. To estab-
lished the asymptotic results given in Theorems 3.1. and 3.2., we need the following regularity

conditions:

(C1) The covariate vectors Z and X have bounded support. The design matrices formed by

the column vectors of Z and X are of full rank.

(C2) The true value 6y belongs to the interior of a known compact set B in RP™%, and \o(x)

is positive and thrice-continuously differentiable.
(C3) The censoring time C' has a positive and twice-continuously differentiable density function.

(C4) With probability one, there exists a positive constant (o such that P (Ceiﬁll)z > ef >

T|Z, X) > (o for all possible values of Z and X, where 7 is a finite positive number.

(C5) The kernel function K(-) is thrice-continuously differentiable, and K™ (-), r = 0, 1,2, 3,
have bounded variations in R. In addition, the first (m — 1) moments of K™ (-) are 0

for some m > 3.

The conditions (C1), (C2), (C3) and (C5) are similar to those used by Zeng and Lin (2007)
for establishing the asymptotic results of the nonparametric maximum likelihood estimates
under the usual accelerated failure time model. Condition (C4) is needed for the identifiability

of the accelerated failure time model mixture cure model on the interval [0, 7].

Proof of Theorem 3.1.  Let (3., 4m, An(:)) denote the estimates of (80,70, Ao(+)) obtained
from the proposed EM algorithm. We have
. /“’gz nt Y 5K { Ry (Bn) — s}

An(z) = ~
—oe Tt Y iy [0 K (u)du

ds, © > 0.

where A, (z) = Iy An(w)du, Sn(z) = exp{—A,(z)} and

A1 XS R;(Bn)
Wi = i+ (1 6;) j(%Xz)Srzl{e ’ }R il
1 — 7(3,X:) + 7(34,X:) Sy {eRi (Bn) }
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In addition, define

(76 X:) So{e™ P}

i :51 1752 ) ':17"'7 )
wio =0 (=0T X + mp X Soferiory ! !
e [ T

" —eo LY wjo JTEO75 Ky (w)du ’

As discussed by Zeng and Lin (2007), following lemma 2.4 of Schuster (1969) and theorem 2.4.3
of van der Vaart and Wellner (1996), we can show that

| LS g K R(3) — st PO=LRE) <) 0
S | ;5]Kh{RJ(5) s} - 0, a.s. (S.1)
Note that
dP (5 =1,R(Bo) <5) _ dP(R*(Bo) < /
( - (/80) S) — ( C(lfo) S)EZ,X{W('YOX)P (C(BO) Z SlZ,X)}

where R*(8) = log(T*) — 3'Z, C(8) = log(C) — 'Z and the expectation Ez, x is taken with

respect to the random variables Z and X. Moreover, we have

n R;(Bo)—s 1 n R;(Bo)—s
S wio / Ky =135, / K (u)du
j=1 J=ee

S

=1 —o©
n (7 X ) S f e (Bo) R;(Bo)—s
da 57 (70X;)S0{ }Rj(ao)}/ K (u)du.

_|_
— = 7(vX;) + (7 X;)Sole

S

<.

Using the similar techniques, we can show that the first term on the right-hand side of the above

equality converges uniformly in s to
Bz, x [7(7X)P (C(Bo) > 5|2, X){P (R"(Bo) > s) — P (R (o) > C(60))}]
and the second term converges uniformly in s to
Bz, x [w(26X)So{e“ )P (C () 2 512, X)

which is due to a fact that E(1 —4|C, Z, X) =1 — (v X) + 7(7X)So{e“ PO},

Thus, n~* doi—1 who ff’;;w‘))_s Kp(u)du converges uniformly in s to
P (R"(Bo) > s)Ez x[m(7X)P (C(Bo) > s/Z, X)]

since So{e“P)} = P (R*(6o) > C(fo)). It follows that

sup n~! i1 0 Kn{R;(Bo) — s} _dP(e<s)/ds — 0, as (5.2)
st 2 wio [T Ko (u)du P(e>s) o

and A, (z) — Ao(z), a.s. as n — oo. In addition, the pointwise convergence can be strengthened

to the uniform convergence by applying the same monotonicity argument used in the proof of
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the Glivenko-Cantelli Theorem [Page 96 of Shorack and Wellner (1986)], i.e. sup,¢(o |An(z) —
Ao(z)| — 0, as..

Next we show that (A,,60,) converges to (Ag,0). Since every bounded sequence in R4
has a convergent subsequence, there exists a 6 such that émk — 6*. By Helly’s theorem [Ash
(1972)], there exists a function A* and a subsequence {A,, } of {A,, } such that A, (z) — A*(x)
for all z € [0,7] at which A* is continuous. Therefore, (An,,0,,) must converge to (A*,0*).
Recall that R

] ()" 3271 6 Kn{R;(Bn,) — logz}
Ay (2) = ) R; (,@n )—logz )
WS [T K () du

Let k£ — oo in the above equality. Using the similar techniques for proving (S.1) and (S.2), we

can show that .
E{dN(z,3")}
Y (z, 5*)g(z, 0%, A*)dz’

where N(z, 8) = 6I(e®? < z), Y(z,8) = I(e® > z) and

A (z) =

m(y' X)S(x)

96 0. 80) = TRy + (v 05 @)

Thus, for any x € [0, 7],
E{dN(z,8") = Y(z,8%)g(z, 0", A")\" (z)dz} = 0. (S.3)
Also note that
0 < ng'l5, (Any,0ny) —ni 10, (Any, 60)

= nik ; '/OT IOg{)an;i(x)}{dNi (m, Bnk) - YZ(Ia /@nk )gi(fﬂ, A"k? énk)j\’”k (:c)dr}
-f-ni]c 2; /OT log{Xny.i (@) HdNi(x, Bo) — Yi(x, B0)gi (2, Ay, 00) Any, (2)da}
+nik z_; /()T[log{Xnk,i(w)} — {Xnpi(@) = BY]Yi(2, B0)gi (@, Any, 60) An () da,

_ﬁnkzyigi(x:Ank:énk)ﬂnk(‘r)a )an,Z(x) = e_ﬁ(IJZigi(xv[\nkveO)S‘nk(m) and

Xngi (@) = Xng,i(€)/Xn,,i(x). Based on (S.3) and the fact that

where Xn,.i(x) = e

M(z) = N(z,Bo) — /Ow Y (u, Bo)g(u, Ao, 00) Mo (u)du

is a mean-zero martingale process, and applying the Glivenko-Cantelli Theorem, we have that
the first two terms on the right-hand side of the above inequality converge to zero. The third

term is less or equal to zero since for x > 0, log(z) — (z — 1) < 0, which converges to
E(/T [lo {e—(ﬁ*)’z gz, A*,0%)\ *(x)} B {67@*)’29(%/\*79*))\*@) _ 1}]
0 Py g(x, Mo, 00) Ao (z) e=FoZ g(z, Mo, 00)ho()
x Y (z,B80)g(z, Ao, 00) Ao (z)d, )
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Note that the above limit is the negative Kullback-Leibler information, E[I°(A*,6")]—E[l°(Ao, 60)],

where
1°(0,A) = /OTlog{e—ﬂ’Zg(x,A,@)A(x)}dN(m,ﬁ) _ /0 Y (2, B)g(, A, O)\(z)d.

Thus, the Kullback-Leibler information must equal zero. Then, with probability one, we have

/T log{e~ "% g(z, A*,0*)\" (z)}dN (z, B%) — /OT Y (z, 8 g(z, A", 0°)A* (z)dz

0

= /T log{ef%zg(m,Ao,Go)Ao(az)}dN(x,ﬁo) — /T Y (x, Bo)g(x, Ao, 00) Ao (z)dx.
0 0

This implies that A* = Ao and 0" = 6y with probability one. Therefore, (An,,0rn,) must
converge to (Ao, f00). By Helly’s theorem, we know that (An,én) must converge to (Ao, 6p).
Furthermore, the point-wise convergence can be strengthened to the uniform convergence by
applying the Glivenko-Cantelli Theorem [Shorack and Wellner (1996)]. #

Proof of Theorem 3.2.  Following Theorem 3.3.1. of van der Vaart and Wellner (1996),
we first derive the score operators based on some submodels. To be specific, set Aq(z) =
JoAl+dha (u)YdA, (u) and 04 = dha +0,,, where hi(u) is a function on [0, 7] and hs is a (p+q)-
dimensional vector. Furthermore, write ha = (hb;, h5s)’, where ha; is the p-dimensional and
ho2 is the g-dimensional vectors corresponding to Z and X, respectively. Let U, (An, én)(hl, h2)
denote the derivative of nillZ(ed,Ad) with respect to d and evaluated at d = 0. We have
Un (A, 00)(h1, h2) = Uni(An, 0,)(h1) + Un2(An, 6,)(h2), where

Uni(An,6a) (1) = ;; I [fu(x) - (- gt Ao} [ fu(u)dAn(u)}

x {dNi(@, Bu) = Yi(@, Bu)g:(w, An,0n)dAn(@) |

Vs 0)(h) = 3 [ KWl Ao 0N, (2 B2) = ViGo: B Ao B (o)),
i=1

and W;(z, A, 0) = [—Zlw;(z, A, 0), X {1 — gi(z, A, 0)}]" with

)\(1)(1‘)

wi(z, A, 0) =z Nz

+1- CC)\(.CE){l - g¢($,A7 9)}

Note that U, (A, 0,)(h1, he) = 0 for all (hi, hs) since (A,,6,) maximizes 15.

Let BV[0, 7] denote the space of bounded variation functions defined on [0, 7]. We assume
that the class of h = (h1,h2) belongs to the space H = BV[0,7]® R’t9. For h € H, we
define the norm on H to be ||h||g = ||h1]|v + ||h2]||1, where ||h1]|» is the absolute value of h1(0)
plus the total variation of h; on the interval [0,7] and ||h2||1 is the Li-norm of ha. Define
Hpn ={h € H : ||h|lg < m}. If m = oo, then the inequality is strict. In addition, define
(A, 0)(h) = [ ha(t)dA(t) + h30. The (A,0) indexes the space functionals

U= {(A,g); sup |(A, )] < oo}.

hE€Hm
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Now W C I°°(H,,), where [°°(H,,) is the space of bounded real-valued functions on H,, under
the supremum norm ||U]|| = supj,cy, |U(h)|. The score function U, is a random map from ¥
to [°°(H,,) for all finite m. Convergence in probability (denoted by P*) and weak convergence

will be in terms of outer measure.
Define U(A,0)(h) = E{Un(A,0)(h)}. Accordingly, write U(A,0)(h) = Ui(A,0)(h1) +
Uz(A, 0)(h2). In addition, define
Ui (A, 0)(h1) = /OT {hl(m) —{1—g(x,A,0)} /Oz hl(u)dA(u)}
x {dN(z,B) =Y (z,8)g(z, A, 0)dA(x)},
Ui(0.0) = [ W A0V (2. 8) = Y (@ Ala(e. A, 6)dA )}

Conditions (C1)-(C3) imply that the class {Uy (Ao, 60)(h1) : h1 € BV[0,7],||h1|le < m} can be
written as the summation of bounded Donsker classes, and thus it is also a Donsker class [van der
Vaart and Wellner (1996)]. Moreover, the class {h5U;3 (Ao, 00)(h2) : ha € RPT?, ||h2||1 < m} can
also be shown to be Donsker since U5 (Ao, 6o) is a bounded function. Thus, 711/2{U,L(A07 6o)(h)—
U(Ao, 6o)(h)} converges weakly to a tight Gaussian process G*(h) on [°°(H,,).

Next, we derive the information operator I(A, 8)(h). To do this, we write U(A, ) linearly
in A — Ag and 0 — 6y. Define T = (A, 0) and To = (Ao, 6o). After some calculations, we have

i)k = =0 =0 B( [ W0l @) = {1 = g To)} [ s (w)dno(w)
XY (@, fo)g(w, To)dAo(t) )
([ @)~ 1= gt o)} [ () (w)
XY (@, fo)g(w, To)d{A(x) — Ao(x)} )
+B([ @) = (1= g To)} [ s (w)dro(w)
X {A@) ~ Ao()}Y (z, fo)g(a, To) {1 — g(z, Yo)}dAo() )
+ errors (1) (1),
Ux(Y)(h) = —(0 —90)’E{/OT W(ac,To)W'(x,To)hgdAo(m)}
— B[ [ BW (@ T0)Y (o, Bolg(e. To)d{A(z) = Aofa)}]
+E [/0 hyW (2, To){A(z) — Ao(z)}

x Y (z,B0)g(z, Yo){1 — g(=, To)}dAo(a:)} + error2(T)(h).

In addition, since the functions involved in U; and U, are all bounded, it is easy to show that,
as 116 Bolls — 0 and [[A — Ao = sup,.q 1) |A(@) — Ao(@)] — O,

SUPepr,. lerror; () (h)|

0,i=1,2 S.4
10— 6ol A — Aol 7 (5-4)
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Thus, the information operator is given by

1(T)(h) = /O " o1 (W) (2)dA () + O'oa(h), (S.5)
where
oi(h)(z) = E{V(x,Yo)(h)Y(z,pBo)g(x,To)}
L[ VT (Y (s, fo)g(. X)L = g, Yoo o),
aa(h) = E[/O W (z, To)V (z, To)(R)Y (z, Bo)g(x, To)dAo(z)],
and

V(z,T) = hi(z) — {1 - g(t, 1)} /O ha (u)dA(u) + RAW (£, T).

In addition, based on (S.4), the uniform consistency of T = (A,#), and the fact U(Yo) = 0,
we have ||U(T)(h) — U(Yo)(h) + I(T — To)(R)|| is op+(||0 — 6o||1 + ||A — Aol]). By the kernel
approximation and the zero-moments condition of K(-) as discussed in Zeng and Lin (2007),
the above result can be further strengthened as ||v/n{U(T)(h) — U(To)(h) + I(T — To)(h)}|| =
op=(1+v/nl|T = Yol|), where || T — Yol| = (10 — bol[1 +[|A = Ao]|-

In the third step, we show that I(Y)(h) is continuously invertible. Following Murphy,
Rossini and Van der Vaart (1997) and Scharfsten, Tsiatis and Gilbert (1998), it suffices to show
that o(h) = (61(h),02(h)) is invertible almost everywhere (dAg). To do this, we first show that

o(h) is one-to-one almost everywhere (dAg), i.e.

/0 " o1 () (@)ha () dAo(z) + Byoa(h) = 0 (S.6)

implies that he = 0 and hi(z) = 0 almost everywhere (dAo). Plug o1(h)(x) and o2(h) into
(S.6), we have

0

5( /0 (@) [V, Y)Y (2. Bo)g(e, Xo)
/ V(s Yo)Y (. Bo)g(s, Yo){1 — g(s. To)}dAo(s)| dAo() )

+ hQE/ (z, To) (:r7TO)Y(m,Bo)g(LTO)dAO(m)}

E/O{hl(az)+hIQW(:E,To)}V(:E,TO)Y(x,ﬁo)g(:v,To)dAo(m)]

_ E[/OT /09” hi(w)dAo(u)V (x, Yo)Y (x, Bo)g(z, To){1 — g(x7’r0)}dAO(x)}

E UT V&2 (2, 7)Y (z, Bo)g(x, To)dAo(x)] .

0

®2

where a®? = aa’ for a real vector a. Since Y (z,30)g(x, To) > 0 a.e. on [0,7], it implies

V(z,Yo) =0 a.e. (dAo). Therefore, with probability one (dAo),

hi(z) + {1 —g(z,Yo)} {h'QQX - /Oz{h/mZ + ha (u)}dAo(u)} = —hiyZ.
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From this, h21 must be zero. It further implies that

% —/0 hi(uw)dAo(u) = —hg X
a.e. (dAo). Similarly, hoo must be zero. With he = (h51,h5y)" = 0, we have hi(z) — {1 —
g(x,Yo)} [ hi(u)dAo(u) = 0 a.e. (dAo). This is a Volterra integral equation of the first kind.
It is easy to show that the solution, h1(-), to this equation must be zero a.e. (dAo).

Then, we want to show that o(h) has a continuous inverse. To show that o is invertible,
since o(h) is one-to-one, we only need to show that it can be written as the difference of a
bounded linear operator with a bounded inverse and a compact linear operator [see Corollary
3.8 and Theorem 3.4 of Kress (1989)]. This can be done following the similar techniques used in
the proof of Theorem 3 of Lu (2008) and it is omitted here. Since o (h) is invertible, its inverse
will be continuous [see page 149, Luenberger (1969)]. Thus, I(Y)(h) is continuously invertible
on its range.

In the fourth step, we establish the asymptotic distributions of Y. To do this, we need
to show that |[v/n{(Un — U)(Th) — (Un — U)(YTo)}|| = op=(1 + v/n||Tn — To||). Based on
Lemma 1 of van der Vaart (1995), it suffices to show that F = {U*(Y)(h) —U*(To)(h) : h €
Hpm,||T = Yo|| < €} is Donsker for some e > 0 and supj, ¢y, E[{U*(T)(h) — U*(Yo)(h)}?]
converges to 0 as T converges to Yo, where U*(Y)(h) = Ui (Y)(h1) + h5U5(Y). To prove
this, we write F as the summation of two Donsker classes with uniformly bounded envelopes.
Then based on the result that classes of Lipschitz transformations of Donsker classes with
integrable envelope functions are Donsker [see Theorem 2.10.6 of van der Vaart and Wellner
(1996)], F is Donsker. In addition, by the Dominant Convergence Theorem, it can be shown
that sup, g E[{U*(T)(h) —U*(Yo)(h)}?] converges to 0 as T converges to Yo. The detailed
proofs are similar to those in Murphy, Rossini and Van der Vaart (1997, Theorem 2.2) and in
Lu (2008, Theorem 3) and are omitted here. Then, based on Theorem 3.3.1. of van der Vaart

and Wellner (1996) and the facts that U,(Y,) = U(Yo) = 0, we have

—I(Vr(Th = To))(h) = Va{U(T,) = U(To)} + op=(1)
= Vn{Un(T,) = Un(To)} + op=(1)
= —/n{Un(Yo) —U(Yo)} + op=(1)

Hence, v/n(T, — Yo) converges weakly to a tight Gaussian process G = I~'G*. In addition,

the variance of G is given by
Var(G()} = [ OoG (O + o) (), (.7
0

where o7 (h) = (aa;7 U(;)(h) is the inverse of O'A(h,).
Finally, we show that the variance of y/n(6, — 6p) achieve the semiparametric efficiency
bound [Bickel, Klaassen, Ritov, Y. and Wellner, J. A. (1993)]. We first calculate the efficiency

bound by constructing the efficient score function using the projection method. To be specific,
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the efficient score Ueyy for 6 can be defined as Uers = Up —I1[Uy|©], where I1[|-] is the projection

operator and © is the tangent set given by

0 = {k:k= /OT[a(:v) —{1-g(=, To)}/oz a(u)dAo(u)]dM (z), where
a(z) is any (p + ¢) — dimensional function of z, E[||«||*] < co}.

By some simple algebra, we can show that the vector a(t) corresponding to the efficient score

satisfies
a0 - [ "w(t, s)a(s)dos) = p(t), t € [0,7], (5.8)
0

where for 0 <t, s <7, s V¢ = max(s,t),

U(ts) = EEVET{l—g(s VLYY (sVtfo)l
A E{Y (t,B0)g(t, To)}
I Elg(u, Yo){1 — g(u, Yo)}*Y (u, Bo)]dAo(u)

E{Y(t,B80)g(t, YTo)} ’

E{W(t,To)Y (¢, B0)g(t, Yo)}
E{Y (t,50)g(t, To)}

J7 E[W (s, T0)g(s, To){1 — g(s,To)}Y (s, To)]dAo(s)

E{Y(t,B0)g(t, o)} .

p(t) =

Note that (S.8) is a Fredholm integral equation of the second kind and it has a unique solution
if sup;e(o, - Jo [P(t, 8)[dAo(s) < oo [Kress (1989)], which is true under our assumed conditions.
Let acys(t) denote the solution to (S.8). Then the efficient score for 6 is

Usss = / "W (E,Y0) — aers () + {1 — gt To)} / teg s (8)dMo(s)]dM (1),

Therefore, the semiparametric variance bound, ®, is {E(SefsSi;;)} ' Furthermore, we can
show that

2 = B[ WETOV Y0 a0+ (=9t X0} [ acss(s)dno(s)]

x Y (t, Bo)g(t, To)dAo(t)>7

Next, we show that the variance of \/ﬁ(én — 6p) achieve the semiparametric efficiency
bound ®. By the Cramer-Wold device (see Serfling (1980)), it suffices to demonstrate that the
asymptotic variance of ¢'/n(f, — o) is equal to ¢ ®c, where ¢ is any vector in RPT9. To do
this, we need to find an h = (h1, h2) such that o1(h)(t) = 0 for all ¢ and o2(h) = c¢. Consider
the solution, hy = ®c and hy(t) = —al;;(t)A~ " (B® — I)c, where

5= { [ WO T (6 late, T}

0
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A= E( [ W to)laess ()~ {1 - (6. %))
0

X /0 aeff(S)dAO(S)]'Y(tﬂo)g(t,To)dAO(t)>'

Note that with the h defined above

o2(h) = E(/OT W (t,To) [—agff(t)A_l(BCD —De+{1—g(t, Yo)}
X /t alsr(s)AT(B® — I)edAo(s) + W' (t, To)Pc

xY (t, Bo)g(t, To)d/\o(t))

= —AAT'(B® —I)c+ Bdc=c

O = B({aess (1) +{1= 90 Y0)} [ acss(s)aro(s)

XY (t, Bo)g(t, T0)>A_1(B<I> “De
+ E{W(tv TO)Y(tv ﬁo)g(ta TO)}q)C

B E(/;[_aeff(s) +{1-g(s,To)} /OS acf s (u)dAo(u)]
xY (s,80)g(s, Yo){1 — g(s, TO)}dAo(S))A_l(Bcp ~ e

_ E[/tT W(s,T0)Y (s, Bo)g(s, To){1 — g(s, To)}dAO(S)] Pe
= 0,

since A71(B® — I) = ® and a.ys(t) is the solution to (S.8). Therefore, we have proved that the
asymptotic variance of v/n(6, — o) achieve the semiparametric efficiency bound. f



