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This note contains the proof of Theorem 3.1 and some additional theoretical
results on the monotonicity of trace(ΣαΓα).

S1. Proof of Theorem 3.1.

The proof of this result is similar to that given in Müller and Welsh (2005). The
main term we need to deal with is the bootstrap term

M (2)
n (α) =

1
n

E∗
n∑
i=1

wαiρ

{
(yi − h[xTαi{β̂∗α,m − E∗(β̂∗α,m − β̂α)}])/σ̂i

}
,

where β̂α and σ̂i = σ̂v(xTαf iβ̂αf ) are constant with respect to the bootstrap. We make

a Taylor expansion of ρ as a function of β̂∗α,m − E∗(β̂∗α,m − β̂α) about β̂α, to obtain

M (2)
n (α) =

1
n

n∑
i=1

wαiρ[{yi − h(xTαiβ̂α)}/σ̂i]

+ E∗
1

2n

n∑
i=1

σ̂−2
i wαix

T
αi(β̂

∗
α,m − E∗ β̂∗α,m)(β̂∗α,m − E∗ β̂∗α,m)Txαi

×
(
h′(xTαiβ̄α)2ψ′[{yi − h(xTαiβ̄α)}/σ̂i]− h′′(xTαiβ̄α)ψ[{yi − h(xTαiβ̄α)}/σ̂i]

)
= T1 + T2,

where |β̄α− β̂α| ≤ |β̂∗α,m− β̂α|. This equation is analogous to (9) in Müller and Welsh
(2005) except that we have eliminated the linear term by using the bias-adjusted
bootstrap estimator. We consider T1 and T2 in turn.

Order of T2: Let

H̄αi = h′(xTαiβ̄α)2ψ′[{yi − h(xTαiβ̄α)}/σ̂i]− h′′(xTαiβ̄α)ψ[{yi − h(xTαiβ̄α)}/σ̂i]
= h′(xTαiβ̄α)2ψ′[{εi + h(xTαiβα)− h(xTαiβ̄α)}/σ̂i]− h′′(xTαiβ̄α)

× ψ[{εi + h(xTαiβα)− h(xTαiβ̄α)}/σ̂i],
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and write

T2 = E∗
1

2n

n∑
i=1

σ̂−2
i wαix

T
αi(β̂

∗
α,m − E∗ β̂∗α,m)(β̂∗α,m − E∗ β̂∗α,m)TxαiH̄αi

=
1

2n

n∑
i=1

σ−2
i wαix

T
αi Var∗(β̂∗α,m)xαi(h

′2
αi Eψ′i − h′′αi Eψi)

+
1

2n

n∑
i=1

σ−2
i wαix

T
αi Var∗(β̂∗α,m)xαi(h

′2
αiψ
′
i − h′′αiψi − h

′2
αi Eψ′i + h′′αi Eψi)

+ E∗
1

2n

n∑
i=1

wαix
T
αi(β̂

∗
α,m − E∗ β̂∗α,m)(β̂∗α,m − E∗ β̂∗α,m)T

× xαi(σ̂−2
i H̄αi − σ−2

i h
′2
αiψ
′
i + σ−2

i h′′αiψi).

Then

1
2n

n∑
i=1

σ−2
i wαix

T
αi Var∗(β̂∗α,m)xαi(h

′2
αi Eψ′i − h′′αi Eψi)

=
1

2n
trace

{
Var∗(β̂∗α,m)

n∑
i=1

σ−2
i wαixαix

T
αi(h

′2
αi Eψ′i − h′′αi Eψi)

}

=
κc

2m
trace(ΣαΓα) + op(m−1)

by condition (iii) and the first part of condition (i). Similarly

1
2n

n∑
i=1

σ−2
i wαix

T
αi Var∗(β̂∗α,m)xαi(h

′2
αiψ
′
i − h′′αiψi − h

′2
αi Eψ′i + h′′αi Eψi) = op(m−1)

by condition (iii) and the second part of condition (i). Finally,

|E∗
1

2n

n∑
i=1

wαix
T
αi(β̂

∗
α,m−E∗ β̂∗α,m)(β̂∗α,m−E∗ β̂∗α,m)Txαi(σ̂−2

i H̄αi−σ−2
i h

′2
αiψ
′
i+σ

−2
i h′′αiψi)|

is op(m−1) provided

max
1≤i≤n

sup
ε

sup
|t−βα|≤n−1/2C

|σ̂−2
i h′(xTαit)

2ψ′[{ε+ h(xTαiβα)− h(xTαit)}/σ̂i]− σ−2
i h

′2(xTαiβα)ψ′(ε/σi)|,

max
1≤i≤n

sup
ε

sup
|t−βα|≤n−1/2C

|σ̂−2
i h′′(xTαit)ψ[{ε+ h(xTαiβα)− h(xTαit)}/σ̂i]− σ−2

i h′′(xTαiβα)ψ(ε/σi)|

are op(1). Conditions (v)-(viii) ensure that these requirements hold.
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Order of T1: Let |β̃α − βα| ≤ |β̂α − βα|, |β̃αf − βαf | ≤ |β̂αf − βαf | and |σ̃− σ| ≤
|σ̂ − σ|. Recall that σi = σv(hαf i) and write

D(yi, hαi, σi) =

 −xαih′αiσ
−1
i ψ{(yi − hαi)/σi}

−σ−2
i v(h−1(hαf i))(yi − hαi)ψ{(yi − hαi)/σi}

−xαf iσ
−2
i σv′(h−1(hαf i))(yi − hαi)ψ{(yi − hαi)/σi}


Then

1
n

n∑
i=1

wαiρ{(yi − ĥαi)/σ̂i}

=
1
n

n∑
i=1

wαiρ(εi/σi) +
1
n

n∑
i=1

wαi(β̂α − βα, σ̂ − σ, β̂αf − βαf )TD(yi, hαi, σi)

+
1
n

n∑
i=1

wαi(β̂α − βα, σ̂ − σ, β̂αf − βαf )T {D(yi, h̃αi, σ̃i)−D(yi, hαi, σi)}

=
1
n

n∑
i=1

wαiρ(εi/σi) +Op(n−1/2),

provided

max
1≤i≤n

sup
ε

sup
|t−βα|≤n−1/2C

|σ̂−1
i h′(xTαit)ψ[{ε+h(xTαiβα)−h(xTαit)}/σ̂i]−σ−1

i h′αiψ(ε/σi)| = op(1)

max
1≤i≤n

sup
ε

sup
|t−βα|≤n−1/2C

|σ̂−1v(xTαf iβ̂αf )−2v′(xTαf iβ̂αf ){ε+ h(xTαiβα)− h(xTαit)}

×ψ[{ε+ h(xTαiβα)− h(xTαit)}/σ̂i]− σ−1v(xTαf iβαf i)
−2v′(xTαf iβαf )εψ(ε/σi)| = op(1)

max
1≤i≤n

sup
ε

sup
|t−βα|≤n−1/2C

|σ̂−2v(xTαf iβ̂αf )−1{ε+ h(xTαiβα)− h(xTαit}ψ[{ε+ h(xTαiβα)

−h(xTαit)}/σ̂i]− σ−2v(xTαf iβαf )−1εψ(ε/σi)| = op(1).

As for T2, these results follow from conditions (v)-(vii).

Putting both terms together, it follows that

M (2)
n (α) =

1
n

n∑
i=1

wαiρ{(yi − h(xTαiβ̂α))/σ̂i}+
κc

2m
trace(ΣαΓα) + op(m−1),

and the proof is completed as in Müller and Welsh (2005).
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S2. The Cantoni-Ronchetti estimator

Consider the Mallows quasi–likelihood estimator defined in Cantoni and Ronchetti
((2001), Section 2.2) as the solution of the estimating equations

XT
αA

1/2Ψ = 0,

where Ψ is the n-vector with elements Ψi = ψc(rαi)− Eψc(rαi), with

ri = {yi − h(xTαiβα)}/v(xTαiβα),

the Pearson residuals, and ψc = min{c,max(−c, r)}, the Huber function, and A is
the n× n diagonal matrix with diagonal elements

aii = w(xαi)2 1
σ2v(xTαiβα)2

h′(xTαiβα)2.

When w(xi) = 1, the estimator is called the Huber quasi–likelihood estimator. In
general we do not require that ψc = ρ′ = ψ or that wαi = w(xαi). Cantoni and
Ronchetti ((2001), Appendix B) show that the estimator has an asymptotic normal
distribution with asymptotic variance Σα = M−1

α QαM
−1
α , where

Qα =
1
n
XT
αA

1/2ΣA1/2Xα and Mα =
1
n
XT
αBXα,

with Σ = Var(Ψ) and B a diagonal matrix with diagonal elements

bii = w(xαi)
1

σv(xTαiβα)
h′(xTαiβα)2 E rαiψc(rαi).

Using the generalized inverse for which

XαX
−
α = blockdiag(I, 0) = En,pα ,

we have to show that trace(M−1
α QαM

−1
α Γα) is monotone in pα. Indeed,

trace(M−1
α QαM

−1
α Γα) = trace(X−α B

−1X−Tα XT
αA

1/2ΣA1/2XαX
−
α B
−1X−Tα XT

αWΓαXα)

= trace(XαX
−
α B
−1X−Tα XT

αA
1/2ΣA1/2XαX

−
α B
−1X−Tα XT

αWΓα)

= trace(En,pαB
−1En,pαA

1/2ΣA1/2En,pαB
−1En,pαWΓα)

=
1
2

pα∑
i=1

Var(Ψi)
aii(h

′2
αi Eψ′i − h

′′
αi Eψi)

b2ii
,

so this function is monotone in pα under the same conditions as the maximum like-
lihood estimator.
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S3. The monotonicty condition

For the log link which is often used in Poisson and gamma models,

h(ηαi) = h′(ηαi) = h′′(ηαi) = exp(ηαi) > 0,

and for the reciprocal link which is often used in gamma models,

h(ηαi) =
1
ηαi

, h′(ηαi) = − 1
η2
αi

, h′′(ηαi) =
2
η3
αi

> 0.

However, for many right skewed distributions like the Poisson and gamma, anti-
symmetric ψ functions with sufficiently large b truncate more of the upper tail than
the lower tail so Eψi ≤ 0. To see this, note that for ρ(z) = min(z2, b2), we can write

Eψi =
∫ ∞
−µ/σ

ψ(z)dF (σz + µ)

=
∫ b

−min(b,µ/σ)
2zdF (σz + µ)

= −
∫ −min(b,µ/σ)

−µ/σ
2zdF (σz + µ)−

∫ ∞
b

2zdF (σz + µ)

≤ 0

provided b is large enough to ensure that
∫ −min(b,µ/σ)
−µ/σ zdF (σz+µ)+

∫∞
b zdF (σz+µ) ≥

0. It follows that h
′′
αi Eψi ≤ 0 and (11) holds in these cases.

For the logistic link

h(ηαi) =
exp(ηαi)

1 + exp(ηαi)
, h′(ηαi) =

exp(ηαi)
(1 + exp(ηαi))2

, h′′(ηαi) =
exp(ηαi)− exp(2ηαi)

(1 + exp(ηαi))3
,

so that hαi < 1/2, h
′′
αi > 0 if ηαi < 0 and hαi > 1/2, h

′′
αi < 0 if ηαi > 0, and we need a

more careful analysis. The Bernoulli model can be left or right skewed depending on
the value of hαi, so Eψi can be positive or negative. Fortunately, for anti-symmetric
ψ,

Eψi = Eψ{(yi − hαi)/h′αi}
= ψ(−hαi/h′αi)(1− hαi) + ψ{(1− hαi)/h′αi}hαi
= −ψ(hαi/h

′
αi)(1− hαi) + ψ{(1− hαi)/h′αi}hαi

from which Eψi ≤ 0 if ηαi < 0 and Eψi ≥ 0 if ηαi > 0, so that h
′′
αi Eψi ≤ 0 and the

monotonicity condition holds.


