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WAVELET ESTIMATIONS FOR LONGITUDINAL DATA

Trung Tu Nguyen

University of Paris VII

Supplementary Material

We present in detail the proofs of the main theorems of our paper. This supplement con-
tains two sections. The first section presents the proofs of Theorem 3.1 and Theorem 3.2 (the
upper and the lower bounds of the quadratic risk of the mean estimation). The second section
proves consecutively Theorem 4.3 and Theorem 4.4 which correspond to the known/unknown-
mean-function cases for the covariance estimations.

S1. Mean estimation
S1.1. Upper bound of the mean estimation
Proof of Theorem 3.1 :
For each fixed integer i, using Parseval’s equality we have:

E‖µ̂Mi(E)− PM (E)µ‖22 =
MX

k=1

E
`
{α̂ki − αk}2´ , (1.1)

with

E
`
{α̂ki − αk}2´ =

E

" 
1
m

mX

j=1

µ(Tij)ek(Tij)− αk

!
+

 
1
m

mX

j=1

δi(Tij)ek(Tij)

!
+

 
1
m

mX

j=1

εijek(Tij)

!#2

.

Always with i fixed, conditionally on Tij , j = 1, . . . , m, we have:

• Aki1 = 1
m

Pm
j=1 µ(Tij)ek(Tij)− αk is a constant,

• Aki2 = 1
m

Pm
j=1 δi(Tij)ek(Tij), Aki3 = 1

m

Pm
j=1 εijek(Tij) are independent and E[Akil|Tij , j =

1, . . . , m] = 0 with l = 2, 3.

So:

E{α̂ki − αk}2 = E
ˆ
E
`
{α̂ki − αk}2|Tij , j = 1, . . . , m

´˜

= E
ˆ
E
`
A2

ki1 + A2
ki2 + A2

ki3|Tij , j = 1, . . . , m
´˜

= E[A2
ki1] + E[A2

ki2] + E[A2
ki3]. (1.2)

In the next paragraph, we will prove three following inequalities:
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•
E[A2

ki1] ≤
‖µ‖2∞

m
, (1.3)

•
E[A2

ki3] ≤
σ2

m
(1.4)

•
E[A2

ki2] ≤
‖ω‖∞

m
+
X

l≥1

λ2
l < ηl, ek >2, (1.5)

with the functional principal component expansion of δ(u) =
P

l≥1 ζlηl(u) and E(ζ2
l ) =

λ2
l .

Remark:

E‖PM (E)δ‖22 =
MX

k=1

E(< δ, ek >2) =
MX

k=1

E(<
X

l≥1

ζlηl(.), ek(.) >2)

=
MX

k=1

E

0

@

2

4
X

l≥1

ζl < ηl, ek >

3

5
21

A =
MX

k=1

X

l≥1

λ2
l < ηl, ek >2 .

So,

E‖µ̂Mi(E)− PM (E)µ‖22 =
MX

k=1

`
E[A2

ki1] + E[A2
ki2] + E[A2

ki3]
´

≤
MX

k=1

0

@‖µ‖
2
∞

m
+

σ2

m
+

2‖ω‖∞
m

+ 2
X

l≥1

λ2
l < ηl, ek >2

1

A

=
M
m

`
‖µ‖2∞ + σ2 + 2‖ω‖∞

´
+ 2

MX

k=1

X

l≥1

λ2
l < ηl, ek >2

=
M
m

`
‖µ‖2∞ + σ2 + 2‖ω‖∞

´
+ 2E‖PM (E)δ‖22.

With the construction of α̂ki, under conditions on ε, δ, Xij and Tij we have:

E(α̂ki) = E
` 1
m

mX

j=1

Yijek(Tij)
´

=
1
m

mX

j=1

E{µ(Tij)ek(Tij)}+
1
m

mX

j=1

E{δi(Tij)ek(Tij)}+
1
m

mX

j=1

E(εij)E(ek(Tij))

=

Z 1

0

µ(t)ek(t)dt = αk.

So

E(α̂k) =
1
n

nX

i=1

E(α̂ki) = αk ⇒ E{µ̂M (E)} =
MX

k=1

E{α̂k}ek =
MX

k=1

αkek = PM (E)µ
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Because n models (Yi., Ti.), i = 1, . . . , n are independent and E{µ̂Mi(E)− PM (E)µ} = 0, so we
have:

E‖µ̂M (E)− PM (E)µ‖22 = E‖ 1
n

nX

i=1

{µ̂Mi(E)− PM (E)µ}‖22 =
1
n2

nX

i=1

E‖µ̂Mi(E)− PM (E)µ‖22

≤ 1
n

„
M
m

`
‖µ‖2∞ + σ2 + 2‖ω‖∞

´
+ 2E‖PM (E)δ‖22

«
. (1.6)

Now, we only need to prove (1.3), (1.4) and (1.5)

• First part: Expected value of A2
ki1

Rijk = (µ(Tij)ek(Tij)− αk) are independent and identically distributed with:

E[Rijk] = E[µ(Tij)ek(Tij)− αk] =

Z 1

0

µ(u)ek(u)du− αk = 0,

and

E[R2
ijk] = E[{µ(Tij)ek(Tij)}2]− α2

k ≤ E[{µ(Tij)ek(Tij)}2] =

Z 1

0

µ2(t)e2
k(t)dt.

So

E[A2
ki1] =

1
m2

mX

j=1

E[R2
ijk] ≤ 1

m

Z 1

0

µ2(t)e2
k(t)dt ≤ ‖µ‖2∞

m
.

• Third part: Expected value of A2
ki3

E[A2
ki3] = E

ˆ
(

Pm
j=1 εijek(Tij)

m
)2
˜

= E
`
E{
ˆ
(

Pm
j=1 εijek(Tij)

m
)2
˜
|Tij : j = 1, . . . , m}

´

=
1

m2
σ2E[

mX

j=1

e2
k(Tij))] =

σ2

m

Z 1

0

e2
k(t)dt =

σ2

m
.

• Second part: Expected value of A2
ki2

Using the spectral decomposition, we have :

δi(Tij)ek(Tij) = ek(Tij)
X

l≥1

ζilηl(Tij) ⇒
mX

j=1

δi(Tij)ek(Tij) =
X

l≥1

ζil[
mX

j=1

ek(Tij)ηl(Tij)].

We denote < ηl, ek >=
R

ηl(t)ek(t)dt = E (ek(Tij)ηl(Tij)), and

1
m

mX

j=1

δi(Tij)ek(Tij) =
X

l≥1

ζil

[
Pm

j=1 ek(Tij)ηl(Tij)]

m

=
X

l≥1

ζil

mX

j=1

[ek(Tij)ηl(Tij)− < ηl, ek >]
m

+
X

l≥1

ζil < ηl, ek > .
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So

E[A2
ki2] = E

" 
1
m

mX

j=1

δi(Tij)ek(Tij)

!2#

= E

2

4

0

@
X

l≥1

ζil

mX

j=1

[ek(Tij)ηl(Tij)− < ηl, ek >]
m

+
X

l≥1

ζil < ηl, ek >

1

A
23

5

≤ 2

2

4E

0

@
X

l≥1

ζil

mX

j=1

[ek(Tij)ηl(Tij)− < ηl, ek >]
m

1

A
2

+ E

0

@
X

l≥1

ζil < ηl, ek >

1

A
23

5

= 2(E[B2
ik1] + E[B2

ik2]).

We have:

E[B2
ik2] = E

0

@

2

4
X

l≥1

ζl < ηl, ek >

3

5
21

A =
X

l≥1

λ2
l < ηl, ek >2 .

So we only need to prove:

E[B2
ik1] ≤

‖ω‖∞
m

⇒ (1.5).

Conditionally on Tij , j = 1, . . . , m,

θil = ζil

mX

j=1

[ek(Tij)ηl(Tij)− < ηl, ek >]
m

are uncorrelated random variables. It means that for i fixed,

E[θilθih|Tij ; j = 1, . . . , m] = λ2
l

 
mX

j=1

[ek(Tij)ηl(Tij)− < ηl, ek >]
m

!2

δlh with δlh = 1{h=l}.

So

E[B2
ik1] = E

2

4(
X

l≥1

θil)
2

3

5 = E

0

@E

2

4(
X

l≥1

θil)
2|Tij : j = 1, . . . , m

3

5

1

A

=
X

l≥1

λ2
l E

 
(

mX

j=1

[ek(Tij)ηl(Tij)− < ηl, ek >]
m

)2
!

≤
X

l≥1

λ2
l

1
m2

mX

j=1

E[e2
k(T )η2

l (T ))] =
1
m

X

l≥1

λ2
l

Z 1

0

e2
k(t)η2

l (t)dt

=
1
m

Z 1

0

e2
k(t)

0

@
X

l≥1

λ2
l η

2
l (t)

1

A dt =
1
m

Z 1

0

e2
k(t)E(δ2(t))dt ≤ 1

m
‖ω‖∞.

S1.2. Lower bound
Proof of Theorem 3.2 :
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In order to prove the lower bound, using the standard schema (see Tsybakov (2004)), the most
important part is to bound the Kullback divergences. We have M+1 functions {µ0, µ1, µ2, . . . , µM}
such that:

‖µi − µj‖22 % n−
2s

2s+1 .

Conditionally on {Tij}{i,j}, we denote Pk as the joined probability of (Yij)i,j for µ = µk.
We should prove:

∀k ≤ M, K(Pk, P0) ≤ C
nX

i=1

mX

j=1

µ2
k(Tij).

Conditionally on {Tij}{i,j}, under the Gaussian assumption on process X, for each i we
have a zero mean gaussian vector (δi(Ti1), δi(Ti2), . . . , δi(Tim))t. The independence between εij

and Tij implies
(δi(Ti1) + εi1, δi(Ti2) + εi2, . . . , δi(Tim) + εim)t

is also a zero mean gaussian vector with the denoted density pi,ε,δ(u) and the denoted covariance
Γim.

We remark that

Γim(j, k) = E ((δ(Tij) + εij) (δ(Tik) + εik) |Till = 1, . . . , m) = ω(Tij , Tik) + σ21{j=k}.

Under the assumption ‖ω‖∞ = ‖cov(X(u), X(v))‖∞ ≤ C < ∞, we have:

|Γim(j, k)| ≤ L1 = C + σ2.

For all vector v ∈ Rm, we have:

|vtΓimv| = |
mX

k=1

vk

mX

j=1

Γim(j, k)vj | ≤ L1

mX

k=1

mX

j=1

|vjvk| ≤ L1m
mX

j=1

v2
j .

By the properties of gaussian vector, we remark :
Z

log
pi,ε,δ(u)

pi,ε,δ(u + v)
pi,ε,δ(u)du =

Z
log

pi,ε,δ(u1, . . . , um)
pi,ε,δ(u1 + v1, . . . , um + vm)

pi,ε,δ(u1, . . . , um)du1..dum

=

Z ˘
(u + v)tΓim(u + v)− utΓimu

¯
pi,ε,δ(u)du

=

Z
(vtΓim) [upi,ε,δ(u)] du +

Z
[upi,ε,δ(u)]t (Γimv)du

+(vtΓimv)

Z
pi,ε,δ(u)du

= vtΓimv ≤ L1m
mX

k=1

v2
k,

where m is a finite integer, so

Z
log

pi,ε,δ(u)
pi,ε,δ(u + v)

pi,ε,δ(u)du ≤ C
mX

j=1

v2
j . (1.7)



22 Trung Tu Nguyen

We remark that Pk admits the following density on Rnm:

pk(uij : i = 1, . . . , n; j = 1, . . . , m) =
nY

i=1

pi,ε,δ(ui1 − µk(Ti1), ui2 − µk(Ti2), . . . , uim − µk(Tim)).

The Kullback divergence could be written as:

K(Pk, P0) =

Z
log

dPk

dP0
dPk

=

Z
..

Z
log

nY

i=1

pi,ε,δ(U − µk(Ti))
pi,ε,δ(U)

nY

i=1

[pi,ε,δ(U − µk(Ti))dui1..duim]

=
nX

i=1

Z
log

pi,ε,δ(U − µk(Ti))
pi,ε,δ(U)

[pi,ε,δ(U − µk(Ti))dui1..duim],

with

U = (ui1, ui2, . . . , uim)t, U − µk(Ti) = (ui1 − µk(Ti1), . . . , uim − µk(Tim))t .

Using (1.7), we have:

K(Pk, P0) ≤ C
nX

i=1

[
mX

j=1

µ2
k(Tij)],

which gives the lower bound of the quadratic risk.

S2. Covariance estimations
S2.1. Known-mean-function case
Proof of Theorem 4.3 :
For 0 < i ≤ n, we have:

E
`
(ĉk,i − ck)2

´
= E

“
( 1

l

Pl
q=1 UiqViqπkiq − ck)2

”

= E

»“
1
l

Pl
q=1 {δi(Riq)δi(Siq) + εiq1δi(Siq) + δi(Riq)εiq2 + εiq1εiq2}πkiq − ck

”2
–

≤ 4 (Eik1 + Eik2 + Eik3 + Eik4) ,

where

• Eik1 = E
“
( 1

l

Pl
q=1 δi(Riq)δi(Siq)πkiq − ck)2

”
,

• Eik2 = E
“
( 1

l

Pl
q=1 εiq1δi(Siq)πkiq)

2
”

,

• Eik3 = E
“
( 1

l

Pl
q=1 δi(Riq)εiq2πkiq)

2
”

,

• Eik4 = E
“
( 1

l

Pl
q=1 εiq1εiq2πkiq)

2
”
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and πkiq = πk(Riq, Siq).
We have the following inequalities, which will be proved later:

1.
Eik4 =

σ4

l
, (2.1)

2.
Eik2 ≤

σ2‖ω‖∞
l

and Eik3 ≤
σ2‖ω‖∞

l
, (2.2)

3.

Eik1 ≤
‖h‖∞

l
+ C2‖h‖∞

 Z

[0,1]2
|πk(u, v)|dudv

!2

. (2.3)

Because the processes δi1(.), δi2(.) are independent for i1 )= i2 and E(ĉk,i) = ck so:

E ((ĉk,i1 − ck)(ĉk,i2 − ck)) = E ((ĉk,i1 − ck)) E ((ĉk,i2 − ck)) = 0,

which implies

⇒ E
`
(ĉk − ck)2

´
= E

 
[
1
n

nX

i=1

(ĉk,i − ck)]2
!

=
1
n2

nX

i=1

E
`
(ĉk,i − ck)2

´
. (2.4)

From (2.1), (2.3), (2.2) and (2.4), using Parseval’s equality we have:

E‖ω̂M (Π)− PM (Π)ω‖22 =
MX

k=1

E
`
(ĉk − ck)2

´
=

MX

k=1

1
n2

nX

i=1

E
`
(ĉk,i − ck)2

´

≤ C

(
M
nl

ˆ
σ4 + 2σ2‖ω‖∞ + ‖h‖∞

˜
+
‖h‖∞

n

MX

k=1

 Z

[0,1]2
|πk(u, v)|dudv

!2)
.

Now we only need to prove(2.1), (2.3) and (2.2):
Because of the independence between the errors εiq, the design Riq, Siq and the processes

δi(), we have:

E

 
(
1
l

lX

q=1

εiq1εiq2πkiq)
2

!
=

1
l2

lX

q=1

σ4
Z

π2
k(u, v)dudv =

σ4

l
⇒ (2.1)

and

E

 
(
1
l

lX

q=1

δi(Riq)εiq2πkiq)
2

!
=

1
l2

lX

q=1

E(ε2iq2)E
`
δ2

i (Riq)π
2
k(Riq, Siq)

´

=
1
l2

lX

q=1

σ2
Z

[0,1]2
ω(u, u)π2

k(u, v)dudv ≤ σ2‖ω‖∞
l

⇒ (2.2).

For (2.3):

E

 
(
1
l

lX

q=1

δi(Riq)δi(Siq)πkiq − ck)2
!

= E

 
(
1
l

lX

q=1

δi(Riq)δi(Siq)πkiq)
2

!
− c2

k
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≤ E

 
(
1
l

lX

q=1

δi(Riq)δi(Siq)πkiq)
2

!

=
1
l2

X

q $=p

E (δi(Riq)δi(Siq)δi(Rip)δi(Sip)πkiqπkip) +
1
l2

lX

q=1

E
`
δ2(Riq)δ

2(Siq)π
2
kiq

´
.

First term,

E [δi(Riq)δi(Siq)δi(Rip)δi(Sip)πkiqπkip]

= E {E[δi(Riq)δi(Siq)δi(Rip)δi(Sip)|Riq, Rip, Siq, Sip]πkiqπkip}

= E {h(Riq, Siq, Rip, Sip)πkiqπkip} ≤ ‖h‖∞E(|πkiqπkip|)

= ‖h‖∞

 Z

[0,1]2
|πk(u, v)|dudv

!2

∀p )= q,

with |h(s, t, u, v)| = |E(δ(s)δ(t)δ(u)δ(v))| ≤‖ h‖∞ < ∞, ∀(s, t, u, v) ∈ [0, 1]4.
Second term,

E
`
δ2(Riq)δ

2(Siq)π
2
kiq

´
= E

`
E[δ2(Riq)δ

2(Siq)|Riq, Siq]π
2
kiq

´

= E
`
h(Riq, Siq, Riq, Siq)π

2
kiq

´

=

Z

[0,1]2
h(u, v, u, v)π2

k(u, v)dudv ≤ ‖h‖∞
Z

[0,1]2
π2

k(u, v)dudv = ‖h‖∞.

So

E

2

4
 

1
l

lX

q=1

δi(Riq)δi(Siq)πkiq − ck

!2
3

5 ≤ ‖h‖∞
l

+ C2‖h‖∞

 Z

[0,1]2
|πk(u, v)|dudv

!2

⇒ (2.3).

S2.2. Unknown-mean-function case Proof of Theorem 4.4 :

We recall the auxiliary estimator ω̂M1(Π), presented in section 4.3:

ω̂M1(Π) =
M1X

k=1

ĉkπk(u, v),

with

ĉk =
1
n

nX

i=1

1
l

lX

q=1

UiqViqπk(Riq, Siq) =
1
nl

lX

q=1

UiqViqπkiq, ĉk,i =
1
l

lX

q=1

UiqViqπkiq.

Using Parseval’s equality, we have:

E‖ω̂∗M1(Π)− ω̂M1(Π)‖22 =
M1X

k=1

E(ĉ∗k − ĉk)2 =
M1X

k=1

E

 
1
n

nX

i=1

[ĉ∗k,i − ĉk,i]

!2
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So we need to find a upper bound of (ĉ∗k − ĉk)2 :

ĉ∗k − ĉk =
1
n

nX

i=1

(ĉ∗k,i − ĉk,i) =
1
n

nX

i=1

1
l

lX

q=1

`
U∗iqV

∗
iq − UiqViq

´
πkiq

=
1
n

nX

i=1

1
l

lX

q=1

[(Uiq + ∆i(Riq)) (Viq + ∆i(Siq))− UiqViq] πkiq

=
1
nl

nX

i=1

lX

q=1

(F1,kiq + F2,kiq + F3,kiq) .

with

F1,kiq = ∆i(Riq)Viqπkiq, F2,kiq = Uiq∆i(Siq)πkiq and F3,kiq = ∆i(Riq)∆i(Siq)πkiq.

We have the following inequalities which will be proved later:

•

E

" 
1
nl

X

i,q

F1,kiq

!2#
≤ CW (πk1, πk2)v

2
nm(M) (2.5)

•

E

" 
1
nl

X

i,q

F2,kiq

!2#
≤ CW (πk2, πk1)v

2
nm(M) (2.6)

•

E

" 
1
nl

X

i,q

F3,kiq

!2#
≤
»
M2C

„
d4(ek)

n3
+

1
n2

«
+ ‖PM (E)µ− µ‖42

–„
2‖π2

k‖∞
nl

+ 1

«

(2.7)

From (2.5),(2.6) and (2.7), we have Theorem 4.4.
Now we prove the above inequalities:

For the first and the second terms

E

2

4
 

1
nl

nX

i=1

lX

q=1

F1,kiq

!2
3

5 =
1

(nl)2

X

i,q

E
`
F 2

1,kiq

´
+

1
(nl)2

X

(i1,q1) $=(i2,q2)

E (F1,ki1q1F1,ki2q2) .

Because in the construction of the cross-estimator µ̂(i0),M , the data of the ith0 subject {(Yi0j , Ti0j)}j=1,...,m

are not used, we have the independence between µ̂(i0),M and {Ti0j}j=1,...,m, so

E
h`

µ̂(i0),M (Ti0j)− µ(Ti0j)
´2i

= E
`
∆2

i0(Ti0j)
´

= E
“
E
h`

µ̂(i0),M (Ti0j)− µ(Ti0j)
´2 |Ti0j

i”

=

Z 1

0

E
h`

µ̂(i0),M (u)− µ(u)
´2i

du = E‖µ̂(i0),M − µ‖22

= E‖∆i0‖
2
2 ≤ v2

nm(M),
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which implies:

E
˘
∆2

i (u) (δi(v) + εiq1)
2¯ = E(∆2

i (u))
ˆ
E(δ2

i (v)) + σ2˜ ≤ (‖ω‖∞ + σ2)E(∆2
i (u)).

So, by denoting ξi(u) = E(∆2
i (u)), we have:

E
`
F 2

1,kiq

´
= E

ˆ
(∆i(Riq)Viqπkiq)

2˜ = E
ˆ
E
˘
∆2

i (Riq) (δi(Siq) + εiq1)
2 |Riq, Siq

¯
π2

k(Riq, Siq)
˜

≤ (‖ω‖∞ + σ2)E
ˆ
ξi(Riq)π

2
k(Riq, Siq)

˜
= (‖ω‖∞ + σ2)

Z 1

0

„Z 1

0

ξi(u)π2
k(u, v)du

«
dv

= (‖ω‖∞ + σ2)

Z 1

0

π2
k2(v)dv

„Z 1

0

E(∆2
i (u))π2

k1(u)du

«
≤ (‖ω‖∞ + σ2)‖π2

k1‖∞E‖∆i‖22

≤ (‖ω‖∞ + σ2)‖π2
k1‖∞v2

nm(M).

Using the same arguments, by denoting ER,S = E{.|Ri1q1 , Si1q1 , Ri2q2 , Si2q2} we have:

E (F1,ki1q1F1,ki2q2)

= E [ER,S {∆i1(Ri1q1)∆i2(Ri2q2)Vi1q1Vi2q2}πki1q1πki2q2 ]

≤ 1
2
E
ˆ
ER,S

˘
[∆i1(Ri1q1)Vi1q1 ]

2 + [∆i2(Ri2q2)Vi2q2 ]
2¯ |πki1q1πki2q2 |

˜

≤ (‖ω‖∞ + σ2)
2

{E[ξi(Ri1q1)|πki1q1 |]E [|πki2q2 |] + E [ξi(Ri2q2)|πki2q2 |] E [|πki1q1 |]}

≤ (‖ω‖∞ + σ2)
2

(

Z

[0,1]2
|πk(u, v)|dudv)

„Z 1

0

Z 1

0

ξi(u)|πk(u, v)|dudv +

Z 1

0

Z 1

0

ξi(u)|πk(u, v)|dudv

«

= 2(‖ω‖∞ + σ2)(

Z

[0,1]2
|πk(u, v)|dudv)

Z 1

0

|πk2(v)|dv

Z 1

0

E(∆2
i (u))|πk1(u)|du

≤ 2(‖ω‖∞ + σ2)(

Z

[0,1]2
|πk(u, v)|dudv)‖πk1‖∞

Z 1

0

|πk2(v)|dv

Z 1

0

E(∆2
i (u))du

≤ 2(‖ω‖∞ + σ2)(

Z

[0,1]2
|πk(u, v)|dudv)‖πk1‖∞(

Z 1

0

|πk2(v)|dv)v2
nm(M).

So,

E

2

4
 

1
nl

nX

i=1

lX

q=1

F1,kiq

!2
3

5 ≤ C

 
‖π2

k1‖∞
nl

+ (

Z

[0,1]2
|πk(u, v)|dudv)‖πk1‖∞(

Z 1

0

|πk2(v)|dv)

!
v2

nm(M)

= CW (πk1, πk2)v
2
nm(M) ⇒ (2.5).

The second term could be bounded by the same way:

E

2

4
 

1
nl

nX

i=1

lX

q=1

F2,kiq

!2
3

5 ≤
 
‖π2

k2‖∞
nl

+ (

Z

[0,1]2
|πk(u, v)|dudv)‖πk2‖∞(

Z 1

0

|πk1(v)|dv)

!
v2

nm(M)

= CW (πk2, πk1)v
2
nm(M) ⇒ (2.6).

For the third term
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Lemma S2.1. For all random process δ such : |E(δ2p(u))| ≤ C < ∞, ∀u ∈ [0, 1], p = 1, 2 . . . ,,
we have:

E
ˆ
(α̂t,i − αt)

2p˜ ≤ Cp

„Z 1

0

e2p
t (u)du + (

Z 1

0

|et(u)|du)2p

«
≤ Cd2p(et), (2.8)

with d2p(et) =
R 1

0
e2p

t (u)du; α̂t,i = 1
m

Pm
j=1 Yijet(Tij), t = 1, . . . , M.

Using Rosenthal’s inequality, under the condition E(δ2p(u)) ≤ C < ∞ we have

E
`
(α̂t − α)2p´ ≤ C

„
d2p(et)
n2p−1

+
1
np

«
.

Using the above lemma, we have:

E

„
(

Z 1

0

∆2
i (u)du)2

«
= E

„
(

Z 1

0

[µ̂(i),M (E)(u)− µ(u)]2du)2
«

= E

 
(

MX

t=1

(α̂t − αt)
2 + ‖PM (E)µ− µ‖22)2

!

≤ 2

2

4E

 
MX

t=1

(α̂t − αt)
2

!2

+ ‖PM (E)µ− µ‖42

3

5

≤ 2

"
M

MX

t=1

E
`
(α̂t − αt)

4´+ ‖PM (E)µ− µ‖42

#

≤ 2

"
MC

MX

t=1

„
d4(et)

n3
+

1
n2

«
+ ‖PM (E)µ− µ‖42

#

So

•

E
`
F 2

3,kiq

´
= E

ˆ
(∆i(Riq)∆i(Siq)πk(Riq, Siq))

2˜

= E

„Z 1

0

∆2
i (u)π2

k1(u)du

Z 1

0

∆2
i (v)π2

k2(v)dv

«
≤ ‖π2

k1‖∞‖π2
k2‖∞E

„
(

Z 1

0

∆2
i (u)du)2

«

= ‖π2
k‖∞E

„
(

Z 1

0

∆2
i (u)du)2

«

≤ 2‖π2
k‖∞

"
MC

MX

t=1

„
d4(et)

n3
+

1
n2

«
+ ‖PM (E)µ− µ‖42

#

•

E (F3,ki1q1F3,ki2q2) = E [∆i(Ri1q1)∆i(Si1q1)πk(Ri1q1 , Si1q1)∆i(Ri2q2)∆i(Si2q2)πk(Ri2q2 , Si2q2)]

= E

"„Z 1

0

∆i(u)πk1(u)du

Z 1

0

∆i(v)πk2(v)dv

«2
#

≤ E

„
[

Z 1

0

∆2
i (u)du]2

Z 1

0

π2
k1(u)du

Z 1

0

π2
k2(v)dv

«
= E

„
[

Z 1

0

∆2
i (u)du]2

«

≤
"
MC

MX

t=1

„
d4(et)

n3
+

1
n2

«
+ ‖PM (E)µ− µ‖42

#
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The third term (2.7):

E

" 
1
nl

X

i,q

F3,kiq

!2#
=

1
(nl)2

0

@
X

i,q

E
`
F 2

3,kiq

´
+

X

(i1,q1) $=(i2,q2)

E(F3,ki1q1F3,ki2q2)

1

A

≤
"
MC

MX

t=1

„
d4et

n3
+

1
n2

«
+ ‖PM (E)µ− µ‖42

#„
2‖π2

k‖∞
nl

+ 1

«
⇒ (2.7)

Proof of Lemma S2.1
We have the following inequalities :

•

E

 
(

1
m

mX

j=1

δi(Tij)et(Tij))
2p

!
≤ 1

m

mX

j=1

E{E(δ2p
i (Tij)|Tij)e

2p
t (Tij)} ≤ C

Z 1

0

e2p
t (u)du,

•

E

 
(

1
m

mX

j=1

εijet(Tij))
2p

!
≤ 1

m

mX

j=1

E(ε2p
ij )E(e2p

t (Tij)) = E(ε2p)

Z 1

0

e2p
t (u)du,

•

E

 
(

1
m

mX

j=1

µ(Tij)et(Tij)− αt)
2p

!
≤ 1

m

mX

j=1

E
ˆ
(µ(Tij)et(Tij)− αt)

2p˜

≤ 22p−1

„Z 1

0

µ2p(u)e2p
t (Tij)du + (

Z 1

0

µ(u)et(u)du)2p

«

≤ 22p−1

„
‖µ‖2p

∞

»Z 1

0

e2p
t (u)du + (

Z 1

0

|et(u)|du)2p

–«

≤ 22p‖µ‖2p
∞

Z 1

0

e2p
t (u)du.

So, we have:

E
`
(α̂t,i − αt)

2p´ = E

 
(

1
m

mX

j=1

Yijet(Tij)− αt)
2p

!

≤ 32p−1

"
E

 
(

1
m

mX

j=1

µ(Tij)et(Tij)− αt)
2p + (

1
m

mX

j=1

δi(Tij)et(Tij))
2p + (

1
m

mX

j=1

εijet(Tij))
2p

!#

≤ Cp

Z 1

0

e2p
t (u)du ⇒ (2.8).

The proof of Theorem 4.4 is complete.


