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WAVELET ESTIMATIONS FOR LONGITUDINAL DATA
Trung Tu Nguyen
University of Paris VII
Supplementary Material

We present in detail the proofs of the main theorems of our paper. This supplement con-
tains two sections. The first section presents the proofs of Theorem 3.1 and Theorem 3.2 (the
upper and the lower bounds of the quadratic risk of the mean estimation). The second section
proves consecutively Theorem 4.3 and Theorem 4.4 which correspond to the known/unknown-

mean-function cases for the covariance estimations.

S1. Mean estimation
S1.1. Upper bound of the mean estimation
Proof of Theorem 3.1:

For each fixed integer ¢, using Parseval’s equality we have:

M
Ellpas(€) = Pu@pllz = D E ({6w — an}?), (1.1)
k=1

with

FE ({(341” — ak}g) =

1 m 1 m 1 m 2
E [(m > lTig)en(Tiy) — ak) + (m > 5i(Tij)€k(Tij)) + (m Zﬂj@k(Tij))
j=1 j=1 j=1

Always with ¢ fixed, conditionally on T;;,j = 1,...,m, we have:

o A1 = % ;":1 w(Tij)en(Tij) — ar is a constant,

L] Akig = # Z;n:I 51(T2])61€ (71”')7 Akig = % ZT:I €ijCL (le) are independent and E[Am”TZ],] =
1,...,m] =0 with [ = 2,3.

So:

E{dki—ak}Q E[E ({dki—ak}2|T¢j,j:1,...,m)}
E [E (Aiﬂ + Afi +Aii3|Tij7j =1,... ,m)]

E[Aia] + E[ARi2] + E[ARs]. (1.2)

In the next paragraph, we will prove three following inequalities:
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2
[ kzl] >~ m ) ( 3)
[ )
2 o* 1.4
< .
ElAfis] < — (1.4)
[ )
[Aan S Z <M, ek > (15)
1>1
with the functional principal component expansion of §(u) = 2121 Gmi(u) and E(¢E) =
A2
Remark:
M M
E|Pu(€)5l3 = Y. B(<den>") =Y B(<Y am(), >?)
k=1 k=1 1>1
M 2 M
= > E(D G<mer>| | =D > A <me>?
k=1 >1 =11>1
So,

E|lfinri(E) — Par(E)pll3

IN
IE 2r M= IiMk

(E[Ain] + E[Aim] +E[Aii3])

2 2
('l’b”+0+||c’°+2§ )\l2<7]lzek>2)
m m m

>1

M
(Il + 0 + 2lwlloc) +2D D A <myex >
k=11>1

= — (Iull% +0® + 2|wll) +2B]Pa(€)d]]3-

With the construction of éu;, under conditions on €, d, X;; and T;; we have:
. 1
1 & 1 & 1 &
- > E{u(T;)ex(Tiy)} + - > E{6:(Tij)en(Tij)} + - > E(ei;)E(ex(Ty))
j=1 j=1 j=1

= /1 ,u,(t)ek(t)dt = Qag.

ZE(&M) =ar = B{am(E)} = E{tn}er =Y oner = Pu(E)p
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Because n models (Y;.,7;.),i = 1,...,n are independent and E{fir:(E) — Pm(E)p} = 0, so we
have:

Blns(€) = Pu(@nl} = Bl Y (s €) = Pu(@nl = 23 3 Bllans(€) — Pu(@)ull

1

M
p (E (% + 0 + 2]|wlloo) + 2E||PM(8)5H§> : (1.6)

IN

Now, we only need to prove (1.3), (1.4) and (1.5)

e First part: Expected value of A%,

Riji = ((Tij)ex(Tij) — au) are independent and identically distributed with:
1
BlRip) = Blu(Ti)en(Ty) — o) = | s (wdu — i =0,
0
and
1
Bl = B{n(Ty)ex(T)] - of < B{n(Ty)en(T))] = [t @)ckon
0

So

2 1 & 2 1 2/ 2 [PES
E[Azin] = ﬁ;E[Rijk] < m ], p(t)er(t)dt < g

e Third part: Expected value of A%,

Yo eien(Ti)

i1 €ijer(Tij

m )QMT”‘]IL,’/TL})
1 G 2 o’ /1 2 o?
= —0c°F Tii))] = — t)dt = —.
i B AT = [ ekar =

e Second part: Expected value of A%,
Using the spectral decomposition, we have :

m

0:i(Tij)ex(Tis) = ex(Tij) Z Cam(Tiz) = Z 6i(Tij)en(Tiz) = ZCH[Z ex(Tiz)m(Tiz))-

1>1 j=1 1>1 j=1

We denote < my, e >= [ m(t)er(t)dt = E (ex(Ti;)m(Ti;)), and

m

Z 8i(Tij)er(Tij)

j=1 1>1

ZCil Z [ek(Tij)m(Tijn)l_ < ek 2] + ZQL <Mm,ex > .

>1 j=1 1>1

e D272 ex(Tig)m(Tij)]

L
m m
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So

E[Aim] = |:<’I’:rllz lj ek ”)

2
m
6 i < , € >

= B[ G> Jeb) ) e + ) Ca <m,ex >

>1 j=1 1>1

2 2
" e (Tiz)m(T, ) <M, er >

BN S st ) L p (S <mens

1>1 =1 1>1
= 2(E[B}1] + E[B}2])

We have:

2
E[Bjs] = E([ZCZ<%61¢ >] )IZNQ<771,61€ >?

>1 1>1

So we only need to prove:

E[B%,] < lolloe (1.5).

Conditionally on T3;,7 =1,...,m,

0u = Ci i [ex (Tij)m(Tis) = < m ex >]

° m
Jj=1

are uncorrelated random variables. It means that for ¢ fixed,

m 2
E0a0in|Tij;j = 1,...,m] =\ (Z lew(Ti)m(Tiz)— < mu,ex >]> S with S = Lgnyy.

- m
j=1
So
E[Bzzkl] = Zezl =E|E (Z@il)2|T¢j:j:1,...,m
1>1 1>1
_ 2 o~ [en(Ti)m(Tiy)— < mex >] 2
= D NE ((Z " )
1>1 j=1

IN

ZV% ZE[@%(T ni ( Z)\z / (t)ni (t)dt

1>1 J=1 l>1

1 1
IO —/ ()it < wllo-

S1.2. Lower bound
Proof of Theorem 3.2:
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In order to prove the lower bound, using the standard schema (see Tsybakov (2004)), the most
important part is to bound the Kullback divergences. We have M +1 functions {uo, i1, pi2, - - -, iar }
such that:

_ _2s
sz = gl = 7.

Conditionally on {Ti;}{; ;1, we denote Py as the joined probability of (Yi;); for p = pu.
‘We should prove:

n m

Vk< M, K(P,Po)<CY > 1i(Ty).

i=1 j=1
Conditionally on {Ti;}(; 3, under the Gaussian assumption on process X, for each i we
have a zero mean gaussian vector (8;(Ti1), 6:(Ti2), ..., 6:(Tim))". The independence between ¢;;
and T;; implies
(8:(Ti) + €, 6:(Ti2) + €i2, . ., 0(Tim) + €im)"

is also a zero mean gaussian vector with the denoted density p;.c,s(u) and the denoted covariance
Lim.
We remark that

Fim(j, k) =F ((5(sz) + Eij) ((5(le) + Eik) ‘Till =1,... ,m) = w(Tij,Tik) +4 021{j:k}-
Under the assumption ||w]|ec = ||cov(X (u), X (v))||sc < C < 00, we have:
Cim (4, k)| < Ly = C + 0™

For all vector v € R™, we have:

[v'Timv| = | ka Zfim(j, k)v;| < Ly ZZ lvjve]| < leva.
k=1  j=1 k=1j=1 j=1
By the properties of gaussian vector, we remark :
/log Mp s(u)du = /log Pies(Un, -, Um) Die,s(Uty ..y Um)dur..du
pi,e,é(u+v) 7 pi,e,&(ul + Ui, Um +’Um) ™ ’ ’

/ {(u+ V) Tim (1 + v) — utfimu} Dise,s (u)du
= /('Utrim) [upi,e,s(u)] du + / [upi e,s(w)]" (Timv)du
+(vtfimv) /pi,w;(u)du

m

t 2

= vIlimv<Lim E Vs
k=1

where m is a finite integer, so

Dise,s(u+v)

/log Mm,gg(u)du <C Z v (1.7)
j=1
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We remark that P, admits the following density on R""™:

pr(us i=1,...m;5=1,...,m) = [ [ pics(uin — px(Tia), wiz — i (Tia), - .., tim — pa(Tim))-

i=1

The Kullback divergence could be written as:

K(Py,Po) = /1 gjpkdpk
_ Pie,s(U — Nk( i) - ) ] ) )
- / /ngH1 s (0) i]:[l[pl,ﬁ,g(U — e (T3))duin .t

ie,5(U T;
Z/log]”—M[pi,e,5(U—uk(Ti))duilnduim],
pies(U)

with
U = (wir, iz, - wim)'y U = p(Ti) = (uir — pr(Tir), -, i — i (Tim)))" .

Using (1.7), we have:

n m

K(Pe,Po) < CY D (1)),

i=1 j=1

which gives the lower bound of the quadratic risk.

S2. Covariance estimations
S2.1. Known-mean-function case
Proof of Theorem 4.3 :

For 0 < i < n, we have:

E((ri—)?) = E ((% S ue1 UiaVigThig — Ck)Q)
2
E |:(% 22:1 {0:(Riq)0:(Siq) + €iq10:(Siq) + i (Riq)€iq2 + €iq1€iq2 } Thiq — Ck:) ]
4(Eip1 + Eig2 + Eiks + Eika)

IN

where

* Ej1=E ((% St 6i(Riq)di(Sig)mhiq — Ck)Q) :
o — 15 85 (S .2

) Ezkg =F ((l Zq:l €zq161(qu)7Tkzq) ) 3

o 1k3 (l Zq:l 1( zq)€1q27rqu) )

o Lijs=FE ((% 22:1 Eiq16iq27rkiq)2)
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and Triqg = Tk (Rig, Siq)-

We have the following inequalities, which will be proved later:

1.
o
Eiks = e (2.1)
2.
2 2
Eir2 < % and Bk < %, (2.2)
3.
tl :
B < I + Csl|hllo (/ |7Tk(u,v)dudv> . (2.3)
[0,1)2

Because the processes d;, (.), 0i, (.) are independent for i1 # i2 and E(éx,;) = ¢ so:
E((Criy — k) (Chiz —ck)) = E((Criy — k) E((Crip —cx)) =0,
which implies
N 2 1, 1 )2
iE((ckfck) )_E<[n;(6k’i0k > —?Z Cszck ) (2.4)

From (2.1), (2.3), (2.2) and (2.4), using Parseval’s equality we have:

M
Elou() — Pu(Mw|3 = Y E((@ —c)?) Z Z (éri —cr)?)
k=1 i=
M a :
< C{nl (0" +20°||wlloo + [|h]loo] + ; (/ |7k (u v)dudv) }

Now we only need to prove(2.1), (2.3) and (2.2):
Because of the independence between the errors €;q, the design Riq, Siq and the processes
0;(), we have:

1 l 4
1 1
E <(l Zéiqlétiﬂ'kiq)2> = = 204/7r;%(u, v)dudv = UT = (2.1)
q=1 q=1

! !
E ((} > 5i(Riq)6iq2ﬂ'kiq)2) = %2 > E(€52) E (87 (Rig)mi(Rig, Siq))

! 2
1 o ||wl|so
= 2 oo < T S 20)
q=1 )

N\,_.

l !
1
( 7 E 7. zq 7Tkzq Ck ) ( E z zq ﬂ—lmq)2> - Ci
q=1 q

=1
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IN

l
E ((} > 51-(Rz-q)61-(8iq)miq)2>

l
1
= EE di( 0i(Siq)0i(Rip)0i (Sip) ThiqTrip) + E 52 Zq)52(szq)7rkzq)~
q#p a=1

First term,

E[0i(Riq)0:(Siq)0i(Rip)di (Sip) ThigThip)
= E{FE[0:i(Riq)0i(Siq)0i(Rip)0i(Sip)| Riq, Rip, Siqs Sip|ThiqTrip}
= E{h(Riq’Siquipvsip)Wkiqﬂkip} < ||hHooE(|7rkiq7Tkip|)

2
- ||h|oo</ m(u,vndudv) Vp#a,
[0,1]2

with |h(s,t,u,v)| = |E(6(s)8(t)d(w)d(v))| <|| Allee < 00,¥(s,t,u,v) € [0,1]*.
Second term,

E (52(Riq)52(siq)7riiq) = F (E[52(Riq)52(siq)|RiqvSiq]“iiq)

= F (h(R’iqu’iquiWS’ilI)ﬂziQ)

/ h(u, v, u, v)mh (u, v)dudv < Hh||oo/ 7 (u, v)dudv = ||h]oo.
[0,1]2 [0,1]2

l 2 2
1 o
E [(l Z(si(Riq)(si(Siq)ﬂ'kiq - Ck) ] < I lH + Ca||h| oo (/ |7Tk(u,v)|dudv>
[0,1)2
= (2.3).

S2.2. Unknown-mean-function case Proof of Theorem 4.4:

We recall the auxiliary estimator @as, (IT), presented in section 4.3:

M
om, (1) = Zékﬂ_k(uav)a

with

n ! 1 .

1 1 1 . 1

- E 7 E UiqViqmi(Riq, Siq) = - E Uiq¢VigTkiq, Cr, = 7 E ViqThiq-
i=1 = g=1 =1 =1

Using Parseval’s equality, we have:

E||@hr, (IT) — @, (IT Hz—ZECk*Ck :Z < Z[Cm0m>
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So we need to find a upper bound of (¢&; — é)?

n n l

e a 1 - . 1 1 B
Ge—or = (Cri— Cry) = - 7 Z (Ui Vig = UigVig) Thiq

i=1 i=1 = q=1

n 1

1 1
= n Z 7 Z [(Um + Ai(qu)) (Viq + Ai(slq)) - Uquiq] Tkiq
i=1 = g=1

n l
1
= ZZ (F1,kiq + Fo,kiq + F3,kiq) -

i=1 q=1

with
P kiq = Ai(Riq)VigThiq,  Fo,kiq = UiqQAi(Siq)Thiq and F3 kiqg = Ai(Riq)Ai(Siq)Thiq-

We have the following inequalities which will be proved later:

.
) o-
B -<7Z§F1,kiq> | < CW (mk1, Tha2) Vi (M) (2.5)
. 3 o-
E -<7’Z§F2,kiq> | < OW (w2, 1 ) Upn (M) (2:6)
.

)b )
! (2.7)

From (2.5),(2.6) and (2.7), we have Theorem 4.4.
Now we prove the above inequalities:

For the first and the second terms

n l 2
1 1 1
FE (nl ZZFLkiq) = 7(71!)2 ZZq:E (Ff,kzq) + (nil)z Z E(Fl,ki1q1F1,ki2q2) .

i=1 g=1 (41,91)#(32,92)

Because in the construction of the cross-estimator fi(;,),as, the data of the ith subject {(Yios, Ti05) }i=1,...,m

are not used, we have the independence between fi(;y),nm and {Ti; }j=1

,,,,,

B [ (fioy 31 (Tg) = 1(Ti0))*] = B (A% (Tha) = B (B [(i0),01 (Tias) = 1(Ti0))* Tios )

1
/0 E [(ﬂ(io),M(u) - M(U))Q] du = B figio).n — i3

E||Azo||§ < ’U’Zm(M)7
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which implies:
E{A%(w) (8:(v) + eiq1)*} = B(A] () [E(8 () +0°] < (|wllee + o) E(A] (w)).

So, by denoting &;(u) = E(A?(u)), we have:

E(Firig) = E[(Ai(Rig)Vigmria)®] = E [E {A7(Riq) (6:(Siq) + €iq1)” | Rig, Siq } it (Rig, Siq)]
< (Wl + 0N)E [E(Rig)m (Rig, Sig)] = (]l + 0%) / ( / &(u)wi(u,v)du) o

(lwlloe + 02)/0 2 (v)dv (/0 E(A?(U))ﬂ§1(u)du) < (Iwlloe + o) Imislloo Bl A3

(lwlloe + o)l lloc v (M)

IA

Using the same arguments, by denoting Er s = E{.|Ri1q1, Si1q1> Rizas, Sizq. } We have:

E (F1,ki1q1 F1 kings)
FE [ER,S {Ail (Riyq)Aiy (Riggs)Viras Vizqz}ﬂ'kilm 7”“'242]

< %E [ER»S {[All (Rhlll)v;ilql]2 + [Aiz (Rléqz)vizqu} |7Tki1q17rki2¢12 ‘]
< Ul T iy iy B il + B 16 Risas) il B llmaisan 13

M Trlu,v uav ' 1'U7Tu'l) uav ' 1'U7TU’U uav
o Wt [ matnlauto) ([ [ el o+ [ [ e,y )
= 2l N[ i) [ o)l [ ) 0ldu
<

Al +0([ |t oldudmalle | e [ B
< 2ol N[ sl e el ()

So,

(G0

i=1 g=1

IN

nl

2 1
¢ <”””°° H ([ i o)ldudo) ol 7rk2(v)ldv>> V(M)
[0,1]2 0
= OW(m1, me2)vim (M) = (25).
The second term could be bounded by the same way:

el(rg5m)]

i=1 g=1

IN

nl

% Te\U, v uav)||m ' Ky v v ’1}2
( el o)l )) 2, ()
= CW(mh2, Tr1 )0 (M) = (2.6).

For the third term
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Lemma S2.1. For all random process § such : |E(§%P(u))| < C < oo,Vu € [0,1], p=1,2...,,

we have:
Bl —a”) <, ([ s ([ e ) < Caneo. 29

with dap(et) fo u)du; g = L Z Yije(Tiy),t=1,..., M.
Using Rosenthal’s inequality, under the condition F(6?F(u)) < C < oo we have
1

E((6x—a)??)<C (‘12”7(6*) + E) :

n2p71
Using the above lemma, we have:

E(( /0 1Af(u)du)2> = ( / gy, (€ u(u)]Qdu)Q)
— ( (& — ) +||PM(5)M—M||§)2>

< 2|E (;(at_at)2>2+“PM(£)N_N”§]
< 2 _M;f:lE (e — a)") + | P (E)ps — M|§]
< 2 _Mcﬁ (‘W” + ni) +1Pu(E)n - ul‘%}
So - 7
E(Firig) = E[(Ai(Rig)Ai(Sia)mk(Rig, Siq))’]
= </ A (u)miy (u dU/ AF(v)miz (v )S\lﬂill\w\lﬁizl\wE <(/01A§(u)du)2>
e (/A du)
< 2|7klloo MCZ( 7112>+||PM( )MMH%}
E(Fskivqi Fskizgs) = E[Ai(Riyq)Ai(Siyg )Tk (Riigr, Sivar ) Ai(Rizgy ) Ai(Sizgs )Tk (Rizgzs Sizgs )]
= (/A u)mr1 (u du/A v) ez (v )]
< (/A )du) /wkl( )du/o 7rk2 ) (/A2 du]>
<

da(e 1
ey ( e 77) + 1 Par (€)= un;*]
t=1
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The third term (2.7):

1 ’ 1
(a5

MC M d4€t 1 P 4 2”771%”00 1 27
Z B T 1P (E)p — pill2 T = (2.7)

t=1

(ZE (Fikia) + E(Fs,knqus,kmg))
iq

(41,91)#(42,92)

<

Proof of Lemma S2.1

We have the following inequalities :

.
li 7)) <iiE{E52P (TIT) Ty <€ |
m 4 S J)4ij)ey J
Jj=1 j=1
.
1 i 1 - 2p 2p 2p ! 2p
EZ eijer(T, < %ZE(QJ‘)E(Q (T35)) = E(€) o ey’ (u)du,
J=1 J=1
.

=
/:\\
3=
NgE
=
=
kg
=3
|
5
S
N——
A
3=
NgE
=
=
=
kg
=
|
5
®

< 2 ([ @ ([ e a”)
< 2 (| [ @ ([ lewie®] )
< i [ i

So, we have:
E (& —a)?) =E ((; ZYij@t(Tij) - at)2p>
E <(T1n ZM(Tz‘j)et(Tij) — ) + (% D 6i(Tij)en(T, Zﬁwet is) ,,)]

j=1
1

< Cp/ e (u)ydu = (2.8).
0

The proof of Theorem 4.4 is complete.

2p—1
31’

IN




