
Proof of (A.4)

Writing

Su1 = n−1

n∑
i=1

π̃−2
i (xi − µx)

Sux = n−1

n∑
i=1

π̃−2
i (xi − µx) xi

Suy = n−1

n∑
i=1

π̃−2
i (xi − µx) yi,

the linearized term in (A.3)

ỹNPMLE ≡ ȳ (λ0)−
[

∂ȳ

∂λ
(λ0)

]′ [
∂U

∂λ
(λ0)

]−1

U (λ0)

reduces to

ỹNPMLE = ȳπ − (ȳπ, Suy)×
[

1 Su1

x̄π Sux

]−1 [
0

x̄π − µx

]

= ȳπ − Suy − Su1ȳπ

Sux − Su1x̄π

(x̄π − µx) ,

which equals to (A.4).
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Proof of (4.5)

The NPMLE of the mean of y under the stratified sampling can be written

ȳ(λ̂) =
H∑

h=1

Wh

nh

nh∑
i=1

yhi

λ̂hπ̃hi + λ̂H+1mh (xhi − x̃h)
,

where π̃hi = (N̂h/nh)πhi with N̂h =
∑nh

i=1 π−1
hi , mh = (n/nh)Wh, λ̂ is the

solution to U (λ) = 0 and satisfies

λ̂ = λ0 + Op

(
n−1/2

)
,

where λ0 = (1, 1, · · · , 1, 0)′. Using (A.3), we have

ȳNPMLE = ỹNPMLE + Op

(
n−1

)

and the linearized term is

ỹNPMLE ≡ ȳ (λ0)−
[

∂ȳ

∂λ
(λ0)

]′ [
∂U

∂λ
(λ0)

]−1

U (λ0) .

Note that

ȳ (λ0) =
H∑

h=1

Wh

nh

nh∑
i=1

yhi

π̃hi

=
H∑

h=1

Whȳh = ȳπ

and

∂ȳ

∂λh

(λ0) =




−Whn

−1
h

∑nh

i=1 π̃−1
hi yhi = −Whȳh, h = 1, · · · , H

−n
∑H

h=1 W 2
h

∑nh

i=1 d2
hi (xhi − x̄h) yhi, h = H + 1,

where dhi = π−1
hi /N̂h. Also, since

Uh (λ) =
1

nh

nh∑
i=1

1

λhπ̃hi + λH+1mh (xhi − x̃h)
− 1 h = 1, 2, · · · , H

and

UH+1 (λ) =
H∑

h=1

Wh

nh

nh∑
i=1

xhi − µx

λhπ̃hi + λH+1mh (xhi − x̃h)
,
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we have, for h = 1, 2, · · · , H,

∂Uh

∂λg

(λ0) =




−1 if g = h
0 if g 6= h, g = 1, 2, · · · , H
nWh

∑nh

i=1 d2
hi (xhi − x̄h) if g = H + 1

and

∂UH+1

∂λh

(λ0) =

{ −Wh (x̄h − µx) if h = 1, 2, · · · , H

−n
∑H

h=1 W 2
h

∑nh

i=1 d2
hi (xhi − x̄h) (xhi − µx) if h = H + 1.

Thus, the linearized term can be written

ỹNPMLE = ȳπ

− [
L′y, Sxy

]×
[

IH Bx

L
′
x Sxu

]−1

×
[

0H∑H
h=1 Whx̄h − µx

]

where IH is the H-dimensional identity matrix, 0H is H-dimensional vector
of zeros, and

(Sxu, Sxy) = n

H∑

h=1

W 2
h

nh∑
i=1

d2
hi (xhi − x̄h) (xhi − µx, yhi)

Lx = (W1 (x̄1 − µx) ,W2 (x̄2 − µx) , · · · ,WH (x̄H − µx))
′

Ly = (W1ȳ1,W2ȳ2, · · · ,WH ȳH)′

Bx = n (W1bx1,W2bx2, · · · ,WHbxH)

with bxh =
∑nh

i=1 d2
hi (xhi − x̄h). Thus,

ỹNPMLE = ȳπ −
(
Sxy − L′yI

−1
H Bx

)
P−1

(
H∑

h=1

Whx̄h − µx

)

where

P = Sxu − L′xI
−1
H Bx

= n

H∑

h=1

W 2
h

nh∑
i=1

d2
hi (xhi − x̄h) (xhi − µx)− n

H∑

h=1

W 2
hbxh (x̄h − µx)

= n

H∑

h=1

W 2
h

nh∑
i=1

d2
hi (xhi − x̄h)

2
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and

Sxy − L′yI
−1
H Bx = n

H∑

h=1

W 2
h

nh∑
i=1

d2
hi (xhi − x̄h) yhi − n

H∑

h=1

W 2
h

nh∑
i=1

d2
hi (xhi − x̄h) ȳh

= n

H∑

h=1

W 2
h

nh∑
i=1

d2
hi (xhi − x̄h) (yhi − ȳh) .

Therefore, we have

ỹNPMLE = ȳπ −
∑H

h=1 W 2
h

∑nh

i=1 d2
hi (xhi − x̄h) (yhi − ȳh)∑H

h=1 W 2
h

∑nh

i=1 d2
hi (xhi − x̄h)

2

(
H∑

h=1

Whx̄h − µx

)
,

which proves (4.5).
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