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POSITIVE FALSE DISCOVERY PROPORTIONS: INTRINSIC
BOUNDS AND ADAPTIVE CONTROL
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University of Connecticut and Rutgers University

Supplementary Material

This note contains proofs for Theorems 4.2, 4.3, 5.1 and 5.2. The proofs for
the first two theorems are similar to those for the other two. Since the latter
ones are more of interest to applications, they will be demonstrated in detail.
The proofs of Theorems 4.2 and 4.3 will be outlined afterwards.

S1. Notation
For random variables X, and Y,,, X,, >, Y}, X;; <, Y, and X, ~,, Y,, denote

P(X, >Y,) — 1, P(X, <Y,) — land X,,/Y, — 1, respectively. The notation
Xpn = 0p(Yy,) means “|X,,| <, €|Y,,| for any € > 0”7, whereas X;,, = O,(Y;,) means
“for any € > 0, there are M > 0 and ng > 0, such that P(|X,| > M|Y,|) < € for
all n > ngy”. When it is necessary to indicate the number n of tested hypotheses,
we use a superscript. For example, denote by R™) the number of rejections when
there are n null hypotheses.

It will be easier to work with continuous time to prove the theorems. For

procedure (5.1), given p-values §§n), ... ,§£Ln), the R(TZ) smallest ones are rejected,
where
n t n: n
Tp = Sup qbin(F*(t);R,? ) W A 1>§ o(RM V1) E. (SLY)
t€[0,1] Rtn V kn,

Denote ¢,(t; z) := gbin(z; Rﬁ"), (nt/Rgn)) A '1). For brevity, write 7 = 7,,
R, = R™ and V; = V. By definition, R = R, and V = V;. The same
relationship holds for the BH procedure (4.4), except that

T =1, =sup{t €[0,1] : nt < R;}. (S1.2)

S2. Subcritical case with increasingly sparse false nulls

Define n; = n™ = nt/Ry, 6; = Hgn) =1t/F,(t) and p=1/a—1 > 0. Then
qn(z;t) = gbin(z; Ry, m A 1) and by u,, = oF),(u,),

Ou, =, (mn + p)un = T Gn(uy). (S2.1)
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Under the subcritical condition (5.4), the following lemmas hold.
Lemma S2.1. For procedure (5.1) and the BH procedure (4.4), T /uy, 51 and

Gu(r) P

P p R, p
G (1) —1, (b) O, —a, (c)n — a, (d)

(logn)® — 7

(a)

Lemma S2.2. For both procedures, 0;R; —nT = R, — nuy, + 0p(y/nUy,).

Lemma S2.3. For procedure (5.1), aR; = qn(7; T'(7)) + Op(1) and for the BH
procedure (4.4), aR, = nT.

Let Ry = Rl@ and V;_ = Vt(f) be the numbers of rejected nulls and rejected
true nulls, respectively, whose p-values are strictly less than .

Lemma S2.4. Givent € (0,1) and k > 0, for procedure (5.1), conditioning on
T=tand R, =k, V._ ~ Bin(k,t/F,(t)). The statement holds as well for the
BH procedure (4.4).

Recall that if p, € (0,1) satisfies np,(1 — p,) — oo, then by Lindeberg’s
CLT, for S, ~ Bin(n,p,) and z € (0,1),

Sn—1pn__ d N (O, 1) gbin(z; n, p,) — npy

npn(l _pn) npn(l _pn)

— B (2). (S2.2)

Proof of Theorem 5.1. Assume the Lemmas are true for now. We show
(a)—(d) in sequel.
(a) By Lemma S2.1, we get 7, L, o and nt(l—n;) = R (1 —np) ~p (1 —
a)R; — 0o. Then by Lemma $2.3,
P(V; <aR:) =P (V; < qn(1;T(7)) + Op(1)) + o(1)
—nT an(7;0(7)) — n1

:P( Ve +0(1)>—|—0(1)

Since ¢, (7;T(7)) = qbin(I'(7); R, n,) and nT = R;n;, Lindeberg’s CLT yields

q”“;f((f ) "~y () = ey, (523)

Write (V; —nr1)/\/n7(1 —n;) = Z1Z + Z3, where

V., —0-R; 0-(1—0,)R;, _ O0.R.—nt

_ R i Sk /A & S LU
VO-(1—0.)R; nt(l—n;) nt(1—n;)

Z1
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By Lemma S2.4, conditioning on 7 = ¢t and R,— = k, V;_ ~ Bin(k,6,).
By R — R,—, V. =V, € {0,1} and 6,R, — oo, we get Z; 4, N(0,1). By
Lemma S2.1, Z — 1. By Lemma S2.2, Z» = Zh + 0p(1), where Zj = (aR,,, —
nuy)//n7(1 —n;). From F,(uy,) = uy,/a — 0, Ry, ~ Bin(n, F,,(uy)), 7/uy L,

1 and 7, RN a, it follows that

, a(Ry, —nFy(ug)) Un (1 — Fy(uy)) d [ «a
. V/nEy (u) (1 _Fn(un))\/ ar (1 -1r) 1 _aN(O’ !

and hence Z % \/a/(1 — a)N(0, 1).

We now show (Zy,75) % (U1, \/a/(1 — @) Us), where Uy, Us are iid. ~
N(0,1). Let f(z,y) = E(e®?1+%22), Then by Lemma S2.4 and CLT, for any
a, — oo and t, € (0,1), as long as a,0;, (1 — 0;,) — oo,

lim E(e™? |R, = a,, T=1t,) = e 712,
n—oo

Since Zs is a deterministic function of 7 and R,, by R;0,(1 — 6,) L, 5 and
dominated convergence,

E(ez’zZlJring) — E(E(ez’zZ1+iyZ2 |RT,T))

2 2
~ e T2 (Y22 ey
e (e )—>exp{ > -

Combining all the above results, it follows that

Ve—nt 4

d U
Vnr(l—n.) V11—«

with U ~ N(0,1),

which, together with (E23) and 7 .0, implies
P(V: <aR;)~P({U <vV1—-a®*(I'(1))) = 1—1.

This completes the proof of part (a).

(b) This directly follows from Lemma S2.1(d).

(c) For the BH procedure (4.4), from ([§L2), 0 < aR; — n7 < a. By Lemma
S22, P(V: < aRy) = P (V; < nr + O(1)) = P (Zy < Z3 + o(1)), with

V.- 0.R,
YT/ 0,)R,
nt— 0, R,

*" /0.1 _0)R,
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Following the argument for part (a), (Z1, Z2) < (U1, a/(1 —a) Us), where Uy
and Uy are i.i.d. ~ N(0,1). As a result, P (V; <aR;) — 1/2.
(d) From (5.4), nm, — oco. Since n— Ny ~ Bin(n, m,), by the law of large numbers

(LLN), (n — No)/(nmy) R By Lemmas S2.1, S2.2 and S2.4,
R, Py R -V, p

—_ 1—a.
nF,(uy) T R, _) @
Therefore, by (€21) and 7, — 0,
Y R, - V; (1—a)nFp(up,)  puy P

Cu(un)  Gulun)(n—No) P Gulug)nm,  mnGolun)
The proof for the BH procedure (4.4) is similar and hence is omitted.

To show the lemmas, the following representation of the p-values 55"), ey
U will be used. Let ¢ = F,(e™). Then ¢{™,...,¢{" are iid. ~ U(0,1).
Let

W, = W™ = # {k >1:¢™ < t} : (S2.4)
so Ry = Wg, (). Recall the following result Shorack and Wellner (1986, p.600).

Let b, = v/2loglogn, ¢, = 2loglogn + log v/loglogn — log 47 and Z; = (W; —
nt)/y/nt(1 —t). Then for any = € (—o0,0), as n — 00

P b, sup |Z| > co 42| — e 4. (S2.5)
t€[0,1]

From (5.4), it can be seen that as n — oo, nu,/(logn)* — oo and

Vi T2 MG (uy) — Gr(Auy)] oo, ifA>1
& 52.6
(logn)? Vn T 1o, if0<A<L (52.6)

Indeed, because G, is strictly concave, if A > 1, (5.4) implies that

g™ (“%) oo

Then the first limit in (§Z0]) follows by (€21]). The second limit similarly holds.

Proof of Lemma S2.1. We will only show the Lemma for procedure (5.1). The
proof for the BH procedure (4.4) is similar.

The main part of the proof is devoted to 7/u,, . 1. Denote

d, = y/nloglogn, fn(t) = 7TnGn(t) - (7Tn + p)t.
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Because G, is strictly concave, so is f,. By 21)), fn(u,) = 0. Also, f,(t) >
(<) 0 for t <(>) up. Given A > 1, let v, = u,/A. On the one hand, by
G232, gn(vn: T'(vn)) < nvp + /n0p Ay, with A, — ®*(I'(vy,)). On the other,
by €2.3), for large n, Ry, = W, (v,) =p nFn(vn) — 2dp+/Fn(vn). Therefore, by
F.(v,) < av, and F,(v,) < Fy(uy) = up/a,

1
R, — —qn(vp; I'(v,
0~ ~n(vn; T(vn))

ZP n (FTL(UTL) - (1 + p)vn) - A, —2d, Fn(vn)

[uy,
>y N fn(vn) — 3d, -

By 7, + p = mnGn(up) /uny,

0 f(0m) = 7 (Gn(vn) - M%) > (Gn(%) - G"(“")> .

Un

nky, (vy)
«a

From (BZ0), it follows that nf,(v,) — 3dn\/un/a E, 00, yielding aR,, —
qn(vn; T'(vy)) ., o0 and hence P(r > wv,) — 1.

Now let w, = Au,. Then for all ¢t > w,, F,(t) < t/a. Similar to the above
argument, the probability that

R, — éqn(t; L(t)) < fult) + 3dn/Fu(t) < fu(t) + Bdn\/g, all t > wp

tends to 1. Because f,(t) is concave, it is upper bounded by f,, (wy,)t/w,. Note
fn(wy) < 0. Therefore, the probability that

R 20,0670 € i) 130,/

t Wy,
<o <fn(wn) + 3d,, /;>

Ve
Tn

tends to 1. Similar to the above argument, z,, — —oo by ([EZ0@). Then P(7 <
wp) — 1. Together with P(7 > v,) — 1 and A > 1 being arbitrary, 7/uy, o
Now we can show parts (a)—(d) in sequel.

(a) Since G, is concave, Gp(un/A) > Gp(up)/A and Gp(Au,) < AGp(up).
Then from 7/uy, L, P(Gp(up)/X < Gp(1) < AGp(uyn)) — 1 and hence
Gn(7) /G (un) — 1.
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(b) Since F,(t) = (1 — m)t + m,Gn(t), from the above results, it follows that
Fo(7)/Fu(un) == 1. By Fy(un) = unfa, 6 = 7/Fy(7) — .

(¢) Given A > 1, define v,, and w,, as above. By P(R, > R,, ) — 1 and P(1 <
wy) — 1, P(n; < nw,/R,,) — 1. On the other hand, since nv, — oo, by the
CLT in (822), Ry, = W, (v,) ~ nFn(vn) and wy/Fy(vn) = Non/Fy(vn) < aX?
Then P(n, < aA?) — 1. Similarly, P(n, > a/)\?) — 1. Hence 7, L

(d) This follows from R, > R,, ~ nFy,(v,) > nv, and nv,/(logn)* — oo.

By the weak version of Hungarian construction Shorack and Wellner (1986,

p.494), for each n, there exist a Brownian bridge Bt(n) 4 Zy—tZ1 and a stochastic
process rﬁn) defined on the same probability space as Cfn),..., Y(Ln), where Z,

is a standard Brownian motion, such that supcpg ]rﬁn)\ = Op(1) and Wy =
nt + \/ﬁBin) + rt(n)(log n)2.

Proof of Lemma S2.2. By R; = Wp, ;) and the Hungarian construction,

0;R; — nt = \/EHth:L)(t) + (log n)zﬁtr;z)(t) .

Note 6, = a and by Lemma S2.1, 6, = O,(1). Since (logn)?/\/nu, — 0 and

rﬁn) is bounded, to show Lemma S2.2 for 7, it suffices to demonstrate

1 (n) (n)
N QTBFn(T) — O‘BFn(un)
Write the left hand side as I; + als, where I} = (60, — a)Bg)(T)/,/un and
I = (B(FZ)(T) — Bgi)(un))/,/un. Given A > 1, since u, — 0, P(7 < Auy) — 1
and F, (Auy,) < AF,(up,) = Aup/a, it is seen that ’BJ(L«Z)(T)‘ asymptotically is dom-

.o

inated by supi<u, /a \Bt(n)\, hence stochastically dominated by sup;<yy,, /o [Zt] +
(Aun /)| Z1|. Then BYY/\/ity = O,(1). By 0 = a, [ = 0.

Similarly, letting D,, = Auy, — up/A, Bl([;i)(T) - Bgz)(un)
stochastically dominated by supsc(o p,] |2¢| + Dn|Z1|. Therefore, I asymptoti-

cally is stochastically dominated by /A — 1/Asup,cp 1] [Z¢| + 0p(1). Because A

is arbitrary, Is .o

asymptotically is

Recall that gbin(z;n,p) is increasing and left-continuous in z and p respec-
tively; for z,p € (0,1),

lim gbin(z;n, p), lifn gbin(z;n, ) € {gbin(z;n,p), qbin(z;n,p) + 1};
z|p

x|z

and gbin(z;n,p) < gbin(z;n — 1,p) + 1.
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Proof of Lemma S2.3. By the definition of 7, when 7 > 0 and R, > 0, for
all t > 7, ¢, (t;I'(t)) > aR;. If t —7 > 0 is small enough, Ry = R,. Since
I'(¢) is decreasing in ¢, gbin(I'(7); R;,nt/R;) > aR,;. Letting ¢t | 7 then yields
qn(7,T(7)) > aR; — 1.

On the other hand, there is a sequence t; T 7, such that g, (t;; T'(¢;)) < aRy,.
If Ry is continuous at 7, then for large j, Ry, = R; and letting j — oo yields
qn(7,1(7)) < aR;. If Ry has a jump at 7, then for large j, Ry, = R, — 1 and
letting j — oo yields

nr
R,

qb1n<()RT—1, ><aR +1

:>qbin(( T’R— ><aR + 2.
(R~

Then g, (7,T(7)) — aR; < gbin (I'(7); Rr,n7/(R; — 1)) — aR; < 2.
The proof that for the BH procedure (4.4) is standard so is omitted.

Proof of Lemma S2.4. Let 7 = o(1{¢ <s},s € [t,1],5 = 1,...,n). Then
for ¢ running backward from 1 to 0, F; consist a filtration and for both pro-
cedure (5.1) and the BH procedure (4.4), 7 is a stopping time with respect
to the filtration. In particular, {7 > t} N {R,— = k} € F. Let i1,... iR,
be the random indices of those &; that are strictly less than ¢. By the inde-
pendence of (&1, Hy),..., (&, Hy) and Vi = H; + ...+ Hp, , it is not dif-
ficult to see that for any ¢, A € F, k > 0, and n; < ... < ng, condition-
ing on £ = {R— = k,iy = ny,...ix = ng}, V4~ and A are independent,
ie. P{Vie = v} NA|E) = P{Vi = v}|E) x P(A|E). Consequently,
P(Vie =v|rt =t,FE) = P(V,_ = v|FE). By Proposition 2.1, the right end is
P(S =v), with S ~ Bin(k,nt/G,(t)). Since the conditional probability does not
involve ny,...,ng, then P(V,_ =v |7 =t, R = k) = P(S =v).

S3. Supercritical case with increasing sparsity of false nulls

Let (,gn) be defined as in ([§24). We need two lemmas in order to prove
Theorem 5.2.

Lemma S3.1. Given py € (0,1), for any e > 0,

lim sup P(|Xip+--+ X,p—npl >en)=0.
"0 pelpo,1]

where for each p, X1 p, X2, ... are i.i.d. ~ Bernoulli(p).

Lemma S3.2. If k, <n satisfies k, — 00, then

AR

sup k/n

kn<k<n
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Proof of Theorem 5.2. Assume the lemmas are true for now. Fix € > 0 such
(n)

that (1 — ¢)?lim asz’ > a. Then by condition (5.5), for n large enough,

22 —00 *
(1—€)?2/F(0)=(1-e2a" /1 -7) > a.
First, we show that for some Ky > 0, P(R, < Ky) — 1. Let my(t) = Ry Vky,.
Then

n(tY &un,) o 1% (Gna)

R;VE, — mn(t) (831)

By the selection of k;,, m,(t) — co. Then by the convexity of F*(z) (because F),
is concave) and Lemma S3.2,

nE; () o Fa (1= Oma(t)/n)

m, () —r my(t)/n
sy L€ o
> (1= (E)0) = 5 > T (532)

and hence by Lemma S3.1, there is Ky > 0, such that for all K > K,

1—6) (1—€)?K

K.
" F10) oy~ °

gbin (1 —v; K

Combined with (3] and ([§332), this implies

. n(tV &nk,
P ﬂ {qu (1 —; Ry, %) > oth} — 1.
t:R¢>Ko

As aresult, P (R, < Kp) — 1.
Now suppose condition (5.6) is satisfied. We show parts (a)—(d) in sequel.

(a) Note that

RT:maX{kz1:qbin<1—’y;k,%w/\l> gak}.

Because P(R; < Ky) — 1 and k,, — 0o, P(R; = R],) — 1, where

Rl =max{k >1:qbin (1 —v;k, pp A1) < ak}

with p, = n&,.k, /kn. Since py, x, Q., by the properties of gbin as listed before
the proof of Lemma S2.3, part (a) then follows from

P (gbin(1 — 7; k,pp) € {gbin(l — v; k, ), gbin(l — v; k, i) + 1}) — 1.
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(b) Since F,, is concave, given R, = ¢ > 0 and 7 = ¢, V; is stochastically
dominated by Bin(¢, (1 — m,)t/F,(t)), but stochastically dominates Bin(¢, (1 —
)/ F}(0)). Because T N} (I—mp)7/Fu(T) L, a,. Part (b) therefore follows.

(c) Let Z1,Z5,... be iid. ~ Bernoulli(a,). If v < 7, then ¢y = 0, or else there
were k > 0 such that P(Z1+---+Zy < ak) > 1—v. Theny > 1-P(Z1+- - -+ 2}, <
Qi) > 7« which is a contradiction. It is clear that ¢; = 0. Therefore, by
part (a), R; L, 0. On the other hand, if v > ~,, then {3 > 0. By part
(b), P(V: < aR.|R; = ty) — P(Z1 + -+ Zy, < alp) > 1 —~, and hence
lim, P(V; /R, > a| R, = £y) <. The case R, = {1 can be similarly shown as
long as ¢1 > 0. This completes the proof of (c).

(d) For both procedure (5.1) and the BH procedure (4.4), in order to show that
their respective powers tend to 0, by P(R < Kjy) — 1, it is enough to show

n— Ny —— oo. Denote s, = EX(kn/n). Since M, = #{i < n : 5.(”) <

7 —=

Sns HZ.(n) = 1} ~ Bernoulli(n, m,Gr(s,)) and M,, < n — Ny, it is enough to
show nm,Gp(s,) — oo. Since ky/n = F,(sy) = (1 — my)sp + m1Gr(sy) and

Sn/Fn(sn) — ay < 1,

TnGn(Sn) _ (1 — ) Sn
kn/n F,(sn)

yielding nm, Gy, (sn) ~ (1 — ax )k, — 0.

Proof of Lemma S3.1. It is enough to show

lim sup P(Xip+- -+ X, >((p+en)=0, and
17 pe[po, 1]

lim sup P(Xip+-+X,p<(—en)=0.

"0 pelpo,1]
We will only show the first limit. The second one can be shown similarly.

Clearly, when p > 1 —¢€, P(X1p+ -+ Xpp > (p+e€) =0. If p <1 —¢,

then by Chernoff’s inequality, P (X1, + -+ X, p > (p+€)n) < e~ ®) where
I(p) = supyso ((p+ €)t — Ap(t)), with Ay(t) = log(l — p + pe'). Since A,(¢) is
convex and A},(0) = p, I(p) > 0. It can be verified that I(p) is continuous on
[0,1 —¢). Letting I(p) = oo for p > 1 — ¢, it follows that inf,>,, I(p) > 0, which
implies the limit.

Proof of Lemma S3.2. &,.1,...,&,., have the same joint distribution as

(5r55)
SnJrl’”"SnJrl
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where Sy, = Uy + -+ + Uy and Uy, U,,... are i.i.d. ~ Exp(1). By the LLN,

Spt1/n 2. 1. Therefore, it is enough to show Supy>, |Sk/k —1] . 0, which
follows from the strong law of large numbers (SLLN).

S4. Nonsparse case

Proof of Theorem 4.1. The proof of part (a) is omitted because it follows
closely Genovese and Wasserman (2002). For part (b), let R’ be the number of
projections in (4.3). Then by Proposition 4.1, P(R' > k;) — 0. Since P(R >
0) < P(R' > k), part (b) follows.

To prove Theorem 4.2, we need the following standard result for empirical
processes.
Lemma S4.1. Suppose T, is a sequence of random wvariables taking values in

[0,1], such that for some u € (0,1), T, 2w asn — oo. Then, letting mg = 1 —,

Vi, — Ty

<4 N(0,1).
nmou(1l — mou)

Following the proof for the sparse case, for procedure (4.7), define

tVE,
T = SUp {t € [0,1] : gbin <I‘*(t); R;, W A 1) < (R V 1)}

and for the BH procedure (4.3), define 7,, = sup{t € [0,1] : mont < R;}. Then
following the same notations, R = R, and V = V..

The proof of Theorem 4.2 follows closely that of Theorem 5.1, so we only
give its sketch.

Proof of Theorem 4.2. (a) Following Genovese and Wasserman (2002), 7 RN
u*, with u* € (0,1) the only positive solution to mou = aF'(u). By the definition
of R and P(¢ < u*, H; = 1) = F(u*), from LLN, it follows that R/n ——
F(u*) > 0 and hence pFDR ~ FDR = «. Furthermore, I',(¢) can be replaced
with I'(¢) and by Lemma S2.3,

P(V, <aR,) =P (VT < gbin (F(T); R., % A 1) + Op(1)> :

T

Denote the binomial quantile on the right hand side by K. Applying the CLT to

the binomial distributions, from 7 <, u*, it follows that

K — mont K — mont P

~ — O (T'(u")).
Vnmour(1—a) 7 Vmont(1 — mont/R;) (")
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Combining this with Lemma S4.1 yields

P(V: < aR;) — P (, /%Z < @*(r@*))) —1-—7.

(b) Since k,,/n — 0 whereas R/n < F(u*) > 0, part (b) easily follows.
Proof of Proposition 4.1. (a) Following the proof of Theorem 4.2 (a),

1—7T()’Uf‘< 1
PV:<aR;) =P /——2<0] =,
(Vr < afiy) = (\/ 1—a > 2

where, for the BH procedure (4.3),
T=1, =sup{t €[0,1] : 7(1 — m)nt < R;}.

(b) See Chi (2007).

The proof of Theorem 4.3 is almost identical to that of Theorem 5.2 and so
is omitted.
Proof of Proposition 4.2. When o € (as,1 — ), then 7 P, w*. Because
R—V:#{kgn:Hk —1, M gf} and n—No = # {k <n: Hy, = 1}, by the
LLN, ¢, — P(¢ < u*|H = 1) = G(u*). On the other hand, when a < a,
then for procedures (4.6) and (4.7), by Theorem 4.1 and 4.2, it is apparent that

tn = Op(1/n), and for the BH procedure (4.3), from Chi (2007), 1y, 250 as
well.
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