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Appendix

Section A.1 details the spatial mixing and moment conditions used to es-
tablish the main results of the manuscript. Section A.2 provides some technical
lemmas to facilitate the proofs of the main results, which are presented in Sec-
tion A.3. In Section A.4, we describe a further result on EL inference under
parameter constraints. Section A.5 describes the spatial bootstrap method used
to implement the spatial EL Bartlett correction from Section 4 of the manuscript.

A.1. Assumptions

To establish the main results on the spatial EL, we require assumptions on
the spatial process and the potential vector Gy of estimating functions. Recall
that we may collect observations from the real-valued, strictly stationary spatial
process {Zs : s € Z%} into m-dimensional vectors Yz = (Zsin,,---» Zsin,) s
s € Z¢, using fixed lag vectors hy,...,h,, € Z? for a positive integer m > 1.
Recall R,, = A\, Ro C R denotes the sampling region for the process {Z : s € Z%}
and R, , is the sampling region of the observed Ys, s € Z%. We first outline some
notation.

For A C RY, denote the Lesbegue volume of an uncountable set A as vol(A)
and the cardinality of a uncountable set A as |A|. Limits in order symbols are
taken letting n — oo and, for two positive sequences, we write s, ~ t, if s,,/t,, —
1. For a vector x = (z1,...,24)" € R% let ||x|| and ||x||oo = max;<;<q|z;| denote
the Euclidean and [®° norms of x, respectively. Define the distance between two
sets By, By C R? as: dis(E, Fy) = inf{||x — y|leo : X € E1,y € Ea}.

Let Fy (T') denote the o-field generated by the random vectors {Y5 : s € T'},
T C 7%, and define the strong mixing coefficient for the strictly stationary random
field {Ys : s € Z%} as

ay (v,w)=sup{a(T1,Tr) : T; C ze, |T;| <w, i=1,2; dis(Th,T2) > v}, v,w>0,
(8)
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where ay (T1,T3) = sup{|P(AN B) — P(A)P(B)| : A € Fy(T1),B € Fy(T»)}.
In the following assumptions, let 6y denote the unique parameter value which
satisfies (1).

Throughout the sequel, we use C' to denote a generic positive constant that
does not depend on n or any Z¢ points and may vary from instance to instance.

Assumptions

1. Asn — oo, bt + b2 /A, = o(1) and, for any positive real sequence a,, — 0,
the number of cubes of a,Z® which intersect the closures Ry and R? \ Ro
. —(d—1)
is O(an ).

2. There exist nonnegative functions aq(-) and ¢(-) such that aj(v) — 0 as
v — oo and ay (v,w) < a1(v)g(w), v,w > 0. The non-decreasing function
q(+) is bounded for the time series case d = 1, but may be unbounded
q(w) — o0 as w — oo for d > 2.

3. For some 0 < 0 <1, 0 <k < (5d—1)(6+9)/(dd) and C > 0, it holds
that E{]|Gg, (Ys)[|*"*} < 00, 3232, v* laa (0)” ) < o0, g(w) < Cw”,
w > 1.

4. The rxr matrix X9, = 1 c7a Cov {Gy, (Ys), Go, (Ysin)} is positive definite.

The growth rate of the spatial block factor b, in Assumption 1 represents a
spatial extension of scaling conditions used for the blockwise EL for time series
d =1 in Kitamura (1997); this entails the block condition (3). Additionally, to
avoid pathological sampling regions, a mild boundary condition on R implies
that the number of Z lattice points near the boundary of R,, = A\, Ry is of smaller
order O(Af;l) than the volume of the sampling region R,,. As a consequence, the
number n of Zs-sampling sites (i.e., Z¢ points) contained in R,, is asymptotically
equivalent to the volume of R,:

n=|Rn NZY ~ vol(R,) = A\vol(Ry).

Additionally, the boundary condition on Ry allows the number of blocks to be
quantified under different EL blocking schemes; see Lemma 2(i) of the following
Section A.3 for illustration.

Assumption 2 describes a mild bound on the mixing coefficient from (g
with growth rates set in Assumption 3. These mixing assumptions permit mo-
ment bounds and a central limit theorem to be applied to sample means of the
form G,, = ZseRmyanQ Go,(Ys)/Nm,n (Lahiri, 2003b); Lemma 2 in Section A.3
illustrates such moment bounds. The conditions on the mixing coefficient ()
in Assumptions 2-3 apply to many weakly dependent random fields including
certain linear fields with a moving average representation, Gaussian fields with
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analytic spectral densities, Markov random fields as well as various time se-
ries; see Doukhan (1994). For d > 1, we allow () to become unbounded in w,
which is important in the spatial case to avoid a more restrictive form of mix-
ing; see Lahiri (2003a, p. 295). Assumption 4 implies that the limiting variance
Yo, = limp 00 Ny n Var (G,,) is positive definite.

A.2. Preliminary results for main proofs

Lemma 2 gives moment bounds based on Doukhan (1994, p.9, 26) while
Lemma 2 provides some important distributional results for proving the main
EL results. In particular, parts (ii) and (iii) of Lemma 2 entail that, at the
true parameter value ¢y, spatial block sample means My ;, i € Z,, from the
EL construction (4) can be combined to produce normally distributed averages
or consistent variance estimators. Parts (iv)—(vi) of this lemma are used to
prove that, in a neighborhood of 6y, the EL ratio R,,(f) from (4) can be finitely
computed and also that a sequence 6,, of maximizers of R,,(f) (i.e., the maximal
EL estimator) must exist in probability. Lemma 3 establishes the distribution of
the spatial log-EL ratio at the true parameter value 8y. Proofs of Lemmas 2 and
3 appear subsequently.

Lemma 1. (i) Suppose a random variable X; is measurable with respect to Fy (T;)

for bounded T; C 74, i = 1,2 and let s,t > 0, 1/s+1/t < 1. Ifdis(T1,T>) > 0 and

expectations are finite, then |Cov (X1, Xo)| < 8{E (| X1°)}*{E (| X2}t ay

(dis(Ty, Ty ); max,—y o [T3]) /7"

(i) Under Assumptions 2—3, for any real 1 < k < 6 and T C Z% it holds that

E{ll XCaer Goo (Yo'} < CITIF?, where Go, (Ys) = Go, (Ys) — E{Ga, (¥s)}-

Lemma 2. Let 7, = IbOnL or Ié\;OL and N7 = |Z,|. Under Assumptions 1—4.

1) 1ZyH ~ vol(Rimn)s Mmn ~ VOU R n)s 124 O] ~ VOl(Ryn.n) /b2 and vol(Rm. )
~ Vol(R ) =\ vol(Ro)

(ii) n%ango — N(0,,%g,), where Mgy =3 o7 Mg, i/Nz;

(iii) 290 = > iezr, Mo, IMGO,i/NI 2, Yoy, with Xy, from Assumption 4;

(iv) P(R,(6p) > 0) — 1;

(v) maicz, [|Mao | = Op (b o)

(vi) P(inf,crr =1 Nz ZIEI b/ V' My, iI(v'Mp,; > 0) > C) — 1 for some
C >0, letting I(- ) denote the indicator function.

Lemma 3. Under Assumptions 1—4 and I,, = I,)" or I}’ it holds in (6) that
d .2
gn(eo) - Xr-

Proof of Lemma 2. Assumption 1 yields part(i) of the lemma. We shall sketch
the proof for vol(Rpm ) and the number |Z;*| of OL blocks; the remaining cases
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follow similarly and more details on counting results can be found in Nordman
and Lahiri (2004). For a positive integer j, define

) = L €Z: (-1 ARy £ 2, (+ -1, 1) N R\ Ry) £ 2,
where again R,, = A\, Ro, and note that for a,, = j/\,
|Jn(5)] §(2j+1)d|{i€anZd: cube i+a,[—1,1]? intersects both R and m}‘
=(2j+1)70(a;, ") = 0GXT) (9)

by the Rop-boundary condition in Assumption 1. The bound in (@) also holds if
we replace a fixed integer j by the sequence of block factors b, (i.e., replace 7,
Jn(j) with by, Jp(bn)).

Recall that Ry, = {s € R, :s+hy,...,s+h,, € R,} C R?is defined with
respect to m fixed lags {h;}, C Z%. Let h = maxj<;<m, ||hi||co and note that

vol(R,) — vol(R,, \ann) = vol(anm) <vol(Rum,n) < vol(Ry)

where Ry, = {s € R, : s + h[-1,1]" C R,}. Then, for fixed h by @), we
find vol(Ry \ R}y, ) < (2h)4|Jn(R)| = O(AE) so that vol(Rum,) ~ vol(Ry) =
Mvol(Ro) follows. Likewise, n = |Z9NR,| ~ vol(R,) holds from [n—vol(R,)| <
24|, (1)| and then 1 Zy)"| ~ vol(Ry,) follows from n — |Jn(bn)| < |[Zp*] < n and
| Jn(bn)] = O A1) = o(vol(Ry)).

To prove parts of Lemma 2(ii) and (iii), we treat only the OL block case
I, = I;)*%; the NOL case follows similarly and we shall describe the modifi-
cations required for handling NOL blocks. Defining the overall sample mean
G = ity Yaer,n oz Goo(Ya), it holds that ny G, — A(0,, Bg,) under As-
sumptions 1-3 by applying the spatial central limit theorem result in Theorem 4.2
of Lahiri (2003b). Now define a scaled difference between G, and the average of
block sample means My, as

A, = Gn—n;&nNIMgO =t Z ws G, (Ys),

m,n
SERm,nNZE

where the last representation uses weights ws € [0,1] for each s € R, N z-
where

ws = 1—b,% x “4 of OL blocks among {By, (i) = i+ bn(—3, 3] : i€ I0L}
containing s”.

Because ws = 0 if s + b,[—1,1]? C R, it holds that |[{s € Ry, N 7% wg #
0} < |Jn(bpn)| < Cb AL from @) and R, C R, Consequently, letting 0 € Z4
denote the zero vector, we have

B (A2) <npto[{s € Rinn NZT:ws # 0} Y || Cov {Gay (Yo), Gy (Va) |
hezd
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< Ch N ny ) = O(i—") — o(1)

follows from Lemma 2(i) along with

Z | Cov (GGO(YO)vG% (Yn))||
heZd, h#0

<CY ay(v; )7 [{h € 27 : bl = v}| < oo, (10)

v=1

which holds by Lemma 1 with Assumptions 2-3 and |[{h € Z? : ||h||o = v}| <

2(2v 4+ 1)4=1 v > 1. Hence, in the OL block case, n%znAn -2, 0 and part(ii) fol-
lows from the normal limit of n,ln/%lén along with Slutsky’s theorem and n,,!, Nz
— 1 for OL blocks by Lemma 2(i). (In the NOL block case, we define a difference
An =Gy —ny L bENT Mgy = nyt, > seRpmnrzd WsGo, (Ys), where weight wg = 1 if
site s € Ry,.nNZ? belongs to some NOL block in the collection {By, (i) : i € ot}
and wg = 0 otherwise. Then, n%%An ., 0 holds for NOL blocks by the same ar-
gument and part(ii) then follows by Slutsky’s theorem along with n;n}nbﬁNI —1
for NOL blocks by Lemma 2(i).)

We next establish Lemma 2(iii) for OL blocks Z,, = ZP*. Writing h =
(hi,...,hq)" € Z%, note that by the Dominated Convergence Theorem and ()
we have that

E (S4,) = WE (Mo, oM, o) = by “Var ( Y G <YS>>

s€By,, (0)NZI
d
= b;Ld Z Cov (Gy, (Yo), Go, (Yn)) H(bn — [hil) = S,
1Bl oo <brn i=1

for expectation over the cube By, (0) = b,(—1/2,1/2]¢. Hence, for part(iii) it
suffices to show Var (v]Xg,v2) = o(1) for any v; € R",||v;|| = 1, i = 1,2. Fix
v1,v9 and expand the variance

Var (v} igo v2)

=N7202 > [{i € Z, : i+ h € L,}| Cov {(v) My, 0Mp, gv2), (v) Moy n Mp, nv2)}
hezd
= Aln + A2n

by considering two sums of covariances at displacements h € Z¢ with ||h|s <
b, (i.e., A1) or ||hls > b, (ie., Ag,). Then, applying the Cauchy-Schwartz
inequality with Lemma 1(ii) and Assumption 3, we have for h € Z¢

| Cov {(v1 Mgy,0Mp, gv2), (v1 Mgy n My, 1,v2)}|
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< Var (v) Mg,,0Mg, ov2) < E (|| Mgy 0l*) < Cb, %,

so that [A1,| < CN7H{h € Z%: ||ho < by} = O(b2/A%) = o(1) by Lemma 2(i)
for OL blocks. For h € Z¢ with ||h||s > by, it holds that dis[By, (0), By, (h)] > 1
so that by Assumption 3 and Lemma 1(i) (i.e., taking s = ¢t = 3/(6 + 0) there
for ¢ in Assumption 3), we may bound the covariance | Cov {(v} Mg,0Mp, ov2),

(v} Mgy n M, ,v2)}| by the quantity C{E (|| Mg, of|*#+22/3)}6/(6+0) ary (dis[By, (0),
By, (h)],52)%/(6+9) where the moment satisfies {E (|| My, ol/(12720)/3)}6/(6+0) <
Cb; %% by Lemma 1(ii). By Lemma 2(i) and Assumptions 2-3, we then bound

b2d 12425 L 5
Al S22 30 {E (1Mol *57)} 5 ay (dislBy, (0), By, (0], b)
A
heZ || h|loo>bn

C 5
FZ (k +ba)™ Ly (k, byy) 48

drd

bn, 00 4d—1
bﬁ” k 5
< Q k(k thyit 4 ) (b—) kay (k)543

N
LA S

2

3

SONDET HOXE ST B an(B) 5 = o(1),
k=bnp+1

using |[{h € Z¢ : dis[By, (0), By, (h)] = k}| < Ck(k + b)) !, k > 1, in the
second inequality and substituting (k/b,)*~! > 1 in the second sum of the third
inequality. So part(iii) follows for OL blocks. (We note that, in the case of NOL
blocks, the above argument that Var (v} igovg) = 0(1) must be slightly modified.
When Z,, = Z,;7° and Nz = |Z;°F|, then

Var (?}ligo )

b
N Z ‘{IGI l+b hGI }’ COV{ ’UIMGO 0M90 0'[}2) (U1M907bnhM90 bnhUQ)}
A hezd
= Aln + A2n

where Ay, = N; 'b2Var (v1 Mg b0 Mg, 4, nv2) = O(N;') = o(1) corresponds to
the covariance sum at lag h = 0 and As,, = o(1) represents the sum of covariance
terms over non-zero lags ||h| > 0.)

In proving the remaining parts of Lemma 2, we need not make a distinction
between OL or NOL blocks. To show part(iv) of Lemma 2, we will assume
part(vi) holds. We argue that a contradiction arises by supposing that the event
in probability statement of part(vi) holds and the zero vector 0, € R" is not
interior to the convex hull of {Mpy,; : i € Z,}. If 0, is not interior, then by
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supporting/separating hyperplane theorem there exists some v € R”, ||v| =
where v/ My, ; < v'0, = 0 holds for all i € Z,; however, this contradicts the event
in the probability statement of part(vi), which implies that v'Mp, ; > 0 holds for
some i € Z,,. Therefore, whenever the event in part(vi) holds, then 0, must be
interior to the convex hull of {Mpy,; : i € Z,,}, which implies R,,(6p) > 0 by (5).
Hence, part(vi) implies part(iv) of the lemma.

To show part(v), note

1
B (e |8l) < B{ (X 1al®)" } = { 5 Bl } < cb i N

i€z, ieZ,

by Lemma 1(ii) so that npm 4 b2 maxiez, | Mg, il = Op(nms b2 %) =0, (A ¥ *b¥/?)
= 0p(1) by Assumption 17 Lemma 2(i) and Nz < 1y p.

Finally, to establish part(vi), we employ an empirical distribution of block
means F(v) = Ny ZIEI (by d/2 My,; < v), v € R". For fixed v € RY, it holds
that |F},(v) — P(Z < v)| = 0,(1) where Z denotes a normal N(0,, Z,) random
vector. This can be shown using E {F,(v)} = P(bg/QM(;O,O <w) — P(Z <)
under Assumptions 1-3 by applying a central limit theorem for the block sample
mean bz/2M9070 (Theorem 4.2, Lahiri, 2003b) and verifying Var {F,,(v)} = o(1)
similar to the proof of Lemma 2(iii). Consequently, sup,cgr |Fi(v) — P(Z <
v)| = 0p(1) holds by Polya’s theorem and, from this and part(iii), one can prove
convergence of the following absolute “half-space” moments of Fn()

sup  [NZ'Y bR My, 5| — Bl Z]] = 0,(1)
UERT,HU”:1

ieZ,
Using this along with b}/QZ\ngO 2,0, by part(ii), where My, = Nfl > ier, Mog i
we have

mp [NZ1 ST b9/ My, 10 My 5> 0) — 27 E o/ Z]| = 0,(1)
veERT” ||v]|=1

icZ,

because v' Mg, ;1(v' My, ; > 0) = (|v' My, ;| + v' Mg, 3)/2 for i € Z,,, v € R". Now
part(vi) follows using the fact that inf,cgr |ju)=1 E[v'Z| > C holds for some C' > 0
since Var (Z) = Xy, is positive definite by Assumption 4.

Proof of Lemma 3. By Lemma 2(iv), a positive R,, () exists in probability and
can be written, from (5), as R, (00) = [[ ez, (1 + Yop.i) T with ygyi = t’GOMgmi <
1, where tp, € R" satisfies Q1,,(0o,tg,) = 0, in ([H). By Lemma 2, it holds

that Zp, = maxjez, || M, il| = op(b, dn%n) We now modify an argument from
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Owen (1990, p. 101) by writing tg, = ||te,||ue, With ug, € R", |lug,|| = 1, and
then expanding Q1,(0o, tg,) = 0, to find

MGO, 60 iU

1

PR
— Nin,nUg, M,
1 + ’7907 ¢

n to
0= —np/2 up, Q1n (0o, tg,) = mn” ol Z
IGIn

. ~
12 nb —dHteoHu{eoEeoWo n2un| Moo || (11)
0

1+ (nmnbdZGO)(nmn ndHtGOH)

where the inequality follows upon replacing each 7y, ; with Zg,||tg,| and 7"”4/90 M,
with || Mg, || and using the definitions of My, igo from Lemma 2. Then combin-
ing the facts that n_1/2b % Zp, = op(1), that n1/2 | Mg, || = Op(1) by Lemma 2(ii),
and that P(u90290u90 > (C) — 1 for some C > 0 by Lemma 2(iii) and As-
sumption 4, we deduce ||tg,| = Op(bdnmlé ) from (dJ). From this, we also have
maxier, [V90,i| < [[tgq | 2o, = 0p(1)-

As Xy, is positive definite in probability, we may algebraically solve Q1 (6o,
tgo) = 0, for tg, = bgie_olMgo + ¢p, where

Zoy \ltao 1211, 11 6 |
1 — ||t6, 1 Zo,

_1
[, < = 0p(bpnim’)- (12)
Applying a Taylor expansion gives log(1 + v9,i) = V60,4 — 76207i /2 + A; for each
i€ Z, so that

ln(00) = 2By, > 1og(1+700,1) = Tun,n (M S Moy —by, 8, oy 00,)+2Bn > A
i€z, i€z,
(13)

where B, = ny.n/(bNz). By Lemma 2(ii)—(iii), nm,nMéOf);(}Mgo 4, X2 and
it also holds that bg2dnm7n¢'90§90¢90 = 0,(1) from (). Finally, we may bound

279, It )
2B Z ‘A‘ nmn 90H 90” H 90” Op(l). (14)

(L~ Za, s, )2

Lemma 3 then follows by Slutsky’s Theorem.

A.3. Proofs of the main results

Proof of Theorem 1. In the case that H(0) = 6 is the identity mapping, the
result follows immediately from Lemma 3. From this, Theorem 1 follows for a
general smooth H(-) as in the proof of Theorem 2.1 of Hall and La Scala (1990).
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Proof of Theorem 2. Set ©,, = {# € O : |6 — 90” < n_5/12} 00, ={0c0O:
10—0o]| = nmop'?} and define My = Y 7 Mpi/Nz, S = bl Yier, MoiMj /N1,
0 € ©, and functions

OMpy,i\/
1 My 4 b ¢ ( 86’7)t

n 77’ n T A r 0 1

QnlOrt) = 57 Z gy 0= Z 3o

on © x R". Fori=1,3, set J,,; = ZseRm Lz’ {(Ys)/Nimn, noting J; , = Op(1)
by E J3(Ys) < oo; again J(-) is assumed to be nonnegative. To establish Theo-
rem 2, we proceed in three steps to show, that with arbitrarily large probability
as n — oo, the following hold: Step 1. the log EL ratio ¢,,(6) exists finitely on
0O, and is continuously differentiable and hence a sequence of minimums 0,, ex-
ists of £,(A) on ©, (ie., 0, is a maximizer of R, (0)); Step 2. 0, ¢ 90, and

0,(0)/08 = 0, at § = 0,; Step 3. 0,, has the normal limit stated in Theorem 2.
Step 1. Note that

sup NZ'> 7 (v Ml (v My > 0) — v’ Mg, s1(v' My, ; > 0))
vERT||v||=1

0€On ieln

M, M,
< sup Z H 91N GOIH
0€O,, icZ, 7z

which is bounded by CJ, 1supgyeg, |0 — O] = Op(n;‘?/lm) = op(bgdﬂ). From
this and Lemma 2(vi), it holds that, for some C > 0,

!
M91>0)
f E b2 "M, >C 1
(||v|| lflee@n, 9‘ Nt >_>

As proof of Lemma 2(iv), when the event in the above probably statement holds,
then for any 6 € ©,, we may write R,,(0) = []icz, (1 + 79,1) > 0 where g5 =
tyMp; and Q1,,(0,19) = 0

Let Qp = max{nm 12,116 =60}, 6 € ©,. Expanding both My and Sy around
0y, we find

M, 1
sup L0 < k| + €y sup 9110 = 0] = 0,(1). (16)
0e®y, 0 e
sup [|Zg — X, || < sup IS0 — S, |l + Han — Tl = 0p(1),
0e®y, 0cO

/2

by applying Lemma 2(ii)— (111) above along with €, < nt2 and

sup IS0 — g, [l < Sup —I D 1 Moq il Mag i — Mol (1 + [ Mgys — Majil|) = A
€O, Oy i€z,
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E(A,) < Crn dbE [T(Yo) ) {E (Mg, 0l/*) + [E (| Mao o )12}

< Cnpi2b2 = o(1),

which follows from Holder’s inequality, 1,,, ~ vol(Rg)A% by Lemma 2(i), and
using Lemma 2(11) in the last line. Hence, by the positive definiteness of ¥g, in
Assumptlon 4, E ! exists uniformly in 6 € ©,,. Also, the positive definiteness of
S by (I mrlphes7 for each fixed 0 € ©,,, 0Q1,(0,1)/0t is negative definitive for
te{teR :1+t'My; >1/Nz,i € Z,} so that, by implicit function theorem
using Q1,(0,tg) = 0., ty is a continuously differentiable function of § on O,
and the function ¢,,(0) = —2B), log R,,(0) is as well (e.g., Qin and Lawless, 1994,
p. 304-305). Hence, with large probability as n — oo, the minimizer of £, (0)
exists on O,,.

Step 2. Let Zy = maxiez, |Migl|, 0 € ©,. Using b2 /A, = o(1) by Assumption 1,
SUpgeo, 20 < nm 5/1 , and Lemma 2 [parts (i) and (v)], we may expand the block
means Mpy;, i€ I around 0y to find

< 0y(1) + Op(Binnitn) = 0,(1). (7)

wl=

sup Qgbl Zy < bdnmn (r_nax | Mig, || + sup C||0 — 0o||(nmndn,3)
€6, i€ln 0€6,,

Now using ([[H) and ([I7) and that Q1,,(0,t9) = 0, for 6 € O,,, we can repeat the

same essential argument in ([[I]) (i.e., replace 6y, n}fn there with 6, ;") to find
2y "0t | up Taug

T 1+ (2008 Zp) (25 b0 o))

— QY[ Mp| (with tg = |[tel|ug, [lugll = 1)

and then show supyeg, Q105 %|tg|| = Op(1). From this (and analogous to (I2)
from the proof of Lemma 3), we expand Q1,(0,tg) = 0, to yield ¢ty = bgi;lj\% +
¢p for 6 € O,, where supgee, 2 by do|| = 0p(1). Using now these orders of
llooll, ||te]| and Zy with arguments as in ([I3)) and ([4]), we may then expand ¢,,(6)
uniformly in § € ©, as

Gsug) n;&nQ;QMn(H) - nmm]\%z;l]\;[ﬂ
cOn

a 27| to]2(1
<Op (Qe_%ﬁm sup [qﬁézoﬁbe T Zolte]? 9_” ol 9“]) = 0p(1)

6c0, Zg|toll)?
and then using (I8l

osug) nr_,:nﬁgfzwn( ) = i nMe 1M9‘ = op(1)
€On



SPATIAL EMPIRICAL LIKELIHOOD S85

follows. For each 6 € ©,, we may write My = My, + Dg, (0 — ) + Ep for
Dy, = N;* > ier, OMp, /00 and a remainder Ejy satisfying supyee, [|Fall <
C|0 — 6o|*Jn.1. Note that Dy, =~ Dy, = EdGy,(Ys)/6 because E Dy, = Dy,
and, as in ([I0),

Var (Dg,) < Cnyily 3 H Cov {36’980(;1/0)7 aGeao(;Yh)H

heZzd

by Lemma 1 and Assumptions 2—3. Hence, we have

Sup | My — [My, + Dg, (0 — 0p)]] = 0p(p) (18)
€On

and so it now follows that

£0(0) = [Moy + Doy (0~ 00)) 'S5, [Ny + Doy (0 = 0)] | =0,(1).

(19)

For 0 = vgn;@%m + 0y € 00, ||vg]] = 1, we have Qy = nr_,%m so that from
(@) we find that ¢,(0) > Un%,{% /2 holds uniformly in § € 0©,, when n is large,
where o denotes the smallest eigenvalue of Déo E;()ngo. At the same time, by
Lemma 3, we have ¢,(6y) = Op(1) (ie., n;&nQ;OQ = 1 in ([@)). Hence, with
probability approaching 1, the minimum 6,, of £,(0) on ©,, cannot be an element
of 0,,. Hence, 0, must satisfy 0, € 0, \ 00,, and 0, = an(én, tén) in addition
to

sup nfn}an
€0,

NG .
0p = (20m.0) 1% = Q)

by the differentiability of £,,(6).

Step 3. From the argument in Step 2, we may solve an(én,tgn) = 0y for t; =
a1
bﬁzén Mén + ¢én or

bty = igfnlz\zén + b, = Sg! [My, + D, (0 — 00)] +0p(Q5,)  (20)

by anlb;dﬂgbén |=0,(1), ([[@) and (). Recalling also Dy, :NflzieLﬁMgO,i/aﬁ
2 Dy, from Step 2 along with || Dg, — N * >iez, OM; /00| = Op (16 — bo])),
and max;er, |t:§nMén,i| < ||t:§n||Zén = 0p(1) (where again Z; = maxjer, [|M; ;)

we find from Qo (0, tg.) = Op that

oMy

i/
bid ( 8(9(9”71) én / _d —d
% = N X area, — Db, el
ieZ, On n,1

). (21)

i
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Now letting 6, = [|b;%; ||+ , from @) and ) we may from write

290 _D90 Ab;dtén _ Mgo + op(én)
Dy, 0 ) op(dn) ]’

[290 —D90]1:|: Us, 2%117901/90]
Dy, 0 VoD, S0t Vi

By Lemma 2(ii), n}?{?n]\ngO —4, N0, ¥, ) holds so it follows that n%{Qnén = 0,(1)
and the limiting distribution of ,, is given by

1 b, Uy L d

2 ATL Gn — 0 2 M 1 07« U 0
nm,n<9n_90> I:_VGODéoza—ol}nm,n 90+0P( )—>N<(Op>v[ 60 Vo,
The proof of Theorem 2 is complete.

Proof of Theorem 3. Let Py = X(X'X)"1X’ denote the projection matrix
for a given matrix X of full column rank and let I,,, denote the r x r identity
matrix. Using ([d) along with ||0,, — 6| = Op(nfn}/f) by 22) and n;%anoz =1
in ([I9), we write

~ 1 _ 1 _
n(0n) = nm,n(EGOQ MGO)/(L”XT - PE—%D )(2902 Mpy,) + 019(1)7
0o )

_1 _ _1 _
en(HO) = nm,n(2902 MGO)/(EGOQ M90) + Op(l)'

The chi-square limit distributions in Theorem 3(i) now follow by Lemma 2(ii) as

PEG—OI /24, I, _Pze—ol /2 g, are orthogonal idempotent matrices with ranks p, r—p,

respectively. With Theorem 3(i) in place, Theorem 3(ii) follows from modifying
arguments in Qin and Lawless (1994, Corollary 5) in the proof of Theorem 2.

A.4. Spatial empirical likelihood under parameter constraints

As a continuation of Section 3.3, here we briefly consider constrained max-
imum EL estimation of spatial parameters. Qin and Lawless (1995) introduced
constrained EL inference for independent samples and Kitamura (1997) devel-
oped a blockwise version of constrained EL for weakly dependent time series. For
spatial data, we may also consider blockwise EL estimation subject to a system
of parameter constraints on a spatial parameter § € © C RP: ¢(0) = 0, € R?
where ¢ < p and U(0) = 9¢(0)/00 is of full row rank ¢. By maximizing the EL
function in (5) under the above restrictions on 6, we find a constrained MELE
0.
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Corollary 1. Suppose Theorem 2 conditions hold and, in a neighborhood of
0o, ¥(0) is continuously differentiable, ||0*(0)/0000'|| is bounded, and ¥ (6y) is

rank q. If Ho: ¢¥(0p) = 04 holds, then r(02) = 0,(02) — £,(0,) -, X2 and
£a(00) = £a(02) 55 \2_, as n — o,

We can then sequentially test Hyp: 1(6y) = 0, with a log-likelihood ratio
statistic £,,(0%) — ¢, (0,,) and, if failing to reject Hp, make an approximate 100(1—
a)% confidence region for constrained 6 values {6 : ¥(0) = 04, £,(8) — £,(0) <
X;%—q,l—oz}'

Proof of Corollary 1. We sketch the proof which requires modifications to the
proof of Theorem 2 as well as arguments from Qin and Lawless (1995) (for the

ii.d. data case); we shall employ notation used in the proof of Theorem 2. Write
the functions 1 (0), ¥(0) as 1y, ¥y in the following. To establish the existence of

éﬁ, let Q7,(0,t,v) = Qin(6,1), Q5,(0,t,v) = Qan(0,t) + Vv, and Q3,(0,t,v) =
Yy and define U,, = {(0,t,v) ERP x R" xR : 0 € O, |t/vi] + ||v| < n;‘?/lm}.

Step 1. It can first be shown that the system of equations:

QTn(evtvlj) = O, an(evtvl/) = 0p, Q§n(07t7’/) =04 (23)
has a solution (6, v;) € U,. Uniformly in 6 € ©,, it holds that b, %0ty/00 =

Egongo + 0p(1) (by differentiating @Q7,,(0,tg) = 0, with respect to #) and that
(21m,) 100, (0) /00 = Vegl(ﬂ —0o) + Ty where Tj is continuous in § and supycg,,
| To|l = op(nf,%m) (by expanding (2n,.,) 10€,(0)/00 = Q2,(0,t9) around 6y).
For 0 € ©,,, define g — Uy, (0 — 0y) = ||6 — Oo||*k(0), where k(6) is continuous
and bounded, and write a function 7(0) as

1 00,(0)
N 2 00

n(0) (W, Vi W) (He — 06|2k(6)

1 0¢,(0 _
WV | P v 10 - 0)] ). (2a)

It can be shown that n(f) = Vggl(ﬁ — 6y) + Tp, where Ty is continuous in 6

and supyeo, [Tyl = op(n,;%u) , which implies that there exists 6% € ©,, \ 86,

such that —n(6%) = 0,. This root 8 of 7(d) inside ©,, \ 8O, is deduced from
Lemma 2 of Aitchison and Silvey (1958); this result entails that because, for
large n, —o 'n(#) maps ©,, into {(6 — ) : 6 € ©,} and (6 — 0p)'{—0; 'n(0)} <
—00/(201) holds for § € 90, (ie., (8 — ) {—o;'n(0)} is negative for || —
Ooll = nﬁ%u), where o7 and op > 0 respectively denote the largest and smallest
eigenvalues of Vb,;l, it must follow that —o7 '7(6%) = 0 for some [|6% — 6o|| <



588 DANIEL J. NORDMAN

n,}%m by Brouwer’s fixed point theorem. From this root, we have that 0, =

W, Vaon(0%) = (105 — 00|12k(0) + Uy (6% — 0) = ;. from @) as well as

1 90,(0%)

1 94,(0%)
2y 00 '

2 00

= Uy, (W, Vo, ¥5.) " Yo, Vo (25)
This yields that 6%, the EL Lagrange multiplier ths for 0 defined by Q1. (0%, té;i)
= 0y, and vy; = — (W, Voo W), )" Uy Voo (211m,n) 040 (0;;) /00 satisty (E3) jointly.

Step 2. We now show that any solution of ([E3) in U, say (0, %, 7), must minimize
¢,,(8) on ©,, subject to the condition 9 = 0,. To see this, note if § € ©,, with
1y = 04, then we make a Taylor expansion around 6:

—[tal0) ~ 0 0)]

2N

1 96,(0)
N 2 00

1 - 020,(00) -

0* between 6, 6.

0 —0)+

Since 6 satisfies E3), it follows from some algebra that 0 also satisfies &3)) after
substituting  for 8%. Using 0, = ¢y — s = Vs(0 — 0) + o(||6 — 6]|2), we find
(200m.0) 104, (0) /06" (0 — 0) = 0,(]|0 — 0]]%) for § fulfilling [EH); it may also be
shown that (2nmn) 10%0,(0%)/0000" = Vegl + 0p(1) (by expanding (2n,,,) "
90,(0)/90 = Q21,(0,tg) around bp). Hence, £,(0)—L,(0) > {00/2+0p(1) 1m0 [|0—
0]|2, where the o0,(1) term is uniform for § € ©,,, 1y = 0.

Step 3. By the first two steps, we have therefore established that there exists
a consistent MELE 6% of 6y, given by 0% = 6% € O, \ 00,, that satisfies the
condition 9(6},) = 0; we may denote t4 =t4. and v}, = v;. We now show

éﬁ—eo d PHO 0 P90 = ‘/90 (Ipxp_qjgoRﬂo\PGo‘/ﬁo)’
( > —>N(0r+p+qv |: 0 RQ :|>7 , —1
0 Roy = (W0, V0%, ) -
(26)
Expanding @7, (6,t,v) at (0o, 0,0) and using that (6};,t,s,v;,) satisfies Z3]), we
have: !

ts 9Q1,.(00,0r) 9Q1n(80,0r)
_an(eo, 07“) + Op((S:L) Z_;yf 1 8t0 1 a90 0
op(67,) =S| ay =0 | Ea= | Q) g gy
op(7,) vy 0 g, 0

Where an(HO)OT) — MGO ) bgann(HO)OT)/at — _ieo) ann(HOaOT')/ae — D@o —
[b40Q2,(00,0,)/0t] and 6% = ||0% — Ool + Htéw/bgH + ||v¢]|. Using Lemma 2(iii)
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and Dy, £, Dy, from the proof of Theorem 2, we have
Ci2 = [Deo 0}, Co1 = Ciy

p ~ 200 Doy 0 C11 Cia ~
Yo | Dy, 0 T, E[ ]EC’ 0 v
_ _ 0
0 W, 0 Co1 O Cip = —Xg,, O = [‘1’90 00] :

Note that det(C)) = det(Ch1) det(Q.) = det(—Sg,) det(V, ') det(—Ry ") # 0, for

P90 V90 \11/90 RGO] )

Qc = CQQ - 0210;11012, and
_RGO

clz[—zes + %5, Qe 1O % 35/ CraQ; } le{
Q: 'O %y Q' ] ¢ [ReyYa,Va,
Since, by Lemma 2(ii), nm2Q1n(00,0,) = nelaMg, — N(0,%g,), it follows
_1/2). Then,

that 6% = Op(nm,n
1
) 0B QT O S Qun(60,0,) + 0y(1)

1 (0% — 0
/n/'rn7 "
d Py, 0O
(0[5, ]):

Vn

Step 4. As in the proof of Theorem 2, we can then expand by ()

~ _ ~ / _ ~
0(85) = i (Mg, + Dy (B3 = 00) ) T3 (Mg, + Dy (B3 = 00)) + 0,(1)
/ _
IW—DGOPQOD{%E;(}) 55! (ITW—DQOP@ODQOE;;)MGO
+op(1)

= nm,anln((gOa Or) (
1 1
- PHgo )] |:n7gn,n2902 M00i| + Op(l))

_1
where Hg, = 5 * Dy, (D}, 5. Dg,) "W, . Then,
~ ~ 1 _1 ! 1 _1
0a(683) = £a(B0) = [PiunS,” Moy | Puy [ninnTg,? Moy | + 0p(1),
1 _1
z, 2M90] +0p(1).

1 1
3
_ PHGO) {nm7n290

!
ERYr ] P
{TL megy oo ( Ee_O%DGO

Note now that nf 3, " *Qun (00, 0,) Mg, = N'(0,1,,) by Lemma 2(ii), Py,
and PEe_Ol /g, ~ PH% are idempotent matrices with
rank(PHeo) :rank(HgO) = rank(¥y,) = ¢;

en(HO) - gn(érf) =
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rank (P2_1/2D90 - PH@o) = p — trace [PHGO] = p —rank [PHGO] =p—q.

fo
For rank(PHe )=q above, we used rank(Hy,) <rank(W¥y,), rank(V¥y,)=rank(Dy,
DI 1/ 2Hgo) < rank(Hp,). Corollary 1 now follows.

A.5. Spatial block bootstrap algorithm

Here we outline a spatial block bootstrap method for generating bootstrap
version ) of the original vectorized spatial data YV, = {Ys :s € Ry N Z%} on
Rmn C R?. Bootstrap replicates Y of spatial data, on a bootstrap sampling
region Ry, ., are used to formulate the empirical Bartlett correction for the spatial
EL method as described in Section 4.

Let Y, A={Ys:s€ AN Zd} denote the observed spatial data at Z¢ points
lying inside a set A C R, . The block bootstrap requires a block scaling fac-
tor, denoted by by, i, satisfying b;})t + bg,bt/”mm = o(1). Suppose this bootstrap
block scaling is used to make the blocks of size b, p;(—1/2,1/2]¢ in Ry, appear-
ing in Figure 2(b)—(c). As a first step, we divide the sampling region R, , into
NOL blocks of size b, p:(—1/2,1/2]¢ that fall entirely inside Ry, as depicted in
Figure 2(b). In the notation of Section 2.2, {B,, (i) : i € INOL} represents a
collection of by, pi-scaled NOL “complete blocks” partltlonmg Rm n- These com-
plete NOL blocks inside R, », when taken together, form a bootbtrap sampling
region Ry, , as Ry, , = {an (1) 11 € 7O} as shown in Figure 2(d) based
on complete NOL blocks in Figure 2(b). In place of the original data ), ob-
served on R, ,, we aim to create a bootstrap sample J;; on Ry, .. Each block
By, . (i) = i+bnp(—1/2,1/2)% i € INOL that constitutes a part of R, ,, also cor-
responds to a piece of R, p, where we originally observed the data yann (1),
By, ,, (1) € Rippn. For a fixed i € I]ﬂf’ we then create a bootstrap rendition
YiBy,, ., (1) of YuBy, ., (i) by independently resampling some size by, p(—1/2, 1/2]¢
block of Ys-observations from the region R,,, (as in Figure 2(c)) and pasting
this observational block into the position of By, ,, (i) within R}, ,. To make the
resampling scheme precise, for each i € 7} OL, we define the bootstrap version

as Y By, ., (1) = Yuby, ,, (i) where i* € Z% is random vector selected uniformly
from the collection of OL block indices given by Igfbt in the notation of Sec-
tion 2.2; that is, we resample from all OL by, p;-scaled blocks within R, , (as
depicted in Figure 2(c)) to produce a spatial block of observations VB, ,, (i)

We then concatenate the resampled block observations for each i € Z;¥ Of into

a single spatial bootstrap sample V; = {V; By, ,,(i) : i € INOL} on Ry , with

m,n
ne o, = \Iﬁ’ﬁ)ﬂ bd ¢ sampling sites at Ry, , N Z%. Tn Section 4, the bootstrap EL

version E* may be computed as in (6) after replacing V,, Rmn, m,n with Y,
Rinns Tmp- See Chapter 12.3 of Lahiri (2003a) for more details on the spatial

block bootstrap.
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