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Abstract: 'We consider a regression model with errors-in-variables. Let (Y3, Z;),
i =1,...,n be n iid. copies of (Y,Z) satisfying Y = f(X)+ ¢, Z = X + o¢,
involving independent and unobserved random variables X, &,e. The density of
¢ and the constant noise level o are known while the densities of X and & are
unknown. Using the observations (Y3, Z;), ¢ = 1,--- ,n, we propose an estimator f
of the regression function f which is defined as the ratio of two adaptive estimators
— an estimator of £ = fg divided by an estimator of g, the density of X. Both
estimators are obtained by minimization of penalized contrast functions. We prove
that the MISE of f on a compact set is bounded by the sum of the two MISEs
of the estimators of ¢ and g. Rates of convergence are given when ¢ and g belong
to various smoothness classes and when the error € is either ordinary smooth or
super smooth. The rate of f is optimal in a minimax sense in all cases where lower
bounds are available.

Key words and phrases: Adaptive estimation, density deconvolution, errors-in-
variables, minimax estimation, nonparametric regression, projection estimators.

1. Introduction

Nonparametric estimation in a regression model when variables are observed
with measurement errors has been the subject of several recent contributions.
The model is the following. Let (Y;, Z;)1<i<n be a n-sample of independent and
identically distributed (i.i.d.) two-dimensional random variables such that

Yi=f(Xi) + &, E(&) =0, (1.1)
Z; = X; + o¢;, (1'2)

where X;,&;,¢; are independent. The problem is to estimate the unknown re-
gression function f from the observations (Y;, Z;)i=1 ... n. The random variables
(Xi)i=1,... n are unobserved and have common unknown density g. In (), the
&i’s are supposed to be centered with unknown density. In ([C2), the measure-
ment errors (0€;)i=1,... » are decomposed into random variables (g;)i=1,... , With
known density f., multiplied by a noise level ¢ which is also known.
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When estimating f in this framework, nonparametric rates of convergence
depend not only on the smoothness of f and g, but also on the smoothness of the
error density f.. As in deconvolution problems, the worst rates correspond to
the smoothest error densities. It is classical to distinguish between two kinds of
smoothness. A density is called ordinary smooth if its Fourier Transform has a
polynomial decay; it is super smooth if its Fourier Transform has an exponential
decay.

Nonparametric estimation in Model (CI)—([TC2) has been initiated by Fan,
Truong and Wang (1991) and [Fan_and Truong (1993), who propose a Nadaraya-
Watson type estimator obtained as the ratio of two deconvolution kernel estima-
tors. This problem has been further studied by [Fan_and Masry (1992), Masry
(1993), Truong (1991), and loannides and Alevizos (1997), among others. These
authors investigate different approaches (LL,-risks, asymptotic normality, ...) un-
der various assumptions on the model (e.g., mixing assumptions) or on the reg-
ularity of functions. In particular, when both the regression function f and the
density g admit kth-order derivatives, [Fan_and Truong (1993) study the mini-
max risk. When ¢ is either ordinary or super smooth, they give upper and lower
bounds for the pointwise quadratic risk and for the IL,-risk restricted to compact
sets.

Using a different approach, [Koo and Led (1998) propose an estimation method
based on B-splines. Their results are only valid for ordinary smooth errors.

In all the papers quoted above, the regression function f and the density g
belong to the same known smoothness class, which is clearly unrealistic.

In this paper, we propose an estimation procedure for f that does not require
any prior knowledge on the smoothness of f and g. Our estimation procedure
is based on the classical idea that the regression function f at point z can be
written as the ratio

)

with fx y the joint density of (X,Y). Hence f is estimated by the ratio f=10/3,
where ¢ is an adaptive estimator of ¢ = fg and § an adaptive estimator of g.
Both estimators are obtained by minimization of penalized contrast functions.
The contrasts are determined by projection methods and the penalizations give
an automatic choice of the relevant projection spaces.

We give upper bounds for the Mean Integrated Squared Error (MISE) of
¢ and g when errors are either ordinary or super smooth. We show that the
MISE of f on a compact set A is bounded by the sum of the MISEs of ¢ and
§. Consequently, the rate of f is given by the slowest rate of the two adaptive
estimators ¢ and g. The estimator f automatically reaches the minimax rate in
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all standard cases where lower bounds are available. Other cases are discussed
in detail.

Estimators are described in Section 2. In Section 3, we give the upper bounds
for MISEs and discuss the minimax properties of estimators. Proofs and technical
lemmas are to be found in Section 4.

2. Description of the estimators

For complex-valued functionb w and v in Lao(R) N L;(R), u* denotes the
Fourier transform of u with u*(z) = [ €™ u(t)dt, u * v the convolution product,
with uxv(z) = [u(y)v(z—y)dy and < u,v >= [u(z)v(z)dz with Z the conjugate
of a complex number z.

We set Julls = [ [u(@)ldz, [lu]3 = [ Ju(@)?dz, lulloo = sup,cg u(z)], and
lolloe,zc = Supee ()]

We assume that f. and f7 belong to La(R), that fX(z) # 0 for all z € R,
and assume that all random variables have a second order moment.

2.1. Projection spaces

Let p(x) = sin(wz)/(mz). Form € Nand j € Z, set pp, j(z) = /mp(ma—j).
The functions {¢m, j}jez constitute an orthonormal system in L2(R) (see e.g.
Meyer (1990), p.22). For m = 2¥ it is known as the Shannon basis. Though we
choose integer values for m here, a thinner grid would also be possible. Define
Sm = span{y,, , j € Z}, m € N. The space S, is exactly the subspace of
Lo(R) of functions having a Fourier transform with compact support contained
in [—mm,m)|.

The orthogonal projections of g and ¢ on S, are given, respectively, by
9m = ZjeZ am,j(g)@m,j and £, = Zjez am,j (E)‘Pm,ja where a, (9) =< Pm,js 9 >
and anm ;(¢) =< ¢mj,¢ >. To obtain representations having a finite number
of “coordinates”, take S = span{em j, |j| < kn}, with integers k, to be
specified later. The family {¢m ;} <k, 15 an orthonormal basis of S,(ff ) and the

V) are given by gi) = 3y, @ j(9)Pm.;
and ¢ = D lji<kn @m,j (£)Pm,j, Tespectively.

orthogonal projections of g and ¢ on ST(n

2.2. Constructing minimum contrast estimators for £ and g

For an arbitrary fixed integer m, an estimator of ¢ belonging to S,(ff ) is defined
by

gm = arg min ’Yn,f(t)’ (21)
tes
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where, for ¢ € 57(7?),

1t (=2)
fr(—=z)

Yne(t) = |It]|* — 27" Z(Ylu,’f(Zz)) with us(z) = (2m) (2.2)
i=1

It is easy to see that £, =D 1| <k Gm,j (£)Pm,j With G, (£) =n"13" Yiug, (Zi).
By using the Parseval and inverse Fourier formulae, we get that

B(Yiu (7)) = B (X0)u (22)) = (0 » fe, fo)
= o (B ) = o () = (1.0

o 2m

Since E(vn(t)) = [[t3 — 2(¢, t) = ||t — €||3 — ||¢||3 is minimal when ¢t = ¢, we
conclude that 7, ¢(t) suits well for the estimation of ¢ = fg.

As in IComte, Rozenholc and Taupin (2006), the estimator of g in S s
defined by

n
gm =D Gmi(9)pmg With am;(g) =n"") uj, (Z:).
gl <kn =

In other words,

Gm = arg min 7y, ¢(t) (2.3)
tesi

where, for t € 57(77), Yrg(t) = |tI3 — 2071 Y0, uf(Z;) and uy is defined in (Z2).

2.3. Minimum penalized contrast estimators for £ and g

In order to construct the minimum penalized contrast estimators, we must
define the penalty functions. They are related to the behavior of f. We assume
that, for all z in R,

Rola® +1)7% exp{—Blelf} < |f2(@)] < kh(a® + 1) % exp{~Blel’}.  (Au)

We only need the left-hand side of ([A3]) to define penalties and obtain the upper
bounds. The right-hand side of ([A3]) is needed when we consider lower bounds
and minimax properties. Since f must belong to Lo(R), we require that o > 1/2
if p = 0. The errors are usually called “ordinary smooth” when p = 0, and “super
smooth” when p > 0. Standard examples are the following: Gaussian or Cauchy
distributions are super smooth of order (a« = 0, p = 2) and (a = 0, p = 1)
respectively. The double exponential distribution is ordinary smooth (p = 0) of
order o = 2.
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By convention, we set = 0 when p = 0 and assume that § > 0 when p > 0.
If 0 =0, i.e. the X;’s are observed without noise, we set 3 =a = p = 0.

The minimum penalized estimator of ¢ and ¢ are defined as [ = éﬁw and
g = Gm, where my and my are chosen in a purely data-driven way. The main
point of the estimation procedure lies in the choice of m = my, for the estimators
h., from Section 2.2 in order to mimic the oracle parameter

my, = argminE || by, — b |3, (2.4)
m
where h stands for £ or g.

More precisely, £ is defined by

l ém[ with my = arg min [’)/mg(ém) + peny(m)], (2.5)

mEMme

and ¢ is defined, as in [Comte et all (2006), by
9= Gy With 1hg = arg i [n,g(gm) + peny(m)]; (2.6)

with My, ¢ = {1,--- ,mpe} and M, 4 = {1,--- ,mp 4}, mpe and m, 4 being
specified later. The penalties are data driven and given by

peng(my = O DRI

mQ(Y):% S°Y? and D(m)=(rm) maxopminC0) oxp (2507 (rm)°). (2.8)
i=1

_ (A +p)T(m)

ith (2.7
R, i (2.7)

The constants A1, pu1 and ps only depend on f. and o, which are known. They

are defined below (see (B1), BI3) and BI4)).

The quantities x and k' are universal constants. In practice, they are cali-
brated by intensive simulation studies. We refer to [Comte et all (2006, 2005h)
for further details on penalty calibration and implementation of analogous esti-
mators in density deconvolution.

Remark 2.1. The penalty functions defined by (7)) and (Z8) have the same
order. More precisely, both penalties are of order m?*+1=° exp(2£0° (mm)P)/n if
0 < p < 1/3, of order m?**+(149)/2 exp(260° (7m)?) /n if 1/3 < p < 1 and of order
m29t exp(2B0” (7m)P) /n if p > 1.

2.4. Estimation of f itself
For r € R and d > 0, we write (¥ = sign(r) min(|r|,d). The estimator f of

f is defined as
Fo ( >(an)’ (2.9)

Q| &~
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with a, suitably chosen. We have to use trimming to avoid problems due to
small values of g.

3. Rates of convergence and adaptivity
3.1. Assumptions

We consider Model () under ([A5]) and the following additional assump-

tions.

0 €Ly(R) and £ € £ = {¢ such that /x2¢2(az)dm < kg < oo}, (As)
feFa={¢ such that sup|d(z)| <Ko <0},
zeG
where G is the support of g. (As)

g € Ly(R) and g € G = {¢, density such that /:c2¢2(:c)d:c < kg < o0}. (Ag)

There exist positive constants gg, g1 such that for all z€ A,

go<g(x)<g1. (As)

Assumption ([Aj]) states that f is bounded on the support of g. If g is
compactly supported, f has to be bounded on a compact set. Otherwise f has
to be bounded on R. We estimate f only on a compact set denoted by A.
Hence, Assumption ([Aj]) implies that A C G. Therefore, under ([A3]) and ([Ag),
f is bounded on A. Assumptions ([A3) and ([A4) imply that [A3]) holds with
Kr = “go,G“g-

Classically, the slowest rates of convergence for estimating f and g are ob-
tained for super smooth error densities. In particular, when f. is Gaussian and
f and g have the same Holderian type regularity, the minimax rates of conver-
gence are negative powers of In(n) (see [Fan (1991) and [Fan_and Truong (1993)).
Nevertheless, we prove below that rates are improved if £ and g have stronger
smoothness properties, described by the smoothness classes
+00
4" (2) P (2 +1)" exp{2Bla] }dz < C1 |,

(3.1)
for a, r, B, C'1 nonnegative real numbers. Such smoothness classes have already

Sa,rB(C1)= {@Z)ELQ(R) : such that/

— 00

been considered in density deconvolution (see [Pensky and Vidakovid (1999) and
Comte et all (2006)). To our knowledge, it is the first time they have been con-
sidered in regression with errors-in-variables. When r = 0, (BI) corresponds to
a Sobolev ball. With r > 0, B > 0, functions in (B are infinitely differentiable,
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they admit analytic continuation on a finite width strip when » = 1 and on the
whole complex plane if r = 2.
3.2. Risk bounds for the minimum contrast estimators

We start by presenting general bound for the risks.

Proposition 3.1. Consider the estimators {, and gm of £ and g defined by 1))
and @3). Let A(m) =71 [ |fZ(w0)| 2dz. Then, under [A3) and (B,

- 2E(Y2)A(m ko4 || € ]12)(mm)?

(1 — 013) < 16— £l + 2RI (et LD mm) (3.2
R 2A(m kg + 1)(7m)?

Bl 1) < llg— g3+ 220 4 Lo+ DT (3.3

The variance term A(m)/n depends on the rate of decay of the Fourier
transform fZ. Under ([A3]), it is bounded as follows

A(m) < MT(m) with T(m) = (mm)?**T17° exp(280° (7m)?), (3.4)

(0_2 + 1)a
TP RER(3,0,p))

)\l(av’%O’ﬁ’U’ p) = )‘1 = ( (35)

and R(B3,0,p) = L= + 28po’ o< p<1 + 260 Lps1.
To ensure that I'(m)/n is bounded, we only consider models such that m < m,,,

with

n‘(2a1+1> itp=0
Ty, < [ln(n) 20+1—p <ln(n))]; 050
20B0r 2pBaP 2B0° P '

Let us come to the bias terms which depend, as usual, on the smoothness proper-

(3.6)

ties of £ and g. Since ¢,, is the orthogonal projection of £ on S,,, when ¢ belongs

to Sayrp,B,(Ka,) (see (B)),

- * Ka —a, T T
6 — b3 = (2m) " /| O P o < [G5)m*n + 17 exp{~2Ben"rm'").
- (3.7)

The same holds for || g — gm [|3 when g belongs to Sa, r,,B, (Ka,) With (az, Be, 7¢)
replaced by (ag, By, 7g).
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Corollary 3.1. Assume ([A3]), [A3)) and [A4), and let T'(m) and A1 be defined
by B2) and BX). Assume that ¢ belongs to Sq, r, B,(Ka,) and that g belongs to

Sa’gngng(K/ag) (866 (m])) Then fOT kn Z n;

2
B(IC — ) < oy (2m) ) (min? o 1)-0r2Ben e 2HEODT(m)
n
(s || € D) m)?
+ ;
n
romre 2211 1 2
E((lg — ul3) < i, (2) (22 1) ng= 2B 2T ) | (gD mm)

Remark 3.1. We point out that the {¢, ;} are R-supported (and not compactly
supported). Hence, we obtain estimations of ¢ and g on the whole line and not
only on a compact set as is the case for the usual projection estimators. This is
the advantage of the basis. A drawback is that we have to choose k,,, but is not
difficult. Under ([A3]) and ([A4)), the choice k, > n ensures that terms involving
k, are negligible with respect to the variance terms. The choice of a large k,, will
not change the accuracy of our estimator. From a practical point of view, it will
reduce the speed of the algorithm.

Table 1 gives the rates for éﬁu- The results are also valid for g,,. The latter
estimator has the minimax rate of convergence in all cases where lower bounds
are known. See [Fan (1991) for r, = 0, Butuced (2004) for 4 > 0, p = 0, and
Butucea and Tsybakoy (2005) for 0 < 7y < p, ag = 0. We refer to IComte et al
(2006) for further details concerning density deconvolution.

_Table 1. Best choices of 1, minimizing E(]|¢ —0m|12) and resulting rates

for 4y, .
fe
p=0 p>0
ordinary smooth super smooth
o | = 0 the = O(nY/ (Fat2ac+1)) mine = [In(n)/(280° + 1)]*/°
Sobolev(a¢) | rate = O(n~2e¢/(2at2ac+1)) rate = O((In(n))~2%/?)
. 1/ me implicit solution of
r¢ >0 e [IH(TIL)/QBéLH‘;/” (Wﬁu)hﬂaéﬂfwe%(f"(ﬂme)”HB(mﬁeW
c= rate = O(L) =0(n)
n rate : see comments below

When r, > 0, p > 0, the optimal parameter m, is not explicitly given. It is
obtained as the solution of

(i) 22961 ey (280 (it ) +2 By (1)} = O(n). (3.8)
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Consequently, the rate of éﬁw is not explicit and depends on the ratio ry/p. If
r¢/p or p/re belongs to ]k/(k+1);(k+1)/(k+ 2)] with k an integer, the rate of
convergence can be expressed as a function of k. For instance, if ry = p, the rate is
of order [In(n))>n=Be/(Betfo”) with b = [—2a80° 4 (20—1¢+1) By] /[re(Bo? + By))].
It is of order In(n)~2%/? exp[—2B,(In(n)/(280°))"/?] for 0 < r¢/p < 1/2, and of
order In(n)2e+1=P)/7 exp[280° (In(n) /(2B;))P/™) /n for 0 < p/ry < 1/2.

The case p > 0 is important since it contains Gaussian densities. When
p >0, 7, = 0 (Sobolev balls), rates are logarithmic. Now, as can be seen from
the discussion above, faster rates can be obtained with p and 7, are positive.

Proposition 3.2. Assume ([Aj])—([As) and that g belongs to a space Sa,r, B,
(Kay) with ag > 1/2 if rg = 0 (see (B1))). Let fme,mg = @me/ﬁmg, with my and
myg that realize the best trade-off in Corollary 3.1. If a, = n* with k > 0 and
kn, > n3/2, then for n large enough,

E|(Fireing = F)Lal3 < ColE(IE — Cin, [13) +ECllg — Gin, I3)] +0o(n™"),  (3.9)

where Cy = Kgo_2(1 + 9190_2’%0,6‘);

Let us make some comments. If a; < 1/2, we only have H(f—frm,mg)ﬂAH% =
Op(]|¢ — @WH% + lg = G, l13)- If f is bounded on A, Proposition 3.2 still holds
with koo ¢ replaced by || f ||oc.A-

The rate of frm,m , is given by the slowest term on the right-hand side of
B3). Let us illustrate this result through examples.

e Suppose that the €;’s are ordinary smooth.
If rp = 1y = 0, then 11y = O(n!/Cut2041) upy = O(n!/Rag+2e+1)) "and

E([(f = fnpan,)Tall2) < O(n @ 2070 with a* = inf(ay, a,).

If rp > 0, 4 > 0, then 7y = (In(n)/2B)Y/™, min, = (In(n)/2B)Y/"s, and

(2a+1)

E3

E(I(F ~ ) 1al) < (T

) with 7% = inf(ry, 7).

e Suppose that the €;’s are super smooth.
If rg = rg = 0, then ming = ming = [In(n)/(200° + 1)}/, and

*

E(I(f ~ finny) Tal3) < O(In(m)]~5") with a* = inf(ay, ag).

Since £ = fg, the smoothness properties of ¢ are related to those of f and g.
When ¢ belongs to Sy, 0,5,(kq,) and g belongs to Sy, .0.8,(Ka,) With a; = ag, the
resulting rate is the minimax rate given in [Fan_and Truong (1993) when both f
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and g are Holder of the same order. In that case, frm,m , 18 optimal in a minimax
sense. When ¢ is smoother than f, it is reasonable to believe that fmmﬁg is
minimax. The case f smoother than g seems different. The optimality of frm,m ’
is not clear. In regression models without errors, when the X;’s are observed,
there are estimation procedures that do not require any comparison of smoothness
parameters of f and g (e.g., procedures based on local polynomial estimators).
However, these methods do not seem to work on models with errors-in-variables.

The choices of m, and m, are optimal when they realize the best trade-
off between the squared bias and the variance terms (see Corollary 3.1). These
optimal values depend on the unknown smoothness parameters of ¢ and ¢g. In
the next section, we study penalized estimators which are constructed without
smoothness knowledge. We provide upper bounds for their risks.

3.3. Risk bounds of the minimum penalized contrast estimators

In adaptive estimation of ¢ and g, one would expect to obtain bounds such

as
~ 2ME(YA)T 2(M 2
mEMme n n
5 . 220 I(m am)2(Mg + 1
Elg-gl?< it []ggn 2+ 22000 (0P 2] g )
meMn g n n

The following theorem describes the cases where the oracle inequalities (BI0)
and (BII) are reached.

Theorem 3.1. Assume ([A5]), [A3) and [AY). Consider the collection of estima-
tors Uy, and G, defined by @) and @3) with k, > n, mp e < My, My g < My,
and m,, satisfying

In(n) 2a+ min[(% + g), 1] In(n)\14
< .
e Il .12
if p>1/3, and B8) if p <1/3. Let
0 if p < %,
l (o]

P = Blom)P A} (v, ko, 8,0, p)(1 + 02)5ﬁ61(2n)—% ifl<p<1, (313)

Bom)P M (a, ko, 8,0, p) if p>1,

w2 = mliocpciyugpmry + il fell2lir ey
(3.14)
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and let peny and pengy be given by ) —(8) with i and po defined in [BI3)—
E1a).

(1) Adaptive estimation of g. (Comte et all (200€)).
For g = g, defined in ([Z8),

2
N +1) c
E —2<K'f[— o (mm)*(kg ] c
(lg = gl2) < K inf |llg = gmllz + =———=—— +peng(m)] + _.
where K is a constant and c another constant depending on f. and Ag.

) (2) Adaptive estimation of (. Under Assumption ([AF), if E|&|® < oo,
0=V, defined in [23) satisfies

)

m)z(%:rH am ¢

- ) (m
B3 < K int [le—tulB+ B(pen,(m)] +

where K' is a constant and ¢ another constant depending on f., krc, and ||¢||;.

Remarks. (1) According to Remark 2.1, the penalty functions peng( m) and
peng(m) are of order I'(m)/n if 0< p<1/3, and of order m™3¢/2=1/2).A1(m) /n,
if p > 1/3. Hence, a loss of order m™l(3/2=1/2)p ymay occur if p > 1/3.

(2) When 0 < p <1/3or (p>1/3, 17y =0)or (p>1/3, 7y < p), the rate
of convergence of g is that of g,,. It is minimax in all cases where lower bounds
are known. When r, > p > 1/3, there is a logarithmic loss due to adaptation
(see [Comte et all (2006)).

(3) The rates of / are easily deduced from Theorem 3.1. If peny(m) has the
variance order I'(m)/n, Theorem 3.1 guarantees an automatic trade-off between
|6 — £ ||3 and the variance term up to some multiplicative constant.

In particular when 0 < p < 1/3, the ¢;’s are ordinary or super smooth.
Whenever ¢ belongs to Sg, r, B,(kq,) defined by [BI), if we combine BX) and
the order peny(m) = O(I'(m)/n) (see [BA)) we get that m, mimics my (in (Z2)).
The estimator ¢ automatically reaches the rate of éme given in Table 1.

If p > 1/3, peng(m) is slightly bigger than T'(m)/n. If the bias ||[£ — £,,]3 is
the main term, the rate of { is still that of éﬁw- This holds in particular when
(re=0,p>0)or0<r,<p.

In the case where pen,(m) dominates ||¢ — £,,]3, i.e. 7, > p > 1/3, there is a
loss of order at most Inn: the rate of f is equal to that of fm[ multiplied by Inn.
This has little importance since the main order term is faster than logarithmic
(see comments on Table 1.).

Theorem 3.2. Adaptive estimation of f. Under [A3)—([AZ), assume that
g belongs to S, r, B,(Ka,) deﬁned in @), with ag > 1/2 if rg = 0. Assume
moreover that E|&[® < co. Let f be defined by [Z3), where ¢ and § g are as in
Theorem 3.1 and, in addition, m,, , < (n/In(n))"/?e+2) if p = 0.
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If ky > n%/2, a, = n* with k > 0, then for n large enough,

B(I( - AL < Co_int 10—l + T 4 pipen, m)]

Mn,@ n

. mm)? (kg + 1
e inf [lg- g+ T e £ D

c
(315
mEMn, g +peng(m)} + n ( )

where Co = 8Kgy?, C1 = 4K'gy? (297 + 1)/%0@, K and K' are constants de-
pending on f., and c is a constant depending on f., f and g.

As in Proposition 3.2, if a, < 1/2 we only have ||(f — f)T4l3 = O,(||¢ —
013+ llg — gl13). If f is bounded on the compact set A, Theorem 3.2 holds with
Koo, Teplaced by || f [|oo,A- ) )

Let us make some additional comments. As for fi,m,, the rate of f is
given by the largest MISE of ¢ and §. If £ and ¢ belong to Say,re,By(Ka,) and
Sag.rg,B, (Ka, ), Tespectively, with 0 < p < 1/3or p > 1/3 and ¢, 74 < p, f achieves
the rate of convergence of frm,m ,- We have already given some indications of the
minimax properties of fm[,m , (see comments after Theorem 3.2).

If £ and ¢ belong to Sal,w,Bf(lial) and Sq, 1, B, (Ka,), respectively, with ry >
p>1/3 orr;>p>1/3, thereis a loss of order at most Inn (see comments after
Theorem 3.1).

The rates for all estimators depend on the noise level . If 0 =0, Z = X is
observed. By convention f = o = p = 0, hence A\; = 1. In that case, I'(m)/n
has the order m/n, exactly as in density and nonparametric regression without
errors. Analogously, pen, and pen, have the order m /n, used for adaptive density
estimation and nonparametric regression without errors (at least when there is,
as here, one model per dimension).

For small o, the procedure automatically selects a value of m close to the
one that would be selected without errors in variables.

4. Proofs

4.1. Proof of Proposition 3.1

It follows from Definition (Z1I) that, for any m belonging to M,,, 0, satisfies
’ymg(@m) — ’ymg(é%l)) < 0. Denote by v,(t) the centered empirical process,

nlt) = -3 (Vi (20) — (1,0)). (4.1)
=1

Since t — uy is linear, we get the following decomposition

Y, t(t) = Yn,e(5) = [t = LI — ||s = £II3 — 2 (t — 5). (4.2)
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Since [[€ — €512 = (1€ = £ll2 + em — 57113, we get € — |2 < [1€ — L] +

|€m — 657?)”% + QI/n(ém — eﬁfl’). Using G, ;(€) — am,j(£) = vpn(m,;), we obtain
Vn (b — fgg)) = Z (Gm,j () = am,j(0))vn(m,;) = Z [Vn(@md)]Q' (4.3)
l71<kn l71<kn

Consequently,

ENE = Cml3 < 1€ = tmll3 + 6m — €013 + 2 Var[vn(om,g))- (4.4)
JEZL

Since the (Y;, Z;)’s are independent, Var[v,(pm ;)] = n*1Var[Y1u;mj(Z1)]. By
Parseval’s formula (see I(Comte et _all (2006)), we get that
. . E(Y2)A(m
S Varlin(em)l <m0 1Yl P e B0 < PR g
jez jez
where A(m) is defined in Proposition 3.1.
Let us study the residual term ||¢,,, — 65,’?\\3 We have

em = EN5 = D ap ;(0) < (supjami(0)® D 72

151> kn ! 151> kn
Now, by definition,
ams(0) =iy [ lme ~ j)t(a)da
3 . . .
<mt [ ieliptme ~ lew)dz + v [ Ime = iligme ~ lew)dz

3 . 5 4
<m?2 (/ |p(ma —J)|2dx) k2 + Vmsup |z ()[4

Thus jagm; <ml|¢llary > +v/mll]i /7 and [[6m — (52 < (ke + 1€]2) (7m)2 /.

4.2. Proof of Proposition 3.2

The proof of Proposition 3.2 is similar to the proof of Theorem 3.2 and is
omitted. We refer to IComte and Tanpin (2004) for further details.

4.3. Proof of Theorem 3.1

Point (1) is proved in [Comte and Tanpin (2004). We prove Point (2) with
E(Y?) in the penalty, this only requires E|&|® < co. The complete proof with
mo(Y) in the penalty is obtained as an application of Rosenthal’s inequality
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(see [Rosenthal (1970)) and requires the stronger condition E|&; |3
Comte and Tanpin (2004) for a complete proof).

For the study of ¢, the main difficulty compared with the study of g lies in
the fact that the &’s are not necessarily bounded. By definition, ¢ satisfies, for
all m € M, 4, ’yn,g(é) + peny(my) < fyng(é( )) + peny(m). Therefore, [@2) yields

12— lB<I €= €5 13 +2vn(f — £)) + peny(m) — peny(iie). (4.6)

< oo (see

Next, we use that, if ¢ = 1 + to with ¢1 in Sﬁg) and t9 In Sr(:/), then ¢ is such that
t* has its support included in [—7max(m,m’), rmax(m,m’)]. Therefore ¢ belongs
to S Let Bo(0,1) = {t € S /It = 1}. For v,(t) defined

max(m,m’)" max(m,m’)
by @), we get |, (£ — o ) < |6 - o |2 8upses,, . (0,1) [Vn(t)]. Consequently,
using that 2ab < z7'a? + zb?, we have

12— €113 < e = ell3 + ~ H€ (15 +z  sup  va(t) + peny(m) — peny ().
t€ B, (0,1)

Therefore, we can write ||/ — £ n)HQ (IT+y HIE=3+ A +y)|l - 6%)]]%, with
=(x+1)/(x —1) for z > 1. Thus,

z(z+1)

z+1 n
e+ T w20

17— a3 < (5=

r+1 R
+m — (peng(m) — peng(mg)).

Choose a positive function pg(m,m’) such that zp,(m, m’) < pen,(m)-+pen,(m’).
Setting k; = (z +1)/(z — 1), we obtain

10— C3 < R20— €003+ wmal  sup  val?(t) — plm, g

tEBth(O,l)
+#g(xpe(m, ) + peny(m) — peny()). (4.7)
If we set
W, (m') = sup ]Vn(t)\Q — pe(m, m’)] , (4.8)
te€B,, mr(0,1) +
(ET) can be written as
HE €H2 < /%HE E H2 + 2rzpeny(m) + xk, Wy (). (4.9)

The key point of the proof lies in the study of W,,(m’). More precisely, we search
for ps(m,m’) such that, for C' a constant,

EWa(n)) < Y E(Wn(m)) <

m/eMy, ¢

s1Q

(4.10)
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Now, combining ([EJ) and [I0) we have, for all m in M,, 4,

Elle - [7”% < ﬁillf - 67(7?)”% + 2K, peny(m) + xﬁxC.
n
This is also
N o1 ) o
El|(—{|)5 < C, inf [\|g_gm||g+(“£+ | £ ]I7)(7m) +peny(m) e C’ i)
mGMnyg k:n -

where C,, = max(k2, 2k,) suits. Hence Theorem 3.1 will hold if ([EIM) is proved.
It remains thus to find py(m,m’) such that EI0) holds.
The process W,,(m') is studied using the decomposition of v, (t) = v, 1(t) +
Un,2(t) with
1 ¢ 1 ¢
Upa(t) = = Z(f(Xi)u;fk(Zi) —(t,0)) and vy o(t) = - izlfiuf(Zz')- (4.12)

n <
=1

So Wy (m') < 2W,, 1(m/) + 2W,, o(m’) where for i = 1,2,
W.i(m') = [ sup |Vn7i(t)|2 —pi(m,m')} , and
teBm,m’ (031) +
pe(m,m’) = 2p1(m,m’) + 2pa(m,m’). (4.13)
e Study of Wy, 1(m’).

Under ([A3]), f is bounded on the support of g. So we apply a standard [Talagrand
(1996) inequality recalled in Lemma 4.1 below.

Lemma 4.1. Let Uy,...,U, be independent random variables and v,(r) =
(1/n) >0 [r(Ui) — E(r(Uy))] for r belonging to a countable class R of uniformly
bounded measurable functions. Then for e > 0,

6 /v nH?2 S8M? _K1C()vVenH

E 2 9142 Hﬂ <—(— L I e W M)
sup () = 201+ 29 172] <% (e b e D,
(4.14)

with C(€) = 1+ €—1, K is a universal constant, and where

1 n
sup ||r|lee < My, E(sup |l/n(’l“)|> <H, sup-— ZVar(r(Ul-)) <w.
reR reR reR T

Inequality (X)) is a straightforward consequence of [Talagrand (1996) in-
equality given in [Ledoux (1996) (or Birgé and Massartl (1998)). The application

of (EET) to vy,1(t) gives

2 2 Ul 7K161RH% M12 7K2 616‘(61)LHIl
E[  sup  |vai(t)] —2(1+261)H1} Sm(—e el WAl Ml),
t€B,, ,/(0,1) + n n

(4.15)
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where Ky = K1 /v/2 and Hy, v; and M are defined by E(supien, (0,1 [V (t)]?)
< H3,

sup  Var(f(X1)uj(Z1) <vr, and  sup | f(X1)uf(Z1) oo < M.
t€B,, v (0,1) teB

m,m/ \Ys

According to (B4) and X)), we can take
My = Mi(m,m') = kso.cv/ T (m*), where m* = max(m,m’). (4.16)
To compute vy, we set Pj(m) = E[fQ(Xl)u:j,m’j(Zl)uf;m’k(—Zl)], and write
1
sup  Var(f(X1)u;(Z1)) ( Z | P;j >
tGBm’m/ (0,1) JkET

Following IComte et all (200€), take

sionty

z)e* (y) \P*(m(x_y))‘2dxdy§A%(][\If!!g)l“%(m),(zl.l?)

fE(mz) f(my)
with
Ty(m) = (7rm)2o‘+mm[(__£) (=0 exp{280” (m)*}, (4.18)
i )\l(aa F':Ov/Bu Jup) lfp > 17
i {w(zw)-%xf(a w Bop( el ip<t
Now, write P ,(m) = [[ f*(x) ug, (z+y)u me’k(—(x—i—y))g(x)fe(y)dxdy so that
Pj(m)
—z(x )um‘lp ) z]u z(x )vm(lo ( ) thv

_m// f+ Tknuf W) / / Tt “mf2< )9()f- (y) dady ) dudv
= [ E O o) g e

fx(mu f5 mu

By Parseval’s formula, we get that . |P; x(m)|? equals

PG g20) s £ (0 — v)m)| dudv = Ag(m, (f2) * f2).

fa mv)

Since H(f29) * fell2 < 1 2gl2ll e lle = BV (X)) fellzs and Ao ([ fgll2ll foll2) <
2, with pe defined in ([BI3]), we can take

vy = v1(m,m’) = pala(m*). (4.20)
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Lastly, we have E[supteBm,m/ 0.1) [Vna(8)?] < E(f2(X1))AM T (m*)/n. Thus,

B(/2(X1))MT(m*)

n

From (ETH), @I6), @E20) and EZI) we choose p1(m,m’) = 2(1 + 2¢1)H? =
2(1 4 2¢1)E(f2(X1))M I (m*)/n. Then,

H% - H%(mv m/) -

(4.21)

EWaa(m)) <E|  sup [uaa () = 2(1 -+ 2e0)H]] |

t€B,, s (0,1)
< Ay(m*) + By (m"), (4.22)
with
Asfon) = K220 e (— Ry 2060 20 ))) (4.23)

k2o gMT(m)

(X1)
Bl(m):Kg’TeXp{ Koy/e1C(e1) ( )

} (4.24)

Since for all m in My, ¢, I'(m) < n and |M,,¢| < n, there exist some constants
K, and c¢ such that

K4\/E(f2(X1))\/ﬁ} <

> Bim) < Ksll I cAiexp | -
Reo,G

mEMme

3_|o

Let us now study of A;(m*).

(1) Case 0 < p < 1/3. Here p < (1/2 — p/2)+ and the choice ¢; = 1/2
ensures the convergence of ZW,EMn,[ Aq(m*). Indeed, set ¢ = 2 + min[(1/2 —
p/2),(1=p)], w=(1/2 = p/2);, and K’ = kaA1/pa. For a,b > 1,

max(a, b)wezﬁop“p max(a,b)? e*K’£2 max(a,b)*

< (awe%’gﬂnpaﬂ i bwegggpﬂpbp)e_(f(;@ )(a® +5+)

is bounded by

K50 (00 s 2800w = ()b (4.25)
Since the function a — a¥e37°™a” c=(K'€*/2)a* i hounded on R* by a constant
only depending on «a, p and K’, and since Ak? — k¥ < —(3/2)k* for any k > 1,
it follows that Zm’eMn,e Ai(m*) < C/n.

(2) Case p = 1/3. Here p = (1/2 — p/2)4+, and w = p. We choose € =
e1(m,m’) such that 2BoPmPm*? — K'E(f3(X1))eim** = —2BcPmPm**. Since
K' = Ki\i/p2, e1 = ei(m,m’) = (460°7° o) /(K1 ME(f*(X1)))-
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(3) Case p > 1/3. Here p > (1/2 — p/2)4+. According to ([E2H), we choose
€1 = €1(m, m’) such that 2B0°7m°m*’ — K'E(f?(X1))eym* = —2B0PmPm*”. Since
K'=Ki\i/p2, e1 = er(m,m’) = (480" pa) /(KiME(f(X1)))m*P .

For all these choices, >/ cp , A1(m*) < C/n.

e Study of Wy, 2(m/).
Let

(n_l Zn: fg))\lf(m*)
HE (m,m’) = =1 - : (4.26)

with (™1 Y0 E-HMD(m)/n = (n"1 Y0, 51-2—Ug)AlI‘(m)/n—i—Ug)\lF(m)/n. The
latter term is less than

- n A F(m) 30_2)\1F(m)
. ) ) 1 g

(” > &~ U&)H{n—lwzz’ﬂ(é?fa?)\z(f?/?} no (@)
=1

Consequently Hg(m, m') < Hg 1(m,m') + He o(m, m’) where

AlF(m*)

He i (mym') = (07 306 = o) Mz, @ity =,

i=1
and HE,Z(m,m/) = 3U§A1F(m*)/(2n) By (m)7 ]E[SuptEBm’m/(O,l) |Vn72(t)|2 _
p2(m,m/)]4 is bounded by

E[2  sup )(nl SOt (Z) — (1,9)” — 401 + 260 B, m)
i=1

te€B,, 1 (0,1 +

2lgl3E[(n 30 &) ] + B + 2e0) B m,m) — pa(m,m)]
=1

Hence, we obtain

E[  sup  [una(t)]® —pa(m,m')y
tEBm,m/(O,l)

" 2

B[ sup (760 (Z) — (tg) — 201+ 2e) B (m, m) |
t€B,, v (0,1) i—1 +

2|\gl1302

AL 20)E [ 1 (m,m)|

+E[4(1 + 2e2)He 2(m, m) — p2(m,m’)] 4. (4.27)
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Since we only consider m such that I'(m)/n is bounded by some constant x, we
get that for some p > 2, E|Hg¢ 1(m,m’)| is bounded by

n
KAM2PIE|In~t Y €2 — J§|p]

1< >
kME |:|EZ£Z2 - U§|]I{n—1|2?21(63705”20?/2} < 2(pj1)
i=1 O'E

According to Rosenthal’s inequality (see [Rosenthal (197()), we find that, for
oc, =E(EP), 0f, = oF,

n
P
E‘n’lzgf—ag‘ < C'(p) ( gpgp - p—i—aun 2)
i=1

Note that, & > 1/2 since ff in Lo(R). Therefore M, ¢| < y/n. The choice
p=3leads to >, icrq , ElHg1(m,m')| < C(ogg,0¢)/n. The last term in @21
vanishes as soon as 7

6(1 4 2€2) A10gT(m*)

pa(m,m’) = 4(1 + 2¢e)He o(m, m') = -

(4.28)
With this choice for ps(m,m’), @ZD) leads to

E[ sup |yn,2(t)|2—p2(m,mg)}
tEBm,mZ(O,l)

gzZE

m'eMy 4

i
-1 - (¥ (7 2
LEB:,lrlnI/)(O,l) (n ;SZ(W(ZZ) <t,9>))

2||gll507 | 40(1+26)
n n '

—2(1 + 265)H(m, m’)} Lt (4.29)

To deal with the right-hand side of ([24]), we apply the following lemma.

Lemma 4.2. Under the assumptions of Theorem 3.1, if E|&1]® < oo, then for
some given eg > 0:

(0 1) ( Zfz uy (Z >>2 -2(1+ 262)H§(m,m,)]

+

§K1{ 3 [%ﬂm)em (—KlegLnﬂﬁ)))h(HlnLl(”))l}, (4.30)

*
m'eEMp ,U’2F2(m \/ﬁ n

where o and T'a(m) are defined by BI3) and EIN), and Ky is a constant
depending on the moments of §. The constant us can be replaced by \ao(||fz]|2)
where Ao is defined by EI) and fz denotes the density of Z.
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In analogy with ([EZ3), set

_ Klagugrg(m*)

Ag(m™) exp ( - KQEQﬁm*(%7§)+>. (4.31)

12

With ([£2]), [ETH) and E30), we find, for W, o (see [EIF)),
C( 1+ln(n)6) K/

E(Wnao(e) <K Y Ax(m*) + ——= L4
m/EMn,[
Now >°, . enm, A2(m*) is bounded as is the analogous sum >, e A1(m*

with e2 = ¢1 = 1/2if 0 < p < 1/3, and €1 (m, m’) replaced by €2 = ea(m, m’) =
E(f2(X1))e1(m,m’), when p>1/3, that is ex(m, m’) = (48P 7P us) /(K1 A1 )m*P~*.
These choices ensure that -, 1, A2(m™) is less than C/n. As announced in

ET3), we take

p@(m7 m/) - 2]71 (m7 m/) + 2]72 (m7 m/)

= 4] (1 + 2e1 (m, m"))E(f2(X1)) + 3(1 + 2e3(m, m'))ag %m*)
More precisely, if 0 < p < 1/3,
pem, m) = 2B (1.32)
If p>1/3,
pe(m,m’) = 4[3E(v2) + 32 “p:ii?m*p_w] Alrnm*). (4.33)

Consequently if 0 < p < 1/3, we take pen,(m) = kE(Y2)MIT(m)/n. If p > 1/3 we
take peny(m) = K[E(YE) + BoPmP usmP =% /ky M)A T (m)/n, where & is a universal
constant. Note that for p = 1/3, p —w = 0 and both penalties have same order.

4.4. Proof of Lemma 4.2

We work conditionally on o(&;, i = 1,--- ,n), and we denote by E¢ and P
the conditional expectation and probability given &1, ..., &,.

Conditioning on (&, i = 1,--- ,n), we apply Lemma 4.1 to the random
variables fy(&;, Z;) = &uj(Z;), which are independent but non-identically dis-
tributed. Let Q; = E[uj, (Z1)ug,  (=Z1)]. Straightforward calculations give
that, for He(m, m’) defined in {ZE]), we have

E? sup Y &Gi(Z) = (t,¢)| <HE(m,m).
£, )~ )| < Bm,m)
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As in [Comte et all (2006), we write that >_ 1Qjx? < Ao(m, f2) < Xa(l|fz]l2)
La(m, || fell2) with [|fz]l2 < [[fell2, where Ag(m, fz) is defined by ETT), Ay by
ETT), Ty(m) by EIR), ue by BI3). We now write that

sup (71 Y Varg(§ui (2))) < (07t Y0 & mala(m, |11 2)
i=1 i=1

teBm,m’ (031)

and thus we take ve(m,m/) = (™1 Y0 | €2)ualo(m*, || f=||2). Lastly, since

S flloe < 2 max [61v/A(m?) < 2 max |6/ NT(m7)

LE€B,, 1/ (0,1)

we take M ¢(m,m') = 2maxi<i<n [&]y/MT(m*). Applying Lemma 4.1, we get
for some constants ki, ko, K3,

E¢ { sup v (t) —2(1+ QE)HE}
: +

te€B,, ,,/(0,1)
< [,UQ 2(m (Z fz) exp{ — Iizelj\ll};((m*)) }
* g2
A s €)oo S .

To conclude we integrate the above expression with respect to the law of the &;’s.
The first term Jg,ugfg(m*) exp|—rae ' (m™)/(u2l'2(m*)])/n has the same order
as in the study of W, 1. The second term is bounded by

ME [(max ]51\2) exp ( — mg\/EC(e)—VZ:?:ﬁZZ‘)]_ (4.34)

n maxj<i<n |&

Since we only consider m such that the penalty term is bounded, we have
I'(m)/n < K and the sum for m € M, ; and M, o| < n is less than

() e (- mvic K2 )]

We need to prove that this is less than ¢/n for some constant ¢. We bound
max; |&;| by b on the set {max; |¢;] < b} and the exponential by 1 on the set
{max; [£;| > b}. Setting pe = k3\/eC(€), we get

E[ max &7 exp ( — fe Lﬁ’z)]

1<i<n maxj<i<n &2
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< b2E<eXp ( — ue#ﬁ)> + E( max gzz]l{maxlgign |€¢\2b})

1<i<n

(o (- 5) ) + P -] = 5)

—|—b_rE< max |§; |’"+2)

<

1<i<n
< b%%”%((l f €2 02(p> + b7 E( max [&]7?).
- £ n < E £ 1<i<n '

1=

Again by Rosenthal’s inequality, we obtain

n 2
E[ max fexp (i Zz;lfzg)]
1<i<n maxj<;<n &;

Heﬁag

D
= 0_217

npb

P
2

[HE(ISf — 0¢lP) + (nE(€D) | + nE(|&" )b

This is bounded by
He \/ﬁo'g

Be VI 4 Ol ogh, 2 og TIn' TP 4 nE] 4 nog 07

Since E|¢1]6 < oo, we take p = 3, r = 4, b = 0¢\/€C(€)k3/n/[2v2(In(n)—Inlnn)].
For any n > 3, and for C7 and (5 constants depending on the moments of £, we
find that

E{(lrg%ﬁg?) exp ( — k3v/eC(e) %:j;?)} < % + Cz(lnj(%l)>%.

We sum (E34)) over M,, , with cardinality less than y/n. The result is bounded
by C(1+ In(n)*/y/n)/n for some constant C, since I'(m*)/n is bounded.

4.5. Proof of Theorem 3.2

Consider the event E, = {|| ¢ — § |loo.a< g0/2}. Since g(z) > go for all z in
A, g(z) > go/2 for all x in A on E,, as well. It follows that

E[(f — HLalp, |13 < 895 *ENIC — £]13 + 81€1% g0 "ENlg — 9113, (4.35)
where [|€]|oo.4 < g1fco.c- Using that || f|le.a < an, we obtain

E(ll(f — /) Lall 3] < 2(ap, + |1 F 1% AAAP(ET), (4.36)
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where A(A) = [, dz. So, for 1y = 1y(n) and g = 1ng(n), if anP(ES) = o(n™1),
(BI0) is proved by applying Theorem 3.1. We now come to the study of P(EY).

We write P(E5) = P(lg — llso.a > 90/2) = P(lg — g + g% = Glloc.a > 90/2)
and use the following lemma.

Lemma 4.3. Let g belongs to Su, u,.B,(Ka,), defined by BI) with ag > 1/2.

Then for t € Sm, |[teo < vVm|tllz and |lg — gmllee < 27) " /mm((7mm)?
1)7%/2 exp(—Bg|mm|"7) Ay

Hence, we get that (see the study of || £,, — o 12),

lg — 95|04
< lg = gy lloo + gy — g5 oo

< k(kg + 1)mg
< T

For g in S, 1, B,(Ka,) With ay > 1/2 if ry = 0, since k, > n%? and 1, = o(y/n)
for a > 1/2, ||lg — g£:3||m tends to zero. It follows that, for n large enough,

a 1
+ (27)71 ng((”mg)z + 1)779 eXp(_Bg‘”mg‘yg)Ag'

lg = g lloc.4 < go/4 and consequently P(E) < Pl|lg%) — §llse > go/4]. Again,

(n)

by Lemma 4.3, since Gring g belongs to Sy, we get that

P(E5) < Plgl) — gl > —2—]. 4.37
(B < (16 3l > o (437
Hence,
g, = i 5= D (@ngg = @) = D V2 g(Prng)
7] <kn j1<kn
= sup Z/TQLg(t). (4.38)
t€B, (0,1)
Consequently,
- 90
IP’(EC)SIP’[ sup |v ]S sup ]P’{ sup  |vpg(t)]> ]
" t€ By (0,1) m 4\/ meMn,l t€ B, (0,1) " (4y/m)
< 3Bl sw gl 2 )
me%: teBa, 0) v

We use Lemma 4.1 with My = vnH?, H > E(sup;ep 01) [Vng(t])) and v >
SUDieR, /(0,1) Var(u; (Z1)). If we take A = go/(8y/m) and ensure that 2H <
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90/ (8v/m), then Plsupe, 0.1 [Vng(t)] > go/(4v/m)] < 3exp[—Kjn(min[(mv)~",
(My+/m)~])]. This yields

EC <K Z {exp[ lei/_)}—i-exp[—{;—lvn)]}.

meM,, ¢

Since we only consider m < /n,
Kin
(Myy/m)
We also consider m such that I'(m)/n tends to zero. Consequently, when p > 0,
mm < (Inn/(280°41))'/?. We combine this with v < (7m)?*+1=° exp(280P7Pm*)

and obtain the bound a, |M,, ¢| exp(—K{n/(mv)) = o(1/n).
When p =0, v = py(7m)?**+1/2, Since 7m < (n/In(n))/Coth) < pl/Getl)
we get that

1
an| My ¢| exp [— } < ap| My elexp(—K"n4) = o(nfl).

/

K K” B
exp(— 1n) gexp(— %) Sexp( K’n a+1)>) =o(n1h).
(mv) (m2a+§)

To control /mH , the worst case is p = 0. In that case, for 7m< (n/ In(n))'/(2+2)

we get that /mH<1/4/In(n), which tends to zero. Therefore /mH<1/+/In(n)

is bounded by go/8 for n large enough. We conclude that a,P(ES) = o(1/n).
The result follows by the inequalities (38 and E30).

Proof of Lemma 4.3. For ¢t € Sy, t(z) = >_;c7(t, m,j)¢Pm,j(z) and t(z)]? <
> jez {t om ) Zjezl(win,j)*(—@w(?ﬂ) By Parseval’s Formula,

()" (= z)[? ©*(u)?du
> it om)* D m] = Ht!!%m/i = m||t[|3.
(2)
JEZL JEZL

Let b be such that 1/2 < b < ay. Since ||g— gm0 < (27) 71 f|m|>7rm lg* (2)|dx,
we get that -

g~ gl
(ag—b) T (ag— T
< m) ()4 1) B [ @) (a4 1) B
g >mm
and so

1 2 (ag—b) 1
—((mm)* +1)" "z exp(—By|mm|")Ké, (22 4+ 1)~bdx
|a:|>7rm

(ag—b)

< @m) " (wm)? +1)" 5" exp(—Bylmm|™ )iz, (wm) i~

(4.39)
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a 1
< @2n) " Wam((rm)? +1)" % exp(—DBy|mm/|"?)K4, .
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