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ADDITIVE COEFFICIENT MODELING
VIA POLYNOMIAL SPLINE
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Abstract: A flexible nonparametric regression model is considered in which the re-
sponse depends linearly on some covariates, with regression coefficients as additive
functions of other covariates. Polynomial spline estimators are proposed for the
unknown coefficient functions, with optimal univariate mean square convergence
rate under geometric mixing condition. Consistent model selection method is also
proposed based on a nonparametric Bayes Information Criterion (BIC). Simula-
tions and data examples demonstrate that the polynomial spline estimators are
computationally efficient and as accurate as existing local polynomial estimators.
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1. Introduction

Parametric regression models are based on the assumption that a regression
function follows a pre-determined parametric form with finitely many unknown
parameters. A wrong model can lead to excessive estimation biases and erroneous
inferences. In contrast, nonparametric models impose less stringent assumptions
on the regression function. General nonparametric models, however, need large
sample sizes to obtain reasonable estimators when the predictors are high dimen-
sional. Much effort has been made to alleviate the “curse of dimensionality” by
imposing appropriate structure on the regression function.

Of special importance is the varying coefficient model (Hastie_and Tibshirani
(1993)), whose regression function depends linearly on some regressors, with coef-
ficients as smooth functions of other predictor variables, called tuning variables.
A special type of varying coefficient model is called the functional coefficient
model by IChen and Tsay (1993H). Here all tuning variables are the same and
univariate. It was studied in the time series context by [Cai, Fan and Yad (2000)
and [Huang and Shen (2004). Xue and Yang (2006) extended the functional co-
efficient model to the case when the tuning variable is multivariate, with additive
structure on regression coefficients to avoid the “curse of dimensionality”. The
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regression function of the new additive coefficient model is
d1 d2

mX,T)=> X)), X)) =ag+ Yy a(X,), (1.1)
=1 s=1

in which the predictor vector (X, T) € R x R, with X = (X1, ... ,Xdz)T, T=
(Th, ..., T, dl)T. This additive coefficient model includes as special cases the vary-
ing/functional coefficient models, as well as the additive model ((Chen_and Tsay
(1993a) and Hastie and Tibshirani (1990)) and the linear regression model, see
Xue and Yang (2006) for asymptotic distributions of local polynomial marginal
integration estimators of the unknown coefficients. The parameters {alo}fgl
are estimated at the parametric rate 1/y/n, and the nonparametric functions
{ays (xs) ;i’ld °_, are estimated at the univariate smoothing rate. Due to an in-
tegration steb and its ‘local’ nature, the kernel method in Xue and Yang (200€)
is computationally expensive. Based on a sample of size n, to estimate the co-
efficient functions {oy (x)};i;l in ([CI)) at any fixed point x, a total of (dy +1)n
least squares estimations have to be done. So the computational burden increases
dramatically as the sample size n and the dimension ds of the tuning variables
increase.

In this paper, we propose a faster polynomial spline estimator for (ILTI).
In contrast to a local polynomial, a polynomial spline requires global smoothing.
One solves only one least squares estimation to estimate all the components in the
coefficient functions, regardless of the sample size n and the dimension of the tun-
ing variable dy. So the computation is substantially reduced. As an alternative
to using local polynomials, polynomial splines have been used to estimate various
models, for example, the additive model (Stond (1985)), the functional ANOVA
model (Huang (19984 h)), the varying coefficient model (Huang, Wi and Zhou
(2002)), and the additive model for weakly dependent data (Huang and Yang
(2004)). We have established the polynomial spline estimators’ rate of conver-
gence under geometric mixing conditions. A major innovation is the use of an ap-
proximation space with possibly unbounded basis. [Huang, Wi and Zhou (2002),
for instance, imposed the assumption that T = (71, ..., Ty, )T in (1)) has a com-
pactly supported distribution to make their basis bounded. Our method, in
contrast, imposes only mild moment conditions on T.

The paper is organized as follows. Section 2 discusses the identification
issue for model ([CI). Section 3 presents the polynomial spline estimators,
their Lo consistency and a model selection procedure based on Bayes Informa-
tion Criterion (BIC). These estimation and model selection procedures adapt
automatically to the varying coefficient model (Hastie and Tibshirani (1993)),
the functional coefficient model (Chen and Tsay (1993h)), the additive model
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(Hastie and Tibshirani (1990) and [Chen and Tsay (19934)), and the linear re-
gression model, a feature not shared by any kernel type estimators. Section 4
applies the methods to simulated and empirical examples. Technical assumptions
and proofs are given in the Appendix.

2. The Model

Let {(Y;, X, T;)}:-; be a sequence of strictly stationary observations, with
univariate response Y;, ds and dji-variate predictors X,; and T;. With unknown
conditional mean and variance functions m(X;, T;) = E(Y;|X;, T;),0?(X;, T;) =
Var (Y;|X;, T;), the observations satisfy

Y,=m (XZ', TZ) +o (Xsz) Eq- (2.1)

The errors {¢;};, are i.id. with E (g]X;,T;) =0, E (522|X2-,T2-) =1, and ¢;
independent of the o-field ; = o {(X;, T;),j < i} fori=1,...,n. The variables
(X, T;) can consist of either exogenous variables or lagged values of Y;. For the
additive coefficient model, the regression function m takes the form in ([Il), and
satisfies the identification conditions that

E{as (Xis)} =0,1<1<dy,1 <s<ds. (2.2)

The conditional variance function o2 (x,t) is assumed to be continuous and
bounded. As in most works on nonparametric smoothing, estimation of the func-
tions {ays (xs)}ld;fl ®_1 is conducted on compact sets. Without lose of generality,
let the compact set be x = [0, 1]d2.

Following Stone (1985, p.693), the space of s-centered square integrable func-

tions on [0, 1] is
HY={a:E{a(X)} =0,E{a®(Xs)} < +00},1 <5< ds.

Next define the model space M, a collection of functions on xy x R%, as

d1 d2
M = {m(XJS) =Y (Xt (%) =+ Y aus(ws);on € HS},
=1 s=1

in which {0410}7;1 are finite constants. The constraints that F {a;s (Xs)} = 0,1 <
s < da, ensure unique additive representation of «;, but are not necessary for the
definition of space M.

In what follows, denote by E,, the empirical expectation, E,p = Y 1" | (X,
T;)/n. We introduce two inner products on M. For functions my, ms € M, the
theoretical and empirical inner products are defined, respectively, as (my, mg) =
E{m; (X, T)my (X, T)} and (myi,ms), = E, {m1 (X, T)msy (X, T)}. The cor-
responding induced norms are ||lm1[|3 = Emi(X,T) and [[m]3,, = E,mi(X,T).
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The model space M is called theoretically (empirically) identifiable if, for any
m € M, [mlly =0 (|[m]ly,, = 0) implies that m =0 a.s..

Lemma 1. Under assumptions (C1) and (C2) in the Appendiz, there exists a
constant C' > 0 such that

dy da dy da
Imlly = > (b + D llawlly ) o vm =" (a0 + Y aus )i € M.
=1 s=1 s=1

Hence for any m € M, ||mll, = 0 implies ajg = 0,45 = 0 a.s., for all 1 <1 <
di,1 < s <ds. Consequently the model space M is theoretically identifiable.
Proof. Let A;(X) = ajp + 1%, as(X,) and A(X) = (41(X), ..., Ag,(X))T.
Under (C2),

Il = B[S {ow+ 3 an(x0) 1] = B [AK)TTTA(X))
=1 s=1
> 3 F [A(X)TA(X)] - @,E[Z {alo n Z (X } }

=1

which, by @2, is cs[> 2, o, + X2y E{3.%2, ais(X)}?]. Applying Lemma 1
of IStoned (1983)

1-4§ do—1 di d2
Il > ey [Zam {52 ZZEa%s<Xs>],
=1 =1 s=1
Where 0=(1- 61/62)1/2, with 0 < ¢; < ¢ as specified in (Cl). By taking
=c3{(1 —-9)/ 2}d2 , the first part is proved. To show identifiability, notice
that for any m = Zl 1((110 + E 2, )t € M, with ||[m|2 = 0, we have

0= {;{alo-FZals }Tz] >C[Zalo+l§;§E{alS ]

which entails that a;p = 0 and a;5(Xs) =0 a.s. forall 1 <[ <d;,1 <s<dy, or
m =0 a.s..

3. Polynomial Spline Estimation

3.1. The estimators

In this paper, denote by C? ([0, 1]) the space of p-times continuously differen-
tiable functions. For each tuning variable direction, s = 1,. .., ds, a knot sequence
ks with N, interior knots is ks, = {0=250<zs1<- - <TsnN, <TsN,+1=1}.
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For an integer p > 1, define ¢, = ¢P([0,1],ks,), a subspace of CP~1([0,1])
consisting of functions that are polynomial of degree p (or less) on the intervals
[®sisTsiv1),t = 0,...,N, — 1, and [z, N, ,Zs N,+1]. Functions in ¢ are called
polynomial splines, piecewise polynomials connected smoothly on the interior
knots. A polynomial spline with degree p = 1 is a continuous piecewise linear
function, etc. The space @ is determined by the polynomial degree p and the
knot sequence kg p. Let hy = hg, = max;—o,.. N, |Tsi+1 — Zs,i|, called the mesh
size of ks, and define h = max,—_q, . 4, hs, the overall smoothness measure.

Lemma 2. For 1 < s < dy, let ¢ = {gs: gs € s, Egs (Xs) = 0} be the space
of centered polynomial splines. There exists a constant ¢ > 0 so that, for any
as € HONCPTL([0,1)), there exists a gs € ¢° with ||as — gs|loo < | p+1)|]00h§+1.

Proof. According to de Boor (2001, p.149), there exists a constant ¢ > 0 and
a spline function g¥ € ¢, such that ||as — gil|ec < c||agp+1)||ooh§+1. Note that

|Egi| < |E(g: — as)| + |Eas| < ||g; — allos- Thus for gy = g — Eg} € ¢9, one
has

flovs — gSHoo <l — g:”oo + Egs < 20Hagp+l)”ooh€+l-

Lemma 2 entails that if the functions {ays (xs)}l 1.s=1 in [CT) are smooth,

dy,dz
I=1.s=1" As the

definition of ¢? depends on the unknown distribution of X, the empirically
defined space 4,02’" = {gs : gs € vs, En(qis) = 0} is used. Intuitively, m € M is
approximated by some function from the approximate space

they are approximated well by centered splines {glS (z4) € ©°

d2
Mn = {mn X t Zgl tl, gl ) =+ Zgls(xs)§gls € (p(s),n}

s=1

Given observations {(Y;,X;, T;)}; from (I, the estimator of the un-
known regression function m is defined as its ‘best’ approximation from M,,

= argmlnz {Yi — my, (X3 Ty)}2. (3.1)
mnEM'ni 1
To be precise, write J, = N, + p, and let {ws o, ws1,...,ws s, } be a basis

of the spline space g, for 1 < s < do. For example, the truncated power basis is
used in the implementation

{17':587 o 7$€7 (IL’S - ws,l)g_ geeey (l’s - xS,Nn)ﬁ_} )

in which (z)8 = (z4)". Let w = {L,wi1,...,w1,7,,...,Wdy1,---,Wdy,J, }, then
{wty,...,wtg, } is a R, = dy{daJ, + 1} dimensional basis of M,,, and I
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amounts to
d2 Jn

m(x,t) = Z {Cl() + Z Z clsy]ws] Tg }tl, (3.2)

s=1j=1
in which the coefficients {¢o, ¢sj,1 <1< di,1 <s<dy, 1 <j<J,} minimize

the sum of squares

n da2  Jn

Z (Y Z {Clo + Z Z Cls,jWs,j (Xis) }Til>2 (3.3)

i=1 =1 s=1 j=1

with respect to {cj,¢s,1 <1< dy,1 <s<dp,1<j<J,}. Note that Lemma
A5 entails that, with probability approaching one, the sum of squares in (B3) has
a unique minimizer. For 1 <1 <dy,1 <s < dy, let o (xs) = Zj”l Cls, jWs,j(Ts)-
Then the estimators of {alo}fgl and {ays (x5) 11’125 , in (LT are

da
dip =G0+ Y_ Bnaf,, 1<1<dy,
s=1
s(zs) = afy(zs) — Epagy 1 <1<dy,1 <s<dy, (3.4)

where {d&s(zs) f;’ld ?_, are empirically centered to consistently estimate the theo-

retically centered function components in ([LI). These estimators are determined
by the knot sequences {k:sm}glz:1 and the polynomial degree p, which relates to
the smoothness of the regression function. We refer to an estimator by its degree
p. For example, a linear spline fit corresponds to p = 1.

Theorem 1. Under assumptions (C1)—(C5) in the Appendiz, if ay, € CPH!
([0,1]), for 1 <1<d;,1 < s <dy, one has

~ _1
i = mlly = Op (H7*! + (nh)7F)

_ A _ p+1 —l)
max | o O‘l0|+1<lggfi’§sgd2||a“ sy Op<h +(nh)"2).

Theorem 1 has the optimal order of h as n~1/(2»+3) in which case ||dys — sl
=0, (n_l/ (2p+3)), which is the same rate of mean square error as achieved by
the marginal integration estimators in [Xue and Yang (2006).

3.2. Knot number selection

An appropriate selection of the knot sequence is important to efficiently
implement the proposed polynomial spline estimation method. IStond (1987)
found that the number of knots is more crucial than their location. We discuss
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an approach to select the number of interior knots NN, using the AIC criteria.
For knot location, we use either equally spaced knots or quantile knots (sample
quantiles with the same number of observations between any two adjacent knots).

According to Theorem 1, the optimal order of N, is nt/(P+3) . Thus we
propose selecting the ‘optimal’ N,,, denoted N**, from [0.5N,, min (5N, Tb)],
with N, = n!/P+3) and Th = {n/ (4d;) — 1} /ds to ensure that the total number
of parameters in the least square estimation is less than n/4.

To be specific, we denote the estimator for the i-th response Y; by Y; (Ny) =
m (X;,T;), for i = 1,...,n. Here 7 depends on the knot sequence as given in
B3). Let g, = (1 + daN,,) d;i be the total number of parameters in (B3]). Then
NZP' is the one minimizing the AIC value

NOPt = argmin AIC(N,), (3.5)
Nn€[0.5N,,min(5N,.,Tb)]

where AIC (N,,) = log (MSE) + 2¢,,/n, with MSE = 327" {Y; — Y;(N,,)}?/n.

3.3. Model selection

For the full model ([T]), a natural question to ask is whether the functions
{ays (ms)}fild °_, are all significant. A simpler model, found by setting some of

{ays (x5) f;’ldizl to zero, may perform as well as the full model. For 1 <1 < d;,
let .S; denote the set of indices of the tuning variables which are significant in
the coefficient function of Tj, and S the collection of indices from all the sets
Si. In particular, S for the full model is Sy = {Sf1,...,S¢4,}, where Sy =
{1,...,d2},1 <1 < dy. For two indices S = {S1,...,5q,},5 = {Si,...,S&l},
we say that S C S’ if and only if S; C 5/, for all 1 < I < d; and S; # 5],
for some [. The goal is to select the smallest sub-model, with indices S C Sy,
which gives the same information as the full additive coefficient model. Following
Huang and Yang (2004), the Akaike Information Criterion (AIC) and the Bayes
Information Criterion (BIC) are considered.

For a submodel mg with indices S = {S1,...,Sq, }, let N,, s be the number
of interior knots used to estimate the model mg, and J, s = Np s+ p. Asin
the full model estimation, let {¢,¢s5,1 <1< di,s € S;,1<j < Jps}) be the
minimizer of the sum of squares

d1 Jn,S

(-3 DY s jn).

i=1 =1 s€S, j=1

Define
dy

JIn,s
s (x,8) = {élo + 303w () }tl. (3.7)

=1 ses; j=1
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N N 2
Let Yy = riug (Xi,Ty)i = 1,...,n, MSEg = 327, (Y —Y) /n, and qg =

Zf;l {1+ #(S1) Jns}, the total number of parameters in (B8). Then the sub-
model is selected with the smallest AIC (or BIC) values, defined as AICg =
log(MSEg) + 2¢s/n, BICg = log(MSEg) + log(n)gs/n.

Let Sy and S be the index set of the true model and the selected model,
respectively. The outcome is defined as correct fitting, if S = Sy overfitting, if
So C S; and underfitting, if Sy /CS, that is, Sy /CS’;, for some [. For either
overfitting or underfitting, we write S # 50.

Theorem 2. Under the same conditions as in Theorem 1, and N, g < Ny g, <
nt/@r+3) the BIC is consistent: for any S # S, limy,_, oo P (BICs > BICs,) =1,
hence lim,,_,o, P(S = Sp) = 1.

The condition that N, s < N, g, is essential for the BIC to be consistent.
As a referee pointed out, the number of parameters ¢g depends on the number of
knots and the number of additive terms used in the model function. To ensure
BIC consistency, roughly the same sufficient number of knots should be used to
estimate the various models so that gg depends only on the number of functions
terms. In implementation, we have used the same number of interior knots NZPt
(see (BA), the optimal knot number for the full additive coefficient model) in the
estimation of all the submodels.

4. Examples

In this section, we first analyze two simulated data sets with i.i.d. and time
series set-ups, respectively. Both data sets have sample sizes n = 100, 250, 500
and 100 replications. Later the proposed methods are applied to an empirical
example: West German real GNP.

The performance of the function estimators is assessed by the averaged inte-
grated squared error (AISE). Denoting the estimator of a;, in the i-th replication
as &y 1, and {:cm}ng“d the grid points where the functions are evaluated, we take

m=1
1 Ngrid
ISE(d5) = Z {di,IS(wm) - CVIS(xm)}z
Ngrid m=1

and
100

. 1 .
AISE(G1s) = 1 > ISE(diys).
=1

4.1. Simulated Example 1

The data are generated from the model

Y = {Cl + o1 (Xl) + aq9 (Xg)}Tl + {02 + a1 (Xl) + a9 (XQ)}TQ + &,
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wither =2, ¢ = 1, o1 (z) = sin {2(4z — 2)}+2exp {—2(z — 0.5)?}, a2 () =z,
a1 (x) = sin (z), and ag (¥) = 0. The vector X = (X1, X2)? is uniformly dis-
tributed on [, 7]? independent of the standard bivariate normal T = (77, Tg)T.
The error ¢ is a standard normal variable independent of (X, T).

The functions are estimated by using linear splines (p = 1), cubic splines (p =
3) and the marginal integration method of Xue and Yang (2006). For s = 1,2, let

T T

&min: L5 max denote the smallest and largest observation of'the variable z; in the
K3

i-th replication. Knots are placed evenly on the intervals [z & min’ with the
number of interior knots NV, selected by AIC as in Subsection 3.2. The functions
{als}lzfl’szl are estimated on a grid of equally-spaced points x,,,m = 1,..., ngriq
with x1 = _0-97577793ngrid = 0.9757, ngriq = 62.

Table 1 reports the means and standard errors (in the parentheses) of
{é};=1 5 and the AISEs of {ézls}ls::i’zz for all the three fits. The spline fits are
generally comparable, with the cubic fit better than the linear fit for larger sample
sizes (n = 250, 500), the standard errors of the constant estimators. The AISEs of
the function estimators decrease as samples size increases, confirming Theorem 1.
The polynomial spline methods also perform better than the marginal integration
method. Figure 1 gives the plots of the 100 cubic spline fits for all sample sizes,
clearly illustrating the estimation improvements as sample size increases. Plots
d1—d4 of the typical estimated curves (whose ISE is the median of the 100 ISEs
from the replications) seem satisfactory for sample sizes as small as 100.

s max]
$s,max ’

Table 1. Simulated Example 1: the means and standard errors (in parenthe-
ses) of ¢1, éo and the AISEs of Gq1, G129, Go1, daa by two methods: marginal
integration and polynomial spline.

Integration fit =2 co =1 o1 a9 a1 99
n =100 | 2.0029(0.0180) 0.9805(0.0134) 0.8339 0.4699 0.7948 0.4665
n =250 | 2.0143(0.0081) 1.0056(0.0089) 0.4545 0.1324 0.3219 0.3741
n =500 | 1.9994(0.0047) 0.9961(0.0042) 0.0657 0.0378 0.0629 0.0375
Spline fit p=1
n =100 | 2.0102(0.0122) 0.9896(0.0123) 0.1279 0.0629 0.0690 0.0558
n =250 | 1.9997(0.0046) 0.9795(0.0044) 0.0648 0.0291 0.0328 0.0261
n =500 | 1.9992(0.0023) 0.9988(0.0022) 0.0438 0.0165 0.0164 0.0152
Spline fit p =3
n =100 | 2.0026(0.0126) 0.9858(0.0124) 0.1699 0.0700 0.0659 0.0634
n =250 | 1.9988(0.0046) 0.9810(0.0043) 0.0594 0.0320 0.0313 0.0285
n =500 | 2.0003(0.0023) 0.9982(0.0022) 0.0387 0.0162 0.0156 0.0149

As mentioned earlier, the polynomial spline method enjoys great computa-

tional efficiency: it takes less than 20 seconds to run 100 simulations on a Pentium
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4 PC, regardless of sample sizes. In contrast, it takes marginal integration about
2 hours to run 100 simulations with n = 100; and about 20 hours with n = 500.

\
|
|

-2 0 2
[
-3 0 3
201
L1l
-2 0 2
[

-2 0 2
L1l
-3 0 3
201
L1l
-2 0 2
[

-3 0 3
T
1
L1
8
0
L1
7
I‘

d1 d2 d3 d4

Figure 1. Plots of the estimated coefficient functions in Example 1. (al-
ad) are plots of the 100 estimated curves for aq1(z) = sin(2(4z — 2)) +
2exp(—2(z — 0.5)?), a1a(x) = z, as(x) = sin(z), and ax(z) = 0, for
n = 100. (b1—b4) and (c1—c4) are the same as (al-a4), but for n = 250 and
n = 500 respectively. (d1—d4) are plots of the typical estimators; the solid
curve represents the true curve, the dotted curve is the typical estimated
curve for n = 100, the dot-dashed and dashed curves are for n = 250,500
respectively.

For each replication, model selection is also conducted according to the cri-
teria proposed in Subsection 3.3 for polynomial splines with p = 1,2,3. The
model selection results are presented in Table 2, indexed as ‘Example 1’. The
BIC is rather accurate: more than 86% correct selection when the sample size is
as small as 100, and absolute correct selection when sample size increases to 250
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and 500, corroborating Theorem 2 on the consistency of BIC. AIC clearly tends
to over-fit and never under-fits.

Table 2. Simulation results of model selection using polynomial spline fits
with BIC and AIC. For each setup, the first, second and third columns give
the number of underfits, correct fits and overfits in 100 simulations.

n BIC AIC
p=1 p=2 p=3 p=1 p=2 p=3
Example 1 {100 3 94 3|0 86 14|4 95 1|0 8 11| 4 95 0 88 12
250 0 100 0|0 100 0|0 100 O[O 90 10| O 89 11|0 90 10
500| 0 100 0|0 100 0)0 100 O|O0O 91 9] 0 93 7|0 92 8
Example 2 (10011 88 1|0 69 31|5 94 5|8 80 12|14 46 40|0 82 18
250 0 100 0|0 100 0O)0 100 O|O0O 94 6| O 96 4|0 84 16
500| 0 100 0|0 100 0)0 100 O|O 98 2| 0 100 0|0 98 2

4.2. Simulated Example 2
The data is generated from a nonlinear AR model
Yi={ci+an(Yi—1)+ai2(Yi—2)} Yiz+{ca + o1 (Yi—1) + a2 (Yi—2) } Yi—4+0.1e,
with i.i.d. standard normal noise ¢, ¢c; = 0.2, co = —0.3 and
0.3
SR EATEE
as (u) =0, oo (1) = —(0.6 + 1.2u) exp(—4u?).

a1 (u) = (0.3 + u) exp(—4u?),

In each replication, a total of 1,000 4+ n observations are generated, and
only the last n observations are used to ensure approximate stationarity. In
this example, we have used linear splines on the quantile knot sequences. The
coeflicient functions {als}lZfL <1 are estimated on a grid of equally-spaced points
on the interval [—1,1], with the number of grid points ngiq = 41. Table 3
contains the means and standard errors of {¢;},_; 5 and the AISEs of {ézls}ls;l 22 .
The results are also graphically presented in Figure 2. Similar to Example ’1,
estimation improves as sample size increases, supporting our asymptotic result
(Theorem 1). The model selection results are presented in Table 2, indexed as
‘Example 2’. As in Example 1, AIC tends to overfit compared with BIC, and for

n = 250, 500, the model selection result is satisfactory.

Table 3. Results of Example 2: the means and standard errors (in paren-
theses) of ¢; and é;, and the AISEs of 11, Q12, éia1, diao of linear splines.

Spline fit p= 1 Cc1 = 0.2 Cy = —-0.3 11 Q12 21 Q22
n =100 | 0.2504(0.0481) —0.2701(0.0374) 0.0113 0.0050 0.0042 0.0195
n = 250 | 0.1983(0.0271) —0.2936(0.0279) 0.0030 0.0021 0.0025 0.0039
n = 500 | 0.1989(0.0202) —0.2975(0.0209) 0.0015 0.0011 0.0016 0.0019
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Figure 2. Plots of the estimated coefficient functions in Example 2. (al—a4)
are plots of the 100 estimated curves for aii(u) = (0.3 4+ u)exp(—4u?),
aia(u) = 0.3/{1+ (u—1)*}, aa1(u) =0 and aaa(u) = —(0.6+ 1.2u) exp(—4u?)
when n = 100. (bl—b4) and (cl—c4) are the same as (al-ad), but when
n = 250,500 respectively. (d1—d4) are plots of the typical estimators: the
solid curve represents the true curve, the dotted curve is the typical estimated
curve for n = 100, the dot-dashed and dashed curves are for n = 250, 500
respectively.

4.3. West German real GNP

Now we compare the estimation and prediction performances of the polyno-
mial spline and marginal integration methods using West German real GNP. For
other empirical examples, see Xue and Yang (2005). The data consists of the
quarterly West German real GNP from January 1960 to December 1990, denote
as {Gy}1234, where Gy is the real GNP in the t-th quarter (the first quarter being
from January 1, 1960 to April 1, 1960). From its time plot (Figure 3), {G}}2}
appears to have both trend and seasonality. After removing the seasonal means
from {log (Gi+4/ Gt+3)}%iq, we obtain a more stationary time series, denoted as
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{Y; ,gi, whose time plot is given in Figure 4. As the nonparametric alternative
to the linear autoregressive model selected by BIC,

Y =a1Y; o+ a2y, 4 + oy, (4.1)
Xue and Yang (2006). proposed the additive coefficient model

Y; = {e1tan (Yie1)+ar (Yi—g)} Yio+{cotaor (Yi—1) +an (Yig)} Yi—a+oey,

(4.2)
which is fitted by linear and cubic splines. Following [Xue and Yang (2006), we
use the first 110 observations for estimation and the last 10 observations for
one-step prediction. Table 4 gives the averaged squared estimation errors (ASE)
and averaged squared prediction errors (ASPE) of different fittings. Polynomial
splines are better than the marginal integration method overall, while (E2)) signif-
icantly improves over (EZJ) in both estimation and prediction. For visualization,
plots of the function estimates are given in Figure 5.

Table 4. German real GNP: the ASE’s and ASPE’s of five fits.

ASE ASPE
Integration fit, p =1 | 0.000201 0.000085
Integration fit, p =3 | 0.000205 0.000077

Spline fit p=1 0.000183  0.000095
Spline fit p =3 0.000176  0.000082
Linear AR fit 0.000253 0.000112

Original quarterly GNP data

250 300 350 400 450
1 1 1 1

200
1

0 20 40 60 80 100 120

Figure 3. GNP data: time plot of the series {G;}123.
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Transformed quarterly GNP data

0.02 0.04 0.06
1 1 1
—

0.0
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Figure 4. GNP data after transformation: time plot of the series {V;}}2.
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Figure 5. GNP data: spline approximation of the functions in model [E2):
(a) d11; (b) Aag; (¢) éa1; (d) dge. Here solid lines denote the estimation
results using linear splines, and dotted lines denote estimates using cubic
splines.
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Appendix
A.1. Assumptions and notations
The following assumptions are needed for our theoretical results.
(C1) The tuning variables X = (X1, ..., Xq,) are compactly supported and, with-
out lose of generality, we assume that the support is x = [0,1]%. The

joint density of X, denoted by f(x), is absolutely continuous and 0 < ¢1 <
minge, f(x) < maxxe, f(x) < 2 < 00, for positive constants c1 and cs.

(C2) (i) There exist positive constants cs and ¢4 such that c3Iy, < B(TTT|X =
x) <cqly, for all x € x, with 14 being the di x dy identity matriz. There
ezist positive constants cs and cg such that c; < E{(T)T,)**%|X = x} < cg
a.s. for some 8o >0, 1,1 =1,...,d;.

(ii) For some sufficient large m > 0, E|T;|"™ < +oo, forl =1,...,d;.

(C3) For the dy sets of knots ks p={0=x50 <251 <--- <xsnN, < TsN,+1=1},

s=1,...,ds, there exists c; > 0 such that
max mz?x (:Es’jH — :Es’j".j =0, Na) <cy.
s=1,..,d2 Min(2s j41 — 25,7 =0,...,Np)

21’*3)71, where p is the degree of

the spline and ‘<’ means both sides have the same order. In particular,
h=n-@r+3)7"

The number of interior knots N, = nf

(C4) The vector process {st}ie o = {(Ys, X¢, Tt) } o 18 strictly stationary and
geometrically strongly mizing, that is, its a -mizing coefficient a(k) < cp®,
for constants ¢ > 0 and 0 < p < 1, where (k) = SUP Acq (s, 1<0), BEo (st t>k)
|P(A)P(B) — P(AB)|.

(C5) The conditional variance function o? (x,t) is measurable and bounded.

Assumptions (C1)—(C5) are common in the nonparametric regression liter-
ature. Assumption (C1) is the same as Condition 1 on p.693 of m (@),

and Assumption (c), p.468 of %umption (C2) (i) is a
direct extension of condition (ii), p.531 of 420.0_4) Assumption
(C2) (ii) is a direct extension of condition (VW (2004),
and of the moment condition A.2 (c¢) p.952 of ICai (2000). Assump-
tion (C3) is the same as in (6), p.249 ofm (@), and also p.59,

). Assumption (C4) is similar to condition (iv), p.531 of
). Assumption (C5) is the same as one on p.242 of

p.465 of Huang and Yang (2004).
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In this Appendix, whenever proofs are brief, see Xue and Yang (2005) for
details.

A.2. Technical lemmas
For 1 <1<d,1 <s<dy,let

do

a0 = ¢ + ZEafs, ays(zs) = of (xs) — Eafj. (A.1)
s=1

Then one can rewrite m @BI) as m = Zl 1{04104-2 lals(xs)}tl, with

{aus(zs)}i<i<a, € ¢%. The terms in ([A]) are not directly observable and serve
only as intermediaries in the proof of Theorem 1. By observing that, for 1 <[ <
di, 1 <s<dy,

da
le = le - Z Endlm CAyls(ws) = dls(xs) - Endl37 (AQ)
s=1

~ ~ dy,d N N dy,d: .
the terms {alo}f;p {aus(zs) b2y and {alo}fil,{als(xs) 1=1..— differ only

by a constant. In section A.3, we first prove the consistency of {5410}7;1, and
{ays(xs)} 1’1di ; in Theorem 3. Then Theorem 1 follows by showing {Endzs}?:’fflzl
are neghglble.

A B-spline basis is used in the proofs. This is equivalent to the truncated
power basis used in implementation, but has nice local properties (de_Boor
(2001)). With J, = N, + p, we denote the B-spline basis of ¢s by by =
{bs,0,.-.,bs,.7,}. For 1 <s <dy, let By ={B;s1,...,Bs,} with

— E (bs ; .
Bs,j = Nn <b8,j - E Eb57g; b8,0> 7.7 = 17 sty Jn (AS)

)

Note that (C1) ensures that all By ;’s are well defined.

NOW, let B = (1, Bl,ly e ,BLJn, v ,Bd271, e 7Bd2’Jn)T with 1 being the
identity function defined on . Define G = (Bty,..., Bty )" = (G1,...,Gg,)",
with R,, = di (ng +1). Then G is a set of basis of M,,. By (B, one has
m(x,t) => 2 {¢, + ZS 12] 1 € jBs,j(xs) Y, in which {¢j, ¢ ;, 1<1<d,
1<s5<dy, 1 § J < Jp} minimize the sum of squares as in (B3), with w, ; replaced
by Bs ;. Then Lemma 1 leads to &;o = ¢}, d18:Zj;1 ¢, Bs.j (z5), 1 <1 < dy,
1 <s<ds.

Theorem 3. Under (C1)—(C5), if aj, € CPTL([0,1]) for 1 < 1 < dy and
1 < s<ds, one has

o _1
i = mlly = Op (H7*! + (nh)7%)
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— e — —0 (h”“ h—%>.
max &0 O‘l°|+1<zg£’?ﬁ§sgd2”% aslly = Op + (nh)

To prove Theorem 3, we first present the properties of the basis G in Lemmas
A1-A3.
Lemma A.1. For any 1 < s < da, and the spline basis B, ; of (A3), one has
(i) E(B,;) =0, E|Bo;|" < Ni* ' fork>1,j=1,...,J,.
(ii) There exists a constant C' > 0 such that for any vector a = (ay,...,az,)",
as n — oo, ||E}]i1% sl > ng 1@ g
Proof. (i) follows from Theorem 5.4.2 of [Devore and Lorent (1993), (C1) and
(C3). To prove (ii), we introduce the auxiliary knots x5 _, = -+ = x5_1 = 50 =
0, and z4 N, 4p+1 = =+ = Ty N,,+2 = Zs,N,+1 = 1 for the knots k;. Then

In 2 In *2

H E ast,j ‘ > ClH E astJ
—1 2 - 2
J= =

_CIHZCL]\/_Z) 5.3 Z SEAULIL S])bs,o

*2

Y

2

E (bs0)

where ||-||5 is defined as || f||5 = /[ f?(z)dz, for any square integrable

function f. Let dg; = (25,41 —wsy]_p)/(p—i— 1). Then Theorem 5.4.2 of
Devore and Lorentd (1993) ensures that for a C' > 0, the last term is at least

ch[Za Nypds j + {Z 4 VN (b S])} ds,o] > ClCia?Nnds,j
j=1

s aClp+l) cC (p + 1)
e ity 03

Lemma A.2. There exists a constant C' > 0, such that as n — oo, for any sets
of coefficients {cio, 15,0 =1,...,di;s=1,...,do;j=1,...,J5},

H Z (c,o + chm ,J)tlH > CZ (clo + chm)

s=1 j=1

Proof. The result follows immediately from Lemmas 1 and A.1.

Lemma A.3. Let (G, G) be the R, x R,, matriz given by (G, G) = ((G;,G; ))” 1
Take (G, G),, as (G,G), but replace the theoretical inner product with the em-
pirical inner product. Let D = diag((G, G)). Define Q, = sup|D~/2((G,G),—
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(G, G))D~Y2|, where the sup is taken oven all the elements in the random ma-
triz. Then as n — 00, Q, = Op(1/n~th=1log?(n)).

Proof. For simplicity, we consider the diagonal terms. For any 1 <1 < ds,1 <
s<di, 1< j<J, fixed, let € = (E, — E) {Bs%j (XS)Tf} = (1/n) 27, &, in
which & = B2, (Xis) T3~ B { B2, (Xis) T3 }. Define Ty = Tal{jg, <y} for some

0 < 0 < 1, and define &, & similarly as € and &;, but replace T} with T,. Then
for any € > 0, one has

log(n)

8 0) < (| > o/ L) s pe 2o, (aa)

P(lgl = e

in which P(€ # €) < P(Ty # Ty, for some i = 1,...,n) < Sr P (|Tul = n°)
< E|T™ /™1, Also note that supg<,.<i |Bs,; (2s)| = supo<y, <1 [V No{bs,j—
E(bs ;)bs0/E(bs0)}| < e/ Ny, for some ¢ > 0. Then by Minkowski’s inequality,
for any positive integer k > 3,

B " {2 7))

< ok-1 [n%kckN,]f + (an)k} < n25kckN,]f.

3

k ~
o [ofot o

On the other hand

2
2 B|B(X) T

‘ 2
>

B B2, (Xo) T2y

E|

- E2 {Bij (Xs) Tl2} -

> 5 5 )
in which, under (C2),
9 T4+50
E ‘Bg,j (XS) Tl2[{|Tl\>n5} <E B;{j (XS) b < 72660 ’X> ‘
< c6E ‘Bﬁ’j ) <
= 123% S 0

where dp is as in (C2). Furthermore
E*{BZ;(X\)T7} < GE*{BZ; (X,)} <,
2
E B (X)T?|" 2 esE|Bsj (Xo)|* = cic5 / By j (5)[* dzs > ccre5 N,

Thus E||? > ¢N,, — ¢ — (¢N,, /n%%) > ¢N,,. So there exists a constant ¢ > 0,
such that for all k > 3,

&i

~ |k k—2
E ‘&‘ < nPFFNF < (cnﬁ‘;Ng) k'E
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Then one can apply Theorem 1.4 of Bosq (1998) to > 7" 51-, with the Cramer
constant ¢, = cn® N2. That is, for any € > 0, ¢ € [1,n/2], and k > 3, one has

log®(n)
2log?(n) Ty
<ayexp | — 9€ - + as(k)a ([%}) )
25m3 + bec, (/2 ) -+
where
n 2 1og2(n)
a; = 2—+2 |1+
4 25m3 + 5ec,\/ bg (")
5 2k+1 _ ~
ap(k) =11n [1+ 22|, m2=FE&2 m,=|4
log?(n) p
nh

Observe that 5ec,y/log?(n)/(nh) = 5ecn® N2y /log?(n)/(nh) = o(1), by taking
d < 2p/[12(2p + 3)]. Then, by taking g = n/ {colog(n)}, one has a; = O (n/q) =

O {log(n)} and as(k) = O(n[erf/(ZkH)/\/logz(n)/(nh)) = 0 (n%?2). Thus, for n
large enough,

1] -~
PGIXE =

02n
=)

e2log(n)

5000m% } + cn% exp {— log(p)co log (n)} )

< clog(n)exp { -
By ([A4), taking cg, €, m large enough and using (C4), one has that

log®(n)
Z sup (G, G),, — (G, G)| > ¢ o

62 ogin
< Z {d1dy(N,, + 2)}? {clog(n) exp{ - ;Tgc(())}

n=1

. E|T™
+cnz exp {— log(p)co log (n)} + nmd—1 }

< {dida (N +2)} 0 < +o0,

n=1
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in which N,, < n(P+3)7" " Then the lemma follows from Borel-Cantelli Lemma
and Lemma A.1.

Lemma A.4. Asn — oo, one has

sup (91, 92),, — (01, 02)

$1€Mon,ba€Mn lp1ll5 [ P21lo

og?(n
=053

In particular, there exist constants 0 < ¢ < 1 < C such that, except on an event
whose probability tends to zero as n — oo, c|lmlly < [ml,,, < C|mlly,¥m €

M,,.

Proof. With vector notation, one can write ¢; = al G, ¢o = al G, for R, x 1
vectors aj,as. Then

Ry,
(@1, ), — (D1, 02)| = D lansaz;| [(Gi, Gy),, — (G, Gy)]
=
Ry,
<Qn Y laviag;] |Gilly [G;ll, < QuC Z |ariazj| < QnCy/al a1ajas.
7.7 1 ,] 1

On the other hand by Lemma A.2, |¢1]3 [|62]5 = (al (G, G) ai1) (al (G, G) as)

> C?alajalay. Then
an\/;\/a2 ag Q) =0 ( log2(n)>
Cy/ala; /alay Orl@r ’ nho /o

Lemma A.4 shows that the empirical and theoretical inner products are
uniformly close over the approximation space M,. This lemma plays a role
analogous to that of Lemma 10 in [Huang (19984). Our result is new, in that (i)
the spline basis of [Huang (1998a) must be bounded, whereas the term ¢ in basis
G makes it possibly bounded; (ii) Huang (1998a)’s setting is i.i.d. with uniform
approximation rate of o, (1), while our setting is a-mixing, broadly applicable

‘ <¢17 ¢2>n — <¢17 ¢2
161l P21l

to time series data, with approximation rate the sharper O, (y/log?(n)/nh). The
next lemma follows immediately from Lemmas A.2 and A.4.

Lemma A.5. There exists constant C > 0 such that, except on an event whose
probability tends to zero, as n — 00,

d1 dy  Jn 2 dy Jn
> (a+d Y anBu)t|| =c Z (ch+3D k)
=1 s=1j=1 2n s=1 j=1



ADDITIVE COEFFICIENT MODELING 1443

A.3. Proof of mean square consistency
Proof of Theorem 3. Let
Y=(Y,....Yn)",  m={mX;T),...,mX, Ty}’
E = {o(X1,T1)e1,...,0(Xn, Tn)en}t
Note that Y = m + E and, projecting it onto M,,, one has m = m + €, where

m is defined in (BIl), and m, € are the solution to (Bl with Y; replaced by
m(X;, T;) and o(X;, T;)e; respectively. Also one can uniquely represent m as
m = zldil (610 + ng:l Els> t;, s € ©Y. With these notations, one has the error
decomposition m — m = m — m + €, where ™ — m is the bias term, and € is the
variance term. Since for 1 <1 < dy,1 < s < dg,qqs € CPT1([0,1]), by Lemma 2
there exist C' > 0 and spline functions g;; € ¢?, such that |ays — Gislloo < ChPH1,

Let my, (x,t) = 27;1 {oqo + Z;b:l Jis (J:s)} t; € M,,. One has

dl d2 dl d2
[m —mally < ZZ Haus = qisttll, < 0422 s = gisllo < caCRPT
=1 s=1 =1 s=1

(A.5)
Also [[m —mylly, < ChP*! as. Then by the projection property, one has
|m —mlly, < Hm mnlly, < ChPT!, which also implies |72 — My, <

I — Tl — ol © CHP*. By Lemma Ad |7 — maly < 7 — 1o
X (1— Qn)1/2 = O, (h?*1) . Together with ([AJ), one has
lm —m|ly = O, (W) (A.6)

Next we consider the variance | term €, which is written as e(x,t) =
S 4Gy (x,t), with & = (a1,...,ag,)". Let N = [N(G1),...,N (Gg,)]",
with N (G;) = (1/n) > 7" 1 G; (X;,T;) o (X;, T;)e;. By the projection property,
one has ((G;,Gj) )R

gets A ((G],G> )”I .
S e,

= N. Multiplying both sides by the same vector, one

i a= a’'N. Now, by Lemmas A.2 and A.4, the LHS is

>C(1-Qn) Zf”l dj, while the RHS is

1
n 2

<(Sa){ ST ammemna)}

7=1

R L9\ /2 n
Hence C(1-Qy) Zf"l ? < (Zf"l 3) { Zf:ﬁ ((1/n) 30, Gj(X5, 1)
xo (X, Ti)&?,-)2}1/2, entailing

(%di)é <Cc'1-Qu { % (% Zn:Gj (X, Ty) o (X, Ti) Ei)2}§.
2 =1 i
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Asaresul, 23 < € (1~ Qu) > {0, (1) Ty 6 (X0 T 0 (X, T) )7 )
Since the ¢; are independent of {(X;,T;),j < i} fori =1,...,n, one has

R, Ry

ZE( ZG (X;, T;) (X,~,Ti)g,~>2 Z SE{G; (Xi, Ti) o (X, T;) &)
j=1

j= 1

CJy 1
<
T on =0 <nh>

by (C2), (C5) and Lemma A.1(i). Therefore ||é]3 = O, (n~'h~1). This, to-
gether with [A0), prove || —m|, = O, <hp+1 + W) The second part of
Theorem 3 follows from Lemma 1, which entails that for C > 0, |[7h —m||3 >
C [Zfil {(@lo —a0)” + 3262 lléus — alsH%H-

Proof of Theorem 1. By (&), one only needs to show |E,d;s| = O,(hPT!
1/nh), for 1 <1 < dy,1 < s < dy. Note that |E,dys| < |Ep {ays — aus | +
|Enays|, where

|En {dls - als}| < ||6‘ls - als”gm < ||als - alsHQm + ||&ls - als”gm
< ||als - glsHQyn + ||als - glsHQyn + ||64l5 - als”gma

with [Jous = gislly, < llous = Gislloe < ChP*!. Applying Lemmas 1 and A.3, one
has

Qs — gl8||27n < (1+Qn) lJaus — 9ls||2 <(1+Qn)[m— mn”2 =0y (hp+1) )

- _ - _ . 1
H%—mdméﬂ+@Mmrﬂmméu+Qmwm=%( %>'

Thus |E, {aus — ais}| = Op (hp+1 + \/l/nh). Since |Enais| = Op (1/4/n), one
now has |E,d;s| = O, (hp+1 + (nh)_%) Theorem 1 follows from the triangle
inequality.

A.4. Proof of BIC consistency

We denote the model space Mg and the approximation space M,, g of mg
separately as

Mg = { Zaz X) by ou(x) =+ Y ap(ws); s € HS}

SES;

Mu,s = { Zgl X)t; g (x) =ouo+ Y gis(x); g1s € 902}-

SES;
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If S CSp, Mg C Mg, and M, s C My, 5,. Let Projg (Proj, g) be the orthog-
onal least square projector onto Mg (M,, g) with respect to the empirical inner
product. Then 7g at ([B7) can be viewed as: 15 = Proj, ¢ (Y). As a special
case of Theorem 1, one has the following result.

Lemma A.6. Under the conditions of Theorem 1, |ihg —mg|ly, = Op(l/]\ngrl
+ Ns/n)

Now let ¢ (S, m) = ||Projgm—m/|2. One has that if m € Mg,, Projg,m = m,
and c(Sp,m) = 0; if S overfits, since m € Mg, C Mg, ¢(S,m) = 0; if S
underfits, ¢ (S, m) > 0.

Proof of Theorem 2. Notice that

SEg — MSEg, s — 4sy
1 1 ——1
MBS T (14 0y (1)) + B8 g (1)

_ MSEg — MSEg, -
o E{02 (X,T)}(l —I—Op(l)) {1+0p (1)} +n 1 g( )7

BICg — BICg, =

since qs — qs, =< n*/(P+3) and

1 — 5 1w, . 5
MSE;, < - ; {V; —m (X, Ty) )} + - ; {rs, (Xi, T;) —m (X;, Ty)}

= E{o® (X, T)}(1 + 0p(1)).
Case 1 (Overfitting): Suppose that Sy C S and Sy # S. One has
MSE, — MSEy, = [|is — M oll3,, = s — s olls {1+ 0p (1)}

~ 2 —~ 2 _2p+2
< (Js = ml3 + 0 = mll3) {1+ 0, (1)} = Op (0545

Thus lim,,_ 4 {P (BIC; — BIC;, > 0)} = 1. To see why the assumption gg —
qs, =< nl/(2p+3) ig necessary, suppose gs, < n’, with > 1/(2p+3) instead. Then
it can be shown that

nr—l

CE{?(X,T)} {1 +0,(1)}

which leads to lim,_, 4~ {P (BICs — BIC,, < 0)} = 1.
Case 2 (Underfitting): Similarly as in [Huang and Yang (2004), we can show
that if S underfits, MSEg — MSEg, > ¢2 (S,m) + o, (1) . Then

MSE, — MSE,, = —n""tog(n) {1+ 0,(1)},

2 (57 m) + 0p (1)
BICs — BICg, > E{c? (X, T)}1 + 0p(1))

which implies that lim,,_. 4 {P (BIC; — BIC,, > 0)} = 1.

+o0p (1),
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