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Abstract: Multiresolution tree-structured models are attractive when dealing with
large amounts of spatial data in environmental sciences. With the multiresolu-
tion tree structure, a change-of-resolution Kalman filter algorithm has been de-
vised to predict spatial processes in a computationally efficient manner (see, e.g.,
Huang and Cressiel| (1997) and [Huang, Cressie and Gabrosek! (2002)). In this ar-
ticle, we extend the multiresolution tree-structured model to account for multiple
response variables. Despite the increased model complexity, we derive the theo-
retical properties of statistical inference and develop direct and fast algorithms for
computation. For spatial process prediction, we develop a general theory of optimal
projection and generalize the existing change-of-resolution Kalman filter to accom-
modate singularity. For model parameter estimation, we consider a factorization of
the likelihood function to ensure computational efficiency. Moreover, under a fairly
mild condition, we derive the distributional properties of both maximum likelihood
estimates and restricted maximum likelihood estimates. We evaluate the theory
and methods developed here by a simulation study.

Key words and phrases: best linear unbiased predictor, change-of-resolution Kalman
filter, factorization of likelihood function.

1. Introduction

For a spatial random process {Z(s) : s € D}, where D is a spatial domain
of interest in IR?, consider a measurement error model Z(s) = Y (s) + €(s),
where {Y(s) : s € D} denotes a latent process representing the underlying
truth and {e(s) : s € D} denotes independent measurement errors. Traditional
kriging predicts the latent process Y(-) using the best linear unbiased predic-
tor (BLUP), based on data Z(s1),...,Z(s,) at sampling locations si,...,S,.
However, when the data size n becomes large, the kriging methods suffer from
slow computation because they involve operations of order O(n?). Multiresolu-
tion tree-structured models have been developed in recent years to overcome the
computational difficulties by imposing a multiresolution tree structure on the
latent process Y (-). The multiresolution tree-structured model was first pro-
posed by Chou, Willsky and Nikoukhah (1994). [Huang and Cressiel (1997),
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Huang, Cressie and Gabrosek| (2002) and [Zhu and Yue! (2005) further devel-
oped the model to accommodate mass balance across resolutions and applied the
methodology to process spatial data, such as total column of ozone. The main
idea is to partition the spatial domain D into cells {D;; : k = 1,...,N;,j =
1,...,J} in a nested fashion from coarser resolutions to finer resolutions, where
Nj; is the number of cells on the jth resolution and J is the total number of
resolutions. Associated with each cell is a node and the nodes form a multireso-
lution tree structure by in-between-resolution directed edges from a parent node
in Dj on the jth resolution to its children nodes in D(; ) on the (j + 1)th
resolution, where the cell D ;1) is nested in the cell D; . The latent process
Y (-) is aggregated within each cell to y;j = |D; x|~ ij,k Y (s)ds for the kth cell
on the jth resolution. Then the corresponding datum is z;; = y; i + €% where
€k is the corresponding measurement error. Coupled with the multiresolution
tree-structured model is a change-of-resolution Kalman filter algorithm for com-
puting the BLUP of y, which consists of a high-to-low-resolution filtering step
and a low-to-high-resolution smoothing step. In the high-to-low-resolution filter-
ing step, the optimal predictor of y is computed based on the data on the higher
resolutions whereas in the low-to-high-resolution smoothing step, the prediction
is based on all the data. Thus the algorithm involves operations of order O(n)
and is more attractive than kriging for processing large amounts of data.

Here we extend the multiresolution tree-structured spatial linear model (MT-
SLM) in [Huang and Cressiel (1997), Huang, Cressie and Gabrosek! (2002) and
Zhu and Yue! (2005) to account for multiple response variables. That is, we
consider a multivariate version of MTSLM, which we call multivariate mul-
tiresolution tree-structured spatial linear model (MMTSLM). There are sev-
eral challenges in extending the multiresolution tree-structured spatial linear
model from univariate to multivariate response variables. One difficulty is in
the change-of-resolution Kalman filter algorithm. For univariate multiresolution
tree-structured models, the change-of-resolution Kalman filter assumes nonsin-
gularity in the variance matrix involving y to ensure invertibility in the filtering
and smoothing steps. For multivariate multiresolution tree-structured models,
however, the variance matrix may be singular due to possible linear constraints
among the latent variables. Simple adjustment can be made to ensure nonsingu-
larity, but it is in general cumbersome to adjust the multivariate latent processes.
Thus an automatic and more elegant procedure is needed. The other difficulty
is in the statistical inference of the model parameters. In the literature, a pop-
ular parameter estimation is maximum likelihood (ML) using an EM algorithm
(Huang, Cressie and Gabrosek| (2002) and [Zhu_and Yue! (2005)). While the EM
algorithm is numerically stable, its rate of convergence can be very slow. Hence
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it is important to devise a computationally efficient algorithm for model parame-
ter estimation and statistical inference. In particular, Llohannesson and Cressie
(2004) developed a fast and statistically efficient parameter estimation method,
which utilizes a certain specific model parameterization.

Here we propose novel approaches to address both these two concerns. For
spatial process prediction, we develop a general theory of optimal projection
and generalize the existing change-of-resolution Kalman filter to accommodate
singularity. The results are suitable not only for Gaussian processes, but also
general processes with finite second moments. For model parameter estimation,
we consider a factorization of the likelihood function to ensure fast computation.
Furthermore, we utilize statistical linear model theory to derive the distributional
properties of both ML and restricted maximum likelihood (REML) estimates,
which, to our knowledge, has not been explored before.

In Section 2, we describe the multivariate multiresolution tree-structured
spatial linear model (MMTSLM). We develop general optimal prediction theory
and a generalized change-of-resolution Kalman filter algorithm in Section 3. In
Section 4, we establish statistical inference via ML and REML and their dis-
tributional properties. In Section 5, we illustrate the theory and methods by a
simulation study.

2. Multivariate Multiresolution Tree-Structured Spatial Linear Model

2.1. Model specification and assumptions

For the m response variables at each node of a multiresolution tree structure,
we use a measurement error model:

zj,k:yj,k+€j,k7 k‘Zl,...,Nj, jzl,...,J, (1)
where z; = (ij, .-y Zjkm) is an m-dimensional row vector of the response
variables, y; . = (Yjk1,---,Yjkm) is an m-dimensional row vector of the latent
processes, and €;j = (ejkl, ..., €jkm) is an m-dimensional row vector of the mea-

surement errors that captures exogenous variability independent of y; ., for the
kth node on the jth resolution; k = 1,...,N;, j = 1,...,J. We further assume
that the measurement errors {e;k} are independent and follow a multivariate
normal distribution:

GS’kNN(Om,‘I)j), kzl,...,Nj, jzl,...,J, (2)
with mean 0,, = (0,...,0)" and variance matrix ®; = diag{¢;1,...,djm} where
¢ > 0,1 =1,...,m. For the latent process, we assume a linear regression mean

structure:

yj,k:w;»’k,@+uj7k, E=1,...,N;, j=1,...,J, (3)
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where x;; € IRP is a p-dimensional column vector of covariates for each re-
sponse variable of 2z, 3 is a p x m matrix of regression coefficients and w;j =
(Wjk1, - -+ Ujkm) is an m-dimensional row vector of the residual process. Further,
we assume that the tree structure is homogeneous such that within a given reso-
lution, the number of children for each node is the same. We model the residual
process {u;} by a multiresolution tree structure:

wy g~ N(0p, B1),k=1,..., NV,
Ueh(ie) = In; Wik + Wen(ry k=1,... ,Nj,j=1,...,J =1, (4)
Wi~ NO0m, X)), k=1,....N;, j=2,....J,

where Ucp(jr) = [u/ch(j,k,l)’ . ,u’ch(jk’nj)]’ is an n; X m matrix that denotes the
n; children of w;, ch(j, k,i) is the ith child node of (j,k), 1,, = (1,...,1)" and
Weh(jk) = [w’ch(jk’l), . ,w’ch(j,kmj)]’ is an n; X m matrix that denotes the n; error
terms of ch(j,k) and captures random fluctuations independent of ;. More
specifically, the child nodes of (j, k) are {(j +1,(k —1)n; +1),...,(j +1,(k —
1)nj +n;)} and hence the ith child node is ch(j, k,i) = (j + 1, (k — 1)n; + i) for
t=1,...,n;. Here 31 is an m x m variance matrix that captures the covariance
among the m residuals in uq , and X; is an m X m variance matrix that captures
the covariance among the m error terms in wj .

For generality, we assume a flexible correlation structure among the children
Ueh(j,k)- Let up = [ufq,. .. ,u’LNl]’ denote the collection of the residual process
on the coarsest resolution. Then we model u; by an N; X m random matrix that
follows a normal distribution (see, e.g., Appendix C, [Lanritzen | (1996)):

w1 ~ NNy sm (ON, xm, H1 @ 37), (5)

where Oy, xm is an Nj x m matrix of zeros, H; is an N; x N correlation matrix
that captures the correlation among the root nodes and ® denotes the Kronecker
product. We further model the error term wy; ) by an n; x m random matrix
such that

Wen(jk) ™ Nnjxm(onjxm,Hj+1 ®2j+1), k=1,...,N;, j=1,...,J -1, (6)

where H ;1 is an nj x n; correlation matrix that captures the correlation among
the child nodes ch(j, k).

2.2. Alternative model specification via vectorization

For notational convenience, we proceed to vectorize the individual scalar
nodes in the multiresolution tree structure. Let (0,1) denote an imaginary
node on the imaginary Oth resolution, which has the Nj root nodes as its child
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nodes. Then Ny = 1, ng = Ny, and ch(0,1) = {(1,1),...,(1,N1)}. For the
Jjth resolution, let the vector node {j,k} = {(j, (kK — 1)nj—1 + 1),...,(j, (k —
1)nj—1 +nj—1)} denote the group of nodes that share a common parent, where
k=1,...,Nj_1,j=1,...,J. In fact, the common parent of {j, k} is the scalar
node (j—1, k) on the (j—1)th resolution (i.e {j,k} = ch(j—1,k)). We also define
the parent vector node of {j,k}, pa{j,k}, to be the vector node that contains
the scalar node (j — 1, k) (parent of {j, k}) on the (j — 1)th resolution. Since the
number of vector nodes on the jth resolution is the number of (scalar) parent
nodes on the (j — 1)th resolution (i.e., Nj_1), we have k = 1,..., N;_; for {j, k}.

Now, we define a vectorization operator — such that for an n x m matrix A =
laijl,i=1,...,n,5 =1,...,m, vec(A) = A = (a11,...,0m,---,0nl,---,0nm)-
That is A is vectorized by row to form an nm-dimensional column vector (see,
e.g., Chapter 16.2, Harville! (1997)). Now let

Zik=Zen(j-1k)> Yk =Yeng—1.k) Ujk = Uen(G—1,k)s 7

Wik =WDcnii-1k) €k = €h(i—1,k) Xjk = Len(j—1,k) @ Lms

denote the vector of response variables, the vector of the latent processes (original
and residual), the vector of the error terms, the vector of the measurement errors,
and the matrix of the covariates, all of which correspond to the vector node {j, k}.
By the fact that for matrices A, B and C,

vec(A+ B) = A+ B and vec(ABC') = (A® C)B (8)

((B.5), Lanritzen! (1996)), the MMTSLM can be rewritten in vector form as
follows. The measurement error model is

Zix=Y rtejr, ejr~NOp, 1mIn,_, @L;),k=1,...,N; 1,j=1,...,J. (9)
The latent process model is

Yirn=X;sB+Ujy, (10)
and the residual process model is

Ul,lNN(On()mqu@El)? (11)
Ung = Aj,kUpa{j,k} + Wj,ka Wng ~ N(Onj,lma Hj &® Ej),
kZl,...,Nj_l, 71=2,...,J, (12)

where B = B, Ajp=D;,®I, and Dj} is an nj_1 X nj_s matrix consisting of
1,,_, in the ith column and 0,,_, in the other columns if the scalar parent node

(j—1, k) is the ith node within the vector node pa{j, k}. Here W ;. are mutually
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independent and are independent of U 4y r}- Furthermore W ; i represents the
departure of U from its parent Up,(; k-

2.3. Model properties

For the MMTSLM defined in (b)—([IZ), we now explore the mean, variance
and covariance structure of the variables in the model. For this purpose, we
denote the N;_; variables on a given jth resolution by Z;. = (Z7,,..., Z) n,_,)",
Yj = Y. Yy ) U = (Ujy,....Uj ) and Wy = (W),

;’ N, ,)! for the response variables, the latent processes (original and residual),
and the error terms, respectively. Also let X ;. = [X7,,. .., ;',Nj,l]/ denote the
covariates on the jth resolution.

By (ﬂ:ﬂ) and (II2]), Uj+1. = (INj & 1nj & Im)Uj. + Wj+1., E(U]) = Oij,
Var (U1.) = H1 ®@%1, and Var (Uj;1.) = (In; @ 1, @ Iy )Var (U ) (Iy; @ 1, ®
Im), + Var (Wj+1,), where Var (Wj+1,) = INj ® Hj+1 ® 2j+1; 7=1,...,J -1
A simplification of Var (U;.) gives

Var (Uj)=1In, , @ Hj@ X+ In; , @ Hj1® (1o, 1, ) © X
+ -+ Iy OH® (177/2“‘nj711;12"'nj71) ® 3o
HIng @ H1 @ (Lo 1o, ) @ B1,5 =1, . (13)

Further, Cov (U;.,Uj.) = Var (U;.)(In; ®1;, ., ®I), 1 <j<j < J. The
mean, variance, and covariance f Y ;. and Z. follow directly.

The MMTSLM presented here is suitable for modeling observations that are
available at different resolutions, such as those that are collected from multiple
sources. However, in practice, there are usually only observations on one resolu-
tion, such as those that are collected from a single source. Here we focus on the
single-source case of MMTSLM, even though the MMTSLM is suitable for the
multi-source cases. We let 8 = (B’,n’,¢’)" denote the model parameters for the
MMTSLM, with the regression coefficients B, the parameters 1 for the among-
node correlation matrices {H; : j = 1,...,J}, and the parameters ¢ for the
within-node variance matrices {¥; : j = 1,...,J}. To ensure identifiability, the
measurement error variance ®; is assumed to be known for the MMTSLM and
can oftentimes be estimated from external data (see, e.g., [Zhu and Yue! (2005)).
Note that when the measurement error variances increase, the predicted values
of {Y'; 1} tend to be smoother; whereas when the measurement error variances
decrease, the predicted values of {Y ;} tend to be closer to the original data.

2.4. Mass balance property

The mass-balance property introduced by Huang, Cressie and Gabrosek
(2002) and featured in [Zhu and Yue! (2007) can be readily included in the MMT-
SLM defined in (l)—(@) as a special case. A multiresolution tree structure is
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mass-balanced if the average of all the children’s values is equal to their parent’s
value. That is, n;l(lgjych(j7k)) =Y, Where Yo p) = [y/ch(j,k71)’ o 7y:;h(j,k7nj)]/
is an nj X m matrix that denotes the children processes of y; 5, 7 =1,...,J — L.
The mass-balance property ensures that the latent process is consistent when
aggregated across resolutions, which is a condition that most physical processes
satisfy. The following conditions are sufficient for an MMTSLM to have mass

balance:

’I’Lj_1 <1Injuch(j7k)) = ’le7k and nj_l <]-Injmch(j7k)) = m;’k,
k=1,...,N;,  j=1,...,J—1, (14)

where the rows of the matrix ®cyjx) = [Ten(ik,1), - - - ,a:ch(jﬁ’nj)]’ correspond to
the children covariates of ;.. It follows from (@) and ([[d]) that 1;13_ Wen(ik) = Oy
If we assume that H; is compound symmetric, then we can obtain H; = Iy,
and Hjy1 = (n;/(nj —1))(In; — 1n,15,,/ny), 5 = 1,...,J — 1, where Iy, is the
Ny x Ny identity matrix. Further, we can simplify (I3) to

Var (U;.)
’I’Lj_l ’ nj_g 1
=— "IN ®X3;,+ Iy, 1, .1 ——3i - I
nj—l_l NJ® J+ N]*1®( nj-1 n371)®(nj_2_1 Jj—1 nj—l_l ﬁ)
ny 1
+“'+IMﬂ9ﬂme41@qu)®(ny_1 2= 7 >)
+IN1 ®(1n1'~~nj711;L1---nj,1)®(21 - 22)7j = 17"'7J7 (15)

’I’Ll—l

and Cov (U;.,Uj.) = Var (Uj~)(INj®1;zj~~nj,,1®1m)v 1 <j<j <.J. When the
response variable is univariate with m = 1, ([[3) reduces to (9) of [Zhu and Yue
(2001).

3. Generalized Change-of-Resolution Kalman Filter

In this section, we consider optimal prediction of the latent process in the
MMTSLM () — (). First we consider prediction of the residual process U j .
It is well-known that the best linear unbiased predictor (BLUP) is the condi-
tional mean E(U ;|Z) of the latent process U, given the observations Z. For
normal distributions, the BLUP is also the best unbiased predictor (see, e.g.,
Harvey (1989, Sec. 3.2.3)). Computing E(U j;|Z) usually involves operations of
order O(n?) and can be computationally inefficient for large n. For a univariate
response variable, a change-of-resolution Kalman-filter algorithm has been de-
veloped to obtain the BLUP. It exploits the multiresolution tree structure and
involves operations of only order O(n) (see, e.g., IChon, Willsky and Nikoukhah
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(1994), Huang, Cressie and Gabrosek| (2002) and Zhu and Yue! (2005)). How-
ever, the existing BLUP theory and change-of-resolution Kalman-filter algorithm
for univariate MTSLM assume that any variance matrix involved is nonsingular
and thus invertible. For MMTSLM, however, a variance matrix can be singular,
and for a normal distribution it is said to be singular normal (see, e.g., Searl
(1997, Chap. 2.7)). An example would be when the m latent variables in U
are subject to linear constraints. One approach to deal with the singular nor-
mal problem is to reduce the dimension of the residual process by transforming
the residual process to a new variable that has a nonsingular variance (see, e.g.,
Appendix D, [Luettgen | (1993)). The dimension-reduction approach can be cum-
bersome in the case of multiple response variables, because different problems
may require different ways of reducing the dimension. Thus it is unclear how to
extend the BLUP theory and the change-of-resolution Kalman-filter algorithm
from univariate MTSLM to MMTSLM. Here we develop a general theory of op-
timal prediction, based on which we derive a generalized change-of-resolution
Kalman-filter algorithm. Our approach bears similarity to [Luettgen! (1993) and
Luettgen and Willsky | (1997), who also allow for singular variance matrices, but
our approach is more general because we allow for multiple response variables,
flexible mean and variance structures, and missing observations. Further, our
derivation of the change-of-resolution Kalman-filter algorithm is based on gen-
eral theory of optimal prediction and does not assume normal distributions, which
can be of independent interest in the Kalman filter literature. Related work in-
cludesllgrgensen, Lundbye-Christensen, Song and Sun| (1999), which considered
optimal prediction theory for longitudinal data.

3.1. General optimal prediction theory

Following the notation in Chapter 2 of Brockwell and Davis| (1991), we con-
sider the space L%(Q, F, P), which is the collection of random variables defined
on a probability space (2, F, P) with finite second moments. Here we abbreviate
L?(Q), F, P) to L%. For y1,y2,y € L?, define an inner product (y1,y2) = E(y1y2)
and a norm (or distance) as ||y| = (y,y'/?) = \/E(32). Equipped with this
inner product, L? is a real Hilbert space (Brockwell and Davis (1991, Example
2.2.2)). For 21,...,2, € L?, define a closed subspace of L? as 5p{1,21,...,2,} =
{u+prer+ 4 Buzn: p€IR, B € IR, i = 1,...,n}. For y € L?, the
optimal linear predictor of y in term of {z; € L? : i = 1,...,n} is defined as
the element in 5p{1, 21, ..., 2,} that has the smallest distance from y. Theorem
2.3.3 of Brockwell and Davis| (1991) establishes the existence and uniqueness of
the optimal linear predictor. Now, we extend the definition of optimal linear
predictor to multivariate random vector Y = (y1,...,ym). We define the space
L2, as the collection of m-dimensional random vectors whose elements belong to
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L% For Y1,Ys,Y € L2, define an inner product as (Y1,Y2) = E(YY?2) and a
norm (or distance) as [|[Y|| = (Y, Y ') = \/E(Y'Y). It follows that L2, is also a
real Hilbert space. For Z = (z1,...,2,) € L2, define a closed subspace 3p{Z}™
of L2, as the collection of m-dimensional random vectors whose elements belong
to sp{1,21,...,2n}. Then the optimal linear predictor of Y given Z is defined
as the element in sp{Z 1™ that has the smallest distance from Y. Adopting no-
tation from Llgrgensen, Lundbye-Christensen, Song and Sun! (1999), we denote
the optimal linear predictor of Y given Z and the corresponding mean-squared
prediction error (MSPE) as Y'|Z ~ [myz, Cy|z], where my,, denotes the op-
timal linear predictor of Y given Z and Cy |z = E[(Y —my z)(Y —myz)] =
Var (Y —my|z) denotes the corresponding MSPE. For ease of notation, we some-
times write m(Y'|Z) = my |z and C(Y|Z) = Cy .

For Y € L2, we use Y ~ [uy, Yy y] to denote that the mean of Y is py
and the variance is ¥y-y-. For (lZ/) ~ [(ﬁ‘z’), <§}Z/§ ;Z;)] , we establish the
following results about optimal linear prediction.

Theorem 1. For Y = (y1,...,ym) € L2, and Z = (z1,...,2,) € L2, the
optimal linear predictor of Y given Z exists and is unique with E(my‘z) = Wy
and Cov (Z,Y — my|Z) = 0,,xm.-

Theorem 2. For' Y = (y1,...,ym) € L% and Z = (z1,...,2,) € L2,
the optimal linear predictor Y|Z ~ [my|z,Cyz] is given by my|; = py +
EYZE}Z(Z —pyz) and Cy |z = Syy — EYZZJJZFZZZY where EJZFZ s the unique
Moore-Penrose pseudo inverse of Xzz. If Y and Z have normal distributions,
then my |z = E(Y|Z) and Cy; = Var (Y'|Z).

The proof of Theorems 1 and 2 are given in Appendix I. Theorem 1 es-
tablishes the existence and uniqueness of the optimal linear predictor whereas
Theorem 2 gives the explicit forms of the optimal linear predictor and the cor-
responding MSPE. Although we restrict our attention to random variables with
finite second moments, the variance matrix does not need to be nonsingular. Fur-
ther, the results apply to but are not restricted to the case of normal distributions.
Finally the theorems provide us with an elegant way of deriving a generalized
change-of-resolution Kalman filter algorithm when the variance matrices are not
necessarily nonsingular.

3.2. Generalized change-of-resolution Kalman filter

Using Theorems 1 and 2, we derive here a generalized change-of-resolution
Kalman filter algorithm based on the MMTSLM (A — (2), which provides an ef-
ficient way of computing the optimal linear predictor {Ujk ck=1,...,Nj_1,j =
1,...,J} and involves two steps: a high-to-low-resolution filtering step followed
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by a low-to-high-resolution smoothing step. In the filtering step, the algorithm
moves from finer resolutions to coarser resolutions, recursively computing the
optimal predictor of the latent process based on the data on relevant higher res-
olutions. Once the coarsest resolution is reached, the algorithm goes back from
coarser resolutions to finer resolutions, recursively computing the optimal pre-
dictor of U} on each resolution based on all the data. In the final step of the
recursion, the optimal prediction of {U;;}, given all the data, is achieved.

Denote {j',k'} < {j,k} if {j/,k'} is a descendant vector node of {j, k} and
let vjx = Z{Z, is observed} denote whether all the observations at {j,k} are
observed. In the high-to-low-resolution filtering step, we start with the finest
resolution J and compute, for k=1,...,Nj_1;

U nior =mU k| Zacigny) =105V sk (Vapt+In, ,@8) " (Z - X 15 B),(16)
Voikok = CWU k| Zaersny) =V ap — 1k Var(Vip+In, , @ @)V, (17

where Z (4 = {7k Z sk}, and V = Var (U ) =10, ,1,, ) @ (D721 55)
+H; ® ¥; can be obtained from Var (U;.) in ([[3)). As we move from the
resolution j = J — 1 to the coarsest resolution j = 1, we compute, for a given
vector node {j, k},

Ujrieniinis = MUkl Zacientjniny) = BentjrisUenfimirieniiniy,  (18)
Vi kieniikiy = C Ukl Z degenijh,iny)
= Bch{j,k,i}Vch{j,m‘}|ch{j,k,i}B'ch{j,k,i} + Renfjk,iys (19)

where Zgejny = {1Zjn v = LG K} < {j,k}} denotes the descendants
of Z; including Z;x, ch{j, k,i} denotes the ith vector child node of {j,k},
Benjkay = Vjva/ch{j,k,i}V:h{j,k,i}’ Rengjriy = Vik = V5, kA h{ij}Vch{]lm}
Ach{jym}Vj,k, i=1,...,nj_1, and + denotes the Moore-Penrose pseudo inverse.
Here V= Var (U, ) = (1n;,1 nj 1) (Z] i)+ H;@%; and V oy ki) =
Var (U enfjkiy) = (L, 15,,) © (ZJ, 1 Xj) + Hji1 ® X4 can be obtained from
Var (U;.) and Var (U]+1,) as defined in (I3)). Further,

nj—1

Ujrijr=mWU ikl Zggny) = Vi ki (Z Vg ken (ks U kleh i, kz}) (20)

njl
*

+
A * +
Vikjk = CW ikl Z5eq;0y) = { Vi kleh Gk} — ka)} ;o (2D)
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A

Ujiijk =mU;k|Z gejny)
= Vj,klj,k {'Yj,k(Injfl ® q)j_l)(ZLk - X;xB) + (Vj,k\j,k)+0j,k\j,k}7 (22)
Vj,k|j,k =C(UjklZ jegjry)

~ %

=Vimtik = VikV ik (Ve + sy @ @57V ke (23)

where Z3 i ={Zjp vy = LK Y < {4, kF {5 K} # {4, k}} denotes
the descendants of Z;; not including Z ;. At the end of the filtering step, the
root vector node is reached and hence the BLUP for {1,1} is

Ui=mU.4|Z) = ﬁ1,1|1,17 Vii1=CU.141|2Z) = V1,1|171, (24)

where Z = {Z;, : vjxy = 1L,k =1,...,N;_1,j = 1,...,J} consists of all the
observations.
In the low-to-high-resolution smoothing step, we move from the coarsest

resolution j = 2 to the finest resolution j = J and compute for a given node
{j,k}, where k =1,...,N;_q,

Uik =mU;xlZ) = Uj i+ kU paginy — Upasinylin): (25)
Vik=CWU;rlZ) = Vpin+ Jik(Vpaisr — Viatikyjk) I je  (26)

- o+
where J],k = Vj,k|j,kB;',kVpa{j,k}|j,k: and Bj,k = Vpa{j,k}A;,kV;:k'
In Appendix II, we prove ([6l)— (6] using Theorems 1 and 2.

3.3. Optimal Prediction of {Y;;}

The optimal prediction of the latent processes {Y ;} is achieved in two
steps. First we assume that the model parameters 8 = (B’,n’,¢’) are known
and combine the regression mean and the predicted residual process {IAJ ik}
My, ,|z; 0 = X;xB+m(Uj;i|Z; 6). Then we plug B into the formula My, |Z: 6
to obtain the predictor

Yijr= ij,kIZ; Bm¢ — X kB + mUm\Z; Bn,¢ (27)

where B = [X'Var (Z)~'X|"'[X'Var (Z)~'Z] is the generalized least squares
(GLS) estimate of B. By arguments similar to Harville! (1985), the predictor
Yj,k is the BLUP. The MSPE of the elements in ij can be obtained from the
diagonal elements of the matrix

CU;iZ)+ (X~ Vji..DX) Var (B)(X,r — Vj..DX),  (28)

where V.. = Cov Uk, Z), D = (Var (Z))7!, and X = (X vk = 11
Finally we plug the estimates of 7}, ¢ into (27)— [£8) to obtain the empirical BLUP
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and the corresponding empirical MSPE. To compute the MSPE’s (28)) efficiently,
we propose an algorithm based on the generalized change-of-resolution Kalman
filter as follows. First, we compute C(U ;;|Z) = Vj,k by the generalized change-
of-resolution Kalman filter. Then we obtain Var (B) using (&), to be shown in
Section 4. To compute (X — V.. DX), it suffices to compute V ;.. DX
efficiently. We treat, for the moment, the covariates in X as observations and
process them using the generalized change-of-resolution Kalman filter. More
specifically, let X = [X(l), e ,X(pm)], where X is the ith column of X. For
1 =1,...,pm, we assume

() [a) (2
x (@) oy ’ ;k V+®e

where N =m 3}, vjxnj—1 is the dimension of Z, V' = Var (U), ® = Var (e),
U= U :ve=1)e= (€}t 756 =1)". Since m(U,; | XD) =V, DX,
we can use the generalized change-of-resolution Kalman filter to compute
m(U ;1| X)) as we do with m(U ;| Z). Thus V. . DX = [m(U; .| XY),...,
m(U ;1| X ™) and the operations remain of order O(n). A similar approach

can be taken to compute the covariance of the BLUPs using an operation of order
O(n) (see Yne_and Zhu! (2007) for details).

)

4. Model Parameter Estimation and Inference

Here we consider both maximum likelihood (ML) and restricted maximum
likelihood (REML) estimation of the parameters in the MMTSLM (B)—([I2). Let
Z=(Z e =1, X=Xy =1,U0= Ujy : yr = 1), and
e = (e;Jf : vk = 1)" denote the vectorized observations, covariates, underlying
residual process, and measurement errors, respectively, and let V' = Var (U), ® =
Var (e). Then Z ~ N(X B,V + ®), with log-likelihood function

N 1 1
1og£(9):—510g(27r)_§1ogyV+<1>|—§(Z—XB)’(V+<I>)-1(Z—XB), (29)
where @ = (B’,n’,¢’) is the vector of model parameters, N = m >k Viki—1

is the dimension of Z, and V + @ is invertible by Lemma 3 (ii) in Appendix II.
The restricted log-likelihood function of Z is

N - 1 1
log £.(n,¢) = —%bg(%) + 5 log | X'X| — S log |V + @]
1
—§log|X’(V+'1>)_1X|

—5(Z-XBY(V+®)(Z - XB) (30)
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where B = [X'(V +®) ' X] ' X/(V + ®)~' Z is the ML estimates (MLE) of B
(see, e.g., Smyth and Verbyla! (1996)). Recall that REML estimates (REMLE)
of the variance parameters (n’,¢’)" use a marginal likelihood function that does
not depend on the mean parameters B. Moreover, REMLEs and MLEs are
asymptotically equivalent under mild conditions (see, e.g., Richardson and Welsh
(1994)).

Direct computation of both the MLEs and the REMLEs may not be feasible
for a large data size. In [Huang, Cressie and Gabrosek | (2002) and Zhu and Yue
(2005), statistical inference is based on ML only, and the MLEs are obtained
using an EM algorithm where the latent process is treated as observable but
missing. While the EM algorithm is numerically stable, it often requires a large
number of iterations before convergence is achieved. Here we propose a direct
algorithm, which is of Newton-Raphson type and involves factorization of the
likelihood function according to an ordering of the nodes in the multiresolution
tree structure. Further, we consider the distributional properties of MLEs and
REMLEs, which have not been addressed before.

4.1. Factorization and fast evaluation of the likelihood function

We order the Ny =5 74,k vector nodes on the multiresolution tree structure
and let Z = (Z/,..., 'NZ)’ denote the response variables, where Z; is the vec-
torized observation corresponding to the ith vector node according to a particular
ordering. Then the likelihood function can be factorized to

Nz

LO) = f(Z:10)[[ /(2| Z1s, ..., Z1:6),

1=2
where f(Z;|Z)_1,...,Z1;0) is the conditional probability density function of Z,
given Z;_1,...,Z1,and 6,1 = 2,..., Nyz. For normal distribution, to evaluate
L, it suffices to determine the conditional mean E(Z;|Z;_1,...,Z1;0) and con-
ditional variance Var (Z;|Z;_1,...,Z1;0), 1 = 2,...,Nz. More specifically, we
define a function s : {j,k} — s(j, k) where s(j, k) is the order of vector node {7, k}
and Z5, = {Zj vy = 1,8(4', k") < s(j,k)}. There are different ways of
ordering the vector nodes so that an algorithm similar to the generalized change-
of-resolution Kalman filter in Section 3 can be devised. Here we use an ordering
developed by [Luettgen! (1993). Using the corresponding change-of-resolution
Kalman filter algorithm (see [Yue_and Zhu! (2004) for details), we can obtain the
BLUP ﬁ;’k = m(U;x|Z3 ) and the corresponding MSPE ij =C(U,klZ;5,),
k=1,...,Nj_1,j=1,...,J. Thus the conditional mean and conditional vari-
ance are

Zi=E(ZklZ5,) = m(Z4|25,) = X;6B +Ujy,
Aij = Var (Zj,k’Zj,k) = C(Z]7k’Zj7k) = Vj,k + Inj,1 & q)j,
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and the log-likelihood function can be factorized into
N 1
log £(8) = —=- log(2m) — 5 > log| Al
Vi =1
1 ~S _ ~S
-5 Z (Zjr— X;xB— Uij)/Aj’]i(Zj,k - X;xB-Uj,), (31)
Vi e=1

where A, is invertible because of Lemma 3 (ii) in Appendix II. To compute the
restricted log-likelihood log £.(n,¢), we utilize the property that A;; and Ujk
do not depend on B. It is straightforward to show that,

1 1 1
log £(n,¢) = —5 (N — pm)log(2m) + 5 log| > XXkl - 3 > log| Al

Yj, k=1 Yj,k=1
1 _
V5, k=1
1 ~ ~_S _ ~ ~8
D) Z {(Zj,k_XijB_Uj,k)/AjJi(Zij_Xj,kB_Uj,k)}7 (32)
V5,6=1
where
. -1
B=| 3 XA | X0 XjA0Z,). (33)
Yj,k=1 Vi, k=1
Moreover, we obtain
. _ -1
Var(B) = [X'(V+®)'Xx] ' = [ 3 ngkAjj;Xj,k] . (34)
Vi e=1

The factorization of the likelihood functions ensures a fast computation of the
log-likelihood and the restricted log-likelihood function. Thus we can obtain the
ML and REML estimators using numerical maximization. The variances of the
MLEs are approximated by the inverse of the observed information matrix I(0) =
—9%log L£(0)/0000' evaluated at the MLEs. For B, we use 8% log £(0)/0BOB’ =
— Zyj‘kzl{X;‘,kAj_,linvk} and, for the other elements of I(0), we use numerical
differentiation. Similarly the variances of the REMLESs are approximated by the
inverse of I..(0) = —0%log L.(n,¢)/0(n’,{")d(n,¢) evaluated at the REMLEs.

4.2. Analytical results

For analytical results, we restrict our attention to single-source data without
any missing values. Thus the MMTSLM is Z = XB 4+ U + e, where Z =

( {],17"'7 {I,N(],l)x U = ( :1717”‘7 {I,N(],l)x e = (ef],lf“?ef],NJ,l)/v X =
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[ {1,17 e, X f, N Jﬂ]/ and B = B correspond to the response variables, the residual
process, the measurement errors, the covariates, and the regression coefficients,
respectively. That is, Z ~ N(XB,Q), where Q =V +®, V = Var (U), ® =
Var (e) = In,®@® 7, and @ is a full rank m xm diagonal matrix which is assumed
to be known or estimated from external data (see, e.g., [Zhu and Yue! (2003)).
Further, we restrict our attention to the case where €2 can be decomposed as

J
Q=) a;(4;09)), (35)
j=1
where a; = Nj/Nj = nj---nj-1, j = 0,....,J -1, a5 =1, A; = [In; ®
(1%1{1 )]/a; is an N; x N matrix with j = 0,...,J and ¥, is an m x m
semi-positive definite matrix with j = 1,...,J. Define
J
D;=) ¥, j=1,..,/J
k=j

Here we assume that € and D; are invertible. For example, we consider two
special cases of (BH). One case involves independence among the child nodes.
From (&) and H; =I,, ,,j=1,...,J, we have £ = Var (Z) = E}'le a;(A; ®
¥,), where ¥; = %;, j =1,...,J —1 and ¥; = 3; + ®;. The other case
involves mass balance. From ([I), we have Q = Var (Z) = ijl aj(A; @ ¥;),
where W1 = 3, —(1/(n1 — 1)) X2, ¥; = (nj—1/(nj—1 — 1))%;—(1/(n; — 1)) 541,
jZQ,...,J—l, and ‘I’J: (nj_l/(nj_l — 1))2J+‘I>J.
We define the following m x m matrices of sum of squares

SSo(B) = (2 — zB) Ag(z — zB), (36)
55,(8) = (= — 2B)/[A; — A;i)(z — @B).j = 1... . (37)

J
SST(B)=(z —zB)Aj(z —zB) = (z —x08) (2 — zB) = ZSS] ),
=0

where, for ease of presentation, z = [2/,....2 v |, & = [zs1,...,2)N,],

u = [u;,....,u;y ], and € = [€/},,...,€, 5 ] are written in matrix forms
’ VT ) s VT

based on the scalar nodes corresponding to the response variables, the covariates,

the residual process, and the measurement errors, respectively. It follows that

z=zB+u+eand Z =2, U =1u,e=€, X =x®1I,, and B = . Hence

from ([29) and Lemmas 8 and 9 in Appendix III, we have

J
m 1
log(2m) — 5 [Nl log |D1| + Z;(Nj — Nj_1)log |Dj\]
‘7:

log £(0) = —

J
—% tr[SSo(8) DT Y] + ;tr[SSj(,@)D;l]]. (39)
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Similarly, from (B) and Lemmas 8 and 9 in Appendix III, we have
N, —
05 £,n.€) =~ L™ o 0) 1L tog | X' x|

J
| .
——[Nllogypl\JrZ N; — N;_1)log|D; \] — 5 log| X' X|
=2

—% [Z 2[SS;(8)D; ] + tr[550(B) D7) (40)

where 3 is obtained from vec(8) = B = [X'Q ' X] 1 [X'Q~' Z].

To obtain the MLEs and REMLESs, we differentiate the components of (BJ)
and (#0) with respect to the parameters. Using Lemmas 10 (ii), 11 and 12 in
Appendix III, we differentiate log £(0) in (29]) with respect to B, and differentiate
log £(0) in ([BY) and log L.(n,¢) in () with respect to Dj_l, j=1,...,J, such
that

0log L(0)

b=— 5 = X'Q'z-X'Q'XB, (41)
_ dlogL(0) {%Da — L(S51(8) + 5S(B)) ifj=1, )
' opj! Ni-Niapl 1558 itj=2...,J,

M= 81022 (717 6)

. (43)

%D; - §[nlP(A1® Q)] — H(SS1(B) + SS0(B)) it j =1,
] Si(B) ifj=2,....J,

N DLl P((A;— A1) © Q)

where we use [g(h,1)]n; to denote a matrix whose (h,7)th element is g(h,i), P =
X [X'0'X] ' X', and Q),; is an m x m matrix with 1 for the (h,i)th element
and 0 otherwise. For an element 6; € (n/,¢’)’, by Lemma 10 (vi) in Appendix III
the score functions are

o o /0D
812796(0):“ [(ali?ng_(le))< 00; >]’ )
08 Lo (1 og L. (n,¢)y' 0D

OB Leml) _y, [(51 gf);? ) (5 )]. (5)

Theorem 3. For the MMTSLM ([@)—([2), under BH), the score functions in
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ED), ) and D) are unbiased. That is,
dlog L(0)\ dlog L(0)\ OlogL.(n,¢)\
(500 . 5(2500)  o(30500)
for 6; € (n',¢’). (46)

It is obvious that E(b) = 0,,,. Lemma 13 given in Appendix III shows that
E(M ;) = 0,4 and E(M;k) = 0,,xm for 7 =1,...,J. Thus Theorem 3 follows

from ([E4) and (EH).

4.3. Special cases

Here we derive the explicit forms of MLEs and REMLEs when & = 1y,
X =1n,®1I,, 8= (1,--.,m) and B = (u1,..., fy,)". That is, the MMTSLM
only has intercepts in the regression mean. Let a denote the MLE of a and a
denote the REMLE of a. By (EI)—E3) and Lemma 14 in Appendix III, we
obtain the estimates of 3 and D along with their expectations and variances,

B=x1y,z E(B) =
Var (3 ) [XQ X =B
Dy = #-S5(B), E(Dy) = M=LD;,

1) =
Var (Dy,;) = e 1(D1m+D1th1z'z'),

Dj; = Wssj(ﬁ)a E(D)) = D;,
Var (ﬁ i) =

Dj = x—=x—55;(8) E(D;)=Dj,

N=w5=1 (D + DjnnDjii),j = 2, J,

1 2 .
N;=n7=1 (Djni + DinnDijii),j = 1, J,

where we note that ljj = ﬁj for j =2,...,J, and Djy; is the (h,4)th element
of Dj,j =1,...,J,h,i =1,...,m. That is, the estimates of 3 and D; are all
unbiased except for the MLEs D1 on the coarsest resolution. Furthermore, we
obtain the exact distributions of the sums of squares S5;(-) as follows.

Theorem 4. For the MMTSLM ([@)—([I2) that has a constant mean for each
response variable, under (B3), SSO(B) = O, SS]-(B) ~ W (N; — N;_1,Dj),
j=1,...,J, where Wy,(N; — Nj_1,D;) denotes an m-dimensional Wishart dis-
tribution with Nj — N;_1 degrees of freedom and parameter D;. Furthermore,
{SSj(B) :j=1,...,J} are mutually independent and are independent of B.

The Wishart distribution is defined as in C.9 of [Lauritzen| (1996). The proof
of Theorem 4 is given in Lemma 15 of Appendix III. The results give the exact
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distributions of the sums of squares SS;(-), which are the building blocks for
D;. The independence among these sums of squares is also a nice feature, and
facilitates the computation of variances in many cases. Even though the results
here are specifically for the MMTSLM, the techniques used for derivation could be
of interest in the linear model theory literature. For example, [Rao and Heckler
(1998) showed analytical results for a multivariate one-way random effects model,
which can be viewed as a special case of MMTSLM with J = 2 resolutions.

4.3.1. Compound symmetry

When the matrices ¥;, j = 1,...,J, are further parameterized, more explicit
forms of the MLEs and REMLEs may be available. Here we consider the case
where W; has a compound symmetry structure with diagonal elements 1;; and
off-diagonal elements %2, j = 1,...,J. Thus the m x m matrix D; also has
a compound symmetry structure with diagonal elements dj; and off-diagonal
element djs, where dj; = Zg:j app and djp = Zg:j apthre, 7 = 1,...,J.
Equivalently, D; = (d;1 — dj2)Im + djol,,1),, where j = 1,...,J. It is easy

to Verify that Dj_l = (1/(dj1 - de))(Im - (dj2/(dj1 + (m - 1)dj2))1m1;n) has
a compound symmetry structure with diagonal elements dj; = 1/dj1 — djo —

dja/(dj1 + (m — 1)dj2) and off-diagonal elements d}, = —dj2/(dj1 + (m — 1)d;2),
j=1,...,J. We have obtained 810g£(0)/8Dj_1 and 8log£*(n,C)/8Dj_1 in
E2)—E3). Now we compute 8Dj_1/80,~. Using (E4)—E3), 8Dj_1/8d;1 = I,
and 9D /dd7, = 1,1}, — I,,, we obtain the MLE and REMLE of d;i, djq:

; N tr[$91(8)] if j =1, "
1= e p
o | e 0ISSUB) ALy, — I ifj=1, )
32 = P e
(Nj—Nj,i)m(m—l) tr[SSJ(IB)(]'m]‘;n - Im)] ifj=2,...,J,

~ 1 R

h= : ifj=1,...
= =,y BESB =L (50)
~ 1 R
djp = tr[SS;(B) (1), — I,)] if j=1,...,J,  (51)

(Nj = Nj—1)m(m —1)

where we note that dﬁ = dei forj=2,...,J,i=12.
Using Lemmas 5 (vii), 15 (iii) and (v), and 16 in Appendix III, for j =
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A

E(tr[SS;(8)]) = (N; — Nj—1)md;1,

Var (tr[SS;(8)]) = 2(N; — Nj_1)m(d3; + (m — 1)d3,),

E(tr[SS;(8)](1m1), — Im)) = (N; — Nj_y)m(m — 1)d;o,

Var (tr[SS;(8)|(1m 1, — Im)] = 2(Nj — Nj—1)m(m — 1)
x |3y + 2(m — 2)dj1dje + (m® — 3m + 3)d3, |

Then the expectation and variance of the MLE and REMLE of dj1,d;s are

B(du) = Mgtdn,  Var (dn) = 2G22(d + (m - 1)d,),

E(dj1) = dj,
V&I‘ (62]1) = m(d§1+(m—1)d32), j:2,...,J,

E(dyp) = M=1d,,,

Ny
Var (di2) = sty [d%l +2(m — 2)dyydiz + (m? — 3m + 3)d§2},
E(dj2) = dja,

(52)

Var (djz) = (Nj—ij)m(m—l) [d?l +2(m — 2)dj1djz + (m* — 3m + 3)d?2]7
j=2. T

Var (djg) = (Nj_ij)m(m—l) [d?l +2(m — 2)dj1djz + (m* — 3m + 3)d§2]7
j=1,....J.

We note that the MLEs and REMLEs are all unbiased with the exception
of the MLEs on the coarsest resolution cill, 6212. In fact, other than the coarsest
resolution, the MLEs and REMLES of the parameters are the same in the case of
constant regression mean. Now we reconsider the two special cases: H; = I nj_1
j = 1,...,J, which we call the independence case, and Hy = In,, Hji1 =
(nj/(nj = 1))(In; —1p;15, /n;), j=1,...,J — 1, which we call the mass-balance
case.
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4.3.2. Independence case

Here © and Dj, j =1,...,J are in fact invertible because of Lemma 3 (ii)
in Appendix II. It is easy to obtain 3; = W; = (D; —Dji1)/aj, j=1,...,J—1,
and X;=W;—®;=D;— ®;. Using @) and Lemma 15 in Appendix III, we
have the MLE and REMLE of X, along with their expectations and variances,

A

Si=L(Di-Dy), BEEG)=3-£
Var (X1p;) = é[\/ar (D1pi) + Var (Dap;)],
3 = +(Dj — Djn), B(%)) = 5,

Var (3j5:) = %_[Var (Djpi) + Var (Dj+1hz-)],

aJ
ji=2,...,J—-1,
3;=D;— &y, E(XA:JA):EJ’ .
Var (X 1) = G%Var (D jni),
J
Ej:alj(Dj—Dj-f-l)yE(zj):Ej’ B -
Var (34:) = 5 [Var (D) + Var (D 14)],
J
j=1,...,J—-1,
EJ:DJ—@Jy E(ZNIJ):EJ’

Var (X p;) = %Var (Dth'),

where we note that ﬁlj = flj forj=2,...,J.

If 3; has a compound symmetry structure with diagonal element o j; and off-
diagonal element o2, j = 1,...,J, and ®; has a compound symmetry structure
with diagonal element ¢ ; and off-diagonal element 0, then the m xm matrices D
has a compound symmetry structure with diagonal element d;; and off-diagonal
element djo, where dj; = Zg:j aior1 + ¢y and djz = Zg:j aroro, j=1,...,J.
Hence using (ER)—(&2), we have the MLE and REMLE of ¢;1,0j2 along with

their expectations and variances,
011 = %(dn —do1), E(611) =011 — %,
Var (611) = é[\/ar (d11) + Var (da1)],
oj1 = a%.(cfjl —djs11), E(6j1) = o)1,
Var (6;1) = = [Var (dj1) + Var (djy11)],j = 2,...,J -1,
J

61 =dy — by, E(61) =0y, Var(6s1)= Var(d),
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612 = =(diy — dpg), E(612) = 015 — 3,
Var (612) = %[Var (d12) + Var (das)],

62 = o5 (dj2 — dji12), E(6j2) = oj2,
Var (652) = %[Var (djg) + Var ((ijﬂ ), i=2,...,J—1,
J

&9 = dja, E(6y2) = 052, Var(679) = Var (d2),

5j1 = a%-(del — de+1 1), E(&jl) = O‘jl, (54)
Var (651) = [Var(d )+ Var (dji11)],5=1,...,J—1,

G =dn— ¢y, E(651) = o1, Var(Gs1) = Var(ds),

G2 = - (dj2 — djr12), B(Gj2) = o),
Var (6;2) = %[Var (dj2) + Var (djy12)],j = 1,...,J—1,
J

5o = dja, E(652) =072, Var(ds2) = Var (d),

where we note that 6, =07 for j =2,...,J,1=1,2.

4.3.3. Mass-balance case
Here Q and Dj,j =1,...,J, are in fact invertible because of Lemma 3 (ii)

in Appendix II. Moreover

D o a1+ Py if j =1, (55)
-Eg a =
g _.k F aJlE—I—‘I’J ifj=2,...,J.

Hence using (E), we have the MLE and REMLE of X, along with their expec-
tations and variances:

= L(Di-®), E®)=3%-F Var(Si) = ZVar (Di),

™M ’Ed>

j =" (D, - @), B(S) =3,

aj_1
Var () = MV&I‘ (Djpi)yj =2, J,

17 2 o 1 = (56)

o (D1 —2,), E(Z) =%, Var(Zi) = a7 var (D1hi),

)_Mz
||

n 1
LS (D) - @), B(3) = 55,
Var (Ejhl) - MV&T( ]hi)vj = 27' . '7J7

j 1

2
||

where we note that ﬁ]j = f]j for j=2,...,J.
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If we assume X; has a compound symmetry structure with diagonal ele-
ment o1 and off-diagonal element o2, j = 1,...,J, and ®; has a compound
symmetry structure with diagonal element ¢ ; and off-diagonal element 0, then
the m x m matrices D; has a compound symmetry structure with diagonal el-
ement dj; and off-diagonal element djo where diy = a1011 + ¢, di2 = ai012,
dj1 = (aj-1/(nj—1 —1))oj1 + ¢y, and djp = (a;-1/(nj—1 —1))ojo2, j =2,...,J.

Hence using ([@8)— (B2), we have the MLE and REMLE of 01, 02 along with

their expectations and variances,

o = L(07/11 —0J), E(61) =011 — %, Var (611) = %Var (d11),

N 1
61 = M2 (djy — bg), E(Gj1) = o1,

aj_1
Var (651) = ("JQAVM (dj1),j=2,...,J,

J

G12 = =dha, E(612) = 012 — %, Var (612) = %Var (d12),
. 15 .
Gja = " —djo, E(6j2) = 0j2,

Var (6j2) = MV&F (dja),j =2,...,J,
J

o1 = L(07/11 —¢7)), E(@1u)=o0n, Var(on)= éVar (d11),

- 1
G =" (dj1 — ¢y), E(6,1) = 01,

a;
a Var (61) = ("’J#Var (dj1),j=2,...,J,
512 = dia, E(612) = 012, Var (612) = 5 Var (d12),
Gjo = Mtmdy, B(Gj2) = 0j2,
Var (62) = (n—J?ﬁVar (dj2),7=2,...,J,
where we note that 6,; = ¢;; for j =2,...,J,1=1,2.

5. Simulation Study

Here we conduct a Monte Carlo simulation to evaluate the theory and meth-
ods concerning the ML and REML estimators in Section 4. For the multireso-
lution tree structure, we focus on a 4-resolution quad-tree (i.e., J =4, n; = 4,
j=1,2,3). For the MMTSLM, we consider the case of single-source 3-variable
data without missing values, but with mass balance and compound symmetry
in the variance structure (i.e., m = 3, Hy = I, H; are compound symmetric,

Jj = 2,3,4, and X; are compound symmetric, j = 1,...,4). The parameters
associated with 3; are the diagonal entries oj; and off-diagonal entries oo,
j = 1,...,4. The value used for the variance of measurement error is set at

¢ = 50.
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By varying the number of root nodes on the coarsest resolution (Nj), we
vary the size of the data (N). Here we consider Ny = 16, 64, which correspond
to data size N = 1,024, 4,096. For each data size, we consider two MMTSLMs,
one with constant and the other with regression means for the response variables.
In the case of constant means the parameters are 3 = (511, f12, f13), which are
the intercepts for the 3 response variables. In the case of regression means, the
Bii Bz Bz
P21 Boa a3
B31 Bs2 Bs3
Ba1 Baz Ba3

parameters are 3 = . The true parameter values are shown in

Tables 1—4.

Table 1. Maximum likelihood estimates (MLE) and restricted maximum like-
lihood estimates (REML) for a multivariate multiresolution tree-structured
spatial linear model (MMTSLM) with a 16-root, 4-resolution, quad-tree
structure and with constant means. Reported are the true parameters, rel-
ative bias (R-bias), variance, and mean squared error (MSE) based on both
theory and 1,000 MLE and REML estimates computed by analytical formu-
las and numerical maximization.

Theory Formula Maximization
MLE Truth|R-Bias Variance = MSE|R-Bias Variance = MSE |R-Bias Variance @ MSE
011 200.0| -0.06 1605.98 1763.45| -0.07 1440.07 1616.07| -0.24 1128.06 3366.98

012 -20.01 -0.06 653.94 655.51| -0.14 652.55 659.94| -0.36 373.24 424.17
21 100.0f 0.00 148.25 148.25| 0.01 152.29 152.66| 0.01 280.61 281.32
022 -10.0f 0.00 60.61  60.61| -0.09 61.02 61.72] -0.04 95.01  95.06
031 50.0f 0.00 12.42  12.42| 0.01 12.93 13.02| 0.01 19.43 19.73
032 5.0/ 0.00 7.28 7.28| -0.01 6.85 6.84 -0.04 20.35  20.37
a1 25.01 0.00 3.40 3.40( 0.01 3.58 3.63| 0.01 5.60 5.65
042 2.5 0.00 1.84 1.84| -0.02 1.77 1.77) -0.01 1.78 1.78
B 40.0f 0.00 12.55  12.55| 0.00 12.81 12.80| 0.00 12.88  12.87
B2 20.0f 0.00 12.55 12.55| -0.02 13.46  13.46| -0.01 13.48 13.48
13 10.0f 0.00 12.55 12.55| -0.01 13.07  13.07| -0.01 13.12  13.12

REML Truth|R-Bias Variance MSE |R-Bias Variance = MSE |R-Bias Variance MSE
011 200.0 0.00 1827.25 1827.25| -0.00 1638.47 1637.51| -0.23 1180.49 3289.35

012 -20.01 0.00 744.04 744.04| -0.09 742.46 744.58| -0.36 397.03 447.71
021 100.0| 0.00 148.25 148.25| 0.01 152.29 152.66| 0.02 271.95 274.32
022 -10.0f 0.00 60.61 60.61| -0.09 61.02 61.72] -0.05 96.15  96.28
031 50.01 0.00 12.42 1242 0.01 12.93 13.02] 0.02 21.40 22.19
032 5.0/ 0.00 7.28 7.28| -0.01 6.85 6.84 -0.05 26.40  26.45
o41 25.0f 0.00 3.40 3.40( 0.01 3.58 3.63| 0.01 5.63 5.66
042 2.5 0.00 1.84 1.84| -0.02 1.77 1.77| -0.03 2.69 2.69
B 40.0f 0.00 12.55  12.55| 0.00 12.81 12.80| 0.00 12.85 12.84
D12 20.0f 0.00 12.55 12.55| -0.01 13.46  13.46| -0.01 13.48 13.47

13 10.0{ 0.00 12.55 12.55| -0.01 13.07  13.07| -0.01 13.11 13.11




1004 WEI YUE AND JUN ZHU

Table 2. Maximum likelihood estimates (MLE) and restricted maximum like-
lihood estimates (REML) for a multivariate multiresolution tree-structured
spatial linear model (MMTSLM) with a 16-root, 4-resolution, quad-tree
structure and with a regression mean. Reported are the true parameters,
relative bias (R-bias), variance, and mean squared error (MSE) based on
1,000 MLE and REML estimates computed by numerical maximization.

MLE REML

Truth | R-Bias Variance MSE | R-Bias Variance MSE
o11 200.0 -0.36 987.63 6290.50 -0.37 979.96 6357.72
o012 -20.0 -0.60 358.16 500.70 -0.58 366.44 502.28
o091 100.0 0.02 209.56 214.16 0.03 227.42 235.52
o990 -10.0 -0.05 123.01 123.11 -0.04 107.64 107.72
031 50.0 0.06 30.92 39.26 0.07 27.12 40.96
039 5.0 -0.03 22.37 22.36 -0.05 38.89 38.91
o041 25.0 0.02 24.90 25.25 0.02 12.38 12.59
042 2.5 -0.04 29.10 29.08 0.04 8.72 8.72
B 100.0 0.00 20.69 20.72 0.00 20.56 20.58
B2 50.0 0.00 21.20 21.18 0.00 21.11 21.09

P13 25.0 -0.01 21.61 21.70 -0.01 21.38 21.47
P21 40.0 0.00 0.00 0.00 0.00 0.00 0.00
Ba2 10.0 0.00 0.00 0.00 0.00 0.00 0.00
P23 20.0 0.00 0.00 0.00 0.00 0.00 0.00
Bs1 20.0 0.00 0.00 0.00 0.00 0.00 0.00
B32 40.0 0.00 0.00 0.00 0.00 0.00 0.00
B33 10.0 0.00 0.00 0.00 0.00 0.00 0.00
B 10.0 0.00 2.17 2.17 0.00 2.17 2.17
Ba2 20.0 0.00 1.94 1.94 0.00 1.92 1.92
Ba3 40.0 0.00 2.10 2.09 0.00 2.07 2.07

For each of the four cases (two sample sizes and two types of regression
means), we simulate S = 1,000 data sets based on the corresponding MMTSLM
evaluated at the true parameter values. For each data set, we compute the ML
and REML estimates using numerical maximization. In addition, in the case of
constant means, we have the explicit formulas (BZ) for the ML and REML esti-
mates. Based on S = 1,000 ML and REML estimates, we compute an estimate
of the mean and variance of the ML, and REML estimates. Using these mean and
variance estimates, we obtain an estimate of the relative bias (R-bias), variance,
and mean squared error (MSE) of the ML and REML estimates. Again in the
case of constant means, we have the explicit formulas (B1) for the R-bias, vari-
ance, and MSE for the ML and REML estimates. Here the empirical relative bias
is defined as the average estimates minus the true parameter value and divided
by the true parameter value.
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For the constant-mean MMTSLM, the results are shown in Tables 1 and 3.

First, the results suggest that our analytical results are correct, as the ML and
REML estimates using the explicit formulas match well with the empirical R-bias,
variance, and MSE. Second, the theoretical and empirical results match quite
well with the ML and REML estimates obtained from numerical maximization,
except for some of the variance parameters on the coarser resolutions.
the maximization procedure works reasonably well and so does the change-of-
resolution Kalman filter algorithm we use to evaluate the loglikelihood functions.
We suspect that the under-performance of the variance estimates on the coarser
resolutions is due to the smaller number of nodes on these resolutions. Finally,
as the data size increases, there is a decrease in the R-bias, variance, and MSE,
as one would expect.

Table 3. Maximum likelihood estimates (MLE) and restricted maximum like-
lihood estimates (REML) for a multivariate multiresolution tree-structured
spatial linear model (MMTSLM) with a 64-root, 4-resolution, quad-tree
structure and with constant means. Reported are the true parameters, rel-
ative bias (R-bias), variance, and mean squared error (MSE) based on both
theory and 1,000 MLE and REML estimates computed by analytical formu-
las and numerical maximization.

Thus

Theory Formula Maximization

MLE  Truth | R-Bias Variance MSE |R-Bias Variance MSE | R-Bias Variance

MSE

o11 200.0 -0.02 421.57 431.41 -0.03 420.37 465.73 -0.12 609.82 1176.96
012 -20.0 -0.02 171.66 171.76 -0.01 197.42 197.26 -0.16 156.26  166.04
021 100.0 0.00 37.06 37.06 0.00 40.20 40.16 0.00 131.07 130.94
022 -10.0 0.00 15.15 15.15 0.00 15.15 15.14 0.01 18.33 18.31
031 50.0 0.00 3.10 3.10| -0.00 3.46  3.45 0.00 5.24 5.24
032 5.0 0.00 1.82 1.82 0.03 1.91 1.92 0.03 1.96 1.98
o411 25.0 0.00 0.85 0.85 0.00 0.83 0.83 0.00 1.10 1.10
042 2.5 0.00 0.46 0.46 -0.01 0.49 0.49 -0.01 0.50 0.50
B11 40.0 0.00 3.14 3.14 0.00 3.45 3.45 0.00 3.48 3.48
B12 20.0 0.00 3.14 3.14 -0.01 3.50 3.52 -0.01 3.52 3.53
Bis 10.0 0.00 3.14 3.14 0.00 3.44 3.44 0.00 3.42 3.42
REML Truth | R-Bias Variance MSE | R-Bias Variance MSE | R-Bias Variance MSE

o1l 200.0 0.00  435.06 435.06| -0.02  433.83 446.98| -0.12  599.62 1208.84
012 -20.0 0.00 177.15 177.16 0.01  203.74 203.55| -0.17  155.13 165.99
o21 100.0 0.00 37.06 37.06 0.00 40.20 40.16 0.00 13349 133.39
022 -10.0 0.00 15.15 15.15 0.00 15.15 15.14 0.01 18.62 18.62
031 50.0 0.00 3.10  3.10( -0.00 3.46  3.45 0.00 5.07 5.09
032 5.0 0.00 1.82 1.82 0.03 1.91 1.92 0.03 2.03 2.06
oa1 25.0 0.00 0.85 0.85 0.00 0.83 0.83 0.00 1.13 1.13
042 2.5 0.00 0.46 046 -0.01 049 049| -0.00 0.50 0.50
B11 40.0 0.00 3.14 3.14 0.00 345 345 0.00 3.48 3.48
B2 20.0 0.00 3.14 3.14| -0.01 3.50 3.52| -0.01 3.52 3.53
B13 10.0 0.00 3.14 3.14 0.00 3.44 344 0.00 3.42 3.42




1006 WEI YUE AND JUN ZHU

Table 4. Maximum likelihood estimates (MLE) and restricted maximum like-
lihood estimates (REML) for a multivariate multiresolution tree-structured
spatial linear model (MMTSLM) with a 64-root, 4-resolution, quad-tree
structure and with a regression mean. Reported are the true parameters,
relative bias (R-bias), variance, and mean squared error (MSE) based on
1,000 MLE and REML estimates computed by numerical maximization.

MLE REML

Truth | R-Bias Variance MSE | R-Bias Variance MSE
o11 200.0 -0.14 614.92 1386.45 -0.13 617.42 1329.76
o2 -20.0 -0.18 169.45 182.24 -0.18 168.55 180.58
o091 100.0 0.01 142.16 142.91 0.01 143.88 145.00
o990 -10.0 0.02 26.42 26.46 0.02 22.01 22.02
031 50.0 0.01 6.35 6.80 0.02 4.70 5.38
032 5.0 0.03 5.51 5.53 0.02 2.39 2.40
o041 25.0 0.00 1.12 1.13 0.00 1.04 1.04
042 2.5 0.00 0.56 0.56 0.01 0.56 0.56
B 100.0 0.00 4.84 4.88 0.00 4.86 4.89
B2 50.0 0.00 4.82 4.82 0.00 4.78 4.77
B3 25.0 0.00 4.75 4.74 0.00 4.75 4.74
Ba1 40.0 0.00 0.00 0.00 0.00 0.00 0.00
B2z 10.0 0.00 0.00 0.00 0.00 0.00 0.00
B23 20.0 0.00 0.00 0.00 0.00 0.00 0.00
Ba1 20.0 0.00 0.00 0.00 0.00 0.00 0.00
B2 40.0 0.00 0.00 0.00 0.00 0.00 0.00
B3 10.0 0.00 0.00 0.00 0.00 0.00 0.00
Ba 10.0 0.00 0.33 0.33 0.00 0.33 0.33
Baz 20.0 0.00 0.30 0.30 0.00 0.31 0.30
Baz 40.0 0.00 0.33 0.33 0.00 0.33 0.33

For the regression-mean MMTSLM, the results are shown in Tables 2 and 4.
Here we do not have theoretical results to compare to, but we can still evaluate
the performance of the ML and REML estimates. Overall the ML and REML
estimates have small R-bias, except for the coarsest resolution. Again as the
data size increases, there is a decrease in the R-bias, variance, and MSE. Our
experience suggests that the bias in estimating o1 is a consequence of a relatively
large bias in the estimate of 11. Finally, there seems very little difference between
the MLE and REML estimates for the two sample sizes under consideration.
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Appendix I. General Optimal Prediction Theory

Y Syy X
o (5)~ ) (310 507

for all Zy € sp{Z}™, where Zg = p+3Z with p € IR™, 8= 1[84,...,03,,]’, and
B; € IR™,i=1,...,m. It is straightforward to show that f(u,3) = |Y —Z¢|* =
Wy by — 20y + ' e+ 20 By + tr{—=2Bp gy + Bz B8 + Syy — 287y +
BXzz6'}. We minimize f(u, 3) by taking the first-order partial derivatives with
respect to g and 3 using Lemma 1 Harville (1997, Chap. 15).

, we obtain my-|; by minimizing ||Y —Z|

Lemma 1. For an m-dimensional column vector p, an m X n matriz 3, and a
conformable matrixz A that does not depend on p and 3:

0 A ) AL 4 ) D) OUBA)
(iv) %ﬁ‘w/) =B(A+A).
Proof of Theorem 1. By Lemma 1, we have
%ﬂﬁ) =2(p — py + Brz),
%ﬁﬁ) =2(p — py + Bug)py — 22y z + 26377

Setting the partial derivatives to zero, we obtain the normal equations and their
equivalence:

p=py —Bpz, Xzz8 =3Zzy, (58)
IJ/:“’Y_ﬁIJ’Za EZZIBiZEZyiJizlv"'7m' (59)

For any optimal linear predictor my |z = [ + BZ, [ and B must satisfy the
normal equations (BY). Then E(my|z) = E(i1 + BZ) = E(py — Bpy +BZ) =
py +BE(Z — py) = py and Cov (Z, Y — my|z) = Cov(Z, Y — py + By -
BZ) =Xy — EZZB, = 0,,xm where the last equality holds because of (ES]).
Suppose there exists another optimal linear predictor my |z of Y given Z,
thenlet Y = my |z +eand Y = my|z+&. We have E(my ;) = E(my|z) = py
and Cov (my|z — Mmy|z,€ — &) = Oy,xs, because my|z — My, € 5p{Z}™ and
Cov(Z,e — &) = 0yxm. Then 0y = Var (Y —Y) = Var [(my |z — my|z) +
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(e — &)] = Var (my |z — 1vy|z) + Var (e — &). Comparing the diagonal elements
of both sides, since the variance of any random variable in L? is non-negative, we
obtain Var (m,,; —m,,z) = 0 for i = 1,...,m which implies that m,, ; = M, z,
or, my|; = my|yz. Hence the optimal linear predictor of Y given Z is unique.

The following lemma establishes the consistency of the the normal equations
E3).
Lemma 2. The normal equations Xzz3; = Xz, are consistent, where Xz, =

Cov(Z,y;) fori=1,...,m.

Proof. To show that the normal equations are consistent, it suffices to show
that for any a € IR", if &’X 7 = 0, then a’3z,, = 0. Suppose for a € IR",
a'Yy7 = 0,, then Var (@'Z) = &’X7a = 0, which implies that &’'Z = o' .
Hence a/Xz,, = o/ Cov (Z,y;) = Cov (& Z,y;) = Cov (& py, ;) = 0.

Now recall (Searle (1997, Chap. 1.3)) that the Moore-Penrose pseudo in-
verse of a matrix ¥ is the unique matrix 3T which satisfies the following four

conditions:
TR =3, ITETT =T (TTT) =TT and (ZXZT) =IXT. (60)
Furthermore, by transposing both sides of the four conditions in (B0), we obtain

(X" =(=7). (61)

Proof of Theorem 2. Since the normal equations (BEd) are consistent, from
Theorem 1 of Chapter 1.6 of Searl| (1997), one of the solutions of the normal
equations and its equivalence is

~/ ~
p=py —Bpg, Bi =2,5zy,
i zz=2Zy (62)

A~ ~7 .
fo=py —Buyz, B=(Z5,zv).
Then we have my |z = i + BZ = py + B(Z — py) and
, N N,
Cyz = E[(Y —myz)(Y —myz)] = Var (Y — BZ) = Syy — Zy 2B,

due to (B).

Since X7z is symmetric, using (EI]) and the uniqueness of Moore-Penrose
pseudo inverse, we have (X},) = X}, i.e., £} is symmetric. Then we obtain
Mmy|z = Ky + Eyzzgz(z — /"'Z) and CY|Z =Yyy — Eyzzgzzzy. When Y
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and Z are normally distributed, my |z and Cy |z are the conditional mean and
conditional variance respectively (Lauritzen (1996, Proposition C.5)).
Appendix II. Generalized Change-of-Resolution Kalman Filter

First, we recall and introduce some notation. Write {j’, '} < {j, k} if {5’ K’}
is a descendant vector node of {j, k}. Here a node is assumed to be a descendant
of itself. Further,

1;if Z i
Yik =Z{Z;} is observed} = { if Zj. Is observed,

Z=A{Zjr vk =1},
Zde{j,k} = {Zj’,k' : f)/j',k' = 1, {j/,k/} =< {], k}},

Zjle{j,k} = {Zj/7k’ Yk = 17 {j/7k/} =< {.77 k}u {j/7k/} 7é {]7k}}7
Ze{j,k} =Z\ Zgefj )

0; otherwise,

UjrlZaetj ey ~ [Uj,k\j’,k’a Vj,k\jﬂk’]a
Ukl Zgegj oy ~ [ﬁ;k\j’,k’v V;k\j’,k’]v
UjilZ ~[Ujr Vi,
Vir=Var (Ujp),
Vj,k,j’,k’ = COV (Uj,k7 Uj’,k’)y
Bk =V paj i} AjiV i
R =Voainy = Voalimd AjkV A5V patiny
T3 =V itik BV patiy i

Before deriving the generalized change-of-resolution Kalman filter algorithm,
we present some useful results about matrix operations and Moore-Penrose
pseudo inverse in the following lemma.

Lemma 3. For matrices A and B:

(i) If A is an n X n symmetric positive semi-definite matriz, then there exists
an n x m matriz L with full column rank such that A = LL', where m =
Rank(A).

(il) If A is an n x n positive semi-definite matriz and B is an n X n positive
definite matriz, then A + B is invertible.

(iii) If A is an m x n matriz, B is an n x m matriz, and I, + BA is invertible,
then (I, + AB)"' =1,,— A(I,+ BA)"'B.

(iv) If A is an n x m matriz with full column rank and B is an m X n matriz
with full row rank, then (AB)*T = BTA™.



1010 WEI YUE AND JUN ZHU

(v) If A is an n X m matriz, then ATA = Pa and AAT = P,, where
Py = A(AA")"A and Py, = A(A’A)~ A’ are the projections matrices
corresponding to A’ and A, where (A’ A)~ denotes the generalized inverse
of A’A. Moreover PA\A = A, AP, =A", ATAA' = A’/AAT = A’ and
(AN = (A", For matriz B, if Col(A) = Col(B), then P = Pg where
Col(A) denotes the column space of A.

(Vi)If Z = XB+ MU +e, U ~ [0,V], e ~ [0,P], where X, B and M
are deterministic matrices, U and e are uncorrelated , and P is invertible,
then Cyjz = LI+ L'M'P"'ML)'L, my; = Cyz,M'P~'(Z - XB),
C;‘mez = (L)YYL'M'P~Y(Z — XB), and CU‘ch‘mez = my)z
where V.= LL' and L has full column rank.

Proof. See details in [Yne and Zhul (2005).

In the high-to-low-resolution filtering step, we start with the finest resolu-
tion J.

Proof of (I8)— (). For a leaf node {J,k}, k =1,...,Nj_1, if ;1 = 1, we

have
) ) ¥ o)
Z 1k XxB) \Vyp Vip+1I,, 0P,
From Theorem 2, we have optimal linear predictor U j;|Z s ~ [V ju(V sk +

I, ®®)  Zk— XB), Ve —Vie(Vik+In, , ®®;)7 1V ], where
(Vik+1I,, , ® ®;) is invertible because of Lemma 3 (ii). If v, = 0, we have

A

U,;ir=0and VJ7k\J7k = V ;. Hence for a leaf node {J, k},

Upior=704Vie(Vok+In, , @ @) (Z — X 11B),
Vorik=Vik = vxVir(Vig+In, , ® @)V 4

Now we move from the resolution j = J — 1 to the coarsest resolution j = 1.

Proof of (I8)—(I9). From ([2Z), we have

<Upa{j7k}> ~ [(O"j2m>7 <V:na{j,k} Vpa{j,k}A}k)] .

Ujk 0n; vm) " \AjkVpaginy Vik

Then Ui i |Ujk ~ [BjrUjk, Rji]. Hence we have Uik = BjrUjx +§;
where §; ;, = Upagjry — BjxUjx and Var (§; ;) = R;y. From Theorem 1, for
any vector node {j, k}, €, is uncorrelated with U and is also uncorrelated

with {Ujr 2 {3, K'} < j, b} U Zgegj 1y, whose elements can be written as U,
plus error terms and measurement errors that are independent of §; ;.. Similarly,



TREE-STRUCTURED SPATIAL LINEAR MODELS 1011

we have Ui = Bengjk,iyUcn{jkiy + Ecnfjkiy and &epgjk,iy 1s uncorrelated with
Zde{ch{j,k,i}}' Then

ijk|0h{j7k,i} = BCh{j,k7i}UCh{j7k,i}ICh{j,k,i}’
Viklen(ikiy = BeniniyVentikiyieniikitBengjpiy + Benfikips
because &, (; ki 1s uncorrelated with Z gefenjk.iy1-

N ~ %
Next we compute Uj,k\ij and Vj,k|j,k'

Proof of [ZO)—-@I). From &)—2), Ziefchijkriyy = Xde{chijkip} B+
M getenik,inyUjk + €defen{jk,iyy Where X gerenjk,iyy depends on {X jrpr : {5, K"}
€ Tjr}s M geengjr,i}y is a deterministic matrix depending on {A s : {j',k'} €
Tjk}s €defchijk,i}} is a random vector depending on {W ;4 : {j', k'} € T} and
{ejra {0 K'Y € Ty}, and Ty = ({57 K} oy = L4 K < {4, k3

We have Zde{] k} X:le{j k}B + Mde{j k}U.] k + ede{] k‘}’ Where Zde{j k}
(Zde{ch{] ka1}} - Zde{ch{j konj_ 1}}) Xde{j k} — [Xde{ch{] k1}}r o
Xaetenting > Maetiny = Macgenizryy - Mactenginng i) 20 €legj i
= ede{ch{]k 13y ede{ch{]knj .y) - Define Pde{Ch{J»kﬂ}} = Var (€gefch{jki}})
and Pp 1y = Var (ede{J k). Then

Paefenijpenyy - - 0
Pze{j,k} = . T :
0 . Pde{ch{j,k,nﬁl}}

Suppose V' = Lj,kL;k where L is a matrix with full column rank. From
Lemma 3 (iv), we have

A s

Vj,k|j,k = ( ) |:I + L kMde{j k}Pde{j k}Mde{] k}L] k} L
nj—1

* *—1 *
= (L) " [I+L},k(z M e ton s kiny Pefentsiayy™Maetentinivy) Lik | Lk
i=1
nj_1
) L+ Z Vi kientina — (Ei ) L

Tj—1

=V + Z Vinentinay — Vi)

where the third equality holds because of Lemma 3 (vi). Hence

nj—1

e _ + as + T
Vj,k|j,k = {V],k: + |: Z Vj,k‘ch{j,k,’i} - V],k::| } .
=1
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From Lemma 3 (vi),

Ak Ak
ViklikU jkljk
*! x—1 * *
= (L) L)k M e iy Pt Zaeing — Xiegii B)
nj—1
*! *—1
=( ;‘,k)+L;‘,k [ Z Mde{ch{j,k,i}}Pde{ch{j,k,i}}(Zde{ch{j,kﬂ}} _Xde{ch{j,kﬁi}}B)]
i=1

nj—1

= VuenlbtUjwlen i}
=1

Then from Lemma 3 (vi),

nj—1

A% Ak Ak Ak Ak ~ ~

Ujkijr = VikikViklinUjklik = Vikik {Z Vj klentskitU j,klch{j,k,z'}} :
=1

The final step in each update is to compute U ; 1 . and Vj,k| ke

3k,
Proof of ([22)—@3). If v, = 0, then U} ;1 = U7y ; 1, and Vj,klj,k = V;,klj,k'
If yjr = 1, we define X joq; 1y = [X;',kvX:lle{j,k}]/v M geiny = Tn;_ym, M:{ll@{jyk}]/a
€de{j .k} = (e;,kve:zle{j,k})/’ and Pgepjry = diag(In,; ® ®jk, Peg;py)- Then
Zaetiy = (Zin Ziejny) = XaetimB + MaejiyUjs + €deqjny- Hence from
Lemma 3 (vi),

.t _
Vikie = L) (I + L) M Py L) LTy
= (LS )V [T+ L MG Py Ly + L (L, @ @530 Ly ] LT

j7
o .
=V e+ (L)L (L, @ q)j,k)Lj,kL;:k‘

Suppose V;W,k = Qj7kQ;7k where Q) ;; has full column rank. Then

A% Ak A

{Vj,k\j,k = ViV i+ In @ ‘Pa‘)_lv;,ku,k}+
={QiulTn, m — Q(Quu Q) + In, , ©8))71Q;4]Q) )
{Qj,k[Inj—lm +Q (I, ® ‘I’]-_I)Qj,k]_lQ;,k}Jr
= Q1) Iy _ym + Q) (I, ® ‘I’j_l)Qj,k] Tk

(Q;',lc)+Q;:k + Q) Q) x (I, ® (I)]'_I)Qj,kQ;:k
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Ak _
= Vj,k\j,k + PQj,k (Inj—l ® (I’j I)PQj,k

N _
= Vj,k\j,k + PLj,k (I'ﬂjfl ® (I’j 1)PLj,k
- xt _
=V + (Li) L) (L, © @50 Lk L],
~ o+
= Vikiig
where the second, third and fifth equality hold because of Lemma 3 (iii), (iv)
and (v) respectively. Since V;k\j,k = L;,(I+ L;ij-:kP;;lLjvk)_lL%k, we
have Col(V;’kU,k) C Col(Ljy). Since Rank(V;kU,k) = Rank(L; ), we have
COI(V;,kU,k) = Col(Lj ). Similarly, we have COI(V;M]-JQ = Col(Qj ;). From

Lemma 3 (v), we have Pq,, = Py.

= Py, .. Hence
dikljsk 7

~ %

N X Ak ~_% -1
Viklik = Vikiie = Viklis(Vikir + Ins @ R5) 7 Vg
From Lemma 3 (vi),

N N , 1
ViU gtk = (L) " L5 1M o510 P gty (Zaetiny — Xdejny B)

. I N+ 7/ * x—1 * *

= ( ',k) Lj,k [Mde{j7k,}Pde{j7k}(Zde{j,k} o Xde{j,la}B)
+(I77/j71 ® q)j_,li)(zjlk - Xj,kB)]
~ k- Ak —

=V isOmjn T L) L (I, @ ®70)(Z50 — X1 B),

where the last equality holds because of Lemma 3 (vi). Then from Lemma 3 (vi),

Uj,k\j,k:Vj,k\j,kVIkU,kUj,kU,k
=V ikliaV i kU5t Vi () T L (T, @5 )(Z 50— X 4 B)
:Vj,k\j,k {(Injfl ® (I)j_l)(Zj,k_Xj7kB)+(V;,k\j,k)+ﬁ;,k|j,k} ;
where the last equality holds because from Lemma 3 (vi),
Vj,k|j,k(L;,k)+L;,k
= (Lj)" [I njoam + LM Pai M de{jvk}La’,k] L (L)L,
= (Lj)" [I mycam L Moy Pt M de{j,k}Lj,k] L,
= Vj,klj,k'
At the end of the filtering step, the root nodes are reached and hence the
BLUP’s for {1,1} are

Uii=my,z=Uiipnt, Vii=Cuyz=Vi,



1014 WEI YUE AND JUN ZHU

where Z = {Z1 : vjo = 1,k =1,...,Nj_1,j = 1,...,J} consists of all the
observations.

In the low-to-high-resolution smoothing step, we move from the coarsest
resolution j = 2 to the finest resolution j = J and compute for a given node
{j,k}, where k =1,...,N;_;. We start with the following Lemma.

Lemma 4. m(U jjilvjnjn) = JiamUpaginyinlVipie), where vip;e =
- ~ o+

Zgetiny — M ZGegjiy Zactiny) and T = V056851V pagsky k-

Proof. See details in [Yue and Zhul (2005).

Proof of RB)—®8). v;kjr = Zggjxy — M(Z5eq; iyl Zaefjry) is the infor-
mation provided by the observations Z;e{j K} given Zge(;ry. From Theorem
L, vkje and Zgeqry are uncorrelated. Since 5p{Z}™"—1 = Sp{Z gy U
Zgetip ™ = S0 Zaej iy U Vaeky} 7 and v g and Zgegj gy are un-

correlated, we have U'j,k =m(U;;|Z) = m(Uj,k]Zde{j’k}) + m(UJ-’k\l/j’k‘j’k) =
Uj,k\j,k + m(Uj,k"{j,kU,k)' Define Uj,ij,k = U{’k — Uj,k|j,k- Then Uj,k\j,k 1S
uncorrelated with U x|k and U = U gk + Uj gk Hence

Ujs=Ujpjn+mU;klvig;r)
= ﬁj,k\j,k + m(ff]yk + ﬁj,k|’/j,k\j,k)
= Uiy + (U gy 1l 0158) + (U g 012 0 0)
= Uiy + (U )y 1V 01508 (63)

A

where in the third equality, m(U ;x| x|V kjk) = Omn,_, because Uj y; and
Vj k|jk are uncorrelated. Similarly,

Upatiky = Upalskylink + U pafj )i klViiklk) (64)

where U pagj iy ik = Upafsiky — Upafjk}ljke N
From Lemma 4, we have m(t{j,k|j,k|yj,k\j,k) = ijkm(Upa{j,k}lAjMVj,klj,k)'

Combining (63)) and (&4]), we have {Jj,k = Uj’k‘j’ki_ Jj7k[UpaA{j7k} - Upa{j,k}lj,k]'

Then 0j,k = Ung - Uj,k = Ung - Uj,k|j,k - Jj,k[Upa{j,k} - Upa{j,k}|j,k]- Hence
Ui+ a0 painy = Ujktin + TinUpatiglsh (65)
Now we compute the variances of both sides of (GH):

Var (f]jJf + Jj7kf]pa{j,k}) = Var (ﬁj,k) + Var (Jj,kﬁpa{j,k})
= Var (U, — Ujp) + J 6 Var (Upaginy) T 1
=Vik + Ik (Vpaginy = Vpaia) L (66)
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where the first equality holds because f] i 1 is uncorrelated with Z and ﬁpa{j7k} €
sp{Z}m"J 2 and the last equality holds because Var (Uj k— Uj ) =CWU;ilZ) =
Vy,k aNnd Vpa{JJf} Val: (Upajky) = Var (Upa{J k} +Upa{] ky) = Var ({]pa{j,k}) +
Var (Upagjny) = Var (Upagig) + Var (Upagiay = Upagia) = Var (Upagi) +
V pagjky- Similarly,

Var (U wjjk + T kU pagiaylin) = Var (Uage) + JjVar (U pagj ayin) T
= ViniktTik(Voatiny = Vpalikiik) T r  (67)

where the first equality holds because U ; jklj,k 18 uncorrelated with Z z.(; K} and
Upa{] K}k € sp{Zde{J k}}m”J 2. From formula (B8) and (B7), we obtain V;, =

V.Lk']’k + J.]yk(vpa{j,k} Vpa{J,k}|]7k)J]7k

For single-source data, the change-of-resolution Kalman-filter algorithm re-
mains the same, except that «;; = 0 whenever j < J.

Appendix III. ML and REML Estimators

Lemma 5 gives some useful matrix results. Lemmas 6 and 8 give the in-
verse and the determinant of the matrix {2, whereas Lemma 7 gives auxil-
iary results about A; and € and Lemma 9 provides a useful decomposition of
(Z—-XB)'Q Y(Z—-XB). To establish Theorem 3, we use Lemmas 10, 11 and 12,
which give the differentiation of (Z—X B)'Q2"'(Z—X B) and log | X'Q 1 X | with
respect to Dj_l. Lemma 13 gives the expectation of the sums of squares SS;(-).
Finally, we consider explicit formulas for the MLEs and REMLEs under the as-
sumption of a constant regression mean. Lemma 14 gives an intermediate step
and Lemma 15 establishes the distributional properties of the sums of squares
S5S;(-). In deriving the results assuming a compound symmetry structure for the
covariance matrix, we use the auxiliary Lemma 16. To save space, we present only
the proof of Lemma 15, deferring all the other proofs to [Yue and Zhul (2005).

Lemma 5. For matrices A, B, C and D,

(i) E(Z'AZ) = tr(AQ)+ ' Ap, where A is an deterministic square matriz and
Z ~ N(u,9).

(i) tr(AQp;) = a;n, where A is an m X n matriz, Qp; is an n X m matriz whose
(h,i)th element is one and zero otherwise, and a;p, is the (i, h)th element of
matriz A.

(iii) tr(AB) = tr(BA), where A is an m x n matriz and B is an n X m matriz.

(iv)tr(A ® B) = tr(A)tr(B), (A®@ B) = A’ @ B, and (A® B)(C ® D) =
(AC) ® (BD).
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(v) Z(A® B)Z = (Z,(A ® B)Z) = tr[2’ AzB], where z is an m x n matriz, A
s an m X m matriz and B is an n X n matriz.

(vi) For m x m matrices A and B, n xn matrices C and D, | A C+B® D| =
|C ® A+ D® B|, where |A| denotes the determinant of matriz A. Moreover
|A® I, + B®(1,1,)| = |A|"'|A +nB| and |A ® C| = |A]"|C|™.

(vii) For an n x n symmetric matriz A, if z ~ Wy,(n,X), then Var (tr[Az]) =
2ntr[AX.AX], where W, (n, X) denotes a Wishart distribution with n degrees
of freedom and parameter X (Definition C.9 of [Lauritzen| (1996)).

Lemma 6. Q7! = Z}le —-A;®C; = ijl(Aj—Aj_1)®Dj_1+A0®D1_1, where

C;= —D;l and Cj = Dj_il - Dj_l,j =1,...,J — 1. Moreover, Zg:j Cy =
-D;'j=1,....,J, and ¥; = D; and ¥; = (D; — Djy1)/a;, j=1,...,J —1.
Lemma 7. Properties of {A;:j=0,1,...,J} and Q are the following.

(i)  AjA,=Apmgr and A5 = Aj = A}, where j,k=0,1,...,J.

(i) (Aj—Ap)’=A4;-A,0<k<j< ]

(i) Ajly, =1y,,j=0,....J

(iv) Rank(A;j) =tr(A;)=N;,7=0,1,...,J.

(v) Rank(Aj; —Aj_q)=tr(A; —A;_1)=N;—N;_1,j=1,...,J.

(vi) QA;—A;j-1)RCI=(A;—A;_1)®(D;C), where C is any mxm matriz.
(vii) Q(INJ @Iy = 1y, ® D1 and (lNJ ®Im)/ﬂ(1NJ ®I,)=N;D;.

(

Lemma 8. |Q‘ — ‘DJ‘NJ—NJfl‘DJ_llNJfl—NJ72 . ‘D2’N2—N1‘D1’N1'
Lemma 9. (Z— XB)YQ ™ (Z—XB) =Y, tr[SS;(8)D; '] +tr[SSo(8)D; ).

Lemma 10.

(i) 0tr(AXB)/0X = A'B, where A, B, and X are conformable matrices.

(ii) dlog | X|/0X = (XYY, where X is an m x m invertible matriz.

(iii)) 0OF G J0x; = F(0G /0x;)+(0F /0z;)G and 0 tr(FQG)/0x; = tr[F(0G/0x;)|+
tr[(OF /0x;)G], where F and G are conformable matrices that depend on
x=(r1,...,2,)"

(iv) OF 1 /0x; = —F~Y(OF /0x;)F~', where F is an invertible matriz that de-
pends on ® = (1,...,%,)".

(v) Olog|AF~'B|/0z; = —tr[F'B(AF~'B)"'AF~Y(0F /0x;)], where A, B
and F are conformable matrices and only F depends on x = (z1,...,x,) .

(vi)0f JOox; = tr[(0g/OH) (0H /0x;)], where f(x) = g(H(x)), g is a function
that depends on the elements of H and H is a matriz that depends on x =

(X1, ).
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Lemma 11. For SS(B) = (Z - XB)Q Y(Z — XB),
0SS(B X .., 9SS(B
Z?T(l_l) = [SS51(B) + SSo(B)] and Z?T(j_l)

= [SS;(B)).j=2,....J,
where B = [X'Q71 X7 [X'Q71Z].
Lemma 12. Let Djy; denote the (h,i)th element of Dj_l,

olog |X'Q x| | IP(A; ® Q) ifj=1,
0Dy, w [PI(A; — A;0) © Qul| i =200,

where P = X[X'Q7 X7 X’ and Q,; is an m x m matriz with 1 for the (h,i)th
element and 0 otherwise.

Lemma 13.

(D if j =0,
E(55;(8)) = {(Nj ~N;_1)D;ifj=1,...,J,
NQDl — |:t1'[P(A() &® Q}n)]] o Zf]:(];

E(SS;(B) = { (N;—N;_1)D;— [tr[P((Aj_Aj—l) ® th)]]m ifj=1,...,J.

Lemma 14. tr [P[(Aj—Aj_l)@)th]] =0,j=1,...,J, and tr [P[A()@th]] =
D i,

Lemma 15. With X =1y, ® I,,,,
i) B= (1", 2)/Nj and 3= (1"y z)Nj do not depend on {®¥;:j=1,...,J}.
Ny Ny J

A~

(ii) SSO(@) = 0.

(iii) SS;(B) ~ Wi(N; — Nj—1,D;),j = 1,...,J, where Wy,,(N; — N;_1, Dj) is
the m-dimensional Wishart distribution with Nj — N;_1 degrees of freedom
and parameter D).

(iv) {SS; ([32 cj=1,...,J} are mutually z'ncgependent and independent of 3.

(v) E[SSj(,@)]:(NjA—Nj—l)Dj: Var (SS;ni(8)) = (Nj_Nj—l)(Dihi+Djthjii)f
and Cov (Sthi(ﬁ)7 Sth/i/ﬁ)) = (Nj—Nj_l)(Djhilpjhfi+Djhh/Djiir), where
J=1,...,J, SSju is the (h,i)th element of SS;(B) and Djp; is the (h,i)th
element of D;.

Proof.

(i) B = [X'Q'X]'X'Q7'Z = [N;D;Y] Y1y, ® D{Y'Z = (1/N;)(I; ®
Dy)(1y, ® DT")Z = (1/N;)(Xy, ® In)Z = vec((1/N;)1}y,z), where the
first equality holds because of Lemma 7 (viii). Since B and B only depend
on z, they do not depend on {¥; :j=1,...,J}.
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(i) Since x3 = 1n,((1/Nj)1y,)z = Aoz, we have $S0(B) = (z — xB) Ag(z —
w,[:}) =2'(In, — Ao) Ao(INn, — Ap)z = Opyxm, where the last equality holds
because AO(INJ — AO) = A() — A(2) = ONJXNJ'

(iti)For j = 1,...,J, SS;(B) = (z — B)'(A; — A;_1)(z — zB) = 2/(In, —
Ao)(A; — Aj_1)(INn, — Ag)z = 2/(A; — Aj_1)z, where the last equality
holds because of Lemma 7 (i). vec((A; —Aj_1)z) =[(A; — A1) 1, Z ~
N([(Aj — Aj1) @ In]XB,[(A; — Aj1) @ In]'Q[(A; — Aj_1) @ In]) ~
N(OnN,;m,(Aj —A;_1) ® Dj), where the first equality holds because of (8),
the first ~ holds because of Z ~ N (X B, ), and the second ~ holds because
we can use Lemma 7 (iii) and (vi) to obtain [(A; —A;1)®1,,|XB = [(A; —
Aj 1)@ 1n)(An, @ In)B = {[(Aj — Aj-1)1n,] @ I} B = {1y, — 1n,]®
In}B =0y,mand [(A;—A; 1)1, Q[A;—A; 1) @In] =[(A;—A;-1)®
In)[(Aj — Aj1) ® Dj] = [(A; — Aj1)*| ® (I, D) = (A; — Aj—1) ® D
Then (A; — Aj_1)z ~ NN, xm(ON,xm,(Aj — Aj_1) ® D;) (Appendix C,
Lauritzen! (1996)). Since A; — A;_; is an idempotent matrix which is a
generalized inverse of itself, from Proposition C.13 of [Lauritzen| (1996) and

Lemma 7 (v), we have SS;(8) = 2/(A; — Aj_1)z = [(A; — Aj—1)z](A; —
A1) [(Aj—Aj_1)z] ~ Wi (N; — Nj_1,Dj), where (A; — Aj_1)~ denotes
a generalized inverse of (A; — A;_1).

A~

(iv) In the proof of part (iii), we showed that for j = 1,...,J, S5;(8) is a function
of (Aj—A;_1)z. Hence it suffices to show that {(A;—A;_1)z:j=1,...,J}
are mutually independent and independent of [3 For1<j<k<J,

Cov (vec((Aj —Aj_1)z), vec((Ay— Ak_l)z)>
= Cov ([(Aj A ) @12, (A — A ® Im]Z)
(Aj — Aj_1) @ In]'Q(Af, — A1) ® Iy

[
=[(A; — Aj—1) @ I,][(Ar — Ag—1) ® Dy]
=[(Aj — Aj_1)(Ar — Ap_1)] ® [I,, Dy]

:ONJXNJ®Dk
0

NJmXNJWM

where the first equality holds because of (H), the third equality holds because
of Lemma 7 (vi), and the fourth equality holds because (A; — A;_1)(Ay —
Aj_1) =0n,xn,. Hence {SS]-(B) :j=1,...,J} are mutually independent.
Since 3 = 1’NJz /Ny, to show SS]-(B) and 3 are independent, it suffices to
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show that (A; — Aj_1)z and 1’y z are independent.

Cov (Vec((Aj —Aj_1)z), vec(l’NJz))
= Cov ([(4; - 45 ) @ 1) Z, [y, ©1,2))
=[(4; — Aj—1) ® In) Q[1y, ® I;y)]

=[(A; — Aj—1) ® Dj][1n, @ Iy)]
=[(A; = Aj—1)1n,| ® [D;In)]
=0n;xN; ® [DjIm]
= 0N, mxN;m,

where the first equality holds because of (H), the third equality holds because
of Lemma 7 (vi), and the fifth equality holds because of Lemma 7 (iii).

(v) Use the formulas for the Wishart distribution from Appendix C.2 of Lauritzen
(1996).

Lemma 16. For j =1,...,J and D; = (dj1 — dj2) I + djolin1),,
tr[D3] = m(dj + (m — 1)d3,)
tr ([D;(1n1), — In)]*| = m(m — 1) |d5, + 2(m — 2)dj1dj2 + (m* — 3m + 3)d§2].

m
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