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MODEL DIAGNOSIS FOR SETAR TIME SERIES
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Abstract: This paper discusses asymptotically distribution free (ADF) tests in self-
exciting threshold autoregressive (SETAR) models. We also consider the case when
the two different line segments have no jump. These tests are based on a marked em-
pirical process of the underlying residuals. The paper also discusses the asymptotic
behavior of the residual empirical process and ADF tests for the error distribution.
We find that under some mild conditions, the asymptotic null behavior of both of
these processes does not depend on the preliminary estimator of the change point
parameter. Moreover, somewhat surprisingly, the asymptotic behavior of the resid-
ual empirical process in these models is the same as in the one-sample location
model, as long as the residuals are based on an asymptotically linear estimator of
the line segment parameters. The paper also includes a simulation study analyzing
the finite sample behavior of some of the proposed tests.
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1. Introduction

Let X;, ¢« = 0,£1,+2,... be a real valued strictly stationary time series
having finite expectation. Denote with m(z) = E[X;|X;—1 = z] the associated
autoregressive (AR) function of order 1. The time series is then called a self
exciting threshold model of order 1 (SETAR(1)), if

X =m(X;_1) + &4,

where (g;); are i.i.d. ~ F and m is piecewise linear over two different ranges of x.
The importance of this model and its extensions and some statistical inference
about the underlying parameters in these models have been discussed in Tong
(1990) and references therein, and in Chan (1993) and Qian (1998).

The present paper discusses some model checks for SETAR(1) and some
goodness-of-fit tests for the noise distribution function (d.f.) F. To be more
precise about m, under SETAR(1), we have

m(z) = (ap + a1z)I(x < 1)+ (bo + brz)I(x > ). (1.1)

Let h(z,9) = (ap+aiz)(x < s)+(Bo+L1x)I(x > s), where 9 = (ag, a1, Bo, 1, 5)
€ R, the family of all functions of SETAR(1) type. Here and in the following, the
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symbol I denotes the indicator of the set in brackets and ’ is transposition. The
typical statistical analysis within the SETAR(1) model then consists in estimat-
ing or testing hypotheses about the unknown parameter ¥* = (ag, a1, bo, b1,7)’.

In this paper we are interested in checking the assumption, whether SE-
TAR(1) holds at all, i.e., whether the hypothesis Hy : m(z) = h(x, ), for some
Y € R® is true or not, when the error distribution is not necessarily known.

Another goodness-of-fit problem is concerned with the distribution F' of the
innovations ¢;, assuming that SETAR(1) with ¢ = 9* holds. Here the problem
of interest is to test the simple hypothesis Ky : F' = Fp, against the alternative
that F' # Fy, where Fy is a known d.f. The knowledge of the error distribution
plays some role if one wants to compute tolerance intervals for future values of
the time series.

Both problems are special cases of classical problems of model checking
and goodness-of-fit testing, and numerous tests for other models are available
in the literature. See, e.g., the review paper by MacKinnon (1992), the pa-
pers by McKeague and Zhang (1994) Hjellvik and Tjgstheim (1995, 1996), the
monographs of Hart (1997), Koul (2002), and the references therein. In most
of the literature, however, the autoregressive function under study was invari-
ably assumed to be smooth in the parameter, first order differentiability at least
being required. Note that under SETAR(1), the autoregressive function m is
non-smooth in both the lag variable and in the parameter vector.

In this paper, we investigate the behavior of the following test processes
under SETAR(1):

Vi@, 9) =n""> (Xi — h(Xi—1,9)](Xi—1 < @)
=1
Fn(l'aﬁ):n_IZI(XZ_h(XZ—bﬂ) S:L'); xeR.
=1

The process V,, may be viewed as a normalized point process of the observed X;
marked by the X; — h(X;_1,9). For ¢ = ¥* these marks become the true errors
g;. Tests about Hy will be based on V,, while Fn will be needed for Kj.

Actually, since the true parameter ¥* = (ag, a1, b, b1,7) is unknown, we
need to study V,, with 19, where 9 = @n is an estimator of ¥* based on the
observations Xy, ..., X,,. Similarly, for F),.

In the 1990’s, tests based on the analogue of V,, for checking the validity of
a smooth parametric autoregressive model of order one were investigated by An
and Cheng (1991) and Koul and Stute (1999). Extensions to smooth higher order
autoregressive models are due to Dominguez and Lobato (2003) and Stute et al.
(2004). In the regression context, tests based on the analogue of V,, have been
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investigated by Su and Wei (1991), Stute (1997), Stute, Thies and Zhu (1998),
Diebolt and Zuber (1999) and Stute and Zhu (2002), among others. Tests for the
error distribution in a smooth autoregressive model based on F}, (, 79) have been
studied in detail, see, e.g., Boldin (1982) and Koul (2002). Under discontinuities
and structural changes, these methods are not now well understood.

As our two main results, we obtain, in Section 2, expansions of Vn(-,lg)
and E},(-,9) which could be used to obtain convergence in distribution in the
Skorokhod space D[—o00, 0] to centered Gaussian processes with a specified co-
variance structure.

A major role is played by the jump size d = by — ag + r(b; — a1). Theorems
2.1 and 2.2 cover in detail the case

d# 0. (1.2)

An informal discussion of d = 0 with a1 # by, i.e., when m is continuous but the
slopes differ will be presented in Remark 2.2.

In both cases it will turn out that estimation of the change point r has a
negligible effect on the asymptotic distributions of the involved processes, while
the effect of the estimation of 97 is non-negligible.

As in many cases when parameters are estimated, critical values for standard
goodness-of-fit tests are, however, difficult to obtain. Therefore, in Section 3, we
propose martingale transformations of V,,(-,9) and F,(-,9). The weak limit of
the transformed Vj,(-,9) under Hy is a Brownian motion in proper time. For
testing Hy, we then apply known scaling properties to finally make our tests
applicable to real data. The martingale transformation for Vn(-,lg) is the same
as given in Koul and Stute (1999) for the smooth case.

As to Ky, somewhat surprisingly, we find that if Uy is asymptotically linear in
probability, the asymptotic expansion of Fn(, 19) is similar to the one appearing
in a one-sample location model. Hence the martingale transformation here is the
same as in Khmaladze (1981).

In Section 4 we report on some simulation results which indicate that the
nominal level of our test for H is well attained with high power against the
selected alternatives. This section also includes a finite sample simulation of
the bias and mean square error of the least square estimators of SETAR(1)
parameters. Proofs are deferred to Section 5.

2. Main Results

This section describes the main results of the paper and some of their im-
plications. Throughout we assume that the sequence (X;); is strictly stationary
and ergodic under Hy. Some conditions under which this holds are given in Tong
(1990). Denote with G the (unknown) distribution function of X,. To proceed
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further, it will be convenient to write ¥ = (¥4, s)" and h(x,9) = hg(x, Y1), and to
refer to ¥1 and s as the coefficient and the change-point parameters, respectively.
Throughout the paper, 9] := (ap, a1, o, £1). Let

hs(x) = (0/091)hy(z, V1)
=(I(z <s),zl(z < s),I(x > s),zl(z > s)),

for s € R* = RU{—00,00} and = € R denote the vector of partial derivatives of
hs(xz,91) w.r.t. ¥1. Also, let

I(Xo<zxzAvr)
X()_[(XO Sa;/\r)
_[(XO >r, Xo Sx)

X(]I(Xo >r, Xg < l‘)

Jp(x) = Eh,(Xo)[(Xo < z) = E

Finally put, for x € R and t € R,

Dy (x,t) :=n~1/? i[ﬁr(xi_l) — Py (X)X < ).
i=1

We also need some estimator of ¥. Chan (1993) and Qian (1998) have proved,
e.g., that under d # 0 the conditional least squares and maximum likelihood
estimator 9 = (¥, 7) satisfies, under Hy,

'y — 97) = 0p(1), (2.1)
n(r —r) = Op(1). (2.2)
Here, 95 = (ag, a1,bg,b1)’ constitutes the first part of ¥*.

Theorem 2.1. Assume that (X;); is a strictly stationary time series with au-
toregressive function (ILTl). Assume d # 0 and that U] and r admit estimators
V1 and 7 satisfying (1)) and Z2). Additionally, suppose G is continuous at r.
Then, uniformly in © € R*,

n 2V (2, 0) — Vi (z,9%)] = 9% Dy, n(F — 1)) =02 (01 —9%5) J, () + 0p(1).

(2.3)
Some implications of this theorem are discussed in Remark 2.1 below.
To state our second result, we need to introduce
. n
Ey(z)=n"" ZI(EZ' < x),
=1 (2.4)

w(x) = EXOI_(XO <w), j(zr)=EXoI(Xo>2z), G(z)=1-G().
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Recall J,.(x) and put I, = J,.(c0) = (G(r), u(r), G(r), a(r) ).

Theorem 2.2. Suppose the assumptions of Theorem 2.1 hold. In addition,
assume that the error d.f. F' has a uniformly continuous Lebesque density f, and
the stationary d.f. G satisfies

nt/? [G(r +on ™Y - G(r— bn_l)} =0(1), V0<b< . (2.5)

Then, uniformly in © € R*,

n1/2[Fn($v 19) - Fn(x)] = n1/2(1§1 - ﬁT)/Frf(:L') + OIP’(l)' (2'6)

Remark 2.1. Consider the first term in the approximation (Z3). Uniformly in
x € R* and [t| < K we have

17 (Xiz1) = T (X)) [ T(Xi1 < @)
<21+ | X1 (r _Knl< X, <r+ Kn—l) ,

cf. (5.4). Hence on the event |n(7 — r)| < K we get

sup || Do (z, n(F — )| < Cn'?[Gy(r + Kn™') — Gn(r — Kn™Y)].

Under (ZH), the expectation of the last quantity, however, tends to zero. Con-
clude that if, in Theorem 2.1, we in addition require (EZ3), then the first term on
the right hand side of (23]) tends to zero uniformly in z, in probability. For a
later reference we summarize this discussion in

Corollary 2.1. Under the assumptions of Theorem 2.1 and (EX), uniformly in
v € RY, 0t/ Vo (2,0) = Vi (,0%)] = —nb/2(d1 — 97)' (@) + 02 (1).

Observe that in the above result the effect of estimating the jump point
on the process V,, is not reflected in the same way as that of estimating the
coefficients parameter vector ¥]. The primary reason for this is that the processes
involved are of the magnitude Op(n~/2), while # converges to 7 at the rate n=?,

in probability.

Remark 2.2. In the case of no jump, i.e., d = 0, a1 # by, the two line segments
have different slopes but they meet at the change-point . In this case, 7 converges
to r at the rate n='/2, in probability, so that in (Z2) n is replaced by nt/2,
See, e.g., Chan and Tsay (1998) about the least squares estimator. In such
a situation, Theorem 2.1 needs to be modified as follows. First, observe that
d = 0 is equivalent to 9% a(r) = 0 with a(z) = (=1, —z,1,z)’. In addition to the
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conditions of Theorem 2.1, assume G has a continuous Lebesgue density g at r
with g(r) > 0. Then (Z3]) changes to, uniformly in =z € R*,

n 2V (2, 9) = Vi (,9%)]
= ﬂ’{la(r)g(r){ (n1/2(aj —r)(r<z<r)+ nl/Q(f —r)I(x > f’)) I(f >r)

= (0@ =G <z <) 02— D)@ > ) 17 < T)}
—7741/2(7511 - ﬁik)/t]r(x) + op(1).

Similarly, under the conditions of Theorem 2.2 and the above conditions on g,
the conclusion (EZH)) is replaced with the following: uniformly in z € R*,

n'PBu(2,0) - Fu(@)] = |~ In'?(F = r)|97 a(r)g(r) + 01 = 95)'T, | £(x)
+op(1). (2.7)

These results will not be proved here, but can be deduced by an analysis similar
to that appearing in the proofs of Theorems 2.1 and 2.2 below. Note, however,
that because 19“{/61(7“) = 0 in the case of no jump, these approximations reduce to
those given in the above theorems when d # 0. Thus, even in this case, the effect
of estimating the threshold parameter r is not reflected in the limiting behavior
of these processes.

Remark 2.3. In many cases, the estimator U of ¥* is such that J is asymptoti-
cally linear, i.e., for some constant ¢ # 0 and for some function ¢ with E¢(¢) = 0
and Ey?(g) < oo, we have

2 —9%) = enin T2 znj he(Xi—1)(e:) + op(1), (2.8)
=1

G(r) w(r) 0 0
oo ) ) 0o
Y, = Eh.(Xo)h (X0) = 0 0 G(r) (r)
0 i( (r)
Here 7(r) = EXZI(Xo < r) and 7(r) = EXZI(Xo > r). For example, the least
squares estimator satisfies this condition with ¢(z) = z, ¢ = 1, cf. Chan (1993).
Or if Fy has an absolutely continuous density fo with a.e. derivative f} such
that 0 < [(f}/fo)?dFy < oo, the ratio v := —f}/fo is differentiable and 7’ is

Lipschitz (1) with [¢'dFy # 0, then the MLE under K| satisfies this condition
with ¢ = 1/ [ ¢/dFp; see Qian (1998).

(an)
N
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Now, combining (8] with (8] we obtain, under Ky, that
n'2[Fy(2,9) — Fo(o)]

=n'2[F, () — Fy(a)] + ey 0712 Zn: he(Xic1)W(e) fol@) + op(1).
i=1

In view of the fact .3t = (1,0,1,0), the coefficient of fo(z) in the above
approximation is ¢n~ 23" 4(g;). In other words, under the conditions of
Corollary 2.1 and under (£8)), we obtain that uniformly in = € R,

n'2[F(2,9) — Fo(o)]

= P {E () — Fo(@)] + en” Y2 S (ei) fola) + os(1). (29)
1=1

The structure of the leading term on the right-hand side above is similar to the
expansion of the classical residual empirical process in the one-sample location
model. Hence any methodology leading to asymptotically distribution-free tests
there will work here also. In the next section we focus on this methodology to
test for Hy and K.

3. ADF tests for Hy and K

Write V,,(z) and V,,(z) for Vy(z,9) and V,,(x,9*), respectively. Now take o
as the least squares estimator of 1. This section will discuss a transformation 77,
of T7n, so that under the conditions of Corollary 2.1 and under H, the processes
n2T,V, converge weakly to 0B o G, where B is a Brownian motion on [0, 1].
Hence, many tests of Hy based on a continuous function of n'/ zTnVn will be
ADF. Remark 3.1 outlines the situation for ﬁ’n, while Remark 3.2 discusses the
transformation for more general SETAR-models.

Because under the conditions of Corollary 2.1 the asymptotic behavior of Vi,
does not depend on the estimator 7, the transformation 77, is the same as in Koul
and Stute (1999) (K-S) studied under smoothness conditions. To describe it, let
H,(y) := Eh(X0)h(Xo)'I(Xo > y),y € R. In view of the definition of h,, we
have

EI(X(]ST‘,X(]Z:IJ) EX(]I(Xog’I“,X()Zy) O 0

Ho(y) = EXol(Xo<r,Xo>y) EXFI(Xo<r, Xo>y) 0 0
Y 0 0 G(rvy) m(rVy)
0 0 a(rvy) 7(rvy)

Thus, because I(z < r,x > y) = 0 for all y > r, and because of the continuity
of the distribution of Xy, the matrix H,(y) is invertible only for y < r. Write
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H1(y) for its inverse and define the operator T’ through

T

— /hr(y)' [/h I(z > y)l(dz)| I(y < x)G(dy), =<7

In this definition £ is either a function of bounded variation or a Brownian motion.
As mentioned in K-S, it preserves the Brownian motion and

no2Cov (TVy(z), TVh(y)) = G(z Ay) = no2E (Vu(z)Va(y)), z,y <,

the covariance function of the time transformed Brownian motion B o G. More-
over, if additionally Ee?* < oo, then, for any § > 0, TV,, <« 0B o G in the
Skorokhod space D[0,r — d]. But this result is of little use as 7' depends on the
unknown parameters r and G. Let T,, and H,, denote T" and H, after r and G
are replaced by their estimates 7 and G,,, respectively. For numerical issues, see
the next section. We now have

Theorem 3.1. Suppose the assumptions of Corollary 2.1 hold with Ee* <
00.Then under Hy, for any § > 0, and with 7 :=r — 0,

n'/2 sup T, V,, (z) — TVn(x)‘ = op(1), (3.1)
<71
n'26 1T, V,, <= Bo G in distribution (3.2)

2

in the space D[—oo, 7|, where 62 is a consistent estimator of 2.

It readily follows from the derivations in the previous section that 62 :=

n~I S (X — 9hi(X;-1))? is a consistent estimator of o2. By letting & — 0,

and using the consistency of # for r, from the above theorem we are thus able to
conclude that if the support of G contains (—oo, ), then under Hy,

15n = sup

<t

n2T, V, (z)
n G2 (=

‘<: sup |B(t)| in distribution.
0<t<1

Thus the test that rejects Hy when D,, > by will be ADF of the asymptotic size
a, provided by, is determined so that P(supg<,<y [B(t)] > ba) =, 0 < a < 1.

Remark 3.1. To obtain ADF tests for Ky, recall [Z9). Following Khmaladze
(.1981), assume Fy has an absolutely continuous density fo with its a.e. derivative
fo satisfying 0 < [(fo/fo)?dFy < oo. Put

po(u) = ;2( Hw), a(w) = fo(Fg ' (w),  y(u) = (1,¢0(u),

1—u —qo(u)
B, = , 0<u<l.
(—QO(U) i o3 )
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Additionally, assume that the constant function 1 and the score function g (u)
are linearly independent on the set v > 1 — 7, for all sufficiently small n > 0.
Then B, ! exists for all 0 < u < 1. Define

gii=X; —h(Xi_1,0),  L(u):= /u’y(s)'Bs_lds,
0
G(u) == L(u)y(&), 1<i<n.

Finally, set

02T, Fy (u,9) == n~ 2 > {[1 —GEN(E <u)—G(u)I(E > u)}, 0<u<l.
i=1
Similar to Khmaladze (1981) it follows then that, e.g., the Kolmogorov-
Smirnov test based on the process nl/zTnFn(-,ﬁn) will be ADF for testing for
K.

Remark 3.2. The above results also hold for some general stationary and ergodic
SETAR models where the AR function may consist of more than two linear or
nonlinear segments. More specifically, consider the following set up. Let k, p, q,d
be known positive integers with 1 < d < p, Y;_1 = (Xj—1, Xi—2,..., Xi—p)'s
—00 =719 < 1] < - <71 < TRyl = 00 be a partition of R, ¥ € RY, and
g;(Yic1,Y1),j = 1,...,k + 1, be some known functions. Let r := (ry,...,7%).
Consider the problem of testing for the general SETAR model where the AR
function is given by

k+1
h(Yie1,9) =Y gi(Yie, 901 (rjo1 < Xima <75), 9:= (01,1). (3.3)
j=1

Tong (1990) discusses some sufficient conditions for the stationarity and ergod-
icity of some AR models of type (B3]).

The appropriate analogue of the process V,, on which tests are to be based
here is

Vo(z) :=n"" Z(Xi — (Y1, NI (X;_q < ),

where ¥ is the least squares estimator of ¥*, and can be shown to satisfy the
conditions (1) and ([Z2) provided ¥, := Efill Eg;(Yo,97)d;(Yo,97) I(rj—1 <
Xi_q < rj) is positive definite. In fact one can show that the least squares

estimator of 1] satisfies

n2(0) —07) = 57T e (Vi1 97)ei + 0(1), (3.4)

i=1
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with hp(Yi—1,9) := 3500 45 (Yie1, 05)I(rjo1 < Xi—a < 15).
Let Lj(z) :=E|g; (Yo, V7)1 (X1—q < ), j =1,...,k, € R. The analogue of
condition (1) is

kfnw [Lj(rj +b/n) — Lj(r; —b/n)] =0(1), V0<b<oo. (3.5)
j=1

Suppose, additionally, that for almost all y € RP (with respect to the distribution
of Yp), the functions g¢;(y,-),j = 1,...,k + 1, are absolutely continuous in a
neighborhood of 97 and the vector of the corresponding a.e. derivatives g;’s
satisfies

Ellg; (Yo, 07 +s) — g;(Y0,97)[ — 0, as[[s| =0, Vji=1,....k+1 (3.6)
Then the analogue of Corollary 2.1 continues to hold for Vs
n 2 [Vale) = Ve, 9)] = 00— 95 05) 4 0 (1)

where now J,(z,9%) := Eh, (Yo, 95)1(X1_q < z), and V,,(z,9*) :==n"" 0 (X; —
h(}/i_l,ﬁ*)) I(Xi_d < x), r €R.
The analogue of the matrix H,(y) needed in the transformation 7T is

H(y,91) := Ehr(Yovﬁ?)hr(YOvﬁT)/I(Xl—d >y)
k1
= > Bg;(Yo, 07)d; (Yo, 07) I(rj1 < X1-a <75, X1-4 > y)-
=1

This matrix is nonsingular only for y < 7. Let h(z) = hi(z,01),2 € RP,
and H,(y) := n ' 2% (Yie)h(Yi—1)I(Xi—q > ),y € R. The analogue of the

transformation 7;, of the process V,,(x) here is as follows. Let &; := X;—h(Y;_1,9).
Then, for x < rq,

—n S AV Hy N X ) h (Yie )T (Xi—g A > Xk—d)} Ei-
k=1

An analogue of Theorem 3.1 also holds, and the analogue of the test D,, here will
be ADF for checking the above more general model.

Similarly, in connection with testing for an error distribution in these models,
the analogues of (26]) and (Z3) continue to hold under the above assumptions,
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with T, appearing in (8] given now by T, = S5 Eg; (Yo, 95)I(rj—1 < Xo <

Jj=1 =
7’]').
1
In a general linear SETAR model of Tong (1990), g;(Yo,v1) = 9}, (Y ) ,j=
’ 0
1,...,k+ 1, where each ¥; is a vector in RPTL and ¥, = (V1,15 9%+1,1)- In

this case the assumption that the time series is stationary and ergodic, with
the stationary d.f. having a bounded density that is positive at all jump points
rj,j = 1,...,k, and the error d.f. having zero mean and finite variance, imply
B3), BH) and B2) for the LSE.

Under the same conditions, the analogues of Theorem 2.2 and Remark 2.3
also continue to hold for testing for an error d.f. in these general linear SETAR
models, using the residuals based on the LSE. Note that even here with I",., ¥,
as above, one has the property I'"¥ ! = (1,0,...,1,0).

4. Simulations

This section contains a simulation study of the proposed model check for
a SETAR(1) model. It investigates the finite sample behavior of the level and
power of the proposed test and includes the finite sample analysis of the bias
and standard deviation (s.d) of the least square estimators of ©¥*. The section
also contains the graphs of the simulated densities of the standardized estimator
n(r —r).

In the simulation, we chose ¥* = (0.5,0.3,0.6, —0.7,0.5)', i.e., the true m was
h(z,9*) = (0.5 + 0.3x)I[x < 0.5] + (0.6 — 0.7x)[z > 0.5]. Hence the jump equals
d = —0.4. The errors were chosen to be normal N'(0,0.1) and logistic with mean
zero and scale 0.05 (logis(0.05)), so that the s.d. is close to 0.1.

The data was simulated from the following three models:

Model 1:  X; = h(X;_1,0%) + &
Model 2:  X; = h(X;_1,9*) + 0.5(X;_1 — 0.6)> — 0.4(X;_1 — 0.6)3 + &,
Model 3:  X; = h(X;_1,9%) — 1.2 exp(—X? ) X;_1 + <.

Note that Model 1 belongs to the null model while the other two are part of
the alternative. The sample sizes chosen were 100, 200, 500 and 1,000, each
simulation being repeated 2,000 times. The test statistic is

1
n 2

; op = <% > (X - h(Xz'—l,@)F) ;

1=1

N 1/27 T
D, = sup n' 2T, Vi ()
<t o, {Gp(r—)}

(SIS

with o being the least squares estimator of 9¥*.
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We used the nominal levels o = 0.05, 0.025 and 0.01 to implement the tests.
Let by satisfy P(supg<;<q |B(t)| > ba) = a. Using the well known fact

]1»(0511p1 |B(t)| < b) = P(|B(1)] < b)+2 i(_nip( (2i—1)b < B(1) < (2i+1)b),
<t< i=1

we obtain the following table for some selected values of b,. Since under Hy,
D,, = supg<;<1 | B(t)], the b,’s are the asymptotic critical values of the proposed
test. The empirical size and power are computed by using #[D,, > bs]/2, 000.

Table 1. The critical values b,.

o 0.05 0.025 0.01
bo | 2.24241 249771  2.80705

The simulation programming was done using S-plus. We first generated
(501 + n) error variables from A(0,0.1) and logis(0.05). Using these errors and
Models 1-3 with the initial value of Xy = 0, we generated (501 + n) observations.
The last (n + 1) observations from the data thus generated are used in carrying
out the simulation study for n = 100, 200, 500 and 1,000. The density curves
of the normalized # are plotted by using density plot command with Gaussian
kernel option in S-plus.

The results of the simulation study are shown in the Tables 2 and 3. Data
simulated from Model 1 are used to study the empirical size and the data from
Models 2 and 3 are used to study the empirical power of the test. One sees that
under (null) Model 1, the empirical sizes of the tests are smaller than the true «
levels for most of the moderate sample sizes, but they are much closer to the true
levels when the sample size gets larger. Under Models 2 and 3, the simulated
powers are seen to increase quickly with n and they are quite large for n > 500,
even at a—level 0.01, for both error distributions.

Table 2. Proportion of rejections for test D,, under models 1—3 with N/ (0,0.1)
errors.

a—level H,\n 100 200 500 1,000

0.05 Model 1 | 0.0205 0.0320 0.0395  0.0415
Model 2 | 0.2045  0.4760 0.8975  0.9975
Model 3 | 0.0935 0.3870  0.8385  0.9865
0.025 Model 1 | 0.0085 0.0145 0.0190  0.0195
Model 2 | 0.1270 0.3640 0.8265  0.9915
Model 3 | 0.0515 0.3040 0.7890  0.9800
0.01 Model 1 | 0.0035  0.0070  0.0080  0.0085
Model 2 | 0.0560  0.2375  0.7105  0.9770
Model 3 | 0.0235 0.2185  0.7345  0.9605
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Table 3. Proportion of rejections for test ﬁn under models 1—3 with logis(0.05)
errors.

a—level H,\n 100 200 500 1,000

0.05 Model 1 | 0.0180 0.0310  0.0475  0.0520
Model 2 | 0.1670  0.4065 0.8490  0.9935
Model 3 | 0.0855  0.3725  0.8440  0.9870
0.025 Model 1 | 0.0090 0.0140  0.0260  0.0300
Model 2 | 0.1070  0.3030  0.7610  0.9850
Model 3 | 0.0465 0.2800 0.7915  0.9750
0.01 Model 1 | 0.0025 0.0055 0.0075  0.0140
Model 2 | 0.0550 0.1925  0.6390  0.9600
Model 3 | 0.0205 0.1905 0.7260  0.9600

Table 4 below lists the means and standard deviations of the least squares
estimator under Hg for both normal and logistic error processes. From this table
one sees very little bias for all sample sizes and that ] converges to ¥* and
standard deviations tend to decrease as sample sizes increase from 100 to 1, 000.

Table 4. Means and (standard deviations) of ¥ under model 1, i.e., Hy.

N(0,0.1) errors Logistic  errors
estimate\ n| 100 200 500 1,000 100 200 500 1,000
ao 0.4997  0.4999 0.4997 0.4999 || 0.4996 0.4999 0.5001 0.4998
(0.0241) (0.0171) (0.0108) (0.0076)||(0.0224) (0.0158) (0.0103) (0.0073)
aq 0.3040  0.3001 0.3013 0.3003 || 0.3027 0.3018 0.3003 0.2998
(0.0872) (0.0591) (0.0384) (0.0272)||(0.0819) (0.0581) (0.0370) (0.0262)
bo 0.6019  0.5969 0.6018 0.5996 || 0.5985 0.5998 0.5987 0.6004
(0.1250) (0.0888) (0.0537) (0.0387)|(0.1163) (0.0812) (0.0513) (0.0351)
by -0.7029  -0.6952 -0.7026 -0.6994 (|-0.6978 -0.6994 -0.6982 -0.7002
(0.2004) (0.1428) (0.0859) (0.0621)|(0.1900) (0.1326) (0.0834) (0.0571)
7 0.4940  0.4971 0.4989 0.4994 | 0.4946 0.4973 0.4989 0.4994
(0.0065) (0.0033) (0.0013) (0.0007)||(0.0061) (0.0030) (0.0012) (0.0006)

The simulation results of the densities of n(# — 0.5) are shown in Figures
1 and 2. The first figure contains the Monte Carlo density curves from 2,000
replications for the normal error processes and sample sizes n = 100, 200, 500 and
1,000, respectively, while the second figure has similar densities for the logis(0.05)
process. Under both error processes, the graphs show that the distributions of
the normalized estimate n(7 — r) are skewed for all the sample sizes chosen. The
graphs also give evidence that the convergence rate of 7 to r is n 1.

In the following figures, “ ----- 7 is for n = 100, "— - =7 is for n = 200,

?— — =" is for n = 500 and the solid line is for n = 1, 000.
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Figure 1. The density of n(# — 0.5) under Hy with N(0,0.1) errors.

«Q
S

0.6
1

0.4

0.2

e
o -

6 -4 -2 0 2 4 6
Figure 2. The density of n(# — 0.5) under Hy with logis(0.05) errors.

Computational scheme. For an interested reader we now describe the com-
putation of TnVn and 75n used in the above simulations. As before, let ;7 =
(o, a1, Bo, 31), 95 = (ag, ay,bo,by)’, and 9% = (97, 7).
Xo Xy Xy "
Step 1. Sort : : according to the first column. Let : :
Xno1 Xn Xy Yo
denote the ordered observations, where X(;) < --- < X, are the ordered
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X0y s Xnoi1.

Step 2. For k = 1,...,n, minimize, with respect to ¥; € R,
k n

M1, k) = (Vi — (a0 + a1 X))+ D (Yi— (Bo + BrXp)*

i=1 i=k+1
Let 91, = (Gok, @1k, bok, b1x)" denote the minimizer.

Step 3. Compute the least squares estimate U of 9* under Hy: o = (19’1 s 7),

P = X(,;), k= af%minlﬁkénM(ﬁl”“ k).

Step 4. Compute oy, and Gy (F—): oy =/ M (9, k)/n, Gu(f—) = (k—1)/n.

Step 5. For [ =1,...,k — 1, compute Tn‘Afn(X(l)):
Substep 1. Let ¢&; ::}/i—h(X(i),lg). Compute nl/QVn(X(l)):(1/\/5)2221&2.
Substep 2. Compute U(y, z, X)) = hs(y) Hy ' (y) i (2) [z > y] [y < X)),
where [A] := I(A) for any event A:

1 (1, )
Uly, 2, Xq)) = Dy (; ;X(i) (X 2 ylly < Xy A2z < 7]
1 I/%:
== > X Xo) Z ulyly < Xy A 2] [z <7
=1
Lk
n ZX(Z') Xy 2 ylly < XgyA2lzlz <7
i=1
|k
T Z[X(i) >ylyly < X /\Z]z[zéf]>,
=1
k 1 k 2
n 2 ZX X(Z >y Z[X()ZZ/ n2 (ZX(Z X(z)>y]) .
i=1 =1
Substep 3. Compute
1 1 1
/U(y,z,X(z))Gn(dy) = EJZ::I BriXo) (E;X( X0y = X ()][X () < 2 <7
Lk
== Xo KXo = X X Xy < 2]z < 7]
i=1
1 k
== D Xy X = X)) Xy < 2] 2[z <7

<.
I
—_
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Substep 4. Compute

nl/Q//U(y,z,X(l))Gn(dy) Vo (dz)
k INk
st Sl S

SIH

%\

1 1 & 1
- ZXu)X(j> — = Y XX+ XX |
i=j i=j

Substep 5. From the definition of TnTA/n, and the above substeps 1-4, we
obtain

nl/QTnVn(X(l))
1 1 K 1 Wk 1 1 k ,
= —F € — — E— . Xz
\/ﬁ; nkz::l "= D"(X(J))[ ; v
1k 1 k k
—— Y XX~ L XeXw + o XX
i=j 1=j 1=j

~ 127 Vi (X
B, — sup A A( W)
1<i<k-1 M9, 4, k) (k—1)
n2

5. Proofs

We first summarize some facts about the AR function A and its derivatives
hs. For z € R and ¥, 9* € R® we have

s (@)l < 1+ ], (5.1)
[hs (2, 01)[ < [[91][(1 + |]),
|hs (2, 01) = hs(2,97)| < [[91 = 97[I(1 + |]).

Moreover, for all real numbers x and s < t,

hs(x) — he(x)|| < 200 + |z I(s < z < t). (5.4)
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Finally, note that .
hs(x,91) = 9} hs(x). (5.5)
Proof of Theorem 2.1. We obviously have, cf. (E20),

02 [V (2, 0) = Vo, 0%)] = 0= V2307 he(Xio1) — 01 he (X)) (X < 7).
i=1

Write
D=0 +un"?and #=r+tn". (5.6)
By (1) and ([Z32), for a given € > 0, we may find a (large) constant K so that

for n > ng, say, we have up to an event of probability < e, that ||u| < K and
|t| < K. We therefore have to study the processes

An(a,t,u) ==~ 2307 e (Xicy) = (0F + un ™) By s (X )H(Xio1 < )
i=1

uniformly in z € R* and ||ul|, |¢| < K. Expand A,, as

A, t,u) =0 2307 [ (K1) = By (Xim0)| T(Xi1 < @)
i=1

—u'n™" Y g (K1) = B (X )] (X1 < @)
=1

—u'n_l Z iZT(XZ'_l)I(XZ‘_l S 1’)
i=1

Now apply Cauchy-Schwarz and (B4) to get, uniformly in z and ||[u|| < K,0 <t <
K, that the second sum in absolute values is less than or equal to 2Kn =t 3%, (1+
| X;_1)I(r < X;_1 <7+ Kn~!). From the continuity of G at r and the Ergodic
Theorem, the last term is easily seen to converge to zero with probability one.
Similarly, for —K <t <0.

Finally, from a Glivenko-Cantelli result for strictly stationary time series
(see, e.g., Stute and Schumann (1980)), we have with probability one, uniformly
in z € R*,

n

lim 7t e (Xi-1)I (X1 < @) = Ehy (Xo)I(Xo < 2) = Jo().

Recalling (B6l), we thus obtain, uniformly in x € R*,
nl/z[Vn($v 19) - Vn($v 19*)]

=97 n V23 [ (Xim1) — b (X)) T(Xioq < @) — 22 (01 — 07) T, (@) + op(1),
=1
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as desired.

Proof of Theorem 2.2. By (&H), the residuals may be written as

Xi = Dihe(Xir) = &4 [0 o (Xim1) = 05 +un ™) by (X))
=&+ gn(Xi—ly tv U), say,

where with large probability, ¢ and u satisfy |[t| < K and |ju|| < K, for some
K < oo.

Hence for v and ¢ from (&8), F,(z,9) = n ' S0 I(e; < 2—&n(Xi_1,t,u)) =
E,(x,t,u). Recall the definition of F), from @) and let F,(z,t,u) = n~1 37,
Fx— & (Xiz1, t,u)), om (2, t,u) = n/2[F,(z,t,u) — Fy(2,t,u)]. Let 0 denote the
zero vector in R%. Note that we have &,(z,0,0) = 0, so that F},(z,0,0) = F(x)
and E,(z,0,0) = F,(x).

We are going to show that, for any finite K > 0,

sup | (2,8, u) — ap(x,0,0)] = op(1), (5.7)
TER, <K, ull <K

sup In'2[F, (z,t,u) — F(z)] — u'T,f(z)] = op(1). (5.8)
TER,|t|<K,||ul|[<K
To show (B.F), assume ¢ > 0 w.l.o.g. Decompose
Fo(z,t,u) =n"! Z F(z — (X1, t,u)(X_q € (r,r +tn" 1Y)

i=1
n

+n Y F(r — & X1, tu) (X1 € (r,r +tn7Y])
i=1
= Ay(z,t,u) + Ag(x,t,u), say.

Similarly, write

n

F(z) = F(m)n‘li I(Xi—1 € (ryr+tn ™ )+ F(a)n™ Y I(X;1 & (r,r+tn 1)
i=1 i=1
= Bi(z,t,u) + Ba(x,t,u).

Since sup,.; ,, |A1(z,t,u) — By(z,t,u)| < 207130 (X1 € (r,r + Kn™']) and
the expectation of the last term equals 2[G(r + Kn~1) — G(r)] = o(n~/?), by

[23), we obtain
n*? sup | Ay (2, t,u) — Bi(x,t,u)| = op(1). (5.9)

x;t,u
Next, we discuss Ay — Bs. Since now we sum over X; 1 ¢ (r,r +tn~!], we

have ‘
n26,(Xic1,tu) = —u'he (X)), (5.10)
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From this, uniformly in z and |t| < K|, ||Ju|| < K,
A2($7t7u) - Bg(l‘,t,U)

=01 [Fr = &u(Xio1,tu) = F@)]I(Xi—1 ¢ (r,r + 1)
=1
=1

Now we can use an argument similar to the one leading to (E9) to show that the
last sum equals, uniformly in z € R,

n-lﬁéLF¢z+4/n-1ﬂh¢¢XF4))—.F(xn-%opor-VQy (5.11)

i=1

Apply Taylor’s formula, the integrability of l.zT(XO) and the Ergodic Theorem
to obtain that (FIT) equals, uniformly in z € R, f(z)u/n=%2 " b (Xi 1) +
op(n~1/2). The assertion (X)) now follows from another application of the Ergodic
Theorem.

We now sketch a proof of (B1). As before, we may also decompose sums into
X, satisfying r < X;_1 <r +tn~! and the rest. We then obtain, uniformly in
zand 0 <t < K, |lul| < K,

n

n-1/2 > (e € @ — &u(Xim1, t,u) — Fz — &u(Xio1, tu))]
=1

XI(T‘ <X, 1<r+ tn_l) = O[p(l).
Conclude from (BI0) that, uniformly in  and |¢], ||ul| < K,
Oén(l', t, U) - Oén(l', 07 O)

=023 (1 < w0 Pulhy (Xima)) — Fla+ 072l hy (Xi0))
i=1

~I(e; < @) + F(x)] + 0s(1). (5.12)

Let Uy (z,u) stand for the leading term on the right hand side of (EIZ). Note
that for each index 7 the random variable ¢; is independent of izr (Xi—1). Hence
the summands of U, (z,u) form a martingale difference array. For fixed u, we
may therefore apply Theorem 1.1 of Koul and Ossiander (1994) to obtain that
the process Uy (z, u) is C-tight in , provided n ="/ max;<j<p ||y (Xi_1)|| = 0p(1)
and n= '™ || (X;_1)|| = Op(1). The first condition, however, follows since X
has a finite second moment, while the second follows from the Ergodic Theorem.
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Altogether this shows that for a fixed u, sup, |Uy,(z,u)| = op(1). To obtain this
result uniformly in u over a compact set, we use a standard argument. First
cover the cube |lu|| < K by finitely many small cubes and let ug be the center
of such a cube, say C(ug). To compare U, (z,u) with Uy,(x,ug) over C(up),
use the monotonicity of the indicator function and of F', and observe that after
telescoping, there will appear error terms of the form

n—1/2 Z |:F(x + n_1/2ulilr(Xi_1)) _ F(CU + n_l/zuahr(Xi—l))} 7
=1

which, in turn, are bounded from above in absolute value by
LIS = ) o (Xi)|
i=1

Such terms can be made arbitrarily small, uniformly in v € C(ug), provided
that C'(up) has been chosen small enough. Hence the oscillations of Uy, (z,u) are
uniformly small over C'(ug). This completes the proof of (B7) and, together with
(BF), also of Theorem 2.2.

Proof of Theorem 3.1. The claim (B2) follows from (BJl) and the fact
n'/?TV, < 0B o G in D[—o0, 7], proved in K-S.

The basic details of the proof of (Bl are similar to those appearing in K-S,
but the discontinuity of h, makes some details necessarily different. We briefly
indicate the differences. Let A, := n'/2(d; — 9%). We have

T Vi( /h /h I(z>y V(dz)}f(yﬁx) Gn(dy),
TV, ( /h /h I(z>y)V, (dz)}f(y < z) G(dy).

Let Un(y) == [ hi(2) I(z >
Corollary 2.1, we obtain n'/2

nl/z[TnVn( ) ( )]
— AL (a) + op(V) 0 [y () B ()Un(y) Iy < 2)Gldy)

1/2/h Un()I(y < 2)Gn(dy)
=—AlJ.(z) + Op(l) + Tnl( ) — Tha(x), say. (5.13)

)27 w(dz), Un(y) == [he(2) I(z > y)V,(dz). From

y Jh
Vi(x) = n'2V, (x) — AL J.(z) 40 ( ). Thus we have
TV,

Next, we have the bound

|Hp(z) — Hp(x)]| < 2n Xi-1)

— hr(Xi—l)H
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n n

Y

i=11=1

. . 2
hi(Xi—1) — hr(Xi—l)H

+ S A (X )b (X 1) T(Xa 1 > 2) — Ho(a),
i=1
= By + By + Bs(x), say.
By [EJ) and ([&4), for a finite constant C,

Bi+By<C n—lzn: (1+ \Xi_ll)z I(1Xia = 7| < |7 =)
i=1

<C [l = rfP 4+ () { Gl |7 = rl) = Gl — |7 = )}
= op(1).

The Ergodic Theorem and a Glivenko-Cantelli type argument show that sup g
|| Bs(z)|| = op(1). Hence we have

sup || Hn(z) — Hy(2)l] = op(1), (5.14)
sup 1, () = Hy @)l = op(1). (5.15)
Next, rewrite
n'20,(y) = —1/2Zh 1) (X = 9he(Xi)) I(Xict > )

_n—l/ZZh i [gz + 0% (X )—19'171f(Xi—1)] I(Xi-1 = y)

1/2U _1/2Zh i—1 52 z 1 Z y)
Then

02 [0, (y) —Un(y)] = n~ /2 Zn: [hf“(Xi—l)_hr(Xi—l)}Ei I(Xi—12y)

S ] 120

= An(y) + Dn(y)7 say.

Fix an € > 0. By (Z2), there is a b = b < 00, N, < 00, such that P(|F —r| <
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b/n) > 1 —¢, for all n > N,. Now, on the event {|F —r| <b/n}, by (B2,

sup | An(y)]|
yeR*
<Cn Y7 [ Xl | (1 Xia =] < 17 =) e
i=1
<SCL+r[+b/m n 23 I(1X;m1 — 7| <b/n)|eil,  ¥n> N
i=1
But the expected value of the second factor in this upper bound is proportional
to n'/2[G(r + b/n) — G(r — b/n)], which tends to zero under the conditions of
Corollary 2.1. Hence sup,cp« || An(y)[| = op(1).
The term D,,(y) can be written as D,1(y) — Dpa(y), where Dy (y) = n~1/?
Py he(Xica) [97 (e (Xi1) = Be(Xim1))| I(Xio1 > 9), Daa(y) = Haly) A
Arguing as above, one obtains sup,cg« ||Dn1(y)|| = op(1), while by (1)) and
BT, supyeg- | Dn2(y) — Hr(y)Anl = 0p(1). We have thus proved n'/? sup,cp-

1Un(y) — Un(y) + Hy(y)An| = 0p(1). Use this, (), EIH), and an argument
like in the proof of Theorem 2.4 of K-S, to obtain uniformly in z < 7,

Tng(x):/ i HU, dG—/ W dG A +o0s(1) = Ty () — AL, T, (2)+0s(1),
This, together with (EI3), completes the proof of Theorem 3.1.
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