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Abstract: Much research has been done on the asymptotic distributions of likelihood
ratio statistics for complete data. In this paper we consider the situation in which
the data are time censored and the distribution of the likelihood ratio statistic is a
mixture of continuous and discrete distributions. We show that the distribution of
a signed square root likelihood ratio statistic can be approximated by its bootstrap
distribution up to second order accuracy. Similar results are shown to hold for
likelihood ratio statistics with or without a Bartlett correction. The main tool used
is a continuous Edgeworth expansion for the likelihood-based statistics, which may
be of some independent interest. Further, we use a simulation study to investigate
the adequacy of the approximation provided by the theoretical result by comparing
the finite-sample coverage probability of several competing confidence interval (CI)
procedures based on the two parameter Weibull model. Our simulation results show
that, in finite samples, the methods based on the bootstrap signed square root like-
lihood ratio statistic outperform the bootstrap-t and BC, methods in constructing
one-sided confidence bounds (CBs) when the data are Type I censored.
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1. Introduction

The asymptotic distributions of likelihood ratio statistics have been studied
for decades. Most previous work has focused on the situations where the data
are given by a random sample of complete observations from a continuous dis-
tribution. For censored data, approximations to the distributions of likelihood
ratio statistics are less well studied. A major technical problem in generalizing
the results for the complete data case to time-censored data is that under cen-
soring, the log-likelihood function and its derivatives become a mixture of partly
discrete and partly continuous random variables, making the derivation of the
relevant Edgeworth expansions difficult. In a series of important papers, Jensen
(1987, 1989, 1993) developed Edgeworth expansions of the log-likelihood ratio
(LLR) statistic when the underlying distribution is partly discrete. Because of



36 SHUEN-LIN JENG, S. N. LAHIRI AND WILLIAM Q. MEEKER

the more complicated nature of the resulting expansions, however, the accuracy
of certain likelihood-based procedures, that are second and higher order accurate
in the complete data case, remains unexplored in the censored data case. In this
paper, we investigate higher-order properties of some of these inference proce-
dures under censoring and also investigate accuracy of bootstrap approximations
to many common likelihood-based procedures under censoring.

The main results of the paper give continuous Edgeworth expansions of a
general order for the multivariate maximum likelihood estimators (MLEs) under
time censoring (also known as type I censoring). Validity of continuous third
order expansions for the likelihood ratio statistic, its Bartlett-corrected version,
and the signed square root likelihood ratio statistic are also established. Using
the continuous Edgeworth expansion results, we study the accuracy of approx-
imations generated by a parametric bootstrap method. It is shown that if the
MLE is Studentized using the Cholesky decomposition of a consistent estimator
of the Fisher information matrix, the bootstrap approximation to the distribu-
tion of the multivariate Studentized MLE is second order accurate. Thus, the
superiority of the bootstrap continues to hold for censored data, although under
censoring the likelihood function and its partial derivatives involve discrete vari-
ables arising from the random number of failures of time censoring. One-term
Edgeworth correction by the bootstrap is also established for the likelihood ratio
statistic and its variants, confirming its superiority over the classical y2- and
normal approximations.

We also carry out an extensive simulation study to investigate the finite sam-
ple properties of the parametric bootstrap method under censoring. We consider
a number of different likelihood-based approaches for constructing confidence
intervals (CIs) and study the accuracy of coverage probabilities for one- and
two-sided Cls as a function of sample size and the expected number of failures.
The bootstrap-t and BC', methods are known to be second order accurate when
the data are complete (cf., Hall (1992)). Our simulation results show that the
methods based on bootstrap signed square root likelihood ratio statistics out-
perform the bootstrap-t and BC, methods in constructing one-sided confidence
bounds when the data are time (or Type I) censored. For the two sided CIs, the
bootstrap signed square root likelihood ratio statistics has the best performance.

We conclude this section with a brief literature review. For independent and
identically distributed (i.i.d.) complete data, Box (1949) derives an infinite series
expansion for the distribution of the LLR statistic W,, (say) in terms of the x?
distribution and with terms decreasing in powers of 1/n. Lawley (1956) derives
the Bartlett correction term for W,,. Doganaksoy and Schmee (1993) compare
several CI procedures using the W,, and its Studentized modifications. Chandra
and Ghosh (1979) derive a valid Edgeworth expansion for W, to order o(1/n).
For the signed root LLR statistic R,, (say), expansions for different versions of
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R, have been derived by Lawley (1956), McCullagh (1984), Efron (1985) and
Nishi and Yanagimoto (1993). In two important papers, Barndorff-Nelson (1986,
1991) shows that a particular modification of R,, is asymptotically normal up
to an error of the order O(n‘3/ 2) conditionally on an appropriate ancillary, and
hence also unconditionally.

For censored data, the arguments given by Chandra and Ghosh (1979) for
finding a formal Edgeworth expansion are no longer valid. The order of accuracy
in the results mentioned above could be different. Jensen (1987, 1989, 1993)
establishes Edgeworth expansions for smooth functions of the mean when the
underling distribution is partly discrete. These expansions are used to prove the
validity of expansions for W,,. Babu (1991) and Babu and Bai (1993) establish
Edgeworth expansions for statistics that are functions of lattice and non-lattice
variables.

A large number of bootstrap methods have been suggested for testing or find-
ing CIs (Hall (1992), Efron and Tibshirani (1993) and Shao and Tu (1995)). The
theoretical arguments for the accuracy of these methods are mostly derived under
the assumption of complete data. For time-censored data, observation stops at a
predetermined point in time. In this case, some bootstrap methods can be much
less accurate, especially for one-sided Cls and small expected number of failures
(see Jeng and Meeker (2000)). Datta (1992) establishes a continuous version of
classical Edgeworth expansions for both non-lattice and lattice distributions and
uses this to unify both non-parametric and parametric bootstrap methods of a
Studentized statistic up to order O(n~'/2). Datta (1992) also gives an example
in which the bootstrap-t method is first order accurate for Type I censored data
with the exponential distribution.

The rest of the paper is organized as follows. In Section 2, we briefly de-
scribe the theoretical framework and the bootstrap method. In Section 3, we
derive continuous Edgeworth expansions for several likelihood-based statistics
and in Section 4, we use these expansions to study higher order properties of the
bootstrap approximations. In Section 5, we present a simulation study. Proofs
of the main results are given in Section 6.

2. Theoretical Framework
2.1. Likelihood-based statistics

Let X1, X5,... be a sequence of IR? valued independent and identically dis-
tributed random vectors with common distribution Py, where 6 belongs to an
open subset © of IR*. Suppose that Py is absolutely continuous w.r.t some o-
finite measure p with density f(z;6). Denote the cumulative distribution func-
tion (cdf) of Py by F(z;6). With single Type I censoring at censor time ¢., the
log-likelihood of a single observation is given by

1(X3;0) = log{f(Xi;0)%[1 — F(ts;0)]' 1, (2.1)
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where §; = 1 if X; < t. (a failure), and ; = 0 if X; > t. (a censored observation),
i =1,.... When there are n observations, define I,,(6) = 1/n >} I(z;;6), where
x; is the data for the observation ¢. Let §n = (éln, ... 7§kn) be the MLE of the
parameter 6. Then én satisfies the equations

o - ‘
g (@) =0, i=1..k (2.2)

Next, let 6 = (01D, 02)) = (61,...,0k,, 0,41, .., 0%) be a partition of the pa-
rameter vector 6 where #(?) is the parameter of primary interest and () is a vec-
tor of nuisance parameters, and let 6y = (9(()1),9(()2)) = (0105 - » Ok105 Oy +1)05 - - -5
0r0), be the true parameter vector. Let 0, = (éln, . ,ékln,H(,ﬁH)o, coyOpo) =

(Nﬁf), 0((]2)) be the MLE of # under the restricted model §(?) = 9(()2). Then the log
likelihood ratio statistic is

Wi = Win(60: k1) = 2n[l,(6,) — 1,(6,,)] (2.3)

and, under standard regularity conditions (e.g., Lehmann (1986)), the distribu-
tion of W), is asymptotically X%k— 1) where X?c denotes a chi-square distribution
with f degree of freedom.

The distribution of a likelihood ratio statistic with a Bartlett adjustment
can be more closely approximated by the chi-square than the distribution of a
likelihood ratio statistic without a Bartlett adjustment. Consider the modified
statistic

W,
n = Win(0o; k1) = (k — k1) =——— 2.4
Wi 1n(0o; k1) = ( 1)E60(Wn) (2.4)
and the expansion
B(6o) 1

By (W) = (k — k1) {1+ T] +O(¥>. (2.5)

Then, operationally, a Bartlett-adjusted statistic is
WBn = WBH(HQ; kl) = Wn (26)

1+ B(M, 6 /n’

where (91, 0(()2)) is the MLE for the model parameter #(!) with the restriction
0 = g{».

The signed square root log likelihood ratio (SRLLR) statistic for testing
a scalar parameter 982) = 6Oo (or a scalar function of the parameter so that
kl =k— 1) is

R, = Ry (0o k1) = sign(Orn — Oro) v/ W, (2.7)
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and the distribution of R,, is asymptotically standard normal.

2.2. Bootstrap

Let 6, be an estimator of the parameter #. For example, we may take
0, = §n, the MLE of 6. Then, given the data X,...,X,, draw a random sample
Xi, ..., X} of size n from the “estimated” density f(z;0,). For a random variable
Ty = tn(X1, ..., X,; 0), define the parametric bootstrap version of T), as

TF = to (X7, ..., X5 0,). (2.8)

n

In absence of a parametric model, bootstrap samples may be drawn with replace-
ment from the observations {Xy,...,X,}. The corresponding method is known
as the “ordinary” bootstrap or the nonparametric bootstrap. Several authors
have investigated properties of the nonparametric bootstrap for censored data.
See Lo and Singh (1986), Horvath and Yandell (1987), Babu (1991), Lai and
Wang (1993), Gross and Lai (1996), and the references therein. In this paper,
we consider the parametric, rather than the nonparametric bootstrap.

3. Continuous Edgeworth Expansions

In this section, we derive Edgeworth expansions for the likelihood-based
statistics of Section 2.1 by allowing the underlying parameter value to depend on
the sample size. This approach has been introduced in the bootstrap literature
by Datta (1992), and seems to be the most natural one for studying higher order
properties of the parametric bootstrap method of Section 2.2. Let 6y € © and
let {0,,}n>1 C © be a sequence of parameter values satisfying

0, — 0 as n— oo. (3.1)

Also, write E,, and P, to denote the expectation and the probability under 8,,,
n > 0. For notational simplicity, we often drop the subscript 0 and write Fg = FE
and Py = P. We use the following regularity conditions for proving the main
results of the paper.

3.1. Conditions

We need some notation. For any real numbers z,y, write z A y = min{z, y}
and z Vy = max{z,y}. Let Z = {0,+1,+2,...} denote the set of all integers.
Also, let IN = {1,2,...} and Z; = {0,1,...}, respectively, denote the set of
positive and the set of nonnegative integers. For a positive definite matrix A of
order r € IN, write &4 and ¢4 to denote the distribution and the (Lebesgue)
density of the N (0, A) distribution in IR". For simplicity, we set ®; = ® and
é1, = ¢ when A = I, the identity matrix of order r. For a function f : IR¥ — IR,
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denote by 0¥ f the partial derivative 9I/(0ty" ... 0t}*¥)f where v € INF, |v| =
Zle v; and v! = vl vgl. When |v| = 1, we write 0; instead of 0¥ to denote a
partial derivative w.r.t. t;. For a set B in IR", write 0B to denote its boundary
and write B€ for the set B = {x € IR" : ||z — y|| < e for some y € B}. Also,
let eq,. .., e denote the standard basis of unit vectors in IR*. Let ©g be an open
neighborhood of 6.

The following are the regularity conditions on the log likelihood function I.

(A.1) For each v, 1 < |v| < s+ 1, I(x;0) has a v-th partial derivative 0”(x;8)
with respect to § on IR? x ©, and for |v| < s, 8”1(z;6) is continuous on O
for all z € IR®.

(A.2) There exists a constant ¢ € (0,1) such that for all n € Z

E, U(‘)"Z(Xl;en)\(sﬂ)} <6 ' foreach v, 1<|v|[<s, and (3.2)

E, [ sup {|0V1(X1;0)]}°| <67 for each wv,|v|=s+1. (3.3)

|0—00|<d

(A.3) (i) For each n € Z 1, E, [0;l(X1;0,)] =0fori=1,... k.
(ii) The k£ x k matrices

1(0n) ={—En[0;0;1(X1;0,)]}, D(0n) ={En[0:l(X1;6,)0;1(X1;6,)]} (3.4)

are non-singular, 1(0,,) = D(0,) for all n € Z, and ||1(6,) — I(6p)|| — 0

as n — oQ.

For n € Z,, define ZZ-[Z] = 0l(X;;6,) and let Z;, = (ZZ-[Z])1§|,,|§8 be the
vector with coordinates indexed by the v’s. The dimension of Z;, is m =
D (k+:_1), and we arrange Z;, values such that the first k£ coordinates of
Zin are those with the indices v = e;, 1 < j < k. Some of the coordinates of
Zin may be linearly dependent. To deal with this, we suppose that there exist
mo X m matrices A, of rank mg(< m) such that the variables Zj,s defined by
the relation

Zin = ZinAn (3.5)

are of dimension mg < m and are such that the coordinates of Zln are linearly
independent. We further suppose that the first m; of these coordinates are
continuous variables and the remaining mo = mg — m are lattice variables with
minimal lattice Z™2. We write Z;, = (Zi(nl), Zi(s)), where Zi(nl) are the first my
coordinates and Zl(s) are the last mo coordinates. For e € (0,00), define the

set C(e) = {(t,v) : t € R™,v € [—m,@|™2, [[t]| A{[lv]| V [[po — [} = €}, where
po = (m,...,m) € R™2.
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We need an additional set of conditions on the Z;, vectors.

(A.4) (i) There exists a constant ¢ € (0,1) such that for all n € Z,

E, [‘|Zln‘|max{2s+1,m1+l}} +E, [HZ{?||maX{2s+1,m1+1,m2+1}} <5l

and the finite cumulants of Z1,, under 6,, converge to those of Z1y under
0y as n — oo.
(ii) For all € > 0 there exists a § € (0,1) such that for all n € IN,
Sup{’En {exp (it - ZSL) +iv - ZSL))H (t,v) € C(e)} <1-04. (3.6)
(A5) (i) ||An — Agl| — 0 as n — oc.
(11)

(ii) The m; x k matrix Aéll) has full rank, where Ay is the upper left
hand corner of Ay.

(A.6) The my x (k— k1) matrix (A(()l)I(HO)_l/z)(m) has full rank, where A(()l) is the
matrix consisting of the first £ columns of Ag, the lower triangular matrix
I(6p)~/? is the Cholesky factorization of I(6y)~", and (Aél)I(Ho)_l/z)(lz)
is the mq x (k — k1) matrix of the first m; rows and columns (k1 +1,...,k)
of ANVT(0)~1/2.

Condition (A.4)(ii) is called a uniform Cramer condition, and is required to
establish an Edgeworth expansion for the continuous part Zi(i), given the lattice
part Zi(s). Babu and Bai (1993) prove a similar expansion result under a weaker
moment condition than (A.4)(i), but they require a stronger Cramer condition
than (A.4)(ii). Condition (A.5) ensures that the first order Taylor approximation
of the target statistic depends on the continuous part Zi(i), while Condition (A.6)
ensures the invariance of the reparameterization. Note that in formulating the
conditions, we include the limiting value 6y (i.e., the index n = 0) in all those
conditions that ensure continuity of the resulting expansions at 6, e.g., (A.3)
and (A.4)(i), and in conditions that simplify formulation of the uniformity con-
ditions, e.g., (A.5) and (A.6). Of all the conditions, the uniform Cramer condition
(A.4)(ii) is perhaps the most difficult to verify. A simple sufficient condition for
(A.4)(ii) that, in particular, allows one to dispense with the dependence of the

condition on #,, n > 1, is given by the following proposition.

Proposition 1. Let {(X,,Yn)}n>0 be a collection of random wvectors taking
values in IR™ x Z™2. Suppose that for each n > 0, the distribution of the
random vector (X,,,Yy) has an absolutely continuous component with respect to
the product measure X (say) of the Lebesgue measure on IR™ and the counting
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measure on Z"™? with density fn(x,y). Assume that there exist a ¢ > 0, a bounded
open set O = H;n:ll(l"o]‘ — aj,x0j + a;) C IR™, and integers li,lo € Z such
that with By = O X [l1,12]™2, (i) limy,— oo fo(x,y) = fo(z,y) forall (z,y) €
By, (i) limy, .0 [, fnd)\ = [p, fod)\, and (iii) fo(z,y) > ¢ for(z,y) € Bo.
Then, for any € € (0,00), there exists a § = d(e) € (0,1) such that for n =0 and
for allm > 671, Sup{‘E[exp(it - X+ v Y")” :(t,v) € C(e)} < (1-9).

Proposition 1 implies the inequality (3.6) for large values of n and this is
adequate for the validity of the asymptotic results. In the next section, we
describe the continuous Edgeworth expansion results for the likelihood-based
statistics of Section 2.

3.2. Main results
The first result concerns the MLE én
Theorem 1. Assume (A.1)—(A.3).

(a) There exists a sequence of statistics {0,} and a constant a; € (0,00), in-
dependent of n, such that P,(||0, — 0| < a1[logn/n]'/?,0, solves (2.2))
=1—o(n=(=2/2),

(b) Assume (A.4) and (A.5). Then there exist polynomials q;(-;0) (not depend-
ing on n) with coefficients that satisfy the continuity condition
limy, o0 gj(x; 0n) = q;(z;6p) for all x € IR*, such that

sup | Py (v (6, — 6,) € B) — /B [1 + an‘j/ij(:c,en)hzn (x)dfc}

BeB j=1

— O(n—(s—2)/2)7

where ¥, = I(6,)~" and B is a collection of sets in IR* satisfying
sup @y, ([0B]°) < C16, Vo€ (0,1), n>d1 (3.7)
BeB

where C1 € (0,00) is a constant.

Theorem 1 extends Theorem 2.1 of Jensen (1993). Indeed, even in the special
case 0, = 6y for all n > 1, Theorem 1 gives an extension of the Edgeworth
expansion result of Jensen (1993) for the MLE, by allowing a larger class of
Borel sets than the class of convex measurable sets in IR¥; see Corollary 3.2 of
Bhattacharya and Ranga Rao (1986) (hereafter referred to as [BR]).

Next we consider the likelihood ratio statistic W, and its Bartlett-corrected
version WB,,. Even in the presence of a discrete component, the Edgeworth
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expansions for smooth functions of (v/n)~' Y%, Z1, are themselves smooth and
do not involve the discontinuous see-saw functions that arise in the purely lattice
case (cf., Theorem 23.1, [BR]). This is a consequence of a result of Gotze and Hipp
(1978). Although W,, admits an expansion in powers of n~! in the complete data
case (cf., Chandra and Ghosh (1979), Barndorff-Nielsen and Hall (1988)), the
same is not necessarily true for censored data. By integrating the expansion for
the conditional probability of the continuous part with respect to the expansion
for the discrete part, contributions from the series in powers of n~1/2 enter into
the Edgeworth expansions for W, in the terms of order O(n~3/2) and higher. As
a result, we restrict attention only to a third order expansion for W,, and WB,,
in the censored data case. This is adequate for investigating properties of the
bootstrap approximation that we consider in the next section.

Let AY? denote the m; x (k — k1) submatrix of A, consisting of the first
mq rows and the last (k — k1) columns.

Theorem 2. Suppose that (A.1)—(A.5) hold for s = 4, I(0,) is equal to the

identity matriz, and Aﬁ}z) 1s of full rank.

(a) Let R, = Ry,(On; k — 1) where Ry (-,-) is as defined in (2.8). Then,

x
sup =o(n™").

2
L4+ > 07 (s Hn)] ¢(u)du
z€lR r=1

Py(R, < x)— /

—00

(b) There exists a polynomial ;(+;8)’s with coefficients that satisfy the continuity
condition lim, .o G;(x;0,) = qj(x;00), such that

sup — o(n™),

0<u<oo

Py(Wy, < u) — /Ou [1 + %(jl(v; Hn)} hi—k, (v)dv

where Wy, = Wy (0n; k1), Wi (-, -) is as defined in (2.4), and where hy_y, is the
(Lebesgue) density of the x2-distribution with (k — k1) degrees of freedom. If,
in addition, the function B(-) in (2.6) is smooth in a neighborhood of Egy Zon,
then

’ — o(n™Y),

P,(WB, < u) —/

1
[1 + —qa(v; Hn)] hi—p, (v)dv
0 n

sup
O<u<oo

where WB,, = WBy(0n; k1) and WBy,(+,-) is as defined in (2.7).

Note that part (b) only asserts that the Bartlett-corrected version WB,, has
an error of approximation O(n~!) by the limiting Xz—kl distribution for the
censored case. It is not clear if Ga(u;6,) = 0 as in the complete data case, where
the error of chi-squared approximation is known to be O(n~2) (cf., Barndorff-
Nielsen and Hall (1988)).
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4. Results for Bootstrapped Statistics

In this section, we consider higher order accuracy of bootstrap approxima-
tions for the statistics considered in Section 2. Throughout, we suppose that
the parametric bootstrap method is implemented by generating the bootstrap
variables X7,..., X} from the estimated probability distribution Pé\n’ where 0,

is the MLE of 8 based on X1,...,X,. Let 5;2 denote the bootstrap version of the
MLE, obtained by replacing X1,..., X, in the definition of @n by X7,...,X}.
Also, recall that I(6) denotes the Fisher information matrix of X under 6. The
Studentized version of 8, is given by T}, = /16, —60)1(8,,)/2, where I(6)'/% is a
k x k-matrix satisfying I(6)Y/2[I(0)'/2)' = I(#), obtained by the Cholesky decom-
position of 1(#). Define the bootstrap version of Ty, by T = /n(8% —6,,)1(6%)/2.

Similarly, define the bootstrap versions R}, W and WB} of R,, W, and
WB,,, respectively, by replacing X1,...,X, by X7,..., X, and 6y by 0, in (2.8),
(2.4) and (2.7), respectively. For proving the results, we suppose that for each
6 € ©p, the random vector Z1(0) = (0"1(X1;0))1<y|<s can be transformed to an
m-dimensional vector Z;(6) as in (3.5) for some mq x m matrix A(6) such that
the first my components Z{l)(ﬂ) of Z1(0) take values in IR™, and the last mo
components Z~f2) (6) of Z1(#) are discrete with minimal lattice Z™2. Further, the
distribution of Z;(0) under # has an absolutely continuous component w.r.t A
with density f(x,y;6), x € R™, y € Z™2, § € ©y. This allows us to verify the
uniform Cramer condition (A.4)(ii) along different realizations of the sequence
{6,} that lie in a set of probability 1 under 6.

We use modified versions of some of the Conditions (A.1)—(A.6). Recall that
we write Fg, = Ey = F for simplicity.

(A.2)" There exists 6 € (0,1) such that

(i) FE|0¥1(X1,600)]t' < 67! and the cumulants of Z;(f) under § up to
order (s + 1) are continuous over ©.
(11) Eg{Sup||9_90”S5 |3VZ(X1,0)||S} <6 lforallhe Og.
. )/ (1) Egail(Xl,a) =0forall # € ©p,1 <1<k
(ii) I(0g) of (3.4) is nonsingular and I(f) = D(#) for all € O,
(

) () EG[HZS)(Q)Hmax{%—i—l,ml—l—l}]_|_E9[HZ£2)(0)HmaX{2s+1,m1+1,m2+1}] < 00
for all § € ©¢ and all finite cumulants of Z;(#) under 6 are continuous
on Oy.

(ii) There exists a ¢ € (0,00) such that f(z,y;00) > ¢ for all (z,y) € By
and the function g(0; Bo) = [p, f(z,y,0)d\(z,y) is continuous at
0 = 6y, where By is as defined in the statement of Proposition 1.

(A.5) (i) A(#) is continuous at § = 6.

(ii) The matrix A(()ll) of Condition (A.5) is of full rank.

(

A3
(A4
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Conditions (A.2)'—(A.5)" are stronger versions of (A.2)—(A.5) and ensure
that (A.2)—(A.5) holds for every sequence {6, } that converges to 6. Conditions
(A.1) and (A.6) did not involve the sequence {6,} and, therefore, may be used
in this section without further modifications. For notational simplicity, we set
(A.1)'=(A.1), (A.6)'=(A.6). Next, write P, for the conditional probability under
On, given Xq,..., X,.

Theorem 3. Suppose (A.1)'—(A.5)" hold with s = 3.
(a) sup |P.(T € B) — P(T,, € B)| = o(n""?) a.5.(P).
BeB

(b) If s > 4, 1(6p) = Ix, and Aglz) is of full rank and Condition (A.6) holds, then
sup | P (R < u) — P(R, < u)|=o(n"Y?) a.s.(P);
uelR

sup |Po(W <u)—P(W, <u)|=o(n"!) a.s.(P);
O<u<oco

sup |P.(WB} <u)— P(WB, <u)|=o0(n"")  as.(P).
O<u<oo

Thus, it follows that the bootstrap improves upon the normal approxima-
tion to the distribution of T, and is second order correct even in presence of
censoring. If we assume that s > 4, then the o(n~'/2) term is indeed O(n~")
in Py,-probability. Part (b) shows that similar improvements over the limiting
normal and y?-approximations are achieved by using bootstrap versions of the

SRLLR statistic R,, and the likelihood ratio statistic W,,, respectively.

5. Numerical Results

The theoretical results in this paper hold under standard regularity condi-
tions. These conditions hold for the smallest extreme value, normal and logistic
distributions. The results are also valid for the corresponding log-location-scale
distributions (i.e., the two-parameter Weibull, lognormal, and loglogistic distri-
butions).

To explore the finite sample performance of the asymptotic results in Sec-
tions 3 and 4, we conducted a simulation study using the two-parameter Weibull
distribution model with Type I censored data. We also incorporated the complete
data case in the simulation study to gain some insight on the effects of censoring
on accuracy of the likelihood-based methods for one- and two-sided CIs. In Sec-
tion 5.1, we describe the two parameter location-scale distribution model and in
Section 5.2, we describe the simulation design and relevant formulas of the Cls.
We present the results of the Weibull simulation study in Section 5.3.

5.1. The two parameter log-location-scale distribution model

We describe the general log-location-scale model that can be used for
Weibull, lognormal, loglogistic and other distributions. For example, the loga-
rithm of a Weibull random variable has a smallest extreme value distribution
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which is a location-scale model. Suppose that the continuous random variable
X =log(T) has density ¢rs[(z—p)/o]/o and cdf @rg[(x—p) /o], where (u,0) =6
is the unknown parameter in an open set © C IR%. Let t. denote the censoring
time and define § = 1 for a failure and 6 = 0 for a censored observation. The ob-
servations are 1 = log(t1), ..., x, = log(t,). Let . = log(t.). The log likelihood
of an observation x; is

Lis0) = 8 { ~os(o) +log [ons (T2 )| 1+ (1 = atog [1-as (2.
(5.8

One might be interested in the location or the scale parameter, or in a partic-

ular quantile or other function of these parameters. We consider estimating a par-
ticular quantile, other functions of the parameters can be obtained analogously.
Let 2, be the p quantile of the distribution ®1s[(z — u)/0], and u, = B4 (p).
Then z, = p + upo, and t, = exp(z,) is the p quantile of the distribution of T'.
The CIs (CBs) for ¢, can be obtained by taking the antilog of transformation of
the CIs (bounds) for z,. The likelihood in () can be rewritten as

Uwi; (0,2p)) = 0; {—log(g) +log [(bLs (x’ ;wp B upﬂ }

+(1—6;)log [1 — Prg (:" - e _ upﬂ . (5.9)

With [ smooth enough and ¢ having light tails, it can be shown that Con-
ditions (A.1)’—(A.3)’, stated in Section 4 are satisfied. They can be checked
by direct calculations for SEV, normal and logistic distributions, we omit these
details here. Then for |v| < 4,

<8l(X,~; (0,2p)) OU(X;; (0, xp)) 01(X;; (o, zp)) 0?1 X;; (o, zp))
Zi — 5 5 5 )
oz, oo 8:512, 0z,00

a4l(X'l? (07 3710)))
o oot ’

where Z; is a 14 dimensional vector. Transform Z; into a mg = mj + mq di-
mensional vector Z; with linearly independent coordinates for which the first m;
ordinates are continuous and last ms9 coordinates are discrete. The form of Zi
depends on the distribution of the observations. Note that d; is the only dis-
crete part of Z;, so it is the only discrete part of Z;. By Proposition 1, (A.4) is
satisfied.

The first two elements of Z; are linearly independent when data come from
the SEV, normal or logistic distribution. The first two elements of the first two
columns of A are (1,0) and (ci, c2) respectively, where ¢1, ¢y are non-zero
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constants (that could depend on the parameters), hence AU hag full rank 2.
For the SEV, normal, and logistic distributions, (c1, ¢2) is just (0,1). So (A.5)
holds.

Because the first m; rows of A0 give A0 as described in Section 3.1, and
I(60)~Y/2 is a lower triangular positive definite matrix, (AW T(0y)~1/2)0Y is an
m-dimensional vector that has rank 1. Thus, (A.6)" holds. Theorems 1-3 tell
us that the procedure based on the bootstrap log likelihood ratio statistic, or its
corresponding signed square root, can be used to construct two-sided (one-sided)
CIs (bounds) that are second order accurate.

5.2. The simulation design
5.2.1. Confidence intervals

This section briefly describes the different CI procedures that we consider in
our simulation study. For more details, see the given references.

Log LR method (LLR). The distribution of W is approximately y?. Thus an
approximate 100(1 — «)% CI can be calculated from min{W‘l(X%l_a,l))} and
maX{W_l(X%l_ayl))}, where W™1[] is the inverse mapping and X%l—oe,l) is the
1 — a quantile of y? distribution with 1 degree of freedom.

Log LR Bartlett-corrected method (LLRB). Let WB = W/E(W). In
general one must substitute an estimate for E(WW) computed from the data. For
complicated problems (e.g., those involving censoring) it is necessary to estimate
E(W) by simulation. Then an approximate 100(1 — @)% CI can be obtained by
using min{WB_l[X%l_ayl)]} and max{WB_l[X%l_ayl)]}.

Parametric transformed bootstrap-t method (PTBT). For estimating the
scale parameter and quantiles of a positive random variable, we take the log
transformation and follow the procedure in Efron and Tibshirani ((1993), Section
12.4 and 12.5).

Parametric bootstrap bias-corrected accelerated method (PBBCA).
We used the procedure given by Efron and Tibshirani ((1993, Section 14.3)) who
showed an easy way to obtain BC, Cls.

Parametric bootstrap signed square root LLR method (PBSRLLR).
Suppose that 7“6:: : is the a quantile of the bootstrap distribution of a SRLLR
statistic, R(61). Then an approximate 100(1 — a)% CI can be computed from

. “1(p —1(p . 1 s —1(0
min{R (rgl(am),R (7“61(17&/2))} and max{R (Tel(a/z)),R (7”61(17&/2))}.
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5.2.2. The simulation set up

If T has a Weibull distribution, then X = log(7T") has a smallest extreme value
(SEV) distribution with density ¢sgy (2)/0 and cdf ®spy(z), where ¢spy(z) =
exp|—z—exp(z2)], Pspv(z) = 1—exp[—exp(z)] and z = (x —p) /o, —00 < x < 00,
—00 < p < 00, 0 > 0. Our simulation was designed to study:

e ps: the expected proportion failing by the censoring time;
e E(r) = npy: the expected number of failures before the censoring time.

We used 5,000 Monte Carlo samples for each py and E(r) combination. The
number of bootstrap replications was B = 10000. The levels of the experimental
factors used were py = 0.01, 0.1, 0.3, 0.5, 0.9, 1 and E(r) = 3, 5, 7, 10, 15
and 20. For each Monte Carlo sample we obtained the ML estimates of the
scale parameter and the quantiles log(t,), p = 0.01, 0.05, 0.1, 0.3, 0.5, 0.632 and
0.9, where p = log(tp.¢32). The one-sided 100(1 — a)% CBs were calculated for
a =0.025 and 0.05. Hence the 90% and 95% two-sided ClIs can be obtained by
combining the upper and lower CBs. Without loss of generality, we sampled from
an SEV distribution with 4 =0 and ¢ = 1.

Because the number of failures before the censoring time t. is random, it is
possible to have as few as » = 0 or 1 failures in the simulation, especially when
E(r) is small. The PBBCA procedure requires at least r = 2 failures before
the censoring time in order to estimate the accelerated constant. Therefore, we
calculated results conditioned on r > 1.

Let 1 — « be the nominal (user-specified) coverage probability (CP) of a
procedure for constructing a CI, and let 1 — & denote the corresponding Monte
Carlo evaluation of the actual coverage probability 1 — o'. The standard error
of & is approximately se(1 — &) = [o' (1 — ') /ns]'/2, where ng is the number of
Monte Carlo simulation trials. For a 95% CI from 5,000 simulations the standard
error of the CP estimation is [0.05(1 — 0.95)/5000]*/2 = 0.0031 if the procedure
is correct. The Monte Carlo error is approximately =1%. We say the procedure
or the method for the 95% CI (or CB) is adequate if the Monte Carlo evaluation
of CP is within £1% error of the nominal CP.

5.3. Simulation results

In this section, we present some of the major findings from our simulation.
Because the difference of the results of the LLR and LLRB methods are not very
significant, we omit the graphs of the LLR method in this paper.

Figure 1 shows the coverage probability for the one-sided approximate 95%
CBs for ¢ from the seven methods with five different proportion failing values.
Figure 2 is the same type of graph for tg1, the 0.1 quantile of Weibull distri-
bution. Figure 3 shows CPs of these procedures when p; = 0.5 for different



ASYMPTOTIC PROPERTIES OF BOOTSTRAPPED LIKELIHOOD RATIO STATISTICS 49

quantiles. Figure 4 shows the coverage probability for 90% two-sided CIs of t¢ 1.
We summarize the simulation results briefly as follows.

e Using a Bartlett correction for the LLR method does not improve the coverage
probability accuracy for one-sided CBs. For one-sided CBs, the LLR and
LLRB methods are adequate when the expected number of failures > 20. For
two-sided CIs, the LLR method is adequate when the expected number of
failures is more than 15 and the LLR method with a Bartlett correction is
very accurate even for an expected number of failures as small as 7.

e The bootstrap-t method is an accurate procedure for the scale parameter.
When the quantity of interest is ¢, where p is close to the proportion failing, the
one-sided lower CB procedure is anti-conservative. The bootstrap-t method
gives accurate coverage probabilities for all functions of the parameters only
when the number of failures exceeds 20. This is because the distribution of 7,
is approximately discrete.

e The BC, method for both one-sided CBs and two-sided ClIs is adequate when
the number of failures exceeds 20.

e The PBSRLLR method for the one-sided CBs and two-sided Cls is adequate
except when the number of failures is less than 15 and the quantity of interest
is the p quantile where p is close to the proportion failing.
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Figure 1. Coverage probability versus expected number of failures plot for
one-sided approximate 95% CI procedures for parameter . The numbers (1,
2, 3, 4, 5) in the lines of each plot correspond to py’s (0.01, 0.1, 0.3, 0.5, 1),

respectively. Dotted and solid lines correspond to upper and lower bounds,
respectively.
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Figure 2. Coverage probability versus expected number of failures plot for
one-sided approximate 95% CI procedures for tg 1. The numbers (1, 2, 3, 4, 5)
in the lines of each plot correspond to py’s (0.01, 0.1, 0.3, 0.5, 1), respectively.
Dotted and solid lines correspond to upper and lower bounds, respectively.
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Figure 3. Coverage probability versus expected number of failures plot for
one-sided approximate 95% CI procedures for py = 0.5. The numbers (1, 2, 3,
4, 5) in the lines of each plot correspond to t,’s, p = (0.01, 0.1, 0.5 ,0.632, 9),
respectively. Dotted and solid lines correspond to upper and lower bounds,
respectively.
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Dotted and solid lines correspond to upper and lower bounds, respectively.

For Type I censored data, we can draw the following conclusions. If our
interest is in constructing one-sided CBs, the PBSRLLR method provides better
coverage probability with a small expected number of failures (like 10). For
two-sided Cls, the PBSRLLR and LLRB methods provide accurate procedures.
The LLRB method gives more accurate results even when the expected number of
failures is as small as 7. The two-sided CI from the PBSRLLR is more symmetric
than that from other methods in the sense that the confidence level of one side
of the interval is close to the confidence level of the other side of the interval.

6. Proofs

Let C,Cq, (s, ... denote generic positive constants that do not depend on n.
Unless otherwise mentioned, limits in the order symbols O(-) and o(-) are taken
by letting n — oo.

Proof of Proposition 1. Define the measures p,,n € Z on the Borel o-field
B(IR™) on IR™ by pn(A) = [4np, fad\, A € BUR™). Then p,,n > 0, are
finite measures and by (ii), pun(IR™) — po(IR™). Hence, by an extended version
of Scheffe’s Theorem (cf., Billingsley (1995, p.215)),

sup {| [ 00 f, (2, g)aew) - [

) o, y)dA (@, )|+ (¢ v) € R™)
By
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< [ 1fa = foldx — 0 as 0 — ox. (6.1)
Bo

Fix € > 0, write g = (zo1,-..,%Zom,) and m = mj + ma. Let p1(-;a) be the
characteristic function of the UNIFORM(—a,a) distribution, a € (0,00), and
let @o(-) be that of the discrete uniform distribution over the integers [l1,l; +
1,...,l2]. Then, by the property of lattice random variables (cf., Feller (1968,
Chap. 15)), uniformly in (¢,v) € C(e),

[t fy(a,gina,y)
By

< 3 [[f e+ [ i) - dire.y

y€lly,l2]™m2

ma

= c} /O eit(x_mo)da;‘ 11 Ii eivik

+/ fo(z,y)d\(x,y) — cA(By)
Bo

=1 k=l
— oxB){ T1 [er(tss00) [ TL|atw)]} + (™) - ex(o)
=1 =1
< po(R™) — e (6.2)

for some constant ¢; > 0, depending on €, ¢, \(Bp). This proves the Proposition
for n = 0. Now, the case n = 0 together with (6.1) gives the desired bound on
the characteristic functions of (X,,Y,,) for all large n.

Lemma 1. Let (X,;,Yn) € RPT, i =1,....,n, n > 1 be a triangular array of
row 1.i.d. random vectors such that for each n > 1, Y,1 € IR? is a lattice variable
with minimal lattice Z9, EXy,1 = 0, EYy = 0 and Cov(Xp1,Yn1) = Ipig.
Suppose that there erxists a 6 € (0,1) and an integer s > 3 such that for all
n> 6",

E[Xm|*®) <67Y, E[Yu|?® <67, (6.3)
for a(s) = max{2s + 1,p + 1} and ((s) = max{a(s),q + 1}, and that for any
€ > 0, there exists a 6 € (0,1) such that for alln > 671,

sup{|E exp(i(tXn1 + vYn1))| : (t,v) € C(e)} <1—06. (6.4)
Let g : IRPTY — IR be (s — 1)-times continuously differentiable in a neighborhood
of 0 € IRPTY with g(0) = 0 and zg.’:l[ajg(o)]? =1. Let Sp=((v/n)' 3" Xoi,
(V)L™ o), and let X, be the vth cumulant of (Xpn1,Yn1), v € Zf'q.
Then, there exist functions p;(+;-) such that
sup

sl (v () =)L

= O(n= (=172, (6.5)

o(u)du

s—2
1—|—Z n_j/zpj(u; {Xun : ‘V‘ §]+2})
=1
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Proof. Here we outline a proof of Lemma 1 using some extensions of the ar-
guments developed by Jensen (1989). Without loss of generality, suppose that

(6.3) and (6.4) of Lemma 1 hold for all n > 1. Let s = (Vn) S X

and S = (v/n)~1 3", Y, By Bartlett’s (1938) formula for the conditional
characteristic function,

. 1 2 — n 3 v —1v
Blexp(itsiDIS =yl = m [ g () e fan,
(6.6)
where a,, = nq/zP(ST(LZ) =y) and fy,(t,v) = Fexp(itX,1+ivYy1), t € RP, v € IRY.
Let 1, (t,v) be the Fourier transform of the Edgeworth expansion for (S,(Ll), 57(12))
given by

a(s)—3
Pn(t,v) = e P HII2)/2 [1 + Y nTI2P(it, vy {xun t V] < 5+ 2})}, (6.7)
j=1

where the functions pj(z't,iv; {xwm i V| <j542}),5>1, are defined by identity
(7.2) of [BR] (with x,’s there replaced by x,»’s). Also, let W, (t|y) be defined by
Tatly) = @) [ wult, ) do /b, (63)

where b, = (27)79 [, (0,v)e""du. By (6.3) and arguments in (2.9)—(2.12)
of Jensen (1989), it follows that, uniformly in [jy||?> < slogn, |an — ba| =
O(n_(a(s)_2)/2) and a, A b, > Cin~5/2 for some C € (0,00), so that

|an — bpla, ' = O(n~(*)7279)/2) = O(n=(=D/2), (6.9)
Arguments leading to Theorem 9.9 of [BR] yield

t v
%, %) - wn(tvv))‘
< o5y 1 1 g r-DH] oIl (6.10)

9" (f7(

n

for [v| < a(s), and for ||t]|+||v|| < C3(5)y/n. Now using the smoothing inequality
of Corollary 11.2 of [BR], and arguments in the proof of Lemma 1 of Jensen
(1989), one gets

sup [P(S(!) € BIS{) = y) = Ua(Bly)| = O(n=~D72) (6.11)
BeB

uniformly over /ny € Z™2 with |ly||> < slogn, where U(-|y) is the signed
measure corresponding to the Fourier transform W(-|y) of (6.8), and B is any
given collection of Borel subsets of IRP satisfying ‘®([0B]¢) = O(e)as € — 0.
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Next, using the transformation technique of Bhattacharya and Ghosh (1978)
(hereafter referred to as [BGJ), one can easily show that uniformly over ||y||? <
slogn,

o [P (v

< up|SP y)
up€R

f)

-/ [1+zn /25j0(u:1) 6, (u = du)du| = O ™CD/2) (612

for some polynomials pj,(-;y) whose coefficients are rational functions of {x,n, :
v < j+2} and {8g(0;y/v/n) : [v| < s —1}. Here of = 3°0_[9;9(0,y/v/n)]?
and d,, is the 1 x g vector with ith component 0,4,9(0,y/v/n),i=1,...,q. Next,
note that PU/mg(S/v/7) < wo) = E{P(/g(S:/ Vi) < uolSi?)} = B[S, {1+
S5t 1B 817 o, (u = dn S )du] + O(P(|53” | > slogn) + (=172,
Hence, using the arguments in Gotze and Hipp (1978) and an analog of (6.10)
with t = 0, |v| < ((s), one gets (6.5).

Proof of Theorem 1. By using a Taylor series expansion of the left side of
(2.3) around 6,, up to order s, one can express (2.3) as

s—1
0= 0jln(0) = 05ln(0n) + > [070;1n(00)](0 — 0,)" /1! + Ry, (6.13)

lv|=1

where | Ry, ()| < C10 — 0,,|° - sup{|0 1, (t)] : ||t = Onll < |0 —Onll, |v| = s+1}, 1 <
j <k

Using (A.2), (A.3), and Corollary 4.2 of Fuk and Nagaev (1971), we get
Po(10¥1,(6) — End”1,(0,)] > Cn=12(logn)'/?) = O(n=5=2/2(logn)=%/2), 1 <
lv|<s—1, and P, (sup {|0"1,(0)] : [|0—0,]| < a1, |v| = s+1} > C) = O(n~=2)/2
(logn)~*/?). Hence, on a set A, with P,(A%) = O(n~=2/2(logn)~*/?), we may
rewrite (6.13) as

(0 - HTL) = gn(a - Hn) (6.14)

for some continuous function g, that satisfies ||g,(2)|| < Cn~2(logn)'/? for all
|z|| < Cn~'/2(logn)Y/?. Hence, part (a) follows from Brouwer’s Fixed Point
Theorem, as in the proof of Theorem 3 of [BG].

To prove part (b) note that, using the arguments in the proof of Theorem 3
of [BG], we can express 0, and 6, as

0, = g(Z}) and 6,, = g(E,Zy,) (6.15)

for some smooth function g : IR™ — IRF where Z;LT(LV) = ZZ-(Z) for |v| > 2 and
Z;LT(LV) Z(V) + Ru(0,), [v| = 1, and R,(8,) is the vector of Rp;(6,), 1 < j < k.
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Now using the reparametrization of the Z;,’s in terms of Z;,’s, and using Lemma,
1 above in place of Theorem 1 of Jensen (1989), one can complete the proof of
part (b). We omit the routine details.

Proof of Theorem 2. Following the arguments on pp.8-9 of Jensen (1993), w
can express R and W as Rn = Vln and Wn = V2n where Vln and Vgn adrmt
stochastic expansions of the form, for m = 1,2,

Vim = B %]:rl Ui [T zz: } —i—é n_r/2prm(% ]z::l Zin: Hn) + R, (6.16)

for some constants a,; = amin € IR\ {0} and polynomials p,.,(+;-) (with k& =
k —1 when m = 1). Here, the remainder term R,,, satisfies the inequality
Po(|Rmn| > Cn~logn)™2) = O(n~'(logn)~2) for m = 1,2. Now applying
Lemma 1 above and the transformation techniques of [BG]|, one can establish
(3.8) and (3.9) of Theorem 2. The proof of (3.10) is similar, by noting that the
effect of the correction factor 1/(1 + B(-)) shows up only in the term of order
O(n~1) in the expansion for W,,.

Proof of Theorem 3. By part (a) of Theorem 1, under (A.4)(i) with s = 3,
E()|’Zlo”2s+1 < HA0”2S+1E()HZ1()H2S+I < 00, so that

Py(|16, — 60| > a1[(logn)/n]*?) = o(n=5/?). (6.17)

Hence, by the Borel-Cantelli lemma, 6,, — 6, = O(n=?(logn)'/?) as. (P).
Let Dy be the set of Py-probability 1 where 6, — 6y = O(n="/?(logn)'/?) as
n — o0o0. Then, by the continuity of 9"l(x;0) in § over ©, 1 < |v| < s, and
the continuity of the second moments, f(z,y; @n) — f(x,y;6p) as n — oo for all
(x,y) € R™ x Z™2. Hence, the conditionsAof Proposition 1 hold, which in turn
implies (A.4)(ii) along every realization of {6, } on Dy. Now, using the expansion
for \/n(6,, — 6o) from part (b) of Theorem 1 and the transformation technique of
[BG], one can show

P(T; € B)—/B [1+q1($;§n)n_1/2} o(x)dz| = o(n™?) a.s.(P),(6.18)

sup
BeB

sup |P(T, € B) — / {1 + q1(x, 90)?1_1/2} o(x)dz| = o(n~1/?), (6.19)
BeB B

for some polynomial ¢1(-) = ¢1(+;0) with coefficients that are smooth functions
of 6. Part (a) of the theorem follows from this. Part (b) follows by similar
arguments, by exploiting the continuity of the cumulants of 21(0) in # and the
reparametrization argument in Remark 2.5 of Jensen (1993). We omit the details.
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