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Abstract: Local linear kernel methods have been shown to dominate local constant
methods for the nonparametric estimation of regression functions. In this paper
we study the theoretical properties of cross-validated smoothing parameter selec-
tion for the local linear kernel estimator. We derive the rate of convergence of
the cross-validated smoothing parameters to their optimal benchmark values, and
we establish the asymptotic normality of the resulting nonparametric estimator.
We then generalize our result to the mixed categorical and continuous regressor
case which is frequently encountered in applied settings. Monte Carlo simulation
results are reported to examine the finite sample performance of the local-linear
based cross-validation smoothing parameter selector. We relate the theoretical and
simulation results to a corrected AIC method (termed AIC.) proposed by Hur-
vich, Simonoff and Tsai (1998) and find that AIC. has impressive finite-sample
properties.
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1. Introduction

There exists a rich body of literature on the estimation of unknown regres-
sion functions using kernel weighted local linear methods; see Fan (1992, 1993),
Ruppert and Wand (1994), Fan and Gijbels (1995), among others. The local
linear estimator has many attractive properties including the fact that it is min-
imax efficient and is one of the best known approaches for boundary correction.
While practitioners often encounter a mix of discrete and continuous data types
in applied settings, existing local linear methods do not handle the presence of
discrete data in a satisfactory manner. In this paper we propose a new local lin-
ear estimator which smooths both the discrete and continuous regressors using
the method of kernels. Since it is widely appreciated that data-driven smoothing
parameter selection is a necessity in applied nonparametric settings, we propose
using least squares cross-validation (CV) for selecting smoothing parameters for
both types of regressors. In particular, we derive the rate of convergence of the
cross-validated smoothing parameters to their optimal benchmark values, and
we establish the asymptotic normality of the resulting nonparametric estimator.
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The results contained herein are new even when considering the case for which
there exist only continuous regressors.

The CV method is one of the most widely used bandwidth selectors for
kernel smoothing, despite the fact that the relative error of the cross-validated
bandwidths may be higher than that for some alternative selection methods, for
example, the plug-in method. In the presence of discrete regressors, however, the
CV method is particularly attractive because it has the ability to automatically
remove irrelevant discrete regressors by smoothing them out; see Hall, Racine and
Li (2004) for a more detailed discussion on this and related issues. In this paper
we explicitly address the case for which each regressor has a unique bandwidth
(i.e., the vector-valued smoothing parameter case). This leads to a set of con-
ditions that ensure that cross-validation will lead to optimal smoothing for the
local linear kernel estimator, and illustrates how plug-in methods may face some
practical problems because it can be difficult to select good initial smoothing
parameter values that are required by the plug-in method. We show via simula-
tions that the cross-validated local linear estimator is capable of out-performing
the local constant estimator in the presence of mixed data types. We also find
that the corrected AIC method proposed by Hurvich, Simonoff and Tsai (1998)
has impressive finite-sample properties. After the submission of this paper, a
work by Xia and Li (2002) was brought to our attention in which they study the
asymptotic behavior of cross-validated bandwidth selection for local polynomial
fitting in a time series regression model with a univariate continuous regressor;
our paper differs from Xia and Li’s in that (i) we consider multivariate regres-
sion models and (ii) we allow for the presence of mixed discrete and continuous
regressors.

2. Cross-Validation and the Local Linear Estimator: The Continuous
Regressor Case

Consider a nonparametric regression model

y; = g(x;) + uy, ji=1,....n, (2.1)
where z; is a continuous random vector of dimension g. Define the derivative of
g(x): B(x) = Vg(x) = dg(z)/0x (Vg(-) is a ¢ x 1 vector).

Define 6(z) = (g(z), B(z)"), so é(x) is a (¢ + 1) x 1 vector-valued function

whose first component is g(x) and whose remaining ¢ components are the first
derivatives of g(x). Taking a Taylor series expansion of g(x;) at z;, we get

g(x;) = g(xi) + (xj — x;)' B(x;) + Rij, where Rj; = g(x;) — g(;) — (x5 — x;) B(x;).
We write (2.1) as
yj = 9(x:) + (x5 — ) Vg(x:) + Rij + uy
= (1, (z; — x:))6 () + Rij + u;. (2.2)
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A leave-one-out local linear kernel estimator of §(z;) is obtained by a kernel
weighted regression of y; on (1, (x; — x;)’) given by

o= (50))

-1
— L, (‘Tj _xi), 1 )
- {; Whis (mj — i, (25— m) (2 ﬂﬁi)')] %;Z Whis <$j —wi> j» (2:3)
where Wy ;; = [1%, hy 'w((zjs — 2is)/hs) is the product kernel function and
hs = hs(n) is the smoothing parameter associated with the sth component of x.

Define a (¢4 1) x 1 vector e; whose first element is one with all remaining
elements being zero. The leave-one-out kernel estimator of g(z;) is given by
G—i(x;) = €} 6_i(x;), and we choose hy, . . ., hq to minimize the least-squares cross-
validation function given by

CV(hl, ey hq) = Z[yl - g—z(mz)]2 (24)
i=1
We use h = (fll, e ,flq) to denote the cross-validation choices of hq,..., hq

that minimize (24). Having computed A we then estimate d(z) by

— - R L (332 - .1‘), o R 1 .
o Lg; Whvir (a:z -z, (v —x)(x; — m)’)] ZWhv“ <a:z — ;1:) Yir

=1

where W; . = []_ h: w((wss — 25) /s , and we estimate g(z) by g(x) = ¢ 6(z).
h,zaj s=1""s 1

The following assumptions are used to establish the convergence of iLl, ooy hy
to their optimal benchmark values and to establish the asymptotic normality of

9().

(A1) (i) (x;,y;) are i.id. as (X,Y); S, the support of X, is a compact
set; E(yilx;) = g(x;) almost surely; u; = y; — g(z;) has finite 4th moments.
(i) infzes f(z) > € > 0 for some (small) ¢ > 0. (iii) g(x), f(z) and o?(z) =
E(u?|z; = =) are all fourth order differentiable in S. (iv) Letting gss(x) denote
the second order derivative of g with respect to s, then [ gss(z)?f(x)dz > 0 for
alls=1,...,q.

(A2) w(-) : R— 7R is a bounded symmetric density function with [ w(v)vtdv
< 00, and is m times differentiable. Letting w(®)(-) denote the sth order derivative
of w(-), [ |w® (v)v®|dv < oo forall s = 1,...,m, where m > max{2+4/q, 1+¢/2}
is a positive integer.
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(A3) (hl’ T hQ) € H, = {(h17 s 7hq)|(hl7 cee 7hq) S [O,T]]q, and nhq--- hq
> t,}, where n = n(n) is a positive sequence that goes to zero slower than the
inverse of any polynomial in n, and ¢, is a sequence that diverges to +oo.

(A1) (iv) requires that g is not linear in any of its components. The assump-
tion that hi,...,hq lie in a shrinking set given in (A3) is not as restrictive as it
appears, since otherwise the kernel estimator will have a non-vanishing bias term
resulting in an inconsistent estimator when the model is nonlinear. We rule out
the case for which g(z) is linear in any of its components xs. The two conditions
on H,, in (A3) are similar to those used in Hérdle and Marron (1985), and they
basically require that hy — 0 for all s, and nhy ---hy — 00 as n — 0.

In Appendix A we show that the leading term of the cross-validation function
is given by

q 2
CVL(hi,... hg) = / [% ngs(a:)hzl f(z)dx + nhlih (2.5)
s=1 q

where g,s(z) is the second order derivative of g with respect to x5, By = k4 [ 0%(x)
dz, k = [w(v)?dv and kg = [w(v)v3dv.

Define a, via hs = agn~ /@ for s = 1,...,q. Then we have CVy (hy, ..., hy)
=n~Y@(ay,...,a,), where

q 2
K2 By
xaroa) = [ |23 gu@ed| flade+ —"—  (20)
2 = ai---ag
Let af, ... ,ag denote values of ai,...,a, that minimize x subject to being

non-negative. Note that if a0 = 0 for some s, then we must have a? = oo for

some t # s. Since we have assumed that ¢ is not linear in any of its components,
we rule out the case for which af = co and assume that, for s = 1,... g,

each a! is uniquely defined and is finite. (2.7)

It is easy to see that (ZT) requires that, for all s =1,...,q, gss(x) does not
vanish almost everywhere (our assumption (A3)), for otherwise a2 = oo.

Below we provide a necessary and sufficient condition for ([2.7). Let zs = a
(s=1,...,q), and let A denote a g X g positive semidefinite matrix having its
(t,s)th element given by A;s = (k2/2) [ gu(x)gss(z) f(x)dx. Then (2.0]) can be

re-written as

2
s

By

ez = A 2 2.8
X,z = Az (2.5)
where z = (21,...,2)" is a ¢ x 1 vector. Let z?,...,zg denote the values of

21,...,%g that minimize x.(z1,...,2,) subject to the requirement that each of
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them be non-negative. Then it is easy to see that each z¥ is uniquely defined and
is finite if and only if A is a positive definite matrix. A being positive definite
ensures that each 20 is finite, for otherwise 2’ Az = co (hence y, = o). Given
that each 2§ is finite, we must have 20 > 0 because otherwise By/(2? - - - zg)l/ 2=
oo. Thus, each 2¥ must be positive and finite, which in turn implies that each
a? = (29)Y/2 is positive and finite. Thus, (Z7) holds true if and only if A is
positive definite.

This condition imposes some restrictions on the second order derivative func-
tions gss (s = 1,...,¢), and is more intuitive than (2.7). For example, if ¢ = 1, it
requires that g11(x1) is not a ‘zero function’ (i.e., cannot be equal to zero a.e.).
When ¢ = 2, it assumes that gss(z) is not identically zero for s = 1,2, and
that [[ g11(z)2dF (2)][[ g2o(x)?dF (z)] > [[ g11(2)goz(z)dF (x)]* (F is the distri-
bution function of X). This last condition is equivalent to the requirement that
g11() — cg22(x) is not identically zero for any constant c.

While it is easy to obtain a closed form solution for af from (2.6)) for ¢ = 1, 2,
in the general multivariate ¢ case there do not exist closed form solutions for
the a’s (s = 1,...,q), even though they are well defined for any values of q.
Therefore, a plug-in method based on (2.6]) does not possess closed form solutions,
and it seems difficult to obtain good initial values for the hg’s (s = 1,...,q) that
are required by the plug-in method.

We note here that it is important to explicitly allow for different values of
hs for the different components of x5 (s = 1,...,q). If one were to use a scalar
hi = --- = hq = h, as is often done to simplify the theoretical derivations (e.g.,
Racine and Li (2003)), then one would not get the positive definiteness of A. To
see this, note that if one were to use hy = --- = hy = h, and a1 = --- = a4 = q,
then (2.6]) becomes

K2 a 2 BO
x(a) = a4/ l7 ngs(x)‘| f(x)dx + - (2.9)
s=1

Therefore, there exists a unique positive and finite a® that minimizes x(a) if
37, gss(z) is not a zero function. But this condition clearly does not give
applied researchers correct guidance as it would assert that hg converges to zero
even if g(x) is linear in x4 as long as g(x) is non-linear in some other component
such that Y7 gss(z) is not a zero function. Since in practice one never forces
all hs’s to be the same, (2.9) fails to reveal the correct conditions that ensure
@7).

Let AY,... ,hg denote the values of hi,...,h, that minimize ([2H). We have
RO = a9n~Y(@+4) - Also, given the fact that CV7, is the leading term of C'V, one
can show that h, = hO + op(RY).
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Theorem 2.1. Under (A1) through (A3) and [21), we have, for all s =1,...,q,

(hs — h0) /B0 = O, (n~/U+DY with e = min{q/2,2}, where hS = aOn=1/(@4),

For results on cross-validated local constant kernel regression, see Hérdle,
Hall and Marron (1988, 1992), and see Chen (1996) on using extra information
for nonparametric smoothing in order to improve efficiency. With our result one
can establish the asymptotic normality of g(z).

Theorem 2.2. Under assumptions (A1) through (A3), and assuming that f(x) >
0, then

q
nhy - hy [g(m) —g(x) — —= Z gss(x)h%| — N(0,9y) in distribution,

s
s=1

where Q, = kl0%(z)/f(x).

Under the assumption that g(-) is a smooth function with non-vanishing
second-order derivatives, Theorems 2.1 and 2.2 show that hy converges to zero at
the rate O,(n~"/(4+9) and that §(z) converges to g(z) at the rate O,(n=2/(4+9).
In practice, some regression functions g(-) may have a linear regression functional
form or be linear in some of their components (a partially linear specification).
Our Theorem 2.1 does not cover such cases. However, it can be shown that
in the case for which ¢ is linear in some of its components, say x,, then the
cross-validation smoothing parameter hs will tend to take large numerical values,
indicating that the model is partially linear. Note that our Theorem 2.1 does
not cover a partially linear model since for a partially linear model, gss(z) = 0
for some s € {1,...,q}, and Assumption (A1) (iv) is violated. In Section 3, we
use simulations to investigate the distribution of hs in this case. Our results
explain how the use of cross-validated local linear kernel methods in empirical
settings may result in large smoothing parameters for some regressors and small
smoothing parameters for others, a feature often exhibited in applied settings.

Up to now, we have restricted attention to the use of least squares cross-
validation (CV) when selecting smoothing parameters. Hérdle, Hall and Marron
(1988) have shown that, for the local-constant estimator, the CV smoothing pa-
rameter selectors are asymptotically equivalent to generalized CV (GCV) selec-
tors, which include Akaike’s (1974) information criterion, Shibata’s (1981) model
selector, and Rice’s (1984) T selector, among others. It can easily be shown that
the same conclusions hold true for the local linear method, that is, that the
local-linear based CV smoothing parameter selector is asymptotically equivalent
to the local-linear based GCV selector. This follows the exact same proof as in
Hérdle, Hall and Marron (1988, p.95) as local-constant and local-linear estima-
tors have the same rate of convergence (when both use a second order kernel).
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Recently, Hurvich, Simonoff and Tsai (1998) suggested a corrected (improved)
AIC criterion (termed AIC,) as a smoothing parameter selector, and their simula-
tions show that the AIC, selector performs quite well compared with the plug-in
method (when it is available) and with a number of generalized CV methods.
While there is no theoretical result available for the AIC. selector, we conjec-
ture that the AIC, selector is asymptotically equivalent to the (generalized) CV
method, and simulation results are consistent with this conjecture. We find that,
for small samples, AIC, tends to perform better than the CV method, while for
large samples there is no appreciable difference between the two methods.

Hérdle, Hall and Marron (1988) also consider the intermediate benchmark
case of selecting hy’s by minimizing the average square error given by ASE =
n~1 32 [9(xi) — g(;)])? for the univariate z case. They use h° to denote the values
of h that minimize ASE, and they further show that h — h? = Op(n_l/loﬁo) =
O,(n=3/19). This is the same rate as for h—hg stated in our Theorem 2.1 for ¢ = 1.
We conjecture that Theorem 2.1 holds true when one replaces hQ by ﬁg This
is because one can show that CV = ASE + Op(n3 +n(hy -~ hy)'/?) = ASE +
O,(ASE)O,(ng + (hy -+~ hy)'/?), where g = 329, h2 and ny = (nhy---hy)~ "
From this we expect that hy = h? + Op(izg)op((hg)mm{zq/ 2h), or equivalently
that s — hY = Oy (n~ 1/ @t p—min2.4/2/(a+4)) " However, a rigorous proof of this
result lies beyond the scope of this paper.

3. Local Linear Cross Validation with Mixed Continuous and Discrete
Regressors

In this section we consider the case where a subset of regressors are categor-
ical and the remaining are continuous. Although it is well known that one can
use a nonparametric frequency method to handle the discrete regressors (theo-
retically), such an approach cannot be used in practice if the number of discrete
cells is large relative to the sample size, as is often the case with economic data
sets containing mixed data types. Borrowing from Aitchison and Aitken’s (1976)
approach, we elect to smooth the discrete regressors to circumvent this problem;
see Hall (1981), Grund and Hall (1993), and the monographs by Scott (1992)
and Simonoff (1996) for further discussion on the kernel smoothing of discrete
variables.

Let a:f denote a r x 1 vector of regressors that assume discrete values and
let z7 € R? denote the remaining continuous regressors. It should be mentioned
that Ahmad and Cerrito (1994) and Bierens (1983, 1987) also consider the case
of estimating a regression function with mixed categorical and continuous re-
gressors, but they did not study the theoretical properties associated with us-
ing data-driven methods (cross-validation) when selecting smoothing parameters.
Furthermore, both works only consider the local constant kernel estimator.
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For a discrete regressor, we use a variation on Aitchison and Aitken’s (1976)
kernel function defined by

e d _ d
(a, 2ty = § b 1@ = T
182798 s, otherwise.

The range of A, is [0,1]. Note that when A\ = 0 the above kernel function becomes
an indicator function, and when Ay = 1, it is a constant function. That is, the
x? regressor is removed (smoothed out) if A, = 1. Let 1(A) denote an indicator
function which assumes the value 1 if A holds true and 0 otherwise. Then the

product kernel function for a vector of discrete regressors is given by

L(mz,m],)\ [H /\1 1(z4, r]s)‘| '

Now define the partial derivative of g(z) = g(x¢ 2¢) with respect to z°:

B(x) et Vyg(z) = 9g(z¢,x%)/0x¢, and define 6(z) = (g(x),3(x)"). Also, we
use the short-hand notation Kh ij = WhiiLyij, where Wy = TT9_, hytw((z6, —

)/ hs) and Ly i1 = =TT (24, ;ls, As). Then the leave-one-out kernel estimator
of 6(x;) = §(x¢,2¢) is given by

st = ()

1 (26 —x§)
— K ii ’ j K, y;. (3.1)
[§ <—<—><—>>] St 5L )

Note that (3.1I) treats the continuous regressor z¢ in a local linear fashion and

the discrete regressor % in a local constant one. Again, §_;(2;) = €}0_;(2;)
(e1 = (1,0,...,0)"), and we choose (h,\) to minimize
CV(h B, A _ ! zn: )2 (3.2)
INRRRRN(ZT Tyenony A nl:l . .

We use (iLl, el ilq, A, ... ,5\74) to denote values of (h1,...,hg, A1,...,A;) that
minimize [3.2]). We then estimate g(x) by §(z) = €}d(x), where

—1
1 (mg_mc)/ 1
g KA . ’ ¢ KA ) :
[ZZ: hix (mf—mc, (mf—mc)(mf—xc)’ﬂ ZZ: hiz <xf—mc> Yi,
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with Kj, ;= T10, by o (@5, — 29)/ho) TTimy 1, 2, A).
In Appendix B we show that the leading term of the cross-validation function
is given by

q r 2
CVL(h,A) = Z/ {@ ngs(a:)hz + Z Ds(a:))\s} flx)dz® + i’
zd 2 s=1 s=1 hq

nhy -

(3.3)
where ggs(z) is the second order derivative of g(z) with respect to z&, By =
K1 S [ @)%, Dufa) = T (L0 a?) g(a %) — o)) 1(a0%) with
1,(z% 0% = 1(z? # v )Ht#s (¢ = v¥), and 1,(z? v?) = 1 if 2¢ and v? dif-
fers only in the sth component, and is 0 otherwise.

Define ai,...,a4,b1,...,b, via hy = agn™ @) (s = 1,...,¢) and Ay =
bsn~2/(@*) (s =1,...,7). Then we have CV(h,\) = x(a,b), where

q r 2
K9 B
x@b) =30 [ gul@al + 30 Dufalhyp fla)da® o
~ 2 £ — hy - hg
x s=1 s=1
Letting (a9,...,a,,9,...,b%) denote the values of (a1,...,aq,b1,...,b,) that
minimize x(a,b) subject to the restriction that they are non-negative, we fur-
ther assume that

each of the a’s and b?’s is uniquely defined and is finite. (3.4)

Let hY,...,\! denote the values of hi,...,\, that minimize (B3). Then
obviously we have n'/(@FHp0 ~ 40 for s = 1,...,q, and n?/ @I\ ~ B0 for s =
1,...,r. In Appendix B we show that hs = hY +0,(hY) for s =1,...,¢q, and that
As = A0+ 0,(\0) for s =1,...,7

Theorem 3.1. Under (B1) and (B2) given in Appendix B, and (34), we have
(hs — W) /R0 = Op(n=/U+D) for s = 1,...,q, and \s — \) = O,(n=2) for
s=1,...,r, where e, = min{q/2,2}, €2 = min{1/2,4/(4 + q)}.

Combining Theorem 3.1’s rate of convergence result with a Taylor expansion
argument, it is easy to establish the asymptotic normal distribution of g(z) as
the next theorem shows. The argument is sketched in Appendix B.

Theorem 3.2. Under the conditions of Theorem 3.1, we have

nhy ---hy <§(;1:) —g(z) = > (k2/2)gss (x)hZ — Z)\ Dy( ) — N(0,9,)

in distribution,
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where Dy(x) = 3 ya[ls(v?, 2%)g(2¢, v7) — g(2)] f(2¢,v9), Qp = KI0*(2)/ f(2).
From the discussion found in Section 2 we know that when g(x) is linear
in 2%, hs will not converge to zero, rather, hy will tend to take large values.

Similarly, if g(z) turns out to be unrelated to 2¢ (x¢ is an irrelevant regressor), it

S
can be shown that A will not converge to zero, rather, it will tend to the upper
bound value of 1. The theoretical results presented in this section do not cover
these cases. We rely on some simulation exercises to examine the finite sample

behavior of hs and A, when g(x) is linear in ¢ and/or is unrelated to z%.

The Ordered Categorical Regressor Case

Up to now we have only considered the case for which z? is unordered. If ¢
is an ordered regressor, we use the following kernel function:

i ed — d
1, if xfy = a5,

d d
l($isﬂxjsﬂ)‘s) = |z

d _pd
AT g ad 4 g
The range of As is [0,1]. Again when Ay = 0, (lmfs,a:;ls,)\s = 0) becomes an
indicator function, and when A, = 1, l(mfs,x?s, As = 1) = 1 is a uniform weight
function.
It is easy to show that the results of Theorems 3.1 and 3.2 remain valid

provided we redefine 1,(v?, %) by 15(v?, 2?) = 1(|z¢ — v?| = 1) [Tizs 1(zf = vf)
d

when z%

is an ordered regressor.

4. Monte Carlo Results

In this section we examine the finite-sample behavior of cross-validated local
linear regression in the presence of mixed data types. In particular, we consider
three data generating processes (DGPs), one that is nonlinear in the continuous
regressors, one that is linear, and one that lies in-between (i.e., is partially linear).
These are given by

DGP1: y; =1+ 21 + zi0 + xi1Ti0 + Sin(27‘d’$i1) + Sin(27m:l-2) + u;,
DGPy: y; =1+ zi1 + zio + i1 + Tio + zinwio + 2s8in(2zi2) + w;,
DGP3: y; = 1+ 21 + zi2 + i1 + Tio + U4,

where X; ~ N(0,1), Xo ~ N(0,1), Z; € {0,1} with Pr[Z; = 1] = 04,
Zy € {0,1} with Pr[Zy = 1] = 0.6, and U ~ N(0,0%) with ¢ = 1.0. We
compare the performance of six estimators: LIN: OLS assuming linearity and no
interaction; DGP: OLS based upon the correct DGP; LL(CV): Cross-validated
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local linear regression; LL(AIC.): AIC, local linear regression; LC(CV): Cross-
validated local constant regression; LC(AIC,.): AIC, local constant regression.

For the nonparametric LL and LC estimators we employ both the proposed
cross-validation method and the corrected AIC method proposed by Hurvich,
Simonoff and Tsai (1998) to select the smoothing parameters. We conduct five
restarts of the multidimensional numerical search algorithm, each time beginning
from different random initial bandwidth values, retaining those bandwidths that
resulted in a minimum over the five restarts in an attempt to avoid local minima.
A second-order Gaussian kernel is used for the continuous regressors.

For each DGP, 1,000 Monte Carlo replications having estimation samples of
size n; = (100,200,400) and independent evaluation samples of size ny = 1,000
are drawn. For each Monte Carlo replication, the models are estimated on n4
observations drawn from a given DGP, and then predictions (g(x;)) are generated
based upon the regressors in the evaluation sample of size ny. The mean square
estimation error is computed as MSEE = (1/n2) Y12, (g(x;) — §(x;))?, where
g(x;) is the systematic component of the true DGP.

We consider two cases, one for which all regressors are relevant, and one for
which the discrete regressor Z3 is in fact irrelevant (we remove Zs from the DGP).
The median MSEEs for each estimated model taken over the 1,000 Monte Carlo
replications are tabulated along with their interquartile ranges. The parametric
model based on the true DGP is, of course, expected to perform the best (it
serves as a benchmark), and we focus attention upon the relative performance of
the remaining methods.

4.1. Out-of-sample MSEE results: all regressors relevant

Tables 1 through 3 present the median MSEEs for each estimated model
along with their interquartile ranges. An examination of these tables reveals the
consistent nature of the cross-validated nonparametric estimators via a reduction
in their medians and interquartile ranges for MSEE as the sample size increases.

Note that DGP; is the ‘most nonlinear’ one, DGP5 is partially linear, while
DGPs3 is fully linear. An examination of Table 1 reveals that, for DGPy (the
most nonlinear DGP), the local linear AIC, estimator performs the best in small
samples, but for larger samples (n > 200), the cross-validated local constant es-
timator outperforms all others. As expected, the misspecified linear model per-
forms worst overall. Table 2 reveals that, for the partially linear DGP5 (nonlinear
in Xs), the local linear estimators outperform the local constant estimators, the
local linear AIC, estimator performs the best while, as the sample size increases,
the performance of the cross-validated local linear estimator and the local linear
AIC, estimator become indistinguishable from one another. For both of these
DGPs, the misspecified parametric model is inconsistent.
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Table 1. DGP; median MSEE results, all regressors relevant (interquartile
range in parentheses).

Nonparametric Parametric
ny LL(CV) LL(AIC.) LC(CV) LC(AIC,) Linear
100 1.82 1.63 1.79 1.75 2.17

(1.57,2.43) (1.49,1.87) (1.61,1.98) (1.61,1.93) (2.06,2.31)
200 1.38 1.32 1.34 1.39 2.08

(1.20,1.81) (1.16,1.74) (1.24,1.46) (1.29,1.52) (2.00,2.17)
400 1.06 0.98 0.94 1.09 2.05

(0.92,1.35) (0.88,1.24) (0.87,1.03) (1.03,1.17) (1.97,2.13)

Table 2. DGP5 median MSEE results, all regressors relevant (interquartile
range in parentheses).

Nonparametric Parametric
ny LL(CV) LL(AIC.) LC(CV) LC(AIC,) Linear
100 0.84 0.66 1.01 0.99 2.95

(0.63,1.27) (0.52,0.87) (0.86,1.20) (0.86,1.17) (2.79,3.11)
200 0.44 0.37 0.64 0.65 2.82

(0.34,0.61) (0.30,0.48) (0.56,0.74) (0.57,0.74) (2.70,2.96)
400 0.23 0.20 0.41 0.42 2.76

(0.19,0.33) (0.17,0.27) (0.37,0.47) (0.37,0.48) (2.65,2.88)

Table 3. DGP3 median MSEE results, all regressors relevant (interquartile
range in parentheses).

Nonparametric Parametric
ny LL(CV) LL(AIC.) LC(CV) LC(AIC,) Linear
100 0.15 0.13 0.44 0.42 0.04

(0.11,0.23) (0.09,0.17) (0.35,0.54) (0.34,0.52) (0.03,0.07)
200 0.07 0.06 0.27 0.27 0.02

(0.05,0.09) (0.05,0.08) (0.23,0.32) (0.23,0.32) (0.01,0.03)
400 0.03 0.03 0.17 0.17 0.01

(0.02,0.05) (0.02,0.04) (0.15,0.20) (0.15,0.20) (0.01,0.02)

From Table 3 we see that, for the linear DGP, DGPj3, the local linear es-
timators outperform the local constant estimators to a greater extent than was
the case for DGP,. Also, the relative performance of the cross-validated and the
AIC, local linear methods become indistinguishable from one another as n gets
large.

The cross-validated and the AIC. local linear estimators perform quite well
for partially linear and linear specifications even in these small-sample settings.
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Next we turn to the case when there exist irrelevant regressors.

4.2. Out-of-sample MSEE results: Z; irrelevant

We now consider the case where one of the discrete regressors, Zo, is in
fact irrelevant. In this case, both the cross-validation and the AIC. methods
can automatically remove such regressors by assigning them a large value of A2,
the associated bandwidth. We base this simulation upon the same DGPs given
above. However, now Zs is, in fact, irrelevant and is removed from the DGP
when we generate Y. Furthermore, we do not assume that this information is
known a priori. Therefore, Zs is still used for estimating the conditional mean
of Y. MSEE results are presented in Tables 4 through 6.

Tables 4 through 6 illustrate that, in the presence of an irrelevant discrete
regressor, the cross-validated local linear (constant) estimator and the AIC, local
linear (constant) estimator display behavior similar to the case for which all
regressors are relevant. The cross-validated local constant estimator outperforms
the cross-validated and AIC, local linear estimators for the nonlinear DGP; for
n > 200, while Tables 5 and 6 reveal that, for the partially linear DGP5 (nonlinear
in X5) and the linear DGP3, the local linear estimators outperform the local
constant estimators.

Table 4. DGP; median MSEE results, Z5 irrelevant (interquartile range in

parentheses).
Nonparametric Parametric
ny LL(CV) LL(AIC.) LC(CV) LC(AIC,) Linear
100 1.66 1.49 1.57 1.57 2.17
(1.40,2.27) (1.33,1.84) (1.43,1.78) (1.42,1.73) (2.06,2.29)
200 1.24 1.16 1.17 1.21 2.09
(1.06,1.71) (0.99,1.60) (1.07,1.28) (1.12,1.33) (2.00,2.19)
400 0.96 0.88 0.77 0.90 2.04
(0.81,1.31) (0.78,1.14) (0.70,0.84) (0.80,1.00) (1.96,2.13)

Table 5. DGPy median MSEE results, Z5 irrelevant (interquartile range in

parentheses).
Nonparametric Parametric
ny LL(CV) LL(AIC.) LC(CV) LC(AIC,) Linear
100 0.68 0.50 0.82 0.79 2.94
(0.47,1.03) (0.37,0.72) (0.69,1.00) (0.67,0.95) (2.77,3.10)
200 0.34 0.26 0.51 0.49 2.81
(0.24,0.51) (0.20,0.39) (0.44,0.61) (0.42,0.58) (2.68,2.95)
400 0.17 0.14 0.32 0.32 2.77
(0.13,0.26) (0.11,0.20) (0.28,0.38) (0.27,0.37) (2.64,2.88)
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Table 6. DGP3 median MSEE results, Z5 irrelevant (interquartile range in

parentheses).
Nonparametric Parametric
ny LL(CV) LL(AIC.) LC(CV) LC(AIC,) Linear
100 0.10 0.07 0.33 0.30 0.05
(0.06,0.17) (0.05,0.11) (0.26,0.42) (0.24,0.37) (0.03,0.07)
200 0.04 0.04 0.20 0.19 0.02
(0.03,0.07) (0.02,0.05) (0.17,0.25) (0.16,0.23) (0.01,0.03)
400 0.02 0.02 0.13 0.12 0.01
(0.01,0.03) (0.01,0.03) (0.11,0.15) (0.10,0.14) (0.01,0.02)

Next we consider the behavior of the cross-validated bandwidths. We expect
that the local linear cross-validation method will tend to select a large band-
width when the underlying DGP is in fact linear in a given continuous regressor,
while the local constant estimator will display no such tendencies. For the cross-
validated bandwidths for the irrelevant regressor Z,, we have postulated that
both the local linear and local constant cross-validation methods will tend to
select a large bandwidth for an irrelevant discrete regressor, i.e., choose Ao that
tends toward its upper bound value of 1.

In an attempt to verify the above conjectures, we plot histograms of the cross-
validated bandwidths for X7 (h1), X2 (h2), Z1 (A1) and Zs (\g) for n; = 200
for DGPy. The results are presented in Figures 1 and 2, while Figures 3 and 4
present comparable numbers for the AIC, approach.

The histogram on the upper left of each figure summarizes the bandwidths for
X1, the one on the upper right summarizes those for Xs, the one on the lower left
summarizes those for Z;, while that on the lower right summarizes those for Zs.
The uppermost histograms in Figure 1 (the partially linear DGP2) reveal how the
local linear cross-validation method chooses much larger smoothing parameters
for a continuous regressor that enters linearly (X;) than for one that enters
nonlinearly (X2). In contrast, Figure 2 shows that the local constant cross-
validation choices of ill and iLQ both assume (relatively) small values. Similar
results hold when bandwidth choice is conducted via the AIC. approach.

While both the local linear and local constant cross-validation methods select
small values of \;, F igures 1 and 2 show that their choices of A2 tend to assume
large values close to their upper bound value of 1, thereby effectively removing
the irrelevant regressor Z, from the nonparametric estimate. This ‘automatic
removal of irrelevant discrete variables’ property is an appealing feature of the
cross-validation method in applied settings. Similar results hold when bandwidth
choice is conducted via the AIC, approach.
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Figure 1. Histograms of LL(CV) smoothing parameters for DGP2, n = 200,
Z5 irrelevant.
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Figure 2. Histograms of LC(CV) smoothing parameters for DGP2, n = 200,
Zg irrelevant.
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Here we only report simulation results for the two-continuous regressor case.
Simulations not repeated here also show that, for a model with more than one
regressor entering the model linearly or being close to linear, the local linear
cross-validation method provides even larger relative efficiency gains over the
local constant method.

As noted in Section 2, Hérdle, Hall and Marron (1988) demonstrated that,
for the local constant estimator, CV smoothing parameter selectors are asymp-
totically equivalent to GCV selectors. We have included results based on the
Hurvich, Simonoff and Tsai’s (1998) AIC. bandwidth selection criterion in Tables
1 through 6 which reveal that this approach indeed appears to be asymptotically
equivalent to the CV method, and has excellent finite sample performance. We
leave theoretical investigations of the AIC, method (such as verifying our con-
jecture that AIC, is asymptotically equivalent to the CV method) as a topic for
future research.

5. Concluding Remarks

In this paper we present theoretical and simulation-based evidence in support
of using data-driven methods such as cross-validation and AIC. when choosing
smoothing parameters for the local linear kernel estimator in the presence of
mixed discrete and continuous data types. We find that the AIC. approach
has impressive finite-sample properties. We demonstrate that efficiency gains
relative to the local constant estimator are not only theoretically possible but
can be readily attained in finite-sample settings. The results presented in this
paper also explain the observations of Li and Racine (2001) who found that
nonparametric estimators with smoothing parameters chosen via cross-validation
can yield superior predictions relative to commonly used parametric methods for
U.S. patent application data, Spanish consumption data and U.S. and Swedish
labor force participation data.
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A. Proofs of Theorem 2.1 and 2.2

We will use the notation A, ~ B, to denote that A,, has the same probability
order as By,. To simplify the proof, we first re-write (23] in an equivalent form.
Define D,:Q, a ¢ X q diagonal matrix with its sth diagonal element given by h; 2,
ie., D;? = diag(h;?). Inserting the identity matrix I,+1 = G;'G, into the

. 1
middle of (Z3), where Gy, = (

, 0
0 D_Q), we get
» ~“h

o_i(zi) = [Z Wh,iiGn (xj i mz> (1, (z; — xi)')] -1 > WiijGn (xj i mi>yj

J#i 2
1 o
— [; Wh.ij <D;2(xj B xi))“’ (z; — ;) )]
1
XjZ#Wh,ij<Di:2($j_$i)>yj~ (A1)

The advantage of using (A.1) in the proof is that (1/n)3 ;. Whij
( 1
D;Q({IJ]’—(L‘Z‘
Hence, we can analyze the denominator and numerator of (A.1l) separately and

))(1, (xj — x;)') converges in probability to a non-singular matrix.

thus simplify the derivations.
Substituting the Taylor expansion (2.2) into (A.1), we have

1
1 1 (x; — ;)
L W, o B ) B J
ng:z h’]<Dh2(l‘j—aj‘i),Dh2(1‘j—1‘Z’)(l‘j—33‘0’)]
1 1
X {E zz: Wh.ij <D,:2(.'L'j _ xz)> [Rij + U]]}
= 5((1)1) + AQ_Z-lAli,

1 1
A== Wiy - Rij + ujl,
1 n; h7]<Dh2($j_~Ti)>[ ]+u]]

AQ' — fia Biz
! D, 2By, D; 2By )’

where f; = n~! Sizi Whijy Bii = n7t Y Whj(x; — x;), and By =
nt >t Whij(xj — xi)(x; — ;)" It is easy to show By; = Op(n2) and By =
Op(n2) (n2 = 27, h2). Thus D; 2By; and D, ?By; are both O,(1) random vari-
ables.

0_i(x;) =0(x;) +
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Recall that e; is a (¢ + 1) column vector whose first element is one with all
other elements being zero. Using the partitioned inverse, we have ej{Ay;} ™1 =
(f7'+ Cui, —Cy;), where Cy; = f;?B;[D,*(Ba — BuBy, f; 1)) 7' Bu, and Ca
= fl-_lB{Z-[D,ZQ(BQi - BliBiifi_l)]_l. Note that both Cj; and Cy; are Op(1n32)
random variables. Then

G—i(zi) = €lo_i(x ) = g(x;) + e[ Ao ALY = g(x) + (f7 1+ Ouy, —Coi) Ay
= g(z;) + — ZW;W [Rij + u;]/f;

i
T Z Wi,ij[Rij + u;][Cri — Coi Dy % (2 — 7))
"
= () + 5 3 Wi Ry + ]/ i + My,
J#Z

where M,, = n~! Z#Z Whii[Rij + u;][Crs — Coi D (a:J x;)], which has an order
smaller than n=' >, Wi i[Rij + u;l/ fi (smaller by a factor of ny = .7, h?
since both Cy; and Cy; are Op(12)).

Define Dy = n=1 32, W ij[Rij +u;]/f;. Then we have j(x;) = g(z;) + D; +
M, = g(xi) + My, where g(z;) = g(z;) + D.

We use the short-hand notation g; = g(x;), §; = §(z;), §i = g(x;). Define
CVp(h) in the same manner as CV'(h) but with g; being replaced by g;. Then

C‘/o dEfZ Z(gz+uz gz)Z :Z[ul_Dl]2
_ZDQ—QZUZD +Zu = CVi(h 12%7 (A.2)
CVi(h) = ZD?—QZW

= n3 Z Z Z[Rinil + uju; + QUjRil]Wh7ijWh,il/ﬁ-2
i g 1A
—on2 Z Z U; [Rij + Uj]WhJj/fi. (A3)
i i
Note that minimizing C'Vy(h) over hy, ..., hy is equivalent to minimizing C'V;(h)
because n =13, u? is not related to hq,..., hy.
A technical difficulty in handling (A.3]) arises from the presence of the random
denominator f;, but
1 S £)2
(fi—F) U= F "

ﬁ:ﬁ fi2 " fffz
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Define C'V;(h) by replacing the random denominator f; in CVi(h) by f;.

CVa(h) = {n_3 Z Z Z Rinz‘lWh,ijWh,il/fz‘2}

T LA
—|—{n‘3 SIS ujuW Wi/ fE =202 > UiujWh,ij/fi}
T I T i
+2{n‘3 Z Z Z Uij'lWh,z‘jWh,il/fz? —n7? Z Z u; Ry Wh,z‘j/fi}
i LA i

= {S1}+ {52} + 2{Ss},

where the definition of S; (j = 1,2, 3) should be apparent.

Define gy = (nhy -+~ hy) "L and gy = 3°9_; h2. Lemmas A.1 to A.3 below show
that S = [[(k2/2) T2, gss(@)B2]P f (2)dx + O(n3 + m (b1 - - hg)'/? + n~1/203),
Sy = Bo(nhy---hy)™" + O(m(ne+ (hy---hy)'2+n~1/2) and S3 = O(n=2n3),
where By = k? [ 0%(z)dz. Therefore,

q
K9 9 2 BO
|¥ = =+ 253 = - E ss z)dz
C Q(h) Sl Sg—i— 3 / |: 5 8 19 (J:)hs} ;( ) nhl"'hq

+0 (7]% + 7’]1(7]2 + (hl .. hq)—l + n_1/2)) '

Let CV(h) = [[(k2/2) 311 gss(x)h2)2 f(z)dx + Bo(nhy - - - hy)~! denote the
leading term of C'Va(h).

Letting hY,.. .,hg denote the values of hy,...,hy that minimize CVy(h),
then obviously we have h = n_l/(q+4)a8 = O(n YY) for s = 1,...,q,
where aps are defined below (28). Recall that ﬁl,...,flq are the values of
hi,...,hg that minimize C'V'(h). Based on the fact that CV(h) = CVp(h) +
O3 +mmna +n1(hy - - hq)1/2)+ terms not related to hi,...,hq, we know that
hs = h0 + 0,(B9) = O, (Y@ D) for s = 1,... ,q.

From CVi(h) = CVL(h) + O3 + mnz + mi(hy - hg)/? + n~1/2n2) and
hs ~ n~ 1@+ we obtain CVi(h) = CV(h) + O(m(hy -+~ hy)'/?) if ¢ < 3, and
CVi(h) = CVi(h) + O(n3) if ¢ > 4. Using these results one can show that
hs = hQ + O, (hn~9/2@+Dy if ¢ < 3, and hy = B + O, (ROn=2/(@HD)Y if g > 4.

This completes the proof of Theorem 2.1.

Proof of Theorem 2.2. Define g(x) in the same manner as g(x), but with the
hy’s in §(z) being replaced by h%’s. Then it is well established that (nhS - - - hg)l/2
(G(x) =7, (A2 us(x)) — N(0,€,) in distribution. Using the result of Theorem
2.1 and a standard Taylor expansion argument (e.g., Racine and Li (2004)), it is
easy to check that g(z) — g(z) = 0,( 2, (h2)? + (nhf - - hg)_l/Q). Then using
hs = hQ + O, (hdn~</(*+9))  one has Theorem 2.2.
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Below we present some lemmas that are used in the proof of Theorem 2.1.
We write A,, = B,, + (s.0.) to denote the fact that B, is the leading order term
of A, while (s.0.) denotes terms of smaller order than 5,

Lemma A.1. S = [[(k2/2) 30_, gss(2)h2)2 f(x)dx + O(n3 + m1(hy - - hq)1/2 +
n=2n3).

Proof. S1 =n"°Y 33450 RijRaWhijWha/ 7 + 172 X3, 4 REWE /17 =
S1a + S1p. Here S1, = [n_ Z Zziij?ﬁl Hla(xi,xj,ml)], where Hla((L‘i,x]’,(El) is
a symmetrized version of RinilWMjWh,il/ff given by Hi,(zi, xj,2) = (1/3)
{RijRuWh i;Wha/ [2 + RjileWh,ijWh,jl/ij + Ry RiiWh 1 i;Wha/ f2}-

We first compute E[R;; W}, ;; f¢_1|$z’]- By the assumption that g(.) is a four-
time continuously differentiable function we have, uniformly in i,

E[Rz’jWh,ijfi_l|$i] = FB{ [ — 9 — ( - xZ) Vi W iglfi |$z}

= (K2/2) Z gss(xi)h + O(n3), (A.5)
s=1
where kg = [w(v)vidv, gss(z;) = [0%9(x)/02%]|,=x,. Using (AF) we have

ElH1a(zi, x5, 21)] = E{E[RijWh I
= B{ [@ ZQSS ; hﬂ }+0 ()
/ % 22: f: gus(@)12] fl@)dz +0 (). (A6)
E[Hio (i, 5, 2))|2:) ~ E[Rij RuW.ijWh.a/ f2]2i]
= E[RijWhijla:| E[RaWh.alxi] ) f} = {E[RijWh.ij|2i] / i}
-3 glgss(mi)hif +0 (n). (A7)
By (AH), (A6), (AX), and the U-statistic H-decomposition, we have
Sta = E[Hia(@i, x5, z1)] + % Z{E[Hla(l'ia zj, 21)| Xi] = E[Hua(@i, xj, 21)]} +(s.0.)
= B[Ha(wi, 25, 20)] + 1720 (n3) + O (m(hn -+ hg)'?)
=[5 D gutod] Hahto 4 O (s + mlhn ) ) (4

Note that in applying the U-statistic H-decomposition, we write the last term
as (s.0.) because the last term in the decomposition is a degenerate U-statistic,
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(the U-statistic (2/n(n —1))32; > ;=i Hn(zi,2j) is said to be a degenerate U-
statistic if E[Hy(z;, zj)|2;] = 0), and it can be easily shown that it has an order
of O(n;/in(hl---hq)l/Q) = o(ni(hy---hy)"?), so we write it as (s.0.). The
7, ? factor comes from R;j, and O(ny(hy ---hy)'/?) comes from the standard
degenerate U-statistic result.

Next, we consider Syp. Defining Hyp(xi, ;) = Ry, W} (U f2+1/£7)/2, then
Sy =n"tn2Yy, Z]# Hyp(xi, xj)], and it is easy to see that E[Hlb(xl,xj)] =

BIREWS /1] = O (2(hy - hg) "),

Similarly, one can easily show that E[Hyy(z;,z;)|z;] = O (n2(h1---hg)™1).

Thus, by the H-decomposition,

Slb = %{E[Hlb(azi,xj)] + 2n_1 Z (E[Hlb(mi,mj)|xi]—E[Hlb(mi,mj)]) + (S.O.)}

=0 (772771) . (A9)
The lemma follows from (A8) and (A9]).

Lemma A.2. Sy = By(nhy - hy) 1+ 0 (771(?72 +n 2 4 (hl h )1/2))7
where By = k7 [ 0?(z)dx, with 1 = (nhy -+ hy)™t and 1y = B2

s 1'%s-

Proof. Sy = n™33, 3 S s uuW Wi/ 7 — 2072 320 50 2w Wh,i5/ fi
= Y W WEL I+ nT Y Y w Wiy Waa — 2072
D0 2 WitiWh i/ fi = Saq + Sap — 25

Define Hou(zi,2) = (1/2) (v / f? + u?/ff) W,il-j, then Sy, = n~1[n=2
> Ylizj Haa(2i, 2))]. Then E[Hao(2i,25)] = BWiWi i/ f7] = Blo®(xi) Wi 5/ f7]
= (h1---hg) "' [Bo + O(n2)], where By = k% [ o%(z)dz (k = [w(v)?dv).

Next, we see that

E[Haa(zi, 7)1z = (1/2){(u} / FYEWE i5|2] + El(0® (25) ) £3)Wi 35121}
= (1/2)u f; 2{E[thg|xl] (1/2)Elo® (xj)Wi i/ £ 4]

(1/2)(h1 -+ he) ™ 7w i + * ()] + O(n2) }

= Boi(h 1"'hq) Y+ Op(ma(ha---hg) ™),

where By; = (k7/2) f;  [u? + 0?(2;)]. Tt is easy to check that By = E[By;]. Hence,
by the H-decomposition we have

Saa =1 B[Haa(2i, 2)]+2n7" > (BlHaa(zi, 27)|zi] — E[Haa(=:, 2))+(s.0.)}

= (nhy--- hq)_l[BO +O(n2)] + Op(n_1/2771),

where the Op(n_l/ 211) term comes from the second term of the H-decomposition.
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Next, S, can be written as a third-order U-statistic. Sop = [n_?’ >3 Zi##
Hoy (2,25, 21)], where Hop(zi, 2, 21) is a symmetrized version of wju, W, ;iWhi/ f?
given by

Hop(zi, 2j, 21) = (1/3) [ujusWh iiWha/ [+ UiUlWh,z’jWh,jl/ij
i Wi Wha/ f7]-

Note that E[Hop(2i,25,21)|2j] = 0 because E(y|z;) = 0. Hence, the leading
term of Sy, is a second-order degenerate U-statistic: E[Hoy(2, 25, 21)|2i, 25] =
(1/3)uiw; E[Wi,1;Wha/ [P i, 5]
Straightforward calculation shows that E[W}, ;iWh u/ f2xi, x;] = I/V,g)]/fZ +
O(ns), where Wi = T1%_; i w® ((zis — 2j5)/hs), and w® (v) < [ w(uw)w(v+
u)du is the two-fold convolution kernel derived from w(-). Hence,

Sy =3{n72Y" ;E[Hgb(zi, 25, 2) |2, 23] + (s.0)}
={n~2 Zéuiqu[Wh,ljwh,d [ 212, 2] + (s.0.)}
= [0 ” ha) 32 3w Wi/ fi + (s.0.)
= (n(hn -+ h@“%*ZZ,n + (5.0,

where Zop,, = (n(hy -+~ hg)/?){n =2 PP ulu]W}EQZ)]/fZ} is a zero mean Op(1)
random variable.

Finally, So. = n™23; Dt wiu;Wh i/ fi = (n(hl---hq)l/Q)_lch,n, where
Zoen = (n(hy--- hq)l/Q)[n_2 DDt wju;Wh i3/ fi] is a zero mean O,(1) random
variable. The lemma follows.

Lemma A.3. S3 = O,(nan~1/?).

Proof. S3 = n~ Z Z];Al Uq Rzg Wh, Jij /fz n=3 Z Z];ﬁz Zl;ﬁz RZ] u W, Jij
thl/f2_ 22 Z]#ZUZRZJWhU/fZ - n 32 E];ﬁz Z]u]Whm/f
BYY ngﬁgl RijuWh iiWhit/ f? = S3a — S3p — Sz
S3a =173 3 2 Haa(2i, 2j), where Hzo(2i, 25) = (1/2)[u;i Rij/ fitu;Rji/ f5)
Wh,ij-
We first compute [Hga(zi, Zj)‘Zi]. [Hga(zi, Zj)|zi] = (1/2)(u7,/fl)E[RZ]Wh,Z]‘ml]u
and E[RZ]W}Z,Z]‘(L‘Z] = (ﬁ2/2) Zg:1 gss(xi)hg + Op(T]%) Thus, we have

q
[HBa(Zth)‘Zl] = (ﬁ2/4 Uz/fz {ngs h2 + O ( 3/2 } = ZBgihg + (8.0.),
s=1

where Bgm = (/12/4)(Ui/fi)gss($i)-
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Using H-decomposition and noting that E[Hs,(z,2;)] = 0, we have Sz, =
2071 Y; E[Hza(2i, 25)|21) + (s.0.) = 2071 30, 00 Bai sh? + (s5.0.) = Op(n™2ny),
because n~1/2 Y, Bs; ¢ is a zero mean O, (1) random variable.

Next, for S, it is easy to see that Sgp = (nhy -+~ hy) "1O0p(S34) = Op((nhy - -
h) /%)) = oy (n 1/ 2p).

Finally we consider Ss.. It can be written as a third-order U-statistic
Sz =n"3% Yiztjz1 Hae(zis 2, 21), where Hse(2i, 25, 21) is a symmetrized ver-
sion of ulRZ-jWMjWh,il/ff. Obviously E[Hs. ;(2i,2j,2)] = 0 and it can eas-
ily be verified that E[H3C7(i)(zi,zj,zl)|zi] = (1/3)u; 3.1, Dsi s, where Ds; s =
(k2/2)gss(x;) + O(n2). Therefore, by H-decomposition we have

3 q
S3. == E[Hs(2, 2, 21)|2i 0.)=n"1/2 ~12N" 4y Da; h? 0.
3 nzl: [Hac(zi, 25, 21)|2i] + (s.0.) =n [;n ;u 34, S}—l—(so)
= Op(772n_1/2)a
because n~/2 > uiDs; s is a Op(1) random variable. The lemma follows.

B. Proof of Theorems 3.1 and 3.2

We first list the assumptions that will be used to prove Theorems 3.1 and
3.2.

Let G} denote the class of functions introduced in Robinson (1988) for o > 0,
and p a positive integer: m € Gy,
and its partial derivatives (up to order u) are all bounded by functions that have
finite ath moment.

(B1) (i) We restrict (hy,...,hg A1, Ar) € [0,7]9%" to lie in a shrinking set,
and nhy---hg > t, (t, — oo as n — o00). (ii) The kernel function w(-) satisfies
(A2). (iii) f(z) is bounded below by a positive constant on S x 8¢, the support
of X = (X¢,X%).

(B2) (i) {X;,Y;}, are independent and identically distributed as (X,Y), u; =
Y; —g(X;) has finite fourth moment. (ii) Defining 02 (z) = E[u?|X; = z], 02(-, 29),
g(-,z%) and f(-,z%) all belong to G3 for all #¢ € S9. (iii) Define, with the Dy(z)’s
defined in (3.3),

if m(x€) is p times differentiable, and m(z°)

q ! 2 B
J {5 Routei+ X pen ) sente +

is uniquely minimized at (af,...,ad,A},...,\)), and each a? and b? is finite.
Proof of Theorem 3.1. We first prove some intermediate results. Let z; =

(z$,2¢), and define B(z;) = [8g(azc,x§l)/8xc]|xc:zf. Now define R;; = g(x;) —

[t
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g(x;)— B(mz)’(azg —xf), which is equivalent to g(x;) = g(x;) —i—ﬂ(mi)’(azg —xf)+ Ryj.
Therefore, we have

y; = g(xj)+uj = g(xs) + (2§ —xF) B(xi) + Rij+uj = (1, (2§ —xf)")6(x:)+ Rij +uy,
(B.1)
where 6(z;) = (g(z:), B(x:)")'".

We observe that (B.1) has a form similar to (2:2]) for the continuous-regressor-
only case. Therefore, by following the same arguments as in Appendix A, one
can introduce C'Vy(h, \), CVa(h,A) and C'V5(h, ) in a manner analogous to the
contlnuous -regressor-only case presented in Appendlx A. By also using (A.4) with

fi=n" Z#Z K},ij, and noting that sup,cs |f(x) — f(z)| = o(1), one can show
that

_ 1
Cwmm:C%MAH%Mm+mUW%W%MA»+EZﬂi (B.4)

where 3 = S°0_; h2 + 37, As, and
CVQ h )\ _3ZZZRznglKthhzl/f }

i jF£i £
+{n_3 Z Z Z ujulKhJth’il/ff — o2 Z Z UinKh,ij/fi}
+2{n~3 SN wiRuKn i Kna/ff =YY wiRiiKn i/ fi}
(81} 4 (82} +2(8y), B5)

where the definition of S; (j = 1,2,3) should be apparent.
By lemmas B.1 through B.3 we know that

s=y [{2 igss@:)hi + 3 DY
zd = s=1

+00k+nﬂ hg) 40T 3,
Sa = Bo(nhy -+ hg) ™ 4+ Oplm(nz +n Y2+ (hy -~ hy) /%)) + (s.0.),
Sz = Op(n_1/2 73). (B.6)

Note that the above results are almost the same as the continuous-regressor
case except that no = >°7_; h? is replaced by n3 = 37 A2 +3°0_, A, ie., the
bias term needs to be modified to include terms of order O(Xs) (s = 1,...,r).
The variance term remains unchanged.

Combining (B4), (B5) and (B:6), and also dropping n™! 3", u?, since it is
independent of (h, \), we get

K q r 9 . B
CVy = ;/{72 ;gss($)h2+§l Ds(x))\s} f(a:)da: +ﬁ+(s.o.). (B?)
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Define ai,...,a4,b1,...,b, via hy = agn™ /@) (s = 1,...,¢q) and hy =

bon= 2@t (s = 1,...,7). If CVy(h,)\) denotes the leading term of CV; at
(B.7), then CVL(h,\) = x(a,b), where

q r 2 B
(a,b) :/Z{%ngs(x)ag—FZDs(z)bs} da® + .
zd s=1 s=1 17 g

Let (a9,...,b%) denote the values of (ay,...,b,) that minimize x(a,b). By
B4) we know that each of the al’s and b2’s is uniquely defined and is finite.
Letting (hY,...,\!) denote the values of (h1,...,\;) that minimize CV}, then
obviously n'/(@+Dh0 ~ a0 for s =1,... ¢, and n?/@+IN\0 ~ 10 for s = 1,...,¢.

By arguments similar to those found in the proof of Theorem 2.1 of Racine
and Li (2004), it can be shown that CV = OV, + O,((hy -~ hy)/?2)0,(CVy) if
q<3,and OV = CV+0,(3 %, h2)0,(CVL) if ¢ > 4. Using h? = O (n—l/(q+4))

s=1""s
we get hy = h? + Op(Ahgn_q/[Q(q"’A‘)]), e = A0+ 0,(n~Y2), if ¢ < 3; hy =
RO + O, (hOn=2/(@+ 1)) " Ny = A\ 4+ O, (n=4/ (@) if ¢ > 4, where s = 1,...,q for
hs, and s =1,...,r for A;. This completes the proof of Theorem 3.1.

Proof of Theorem 3.2. Define () in the same manner as §(x) but with h%’s
and \’s replacing hs’ and Ay’s. Then it is easy to see that (nh{--- hg)l/Q(g(az) -
g(x) — (k2/2) 311 gss(2)(h0)2 — X274 Dy(2)AY) — N(0,Q(x)) in distribution.
Next, using the results of Theorem 3.1 and a Taylor expansion argument, it
is easy to show that (§(2) —g(x)) = op(n=2/(4+4) also h2 = (hQ)?+o0,(n=%/(a+4)
and A = A0 + 0,(n=%/(@*9). Theorem 3.2 follows from these results.
Lemma B.1. §; = [{(rk2/2) 37, gss(x)h2 + 301 Ds(2)A2}2 f (z)dz + Op(n3 +
m1(hy -+ he)Y? +n71202), where the Djs(x)’s are some functions defined in the
proof of Theorem 3.2.
Lemma B.2. Sy = By(nhy -+ -hy) ™'+ Op(ni(n3 +n"2 4 (hy - - hy)'/?)), where
By = k1Y 4 [ 0*(z)da”.
Lemma B.3. S3 = 0,(n~"/2n;3).
The proofs of Lemmas B.1 through B.3 proceed along the lines of the proofs

of Lemmas A.1 through A.3. Below we provide outlines of proofs for Lemmas
B.1 and B.2.

Proof of Lemma B.1. We have Sl = n_3 ZZ Ei;ﬁj;ﬁl RinilKh,inh,il/fE +
n3y Z#i Rij,iij/fZ? = S14+S1p. The term S, can be written as a third order
U-statistic whose leading term is E[RinilKh,inh,il/ff] = E{E[Rinh,ij/fﬂxi]Q}.
Now

E[Ri; K fi o] = E{[gj — 9 — (2§ — 25)'Vg; | Kn i f; i }
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:? gzssh +Z)\ Z x’vd)_g(wi)]—i_o(ng)?
s=1 v

where g;ss = [0?/0(2%)?g(2)]|z=x, is the second partial derivative of g with
respect to x¢ evaluated at x;. Therefore,

E{E[R;j Ky ;] filz:]*}

o LD SPNEATERD S NE R MR RO | ey ()
s=1 s=1 Ud
=y [{% 5 gu@l? + S ADu(o)} F@)da” + 0 (1)
zd s=1 s=1

where Dy(z) = Y a[1s(z?, v¥)g(x¢, v?) — g(x)]f(z¢,v9).

Similar to the arguments used in the proof of Lemma A.1, one can show that
S1 = B{E[Ri;j K ;/ filzi]*} + Op(nf +m (b1 - - - hg)/? +n=1/n3). This completes
the proof.

Proof of Lemma B.2. So=n"3Y", D i Dt wju Kp 15K/ fF—2n"2Y; > ki
withj Kpij/fi =072 3205 w5 Ky i FE 073 30 3 wjwi K i K — 2072
2oi i Witti Kp ij/ fi = Saa + Sap — 259

Along the lines of the proof of Lemma A.2) it can be shown that S, =
E(S2,) + O(E(S24) (773 +n7 Y2 4 (hy - hq)l/Q). The leading term of So, E[Sa,]

is

E[Sy] = n‘lE[u?Kiij/ff] = n_lE[U2(mi)Kl%,z‘j/fi2]
= (nhy -+ hg) "' [Bo + O(ns)],

where By = k?E[0%(z;)/f(z:)], k = [w(v)?dv. Thus, we have

Sy = E[Saa] + O (E(Saa) (3 + 12 + (b -+ hy)'/?))

B —1/2 1/2
—m+0(n1(773+n + (h1 -+~ hq) ))

This completes the proof of Lemma B.2.
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