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Abstract: This paper studies the relationship between partial sufficiency (in the
sense of Fraser) and invariance, both in terms of o-fields and of statistics, with
application of the main result to the problem of testing statistical hypotheses.
Some examples are given to illustrate these results.
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1. Introduction and Mathematical Definitions

Two well-known methods of reduction of statistical experiments are suffi-
ciency, where no information is lost, and invariance, where the loss of information
is justified by an argument of symmetry. The relationship between the two is
studied in Hall, Wijsman and Ghosh (1965), in the invariant case, and in Berk
(1972) in the almost invariant case. A version of the main theorem of Hall, Wi-
jsman and Ghosh (1965), they refer to it as a theorem of Stein, can be found in
Nogales, Oyola and Pérez (2000). We also cite Berk, Nogales and Oyola (1996)
and Nogales and Oyola (1996), where some remarks are made on the conditional
independence of the sufficient and invariant or almost invariant o-fields given
their intersection.

In this paper, a similar study is realized for the Fraser approach to the
concept of partial sufficiency. We distinguish the invariant and almost invariant
cases, and the results are stated in terms of o-fields as well as in terms of statistics.
An application to testing hypotheses and three examples are given to illustrate
our results on the relationship between partial sufficiency and invariance. The
reader is referred to the classical paper of Basu (1978), reproduced in Ghosh
(1988), where a detailed study of the evolution of the concept of partial sufficiency
can be found.

Let us fix the notations to be used throughout the paper. (Q,A, P) is
a statistical experiment, i.e., (£2,.4) is a measurable space and P a family of
probability measures on (2,.4). We suppose

P = {Pg’(b: (9,¢) €0 x (I)}, (1)
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where © and ® are nonempty sets. 6 is considered the parameter of interest,
while ¢ is a nuisance parameter. The family P will be supposed identifiable, in
the sense that Py 4 # Py 4 if (0,¢) # (0, ¢').

Given ¢ € ®, we write Py = {Py4:0 € ©}; N (resp., Ny) will denote the
family of the P-null (resp., Py-null) events. For two statistics, f and g, we write

f ~ g (resp., fzg) if {f # g} belongs to N (N, resp.) In this case, f and g
are said to be P-equivalent (resp., Pg-equivalent). For a sub-o-field B C A, [B]*
denotes the class of the B-measurable and non-negative functions, and we write
B (resp. B¢) for the completion of B with the P-null (resp., Pg-null) sets. Given
two sub-o-fields C and D of A, we write C ~ D when C = D.

Let B be a sub-o-field of A (resp., S : (2, A) — (Qg,Ag) be a statistic).
Given a non-negative real statistic f on (£2,.4), we consider the conditional expec-
tation Ey 4(f|B) (resp., Eg 4(f]S)) as the equivalence class of all measurable func-
tions g : (Q,B) — R (resp., g : (g, As) — R) such that [ fdPy s = [59dPp 4,
for all B € B (resp., fs—lAS fdPy s = fAS gdP(;g’qS, for all Ag € Ag, where P95:¢
denotes the probability distribution of S with respect to Py 4, defined on Ag by
P£¢(As) = Py s(S71Ag)). For an event A € A, the conditional probabilities
Py »(A|B) and Py 4(A|S) are defined as the conditional expectations Eg 4(14|B)
and FEy 4(14]S), resp., where I4 denotes the indicator function of A.

The sub-o-field B of A is said to be #-oriented when the restriction P@%
of the probability Py, to the o-field B does not depend on ¢. B is said to be
specific f-sufficient if it is sufficient for the statistical experiment (£2,.A,Py) for
every ¢ € ®. B is said to be partially f-sufficient (in the sense of Fraser (1956))
if it is f-oriented and specific f-sufficient. A statistic S : (2, 4,P) — (Qg, Ag)
is said to be f-oriented, specific #-sufficient or partially #-sufficient if its induced
o-field S71(Ag) is.

Let us briefly recall invariance. A transformation on the set §2 is a bijective
map from €2 onto itself. We say a group G of bimeasurable transformations on
(Q,.A) leaves (Q2,.A,P) invariant when, for all g € G and P € P, the probability
distribution P9 of g with respect to P remains in P; we also say that G leaves
the family P invariant. The G-orbit of a point w € 2 is the set {g(w):g € G}. A
statistic f : (2, A,P) — (€', A’) is said to be G-invariant if fog = f,forallg € G
(i.e., if it is constant on every orbit); f is said to be almost G-invariant (resp., ¢-
almost G-invariant for a given ¢ € @) if {f # fog} € N (rvesp., {f # fog} € Ny),
for all g € G. f is said to be maximal G-invariant if it is G-invariant and takes
different values on different orbits. An event A € A is said to be G-invariant,
almost G-invariant or ¢-almost G-invariant when its indicator function [I4 is.
In the next, A;, A4 and Af‘ will denote, respectively, the o-fields of the G-
invariant, almost G-invariant and ¢-almost G-invariant events. Obviously, every
G-invariant or almost G-invariant statistic is Aj-measurable or A 4-measurable,
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resp. We can find, in Florens, Mouchart and Rolin (1990), regular conditions
to guarantee the converse implications and to establish clearly the relationship
between the maximal G-invariance of a statistic U : (2, A) — (Qu, Ay) and
its induced o-field U~ (Ay). In particular, if (2, 4) and (Qy, Ay) are standard
Borel spaces (recall that a measurable space is said to be a standard Borel space
if there exists a bimeasurable map from it onto a Borel set of R) and the orbits are
measurable, then U is a maximal G-invariant function if, and only if, U=} (Ay) =
Aj. Obviously, the completion of A; is always included in A4. In Lehmann
(1986) we can find a theorem of Stein stating sufficient conditions to guarantee
the converse contention, i.e., that every almost G-invariant real statistic is P-
equivalent to some G-invariant one. Namely, this is the case when the family P
is dominated by a o-finite measure and remains invariant under the action of a
locally compact topological group (G, G), which acts measurably on (£2,.4). These
conditions are easily checked in the examples of the last section. A sub-o-field B
is said to be stable (resp., essentially stable) when gB8 = B (resp., gB ~ B) for all
g € G. A statistic S : (Q,4,P) — (Qs,.Ag) is said to be stable when S~!(Ag)
is; S is said to be equivariant when all the points in €2 with the same image by S
have also the same image by S o g, for all g € G. For an equivariant, stable and
surjective statistic S, a group G° = {¢g°: g € G} of bimeasurable transformations
on (g, Ag) is induced as follows: g% oS = Sog, for all g € G; it is readily
shown that G leaves invariant the family P° := {P®: P € P} of the probability
distributions of S with respect to the probability measures of the family P.

To finish this section, recall the main results on the relationship between
sufficiency and invariance related to those we present below.

The first one was published in Hall, Wijsman and Ghosh (1965) and at-
tributed to Stein. It is the version for o-fields of this theorem: Suppose the
statistical experiment (2, A, P) remains invariant under the action of the group
G, and let B be a sufficient sub-o-field of A satisfying the conditions A(i) B is
stable, A(ii)) BN A; ~ BN Ay. Then, BN A; is sufficient for Aj.

The statistics version of the theorem of Stein can be found in the first part
of the paper of Hall, Wijsman and Ghosh (1965) and, in the present form, in
Nogales, Oyola and Pérez (2000). The following diagram illustrates the statement
of the result:

(Q2s,As)
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The result itself goes as follows: Let (€2, A), (s, As), (Qu, Ay) and (2, A')
be standard Borel spaces, and GG be a group of bimeasurable transformations on
(Q, . A) leaving invariant the statistical experiment (2, 4,P). Let S : (2, A) —
(Qs,Ag) be a surjective, equivariant, stable and sufficient statistic. Let U :
(Q,A) — (Q, Ay) and Us : (s, As) — (€, A") be maximal invariant statistics
for the groups G and G°, resp. Suppose that, for every almost G°-invariant
real statistics, there exists a G°-invariant real statistic which is PS-equivalent to
it. Then, there exists a sufficient statistic Sy : (Qu, Ay) — (€', A’) such that
SyolU =UgoS.

If the principle of invariance is understood as a reduction to the o-field Ay
of the almost invariant events, the following theorem of Berk (1972) solves the
problem considered: If B is sufficient and essentially stable, BN Ay is sufficient
for Ay4.

Finally, we consider the special case in which P9 = P, for all P € P and
all g € G, i.e., when every g € G is a model preserving transformation. We say
the statistical experiment (2,.4,P) is strongly invariant. We have the following
result of Farrell (see, for example Ghosh (1988)): If P is dominated by a o-finite
measure and the transformations in G are model preserving, A4 is sufficient.
Moreover, if B is sufficient and essentially stable, BN A4 is sufficient.

2. Partial Sufficiency and Almost Invariance

In order to obtain a similar result to the theorem of Berk for partial suffi-
ciency, we make use of the following lemmas.

Lemma 1. If B is a o-field 8-oriented and essentially stable, BN A% =BnAy
for every ¢ € ®.

Proof. Fix ¢ € ®. Let F be the class of the events A € A such that Py 4 (A)
does not depend on ¢’ € ®. By hypothesis B C F. First, we prove that B C F.
Indeed, given B € B, N € N/, ¢/ € ® and 6 € ©, we have that

P9’¢/(BAN) = P97¢/(B) + P97¢/(N) — 2P97¢/(BHN)
= Py ¢(B) = Pp(B) = Py o(BAN),

which proves that BAN € F.

Next, we note that F NN, = N, as the Py-null events of F are P-null and
NCF.

To finish the proof of the lemma, we take B € BN Aﬁ and g € G. Then,
Igog € [g7'B]T C [B]*, by the essential stability of B. Hence N, := {Ip #
Igog} € BNNy C FNN,=N. This shows that B € A4 and gives the proof.

The next lemma is a consequence of Berk’s Theorem.
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Lemma 2. Let B be a specific 0-sufficient and essentially stable o-field. Suppose
that G leaves invariant every family Py, ¢ € ®. Then Ngeg Po,s(A|B N Aﬁ) # 0
for all ¢ € ® and all A € AY.

Proof. Given ¢ € ® and A € Aﬁ, let
¢4 € () Poo(AlB).
0cO

Then, for every B € B, N € /\/'¢, and 6 € O,
6,¢( ) N da 0,0 ( )

Being P, invariant under the action of G, for every g € G there exists a bijection
g, from © onto itself, such that P(;% = Pj,(9,6), for all 6 € ©. Then, for all ¢ € @,
N € N, is stable, because if N € Ny and g € G,

Bo.g(gN) = Pyo1(9.5)(N) = Byo1() 4 (N) = 0.

Thus, for all B € B, N € Ny, g € G and 0 € ©, we have

¢ oqgdP. — / ® dPg _/ ® dP-
0.6 = =
/BAN 4a°9g X0 WBAGN gy Ay 4 WBAGN qa @Fg,(0),6

@
= Pgl(g)@(A N gB) = P997¢(A N gB)
= Pyy(97'(A) N B) = Pyy(ANB)
= Py 4s(AN(BAN)).

We have then proved that

/ ¢4 ogdPyy = Pyy(AND), / ¢4 APy = Pyo(AND), YD eB’, voeo.
D D

Being qﬁ o g g~ '(B)-measurable and g~!(B) ~ B, we get that

%
a4 dhog € () Poo(AB”)
0cO
and, so, qﬁ,ﬁqﬁ og, for all g € G. Thus, qﬁ is ¢-almost G-invariant.
Now, we are ready to prove the desired result.

Theorem 3. If G leaves invariant every family Py and B is a partially 0-
sufficient and essentially stable o-field, then BN A4 is partially 0-sufficient for
Aa.
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Proof. From the previous lemma we get that, for every A € A4 and ¢ € &,
NocoPa,¢(AIB N Aﬁ) # (). By Lemma 1, we have that BN A% = BN Ay, for all
¢ € ®. Hence Ngeg Pog(AIBNAs) # 0. So, BN Ay is specific f-sufficient for
A4. This finishes the proof, as BN A4 also is #-oriented.

Under the condition A(ii), we can obtain the analogous result for invariance
as an easy consequence of this theorem.

Corollary 4. Let B be a partially 0-sufficient and essentially stable o-field.
Suppose that G leaves invariant every family Py, ¢ € ®, and that A(ii) is satisfied.

(i) For all p € ® and A € A, there exists a G-invariant version in

Noce Fo.6(AlB).
(ii) BN A is partially 0-sufficient for Aj.

Proof. We prove part (i): given ¢ € ® and A € A;, Lemmas 1 and 2 show that
there exists an A4-measurable common version qﬁ of Py 4(A|B), where 0 € O.
Then, by A(ii), there exists a BN .A;-measurable function pf‘ P-equivalent to qﬁ.
Thus, this is a G-invariant common version of Py 4(A|B), where § € ©. Part (ii)

is an obvious corollary of previous theorem.

The proposition (i) can be easily extended to positive Aj-measurable func-
tions, obtaining the next corollary.

Corollary 5. Under the same conditions, for all ¢ € ® and ¢ € [A[]T, there
exists an invariant version pfz € Ngco L ¢(|B).

Now we obtain a version of Stein’s Theorem for partial sufficiency.
Theorem 6. Let (Q,A), (2s,S), (Qu,Ay) and (¥, A’) be standard Borel
spaces, G a group of bimeasurable transformations leaving invariant the sta-
tistical experiment (2, A,P), S : (Q,A) — (Qs,As) a surjective, equivari-
ant, stable and partially 0-sufficient statistic, and U : (Q, A) — (Qu, Ay) and
Us : (g, As) — (', A) mazimal invariant statistics for the groups G and G*,
resp. Suppose that for every almost G°-invariant real statistics there exists a
G%-invariant equivalent real statistic, and that every family Py remains invari-
ant under the action of G. Then, there exists a partially 0-sufficient statistic
Su: (Q, Ay) — (Y, A") such that Sy oU = Ugo S.

Proof. Since (2, A) and (7, Ap) are standard Borel spaces, the G-invariant
statistic Ug o S is U~ (Ay)-measurable. Since (Q, A’) is also a standard Borel
space, there exists a statistic Sy : (Qu, Ay) — (€2, A") such that UgoS = SyoU.
We prove that Sy is partially #-sufficient. On the one hand, Sy is f-oriented

S U
because, given 0 € © and ¢,¢' € ®, we have that (Pel,]¢) Y= (P(,S’qb) g
S Us U Su . . .
(P& ¢/) = (P& ¢/) . On the other hand, S being specific §-sufficient, we have
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that, given ¢ € ® and A € Ay, there exists pA (Qs,As) — [0,1] such that
Py (U7 (A) N 571(B)) = / Pl dPS,, VB e Ag, V0.
B

Since Py is G-invariant, given g € G, there exists a transformation g4 on © such
that P(i¢ = Pj,(0),¢ for all 0 € ©. Then, for all B € Ag and all 6 € ©, we get

/Bpﬁogs dpé?¢:/s pﬁd(P£¢)gS=/SBpid(Pg¢)s

g g
= pA P2 0).0 = Pa,0).6 (U_I(A) n S_I(QSB))

= P5,¢ (U- (4)Ng(s71(B)))
= Ppy (U0 g (A)NSTH(B))
=Py (UTH(A) N S7(B)).

Then p%,p% © ¢° € Noeo Py s (U1(A)|S). Thus (P4 # p%og®)is a 775—
null event. S being #-oriented, we have that pﬁ ~ pﬁ o ¢°. This shows that
pﬁ is almost G°-invariant. By hypothesis, there exists a G°-invariant statistic
f% 0 (Qs,Ag) — [0,1], P-equivalent to it. Since (Qs,As) and (2, A") are
standard Borel spaces, fﬁ is Ug (A’)-measurable. Hence there exists a statistic

%1 (Y, A') = [0,1] such that f§ = h% o Us. Then, given D € A’ and 0 € ©, we
have that

RS dpyuel = / hf dPy5° = / RS o Ug dPY
/D e vty AT 0
= [ fhdrs, =Ry (U (A ST (U5 (D))
Uz (D)
= Ppy (UTHA)NUTH(SFM (D)) = By (AN S7H(D)) .

Thus hi € Noeo P91{¢(A|SU), and Sy is specific §-sufficient.

Now, we turn our attention to the strongly invariant case. The next theo-
rem is the analogue for partial sufficiency of the theorem of Farrell cited in the
introduction.

Theorem 7. Let (2, A, P) be a strongly G-invariant statistical experiment and
suppose that every family Py is dominated by a o-finite measure. If B is a
partially 0-sufficient and essentially stable o-field, then B N Ay is partially 6-
sufficient.
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Proof. Let ¢ € ®. By the theorem of Farrell, Aﬁ is sufficient with respect to P.
Moreover, it follows from Lemma 2 that BN Aﬁ is sufficient for Aﬁ with respect
to Py. Then, by Lemma 1 and the transitivity of sufficiency, BN .44 is sufficient
with respect to Py, i.e., it is specific f-sufficient. The proof is finished because it
is also f-oriented.

3. An Application in Testing Hypotheses

The next theorem is an application of these results to testing hypotheses.
It gives sense to the concept of UMP invariant test after a reduction by partial
sufficiency.

Theorem 8. Suppose that every family Py, and the problem of testing the hy-
pothesis Oy x ®, remains invariant under the action of the group G. Let S be
a partially 0-sufficient, stable and equivariant statistic onto (Qg, Ag) such that,
for every almost G° -invariant real statistic, there exists a P°-equivalent and G-
invariant statistic. Then if ¢ is a UMP G°-invariant level o test to test the null
hypothesis Oq in the image experiment, p o S is UMP G-invariant at level o in
the original experiment.

Proof. S being #-oriented, the family P° does not depend on ¢ (and so, the
null hypothesis O x ® is reduced to ©). For every 6 € Oy and ¢ € &, we have
that Ep, ,(¢) = Epes(cp 05) < a. Thus ¢ oS is a G-invariant level « test.

By hypothesis, B := S~!(Ag) is a partially #-sufficient and stable o-field
such that BN Ay ~ BN A4. Let 9 be an invariant level a test in the original
experiment. Then, given ¢ € ®, Corollary 4 shows that there exists a G-invariant
test pfz € Nyeo Ep, ,(¥|B). Tf qi is a test in the image experiment such that pfz =

qi oS, qi is G%-invariant and, for § € O, Epes(qi) = EPo,q;(pi) = Ep, ,(¥) < a.
Since ¢ is a UMP invariant at level o, we have that, for every 0 ¢ Oq, E Py, ¢(¢) =

Eps(q})) < Eps(¢) = Ep, (90 5).

4. Examples

To illustrate the previous results, we give three examples. First we give a
useful result.

Throughout this section, we only shall consider statistical experiments of
the form (1 x Q9,41 x A9, {P) ® L4:0 € ©, ¢ € ®}), where, for ¢ € D,
Ly (2, A1)——(Q, A2) is a stochastic kernel (i.e., Ly : Q1 x Ay — [0,1] is a
map such that, for every wi € @y, L4(wi,-) is a probability measure on Ay and,
for every Ap € Ag, L4(+, A2) is an Aj-measurable map) and Py ® L, denotes the
unique probability measure on the product o-field such that (Py®Ly) (A1 x Ag) =
fAl Lg(wi, A2)dPy(wr) for every A; € A;, i =1,2.
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In the examples below, it is useful to characterize the invariance of every
subfamily Py in terms of the stochastic kernels L4. In the next, we write G
for the group of all the bimeasurable transformations g on the product space
(€1 x Q9, A1 x Ay) that can be represented as g(wi,w2) = (g1(w1), g2(w2)), where
g1 and gy are bimeasurable transformations on (€1,.4;) and (Q2,.453), resp. For
such a transformation g and a stochastic kernel L4 : (2, A1)——(, A2), we
obtain a new stochastic kernel £9 : (2, A;)——(Q, Ag) setting L£9(w, Ag) :=
L(97 (w1),95 1 (A2)). Let G be a subgroup of G. The stochastic kernel £ is
said to be G-invariant if £9 = L for all g € G. L is said to be weakly almost
G-invariant when, for every g € G and every As € A,, there exists a {Py: 0 € ©}-
null event Ny 4, € A; such that £9(wq, As) = L(w1, Ag) for all wy € 21\ Ny a,. If
the null events IV 4, can be chosen not depending on Aj, £ is said to be almost
G-invariant.

In this framework, we have the following result.

Proposition 9. Given ¢ € ®, G leaves invariant the family Py if, and only if,
the stochastic kernel Ly is weakly almost G-invariant.

Proof. Let g = (g1,92) € G and 0 € ©. For A; € Ay and Ay € Ay, we have that
(Py® Lg)?(A1 x Ag) = (Pp ® L) (97" (A1) % 67" (49))

= [ o (07" @), 65" (42) df (1)

= " E‘;(wl,Ag) dngl
If P, is G-invariant, then (P ® L4)? = Pj' ® L,. Hence {Ei(-,Ag) #
Ly(+, A2)} is PJ'-null, for every § € ©, which shows that £ is weakly almost
G-invariant.
To prove the converse, note that the hypothesis shows that the probability
measures (P ® L4)? and P§' ® L, coincide on the measurable rectangles, and
Dynkin’s Theorem finishes the proof.

Example 1. Consider the statistical experiment (R%, R?,{P, ® Ly:0,¢ > 0}),
where R? denotes the Borel o-field in R?, P, =N (0,0?%) and Ly(z,-)=N(0,22¢?).
Let G := {gs:a > 0}, where g : (2,y) € R? — g4(z,y) := (ha(x),ha(y)) and
he : © € R — hg(x) := ax. G is a group of transformations that leaves invariant
the experiment above. Given ¢ > 0, we have that Efg’ (,A) =Ly (e z,a1A) =
[N (0,a_2m2¢2)]h“ (A) = N(0,2%¢*)(A) = Ly(x, A), and so L, is G-invariant.
Then, P, remains invariant under the action of G. The first projection S is a
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partially o-sufficient, stable and equivariant statistic onto R. If C' is the unit
circumference in R?, the statistic U from R? onto C'U {(0,0)} defined as

U, y) = {ﬁ (2,9) it (2.9) £ (0,0)
(0’ 0) if (aj‘, y) = (07 0)

is maximal invariant. Moreover, the statistic Ug from R onto {—1,0,1} defined

as
1ifx>0

Us(z)=<¢ —1 ifx <0
0ifx=0
is maximal invariant in the image experiment of S. Then, by Theorem 6, the
map Sy : CU{(0,0)} — {—1,0,+1} defined by

1 ifu>0
Su(u,v) =4¢ —1 ifu<0
0ifu=0

is partially o-sufficient in the image experiment of U.

Example 2. Consider the statistical experiment (R™ x RT, R"™ x R* {P) ®
L4:0,0 > 0}), where Py = N,(0,60%1,), I,, is the indentity matrix of order n,
and Ly (,-) is the probability distribution x? (||xH2)h‘f’2 of the statistic hye : x €
R™ i ¢?z with respect to the noncentral chi-squared distribution x3 (||z|?) with
1 degree of freedom and noncentrality parameter ||z||>. Let G := {ga: A € O},
where O,, denotes the group of orthogonal transformations on R™ and g (z,y) :=
(Az,y), for (z,y) € R" x Rt and A € O,. Since the stochastic kernels £, are
invariant, G leaves invariant every family Py.

The first projection S(z,y) := z is a partially f-sufficient, equivariant and
stable statistic onto R”, Ug : € R” ~ ||z||? is a maximal G®-invariant statistic,
and U : (z,y) € R® x RT + (||z]|3,y) is a maximal G-invariant statistic. It
follows from Theorem 6 that Sy : (u,y) € Rt x RT — u is a partially #-sufficient
statistic on the image experiment of U.

Since B := S7T1(R") = R"™ x {0,RT}, it is a partially #-sufficient and stable
o-field that satisfies A(ii). We also have that A; = U~}(R* x RT). Then, it
follows from Corollary 4 that B N Ay is partially #-sufficient for A;. Moreover,
it can be easily checked that every probability measure P ® L4 is G-invariant;
Theorem 7 shows that B N Aj is a partially 6-sufficient o-field for the whole
experiment.

Example 3. Consider the statistical experiment

<(]R2)n’ (R2)", {N2 <0, [f; ;@Dn:e,g > 0,9 € R})
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corresponding to a size n sample of a bivariate normal distribution with mean
0 and unknown covariance matrix. Setting 3 = /6% and o2 = €2 — 12 /62, the
statistical experiment can be written in the form

2 2 n
((m@)n, (R2)", {N2 <o, [6992 2 Jﬁfﬁwb 0,0>0,8¢ R}) .

We write the points in (R?)” and the identity map on (R?)", respectively, as

T X1 "N
($7 y) = ) (Xv Y) = :

We also write X = (X1,...,X,)! and Y = (Y1,...,Y,)!. So the marginal dis-

tribution of X and the conditional distribution of Y given X = z with respect

to ) ) n
0 0 60
J(OReP)

are Py := Ny, (0,0°1,) and Lg ) (x,-) := Ny, (Bz,0%L,), respectively. Writing
¢ = (B,0?), the probability measures of the family above can be disintegrated as
P6' & [’¢’

Let G := {gr : A € O,}, where O,, is the group of orthogonal matrices of
order n and g (z,y) := (Ax, Ay), for (z,y) € (R?)" and A € O,,. For z € R" and
A € R™, we have that [Ly(x, A)]7* = L4 (A'z, A'A) = [N, (BA'z, aQJIn)]A (A) =
N, (Bx,01,) (A) = Ly (z, A) . So, G leaves invariant each family Py.

The map S which assigns to a n X 2 matrix its first column is a partially 6-
sufficient, equivariant and stable statistic onto R™. The statistic U which assigns
to the n x 2 matrix (x,y) the symmetric and nonnegative definite matrix

a2 'y
Ulz,y) = ;
(=9) ( 2y Iyl
is maximal G-invariant, and Us : 2 — ||z||? is a maximal G**-invariant statistic

on the image experiment of S. The rest of the assumptions of Theorem 6 also
are satisfied. Hence it follows from this theorem that the statistic Sy defined by

Ui Uiz &)Ull
Uiz U

is partially #-sufficient.
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