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Abstract: Function estimation over the Besov spaces under pointwise ¢ (1 < r <
oo) risks is considered. Minimax rates of convergence are derived using a con-
strained risk inequality and wavelets. Adaptation under pointwise risks is also con-
sidered. Sharp lower bounds on the cost of adaptation are obtained and are shown
to be attainable by a wavelet estimator. The results demonstrate important differ-
ences between the minimax properties under pointwise and global risk measures.
The minimax rates and adaptation for estimating derivatives under pointwise risks
are also presented. A general ¢ -risk oracle inequality is developed for the proofs
of the main results.
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1. Introduction

Besov spaces occur naturally in many fields of analysis. They contain as spe-
cial cases a number of traditional smoothness spaces such as Hélder and Sobolev
spaces. The Besov space By, defined in detail in Section 2, contains functions
having « bounded derivatives in LP norm, the third parameter q gives a finer gra-
dation of smoothness. Over the last few years, with the development of wavelet
thresholding techniques, statistical function estimation over the Besov spaces has
been of considerable interest. Most of the research, however, is focused on esti-
mation under global risk measures, especially the mean integrated squared error
(MISE). Asymptotic properties under pointwise risk measures are still mostly
unknown.

Minimax rates of convergence over a ball in the Besov space By, under MISE
are derived in Donoho and Johnstone (1998) for the white noise model, and in
Donoho (1995) for inverse problems. In all these cases, the global minimax rates
of convergence depend solely on one smoothness parameter, «. It is also known
that under MISE it is possible to have rate-optimal estimators converging faster
than the minimax rate at some points in the parameter space. Indeed, it is even
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possible to be superefficient at every point in a Besov ball, see Cai (2000) and
Zhang (2000). See also Brown, Low and Zhao (1997).

In this paper we consider function estimation over Besov classes under point-
wise £" risk for all 1 < r < oo. The results reveal some interesting features about
minimax properties under pointwise risk measures which are significantly differ-
ent from minimax properties under the global MISE. Unlike the global minimax
rates, pointwise minimax convergence rates over a ball in the Besov space By,
depends not only on o but on p as well. More interestingly, in a sharp contrast
to the global risk measure, under pointwise ¢ risks any rate-optimal estimator
must uniformly attain the same “flat” rate at every f in the parameter space.
Thus superefficiency without penalty is impossible. That is, if an estimator has
risk converging faster than the minimax rate at some f in the parameter space,
the risk of the estimator must converge at slower than the minimax rate at other
functions in the parameter space.

We take a new approach in deriving pointwise minimax lower bounds in this
paper. There are several existing methods: modulus of continuity, metric entropy,
information inequality, and renormalization. See, e.g., Farrell (1972), Hasminskii
(1979), Stone (1980), Ibragimov and Hasminskii (1984), Donoho and Liu (1991),
Brown and Low (1991), Low (1992), Donoho and Low (1992) and Birgé and
Massart (1995). Our method is based on a constrained ¢"-risk inequality which
is a generalization of an ¢ version introduced in Brown and Low (1996b). The
constrained risk inequality specifies, in a general setting, a lower bound on the ¢"
risk at one parameter point subject to the constraint of a given risk at another
parameter point. This approach has the advantage of allowing for simultaneous
study of lower bounds on minimax rate of convergence and the cost of adaptation.
To establish the minimax upper bounds, we use wavelet estimators.

Adaptation is now an important part of nonparametric function estimation
problems. In virtually all practical situations, the smoothness parameters are un-
known. Therefore, adaptation to unknown smoothness is essential. In the case
of more traditional smoothness spaces such as Lipschitz and Sobolev classes,
the adaptation problem has been considered by Lepski (1990), Brown and Low
(1996b), Lepski and Spokoiny (1997) and Tsybakov (1998) under squared error
loss. In this paper, we consider the adaptability problem under pointwise ¢" risk
over Besov classes. It is shown that, with a certain condition on the smoothness
parameters « and p, adaptation can be achieved without cost over a collection
of Besov classes. That is, the exact minimax rate of convergence can be attained
simultaneously by a single estimator over each of the Besov classes in the col-
lection. Under such a condition a wavelet projection estimator can attain the
optimal rate over all the Besov classes in the collection. In general, however,
adaptation for free is impossible and one has to pay a penalty for not knowing
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the underlying smoothness. Lower bounds on the cost of adaptation are derived
using the constrained ¢"-risk inequality.

Wavelet estimators are used to show that the lower bounds are sharp. That
is, it is possible to achieve adaptation with the minimum cost given by the lower
bounds. The approach we take can be applied to other function estimation prob-
lems as well. The minimax rates of convergence and adaptation for estimating
derivatives under pointwise ¢" risk are also considered.

It is now well understood that oracle inequalities are an effective tool to study
asymptotic properties of wavelet estimators. See, e.g., Donoho and Johnstone
(1994), Cai (1999), Antoniadis and Fan (2001) and Johnstone (1998). However,
most of the discussions have so far been restricted to the standard case of mean
squared error and are thus not applicable to our problems. To prove our main
results, we develop a general oracle inequality for ¢ risks and for arbitrary noise
distributions. This general oracle inequality can be of independent interest. As
a special case of the general ¢"-risk oracle inequality we obtain an ¢"-risk oracle
inequality for Gaussian noise which serves as one of our main tools for the proofs.
The oracle inequalities are derived using the approach of optimal recovery.

The paper is organized as follows. After Section 2, in which basic notation
and definitions of the Besov spaces and wavelet bases are reviewed, we derive
the minimax rates of convergence over Besov classes in Section 3. Minimax rates
are established in two steps. First minimax lower bounds are obtained by using
a constrained risk inequality, then a wavelet projection estimator is constructed
and is shown to converge at the same rates as the lower bounds. It is also shown
that any rate-optimal estimator must uniformly attain the same rate at every
fixed point in the parameter space. The adaptation problem is investigated in
Section 4. Sharp lower bounds on the cost of adaptation are derived, and it is
shown that a wavelet estimator is adaptive with the minimum cost over a wide
range of Besov classes under pointwise ¢" risk for 1 < r < co. We consider in
Section 5 the minimax rates and adaptation for estimating derivatives over the
Besov classes under pointwise risks. Section 6 presents the general ¢"-risk oracle
inequalities. The proofs of the main results are postponed to Section 7.

2. Besov Spaces and Wavelets

A Besov space B, has three parameters: o measures degree of smoothness,
p and ¢ specify the type of norm used to measure the smoothness. These spaces
arise naturally in many fields of analysis. They contain many traditional smooth-
ness spaces such as Holder(-Zygmund) and Sobolev spaces as special cases.

There are several ways of defining the Besov spaces. For the present paper,
we will use two versions of Besov norms: one is defined through the modulus of
smoothness and another is based on the wavelet coefficients.
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For f € LP[0, 1] and A > 0, denote the Kth difference by A;LK)f(t) =
S K o(=1)* f(t+kh). The modulus of smoothness of order K of f is wi ,(f,h) =

||A,(1K)fHLp[0’1_Kh}. The Besov norm of index («, p, q) is defined for K > « by

10+ (e m4) 7 for g < o0

1£1lp + 1™ w0k p(f, Pl for ¢ = oo.

I1fllBg, = (1)

The Besov space By, on [0, 1] is a Banach space consisting of functions with
finite Besov norm | - ||gg . The Besov class By (M) is defined to be a ball of
radius M in the Besov space By ;: By (M) = {f : [|f|Bg, < M}. The Besov
spaces are very rich function spaces containing both smooth and nonsmooth
functions. For example, with p = ¢ = co and a = 1, there exists a dense open
subset of Béom which is composed of nowhere differentiable functions, see Meyer
(1992). The Besov spaces on the real line IR can be defined analogously and
we denote by By (IR) and By (IR, M) a Besov space and a Besov class on the
line, respectively. See Triebel (1983, 1992) and Meyer (1992) for more on Besov
spaces. Also see Donoho and Johnstone (1998) for discussions on the relevance
of Besov spaces to scientific problems.

The Besov spaces can also be defined based on the sequence norm of wavelet
coefficients. An orthonormal wavelet basis of L?[0, 1] is generated from dilation
and translation of two basic functions, a “father” wavelet ¢ and a “mother”
wavelet 1. In the present paper, the functions ¢ and v are assumed to be
compactly supported and [¢ = 1. We call a wavelet ¢ K-regular if ¢ has
K vanishing moments and K continuous derivatives. Let ¢jx(t) = 27/2¢(27t —
k), ix(t) = 27/2(27t—k). The collection {@jor, k= 1,...,27% i, j > jo, k =
1,...,27} with appropriate treatments at the boundaries is then an orthonormal
basis of LQ[O, 1], provided the primary resolution level jy is large enough to ensure
that the support of the scaling functions and wavelets at level jg is not the whole
of [0,1]. See Cohen, Daubechies, Jawerth and Vial (1993), Daubechies (1994)
and Meyer (1991) for further details on wavelet bases on the unit interval [0, 1].
For wavelets on the line, see Daubechies (1992) and Meyer (1992).

For a function f : [0, 1] — IR, denote &, = fol f(t)oji(t)dt and 6, =
fol f(t)Y;r(t) dt. Define the sequence norm of wavelet coefficients of f by

00 1/p\ ¢ /g
1 lleg , = 0,k ller + (Z (2]-3 <Z|9j,k\p> ) ) : (2)
k

J=jo
where s = a+1/2—1/p. The standard modification applies for the cases p, g = oo.

Suppose the wavelet 1 is K-reqular with K > a. Let 1 < p < oco. Then
the Besov function norm defined in (l) is equivalent to the Besov sequence norm
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@) for every f € LP[0,1]. The equivalence means that there exist constants
¢* > ¢, > 0 independent of f and such that ¢, < |[f[|Ba /[[flleg, < ¢*. See Meyer
(1992) and DeVore and Popov (1988).

3. Minimax Rate under Pointwise ¢" Risk

Consider the white noise model in which we observe Gaussian processes Y, (t)
governed by
dY,(t) = f@)dt +n"2dW (t), 0 <t <1, (3)

where W(t) is a standard Brownian motion and f is an unknown function of
interest. The white noise model is asymptotically equivalent to the conventional
formulation of nonparametric regression. See Brown and Low (1996a), Brown,
Cai, Low and Zhang (2002). The white noise model is also equivalent to non-
parametric density estimation. See Nussbaum (1996), Klemeld and Nussbaum
(1999) and Brown, Low and Zhang (2000).

Although f is unknown in detail, we assume in this section that f belongs
to a known Besov class By (M). We wish to estimate f under the pointwise ¢"
risk

R.(f, f. to) = Ef|f(to) — f(to)I", (4)

where ty € (0, 1) is any fixed point and 1 < r < oc.
The difficulty of the estimation problem is measured by the minimax risk

Ri(BS,(M); to,n) =inf  sup  E¢|fu(to) — f(to)]". (5)
fn fEBY (M)

We wish to determine the rate of convergence of the minimax risk as n — oc.
The minimax risk over a fixed Besov class has been studied by Donoho and
Johnstone (1998) when the risk measure is the global mean integrated squared er-
ror (MISE). Donoho and Johnstone (1998) show that the minimax MISE risk over
a Besov class By (M) is of the order n=20/(420) e inf Suprepa (ar) E|fn—

fl3 = n_%, n — oo. In particular, the global minimax rate is determined
solely by the smoothness index o and does not depend on the other two param-
eters p and ¢ of the Besov class, provided that o > 1/p.

As we show below, the pointwise risk behaves differently from the global risk.
The pointwise minimax risk depends on two smoothness parameters of the Besov
class, a and p, and it converges at a rate slower than the corresponding global
rate. Also pointwise rate-optimal estimators have some interesting properties.
See Theorem 2 below.

The minimax convergence rate under the pointwise risk () is derived in two
steps. First we establish the lower bounds for the minimax risk. We denote by
v=a—1/pand assume v > 0 and 1 < p < oo in the rest of the paper.
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Theorem 1.(Lower Bound) The minimazx risk of estimating f over the Besov
class By (M) under the €" risk ({l) is bounded below by Ry (B, (M); to,n) >
Cn~/(+2Y) for some fized constant C > 0. Equivalently, for any estimator fn
and any B,, — oo,

lm n™% B, sup Ef|fu(to) — f(to)]" = oo. (6)
e fEBG (M)

Theorem 1 states that the minimax risk converges no faster than n" T,
We obtain this minimax lower bound by using a different approach from more
conventional methods. The main tool we use is a general constrained ¢"-risk
inequality which is also used to study the adaptability problem.

Second, we show that the lower bound given in Theorem 1 can be attained.
In fact, as given in the proof, the lower bound on the rate of convergence can be
attained by a simple wavelet projection estimator.

Theorem 2.(Upper Bound) There exist estimators fn of f attaining the conver-

gence rate of n"™*/(+2Y) oyer the Besov class By (M), i.e.,
Lm ™% sup  Ey|fulto) — f(to)|" < oc. (7)
e feBg (M)

Furthermore, for any estimator fn satisfying (M), the estimator must also satisfy

lim ™% Ef| f(to) — f(to)|" > 0 (®)

for any fized f € By (M).

The minimax rate of convergence is established by combining Theorems 1
and 2.

Corollary 1. The minimaz rate of convergence of estimating f over the Besov
class BS (M) under the (" risk @) is n™/(*2). That is,

0< lim nTH RE(B,(M); to,n) < Tim a7 RE (B3, (M); to,n) < oo.

Unlike the minimax rate under MISE risk, the minimax rate under point-
wise risk not only depends on the smoothness index «, but also depends on the
parameter p.

Remark. The second part of Theorem 2 says that any rate-optimal estimator
must attain the same rate at every f in the parameter space. In other words, the
rate of convergence has to be “flat” over By (M). In contrast, under the global
MISE risk, rate-optimal estimators over By’ (M) can achieve a much faster rate at
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some parameter points. Indeed, it is possible to have estimators which converge
at a rate faster than the minimax rate at every fixed function in By (M), see
Cai (2000) and Zhang (2000). See also Brown, Low and Zhao (1997).

4. Adaptation

Adaptive estimation has become an important part of nonparametric func-
tion estimation problems. Adaptation to unknown smoothness is essential be-
cause the smoothness parameters of the underlying functions are unknown in
virtually all practical situations.

We consider in this section the adaptability problem in estimating f under
pointwise risk over a wide range of Besov classes By (M). Let F = {By (M) :
(o, p,q, M) € ¥} be a collection of Besov classes, where ¥ is some index set.
The adaptability problem concerns whether it is possible to find an estimator
sequence fn to attain the optimal convergence rate simultaneously over every
By (M) € F:

lim nTre sup Rr(fn, fy to) < oo, forall (a,p,q, M) € X.
e feBg (M)

If such an estimator exists, we say that adaptation for free is possible. When
this is impossible, it is of interest to know the minimum cost for adaptation.
Adaptability over Besov classes has been considered in Cai (2000) under global
MISE risk. Once again, the behaviors of the estimators under global risk and
pointwise risk are quite different. We consider two cases.

4.1. When adaptation for free is possible

We first consider the case in which a —1/p are the same for all By (M) € F.
Let 7, = {By,(M) : a—1/p = v} be a collection of Besov classes with the same
value of & — 1/p = v and thus the same minimax convergence rates. In this case
adaptation for free is possible.

Theorem 3. There exists an estimator fn of f attaining the convergence rate of
nv/(+2Y) over every Besov class By (M) € F,, under the pointwise £ risk (d):

m % sup Byl falto) — f(to)]" < oo for all BY (M) € F,. (9)
oo feBg (M)

Remark. The minimax convergence rates over all Besov classes in F, are the
same and Theorem 3 shows that in this case the exact minimax rate can be at-
tained adaptively over each of the Besov classes in F,,. However, for a general
collection of parameter spaces with the same minimax convergence rate, adap-
tation for free is not always possible. There exist function classes with the same
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minimax rate over which adaptation for free is not possible. See Cai and Low
(2002).

4.2. When adaptation for free is impossible

The more interesting and more general case is that there are some Besov
classes in F with different values of & — 1/p. We begin by considering the sim-
plest case: the collection F consists of only two Besov classes BS!, (M;) and

P1,91

Bgfm(Mg) with v; # vy, where v; = o — 1/p; for i = 1,2. We wish to know if

it is possible to have an estimator f,, such that
max Tim n T2 sup Rr(fn, fs to) < oc.

1—1.2 n—oo X
(2 5 fEBIC’linqi (Mz)

It is not difficult to see that in this case the second part of Theorem 2 implies that
adaptation for free is impossible, since the two parameter spaces have nonempty
intersection, Byl (My) N B2, (Mz) # (). Therefore, one must pay a price for
not knowing the smoothness of the underlying function classes even in the simple
case that the parameter space is one of only two possible Besov classes. Now the

question is: what is the minimum cost for adaptation?

Theorem 4. Let B,, — oo, n/log B, — oo and let fn be an estimator sequence
of f based on @B). If fo is a function in By (M') with M" < M satisfying

Tm a7 B, By, | fulte) — folto)” < oo, (10)
, n O\ Tw R i
lim ( ) sup  Ey|fa(to) — f(to)]” > 0. (11)
n—oo og Bn fEBg’q(M)

Theorem 4 shows that even if an estimator fn is superefficient at only one
function fp in the interior of By (M), i.e., the risk of f,, converges faster than
the minimax rate at fo(to), then it must pay a penalty of not being rate optimal
over By (M).

The following is an immediate consequence of Theorem 4.

Corollary 2. Consider two Besov classes Bgf,qi(Mi) with v; = o; — 1/p; for

i=1,2. Letvy > vp > 0. If an estimator f, attains a rate of n® over Byl (M)

with p > rve /(1 + 2us), in particular, if f,, is rate-optimal over Byt (My), then

7‘1/2
. n 142v - r
i (o)™ s Eylfalto) - ) >0,
ogn feB

«@
e p3,02 (M2)

Therefore the minimum cost for adaptation is at least a logarithmic factor.
In the case of the Lipschitz and Sobolev classes under ¢2 risk, this problem has
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been considered by Lepski (1990), Brown and Low (1996b), Lepski and Spokoiny
(1997) and Tsybakov (1998). It is not surprising that our result agrees with the
results found in Lepski (1990) and Brown and Low (1996b), because both the
risk measure and the function classes in those two papers are special cases of
what we consider here.

Can the rate (n/logn)™/(1*2) be adaptively attained? The answer to this
question is yes and we will call this rate the adaptive minimax rate for estimating
f over By (M) under the pointwise £ risk.

4.3. Adaptation with minimum cost

Using an orthonormal wavelet basis, the function f can be expanded into a
wavelet series

270 co 27
F) =" Eorbion(t) + D D Oithjn(t) (12)
k=1 Jj=jo k=1

with &, 5 = Jo f(£)6jok(t) dt and 055 =[5 f () (1) dt.

Let yjr = [¥jk(t) dY,(t) and 2, = [9;x(t) dW(t), and define g, 1, and
Zjo k. similarly. The white noise model [B) is equivalent to a sequence model in
which one observes an empirical wavelet coefficient sequence:

Tjok = Eioke +1 7225 1, k=1,2,...,27 (13)
yj,k :Hj,k+n_1/2zj,ku k= 1727"'72j7 .7 2.707 (14)
where Zj, ,, and z;, are i.i.d. N(0,1).

Let J be an integer satisfying n < 27 < 2n. We apply the soft threshold rule
to the empirical wavelet coefficients y; ;. for j < J, to obtain estimated coefficients

~

6 k. Denote the soft threshold rule by

ns(y) = sgn(y)(ly| — B)+. (15)

Define the estimators of the coefficients by

éjo,k:gjo,k7 k= 1727"'72j07
éj,k :nka'(yj,k)u k= 1727"'72j7 jO S] < J7 (16)
0js =0 iz,
where A = (rlogn)’/? and o = n~'/2. The estimator of f is given by
270 J—1 27

Fn) =" Gondion(®) + D3 Oiutin(t). (17)
=1

Jj=jo k=1
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Note that when r = 2 the estimator (6] is the usual soft threshold estimator
of Donoho and Johnstone (1994). The wavelet estimator constructed in (I7)
achieves adaptation with the minimum cost in the sense that it attains the lower
bound on the cost of adaptation given in Theorem 4.

Theorem 5. Let fn be the wavelet estimator of f given in (I7). Suppose the
wavelet 1 is K -regular. Then the estimator fn stmultaneously attains the adaptive
convergence rate under the pointwise risk ) for all By (M) with o < K, v =
a—1/p>0,1<p<o0,0<q<o00, and M >0. That is,

— ([ n \Tw 2
lim ( > sup  Ef|fn(to) — f(to)|" < 0. (18)
n—co \logn feBg (M)

Remark. Suppose we consider a range of Besov classes By (M) with 0 < v < v*.
Then Theorem 4 and Corollary 2 do not exclude the possibility of having an
estimator adaptively attaining the rate of (n/logn)™/1+2) for v < v* and the
exact minimax rate n"”"/(+2") for y = v*. In fact, this is can be achieved by
the wavelet estimator given in (I6]) and (I7) with the lowest resolution level j
depending on n and satisfying 270 =< n/(+2°") " Then, in view of Theorem 4
and Corollary 2, this is the best possible adaptive estimator at the level of the
convergence rate.

5. Estimating Derivatives

The approach used in the preceding sections can also be applied to other
function estimation problems. In this section we consider the problem of esti-
mating the derivatives of f under pointwise risk measures.

The problem of estimating the first derivative f’ over Besov classes under the
global MISE, and other related inverse problems, has been considered in, e.g.,
Donoho (1995), Abramovich and Silverman (1998) and Cai (2002). In particular,
Donoho (1995) showed that the minimax convergence rate of estimating f’ under
MISE is n2(@=1/(42¢) when o +1/2 — 3/p > 0.

Suppose we observe the Gaussian process ([Bl) and we wish to estimate the
mth derivative of f, h = f™), under the pointwise risk

Re(hns fU, t0) = Eflhn(to) = f (to)[" (19)

Again, ty € (0, 1) is any fixed point and 1 < r < oc.
The minimax risk is defined in a similar way:

R} (By (M), m; to,n) =inf sup  Eylhn(to) = ™ (to)]". (20)
hn feBg (M)
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The results on estimating f(™ under the pointwise ¢" risk parallel those on
estimating f and are summarized as follows.

Theorem 6.
(i) The minimazx rate of convergence of estimating ) over the Besov class

r(v—m)

ng(M) with v = a — 1/p > m under the pointwise (" risk ([9) is n +2v
i.e.,

r(v—m) R r(v—m)
0< lim n 2 R(By (M), m; to,n)gnll)rgon T2 R(By (M), m; n)<oo.

(21)
(ii) If hy is a rate-optimal estimator of f(™), then for any fived f € By (M),
r(v—m) A
lim n 52 Eylhy, (to) — f™ (to)]" > 0. (22)

That is, a rate-optimal estimator must attain the “flat rate” at every f €
Bgiq(M ).

r(v—m)
(iii) The adaptive minimazx rate of convergence is (n/logn) +2v . This rate
can be attained adaptively by the soft threshold wavelet estimator given in
(@8)— [@3) with threshold X\ = (r(2m + 1)logn)/2.

6. General /" Risk Oracle Inequalities

Oracle inequalities have been an effective tool in the study of asymptotic
properties of wavelet estimators. See, e.g., Donoho and Johnstone (1994), Cai
(1999), Antoniadis and Fan (2001) and Johnstone (1998). However, most of the
results in the literature are restricted to the standard case of mean squared error
and Gaussian noise. The results are not applicable to our problems.

In this section we first present a general ¢"-risk oracle inequality for arbitrary
error distributions. This general inequality can be of independent interest. It is
derived using the approach of optimal recovery. In the special case of Gaussian
noise, the ¢" risk oracle inequality serves as a main tool for the proofs of Theorems
5 and 6.

Theorem 7.(¢" Risk Oracle Inequality) Let z; be random variables with mean 0
and standard deviation 1, and let

yi=0;+oz fori=1,...,n. (23)

Let 0; = nao (yi) = sgn(yi)(lys| — o)+ be a soft threshold estimator of 8;. Then
for any 1 <r < oo,

E|f; — 0" < min(6;[", 2"X'0") + 270" E|z|"I(|z] > N), (24)
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EZ |§Z —6;]" < Z {min(|6;|", 2"\"0") + 2"0"E|z;|"I(|z;| > \)}. (25)
i=1 i=1
In the “oracular” form,

BN 10; — ;" < 2°X"> min(|6;]", ") + 270" > Elzi|"I(|zi] > A).  (26)
i=1 i=1 =1

The first term in (26]) involves the optimal tradeoff between the signal (“bias”)
and noise (“variance”), and the second term is the risk bound for the case when
all f; are zero. For most applications, the thresholding constant A is appropriately
chosen so the second term in (26) is sufficiently small. The oracle inequality turns
the problem of bounding the ¢ risk into the problem of calculating the rth tail
moment of the error distributions, which is often straightforward.

As an important special case, we consider below the case of Gaussian noise.
Denote by [r] the integer part of r.

Corollary 3. Suppose in (23) z; ~ N(0, 1) for all i and suppose X\ = (r(2m +
1)logn)'/? for some m >0, then
E|f;—0;]" <min{|6;|", 2" (r(2m+1))"/?(log n)"?6" } + H (n,r)n~ Mt (27)

B 16;=0," < 3 min{|6i]", 2" (r(2m + 1))"/* (log n)"?0"}
i=1 i=1

r

+H (n,r)n"23mt+ g (28)

where H(n,r), given in (44), is a polynomial of (logn)/?

H(n,r) < C(r) - (logn)l"/2 for some constant C(r) > 0.
In particular, when X\ = (rlogn)'/?, i.e., m =0,

of degree [r] and so

EY 10— 6" < min{|6;|", (4r)"?(logn)"?c"} + H(n,r)n" 2o, (29)
=1 =1

Remark. The inequality ([29) extends the oracle inequality for the ¢? risk given
in Donoho and Johnstone (1994) to the general ¢" risk for 1 < r < oc.

7. Proofs
We prove the results in the order of Theorems 4, 1, 2, 3, 7, 5 and 6. Through-

out this section, C' is a generic positive constant which may vary from place to
place. We first collect some necessary tools.
7.1. Preparatory results

For Theorems 4 and 6, we need a result on the Besov norm.
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Lemma 1. Let the Besov norm be defined as in (Il) with some fixed K > a.
Suppose g € By (IR) is a compactly supported function. Let f(t) = ag(bt) with
a >0 and b > 1. Suppose f is supported on [0, 1]. Then

1/l Bs (0.1 < aba_l/pHQHBg,q(B)- (30)

Proof. We prove the case of p < co and ¢ < 0o, other cases are similar.
It is easy to see that || f|l, = ab~"/?||g||, and

1-Kh K

arcpfim) = ([ 10k k)P o
k=0

0

_ a(/o S (= 1)Fg(bt + kbh) [P dt)M?

< ab_l/p(/ooo S (1) gt + BbR)[P dt)V/?

Hence,

dh)l/q

1
115 o,y = IFllze + ( [ ot e

dh

1 1/q
< ab~?||g|l, + ab™ /P ( / (W Ywrkp(g, bh)P;)
0

00 1/q
< Pgly + ab 7 ([l s le. 01 T )
0

< ab" " gl g, ()-

A main tool for the proof of Theorems 4 and 6 is a constrained risk inequality
stated below. The risk inequality is a generalization to ¢" risk of an inequality
introduced in Brown and Low (1996b) under mean squared error. A further gen-
eralization and its applications are presented in Cai, Low and Zhao (2001). The
constrained risk inequality gives a lower bound for the ¢" risk at one parameter
value subject to having a small risk at another parameter value. This type of
constrained risk inequality is a useful technical tool for providing lower bounds
for the cost of adaptation.

Let X be a random variable having either distribution P, with density fp,
or distribution P, with density fp,, with respect to some dominating measure.
For any estimator ¢ based on X its ¢" risk is defined by R,.(d,6) = Fy|é(X)—0]|".
Denote by k(x) = fg, (z)/ fo, (z) the ratio of the two density functions. (k(z) = oo
for some z is possible, with the obvious interpretation x(z)fa,(z) = fo, (x).)
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For 1 < r < oo, denote by r* the value satisfying 1/r + 1/r* = 1. Let
I+ = L0y, 61) = (Ep,s" (X))'/"" with obvious change for r* = co. The
quantity I, is a measure of distance between the two distributions Py, and Py, .

Lemma 2. Suppose R, (9, 6p) < €. Denote A = |61 — 6|

(i) Ifr > 1 and A > €1+, then R.(0, 01) > (A — €.I«)" > A"(1 — re I~ /A).

(ii) Let » = 1 and suppose there exists a measurable set Ay such that w =
Py (Ag) > 0 and I, = ||s(z)I(z € Ag)lloe < 00, where the supnorm is
taken with respect to Py,. Suppose A = |6y —6p| > elfoo/w, then Ry(0, 01) >
wA(l = (e1100/w A)).

Sketch of Proof. A more general version of this result, together with its proof,
is presented in Cai, Low and Zhao (2001). For completeness, we give an outline
of the proof of Lemma 2 for the case r > 1 here.

Jensen’s inequality and the triangle inequality yield (R, (J, 91))1/ "> 10 —
0o|—|Ep, (6(X)—6p)|. It then follows from Holder’s inequality and the assumption
Re(3, 00) < € that |Eg, (5(X) — 00)| < (Eay|6(X) — 6o|")V/" (g™ (X)) <
€L+ and so R, (6, 01) > (A —€.1+)".

7.2. Proof of the main results

Proof of Theorem 4. We first outline the main ideas. The constrained risk
inequality given in Lemma 2 implies that if an estimator has a small ¢ risk €. at
one parameter value 6y and |6y — 0g| > €I~ then its risk at the other parameter
value #; must be “large”. Now the assumption (I0) means that the estimator
fn(to) has a small risk at 8y = fo(tp). If we can construct a sequence of functions
fn € BS (M) such that f, is “close” to fo in the sense that || f, — fol|3 is “small”
(so that I« is small) and at the same time A = |f,(to) — fo(to)| is “large”, then
it follows from the constrained risk inequality that fn(to) must have a “large”
risk at 01 = f,(to). So the first step of the proof is a construction for such a
sequence of functions f,.
We divide the proof into two cases: © > 1 and r = 1.

Case (i).(r > 1) Let g be a compactly supported function satisfying g(0) > 0,
g3 > 0 and g € Bg (M — M’). Such a function is easy to construct either
directly or by using wavelets.

Denote by b = 2(1 — 1/r)||gll3* and let v, = (n/(blog B,))"/1+?) and
Bn = (n/(blog By))Y+2¥) Then 428, = n/blog B, and ~; % = 1. Let

Fu(t) = 7 g(Ba(t — to)) + fo(?). (31)

We show that f,, has the desired properties. It follows from Lemma 1 that
fn € By (M) since | fallg, < 7' Billgllsg, + Il follBg, < M. Note also that

p,q
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for sufficiently large 7, say n > N1, p = nllfu — foll3 = n220; lgll3 = 201 -
1/r)log By and | fu(to) — fo(to)| = 7, 9(0) = g(0)(blog By, /n)*/(1+2).

Write B' and P{* for the probability measure associated with the white noise
with drift process ([B) with f = fo and f = f,, respectively. Then a sufficient
statistic for the family of measures {P}', P{'} is given by T,, = log(dP{*/dP}).
Note that for n > N;

T N(—pn/2, pp)under B}
" N(pn/2, pp) under P,

see, for example, Brown and Low (1996b). Let 8, = fu(to), 6o = fo(to) and
01 = fn(to). It follows from the assumption (I0) of the theorem that there exist
constants C, Ny > 0 such that for all n > Na, Eg |5, —0o|" < Cn—rv/(+2v) B L.
Let 6% = E(0,|Ty,). Since T, is sufficient for {P}], P/'}, it follows from the
Rao-Blackwell Theorem that for i = 0, 1, Ey,|0;; — 0;|" < Ejy,|6,, — 0;]". Hence
By, |65 — 6p)" < Cn~"/(0+2Y) B—1 We now apply Lemma 2(i) with 6y = fo(to),
01 = fu(to), fo, the density of T;, under P} and fp, the density of T,, under PJ".
Noting that (r —1)(r* — 1) = 1, we have, for n > Ny, I«(fg, 6;) = ePr (" =1/2 =

e2(1=1/m)log Bu-(r"=1)/2 = BY" Lemma 2 now yields for n > max(Nj, Na),

r v 1 1
Eoy |55 — 01" > (@) (1= rCt w5 BT BE - (o(0) )

) e (1-rC7(g(0)) " (blog B,) 777

= (bg(0)) =% <1°gnB”) T4 o(1))

Hence, B, |0, — 61]" > Ep,|6% — 01]" > (bg(0)) 2 (log B,,/n) % (1 + o(1)).

Case (ii).(r = 1) In this case, let f,,(t) = v, 19(B,(t—to))+ fo(t) with the function
g same as in Case (i) and 7y, = (n/log B,)"/1*?) and f, = (n/log B,)"/(1+2¥),
Then f € By (M) and p, = n|f, — fol? = log B,. Noting again that T},
is sufficient for {Fj, P{'}, we may apply Lemma 2(ii) here. Using the same
notation as in Lemma 2(ii), k(z) = e®. Let Ag = {T}, < pn}, then w = Py, (Ag) =
Py, (T < pp) = ®(ps/?/2) > 1/2, and Ine = |K(Tp) (T} < pp)loc = €*" = By. It
follows from the assumption (I0) in the theorem with r = 1 that Ey,|d,, — 6p| <
Cn~v/(+2v) B=1 Noting that |#; — 6o = g(0)7; ", Lemma 2(ii) now yields

1 Cn T® B 1. B
Ep, |6, — 61 > =g(0)y;, " <1 - = n)
' 2 %Q(O)Vn !

— 500 (*£7) 14 of1),
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The theorem is proved.

Proof of Theorem 1. Theorem 1 follows directly from Theorem 4. Suppose
(6) does not hold for some estimator f,, and some sequence B,, — oco. Then

lm n™% B, sup Ef|fu(to) — f(to)]" < oo. (32)
e fEBG (M)

Then for any fy € By (M), lim,, o0 n%BnEmfn(to) — fo(to)|" < co. Theorem
4 yields that lim, . (n/log Bn)% SUD e Ba (M) Ef\fn(to) — f(to)|" > 0, and
thus limy, oo n7¥2 SUP fe o (ar) E¢|fn(to) — f(to)|" = oo, which contradicts the
assumption made in (B2).

mv/(1+20) can be attained by a

Proof of Theorem 2. The convergence rate of n
linear wavelet estimator. Let {¢, 1} be a pair of compactly supported wavelets
generating an orthonormal basis in L?[0, 1]. Let ¥ be K-regular with K > «, and
let 4, % and y; ;. be the empirical wavelet coefficients as given in and (14)).
Denote by J; the largest integer satisfying 27t < n'/(42¥) and let the estimator

of f be

270 Ji—1 27
Fa®) =" Giokbior ) + 33 yiwtbn(t). (33)
k=1 Jj=jo k=1

For simplicity, assume the lowest level jy is chosen so that all the boundary
wavelets are vanishing at tg. This can be easily accomplished for any fixed
to € (0,1). See, e.g., Cohen, Daubechies, Jawerth and vial (1993).

We now show that this estimator is rate-optimal over By (M). Applying
the elementary inequality

n

B X" < QB (34)
i=1

i=1

where X; are random variables, we have

240 o 27 "
Ef| fa(to)— f(to)|” = E > (§ok—&ior) ok (to) + D > (B — ) 1hjk(to)
k=1 Jj=jo k=1
290 L Ji—1 27 1
< Y 850k () (ElTjok — okl )™ + D D> ikt |(Elyje — Ojx]")*
k=1 Jj=jo k=1
co 27 T
+>. > |9jk¢jk(to)|]
J=T1 k=1

=(Q1+ Q2+ Q3)".
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It is easy to see that

270

Q1= 6ok (t0) |(Elgjor — &opl )" = O(n1/?). (35)

k=1
Since the wavelets are compactly supported, say on [—L/2,L/2], there are at
most L basis functions 1, at each resolution level j that are nonvanishing at
to. Let Kj(to) = {k: ;k(to) # 0}. Then Card(Kj;(to)) < L. For f € BY (M),
using the wavelet sequence norm (), we have |0,z < M,277(@+1/2=1/p) for all
(4, k), with some constant M, > 0 not depending on f. Hence

Q3= > 0atrlto)l< D Llllec2/?M27 T2 = o=/ (420,

j=J1 k€K (to) j=J1
(36)
Let b, = E|Z|" where Z ~ N(0,1). Then El|y,j — 0;1]" = n""/?b,.. So,
J—1 Ji1—1
Qs = Z Z 2j/2||¢||oo(E|yjk: o ejk|r)l/r <C Z 2j/2n—1/2 _ Cn—l//(l—i—Zu)‘
J=Jjo keK;(to) J=jo
(37)

Combining (B3)), ([B6) and ([B7), we have Ef|fn(t0) — f(to)|" < Cn—rv/(A+2),

Proof of Theorem 3. The estimator given in (33)) depends on the smoothness
index (a, p, q) only through v = a — 1/p. So the estimator attains the optimal
rate simultaneously over all By (M) with a fixed value of o — 1/p = v.

Proof of Theorem 7. It suffices to consider the univariate case in which one
observes y = 6 + 0z and wishes to estimate § under the risk Eg|d(y) — 0]".
To derive the oracle inequality we first consider an optimal recovery problem.
Suppose
y=0+p0-u, (38)
where v is deterministic and |u| < 1. We wish to estimate 6 with small ¢" error.

Lemma 3. Suppose y is observed as in BR). Let § = ns(y) = sgn(y)(ly| — B)+-
Then forr > 1,

sup |0 — 6|" < min(|0]", 278"). (39)
lu|<1

Proof. It is easy to see that 6 has the same sign as 6 and |0] < |0]. We first
show that
sup [0 — 0" < |6]". (40)
lul<1
When § = 0, (40) holds trivially. When 6 = 0, since 6 and 6 have the same sign
and |0] < |6], |0—0]" < (|0]—]0])" < |0|". Rewriting 0 as § = y—sgn(y)-min(3, y|),
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we have |§ —y| < 8. So, applying the elementary inequality |a+b|" < 27/ (|a|" +
|b]"), we have for r > 1,

0 —6]" <277 (10 —y|" + ]y —0]") < 275", (41)

For r = 1, the triangle inequality yields |6 — 6] < |6 — y| + |y — 6] < 2.
We now use Lemma 3 to prove Theorem 7. First separate the risk into two
parts:

Eolnne (y) — 0" = Eglnro (y) — 0" I(|2] < X) + Ealnae(y) — 01" I(|2] > ).

We use Lemma 3 to bound the first term. Write y = 60 + 0z = 6 + Aoz, with
z1 = z/A. Then |z| < X is equivalent to |z1| < 1 and so Lemma 3 yields that

Eplmaa(y) —0"I([z] < A) < Sup Mo (y) — 0" < min(|6]", 2"A"0").  (42)
z1|<1

For the second term, applying the inequality |a + b|” < 27/7"(|a|” + [b|") and
noting that |9\ (y) — y| < Ao we have, for r > 1,

Eglmre(y) = 0"T(12] > X) < 277 Eg{(Inao(y) — yl" + ly — 01")I(|2] > \)}
<IN GTP (|2 > A) + 0" E|2[TI(|2] > A)}
<20 E|2|"I(|2] > ). (43)

The case of » = 1 can be verified in a similar way. The inequality follows by

combining (A2]) and ({3]).

When the distribution of z is given, E|z|"I(|z| > A) can be evaluated explic-
itly. Suppose z ~ N(0, 1). Let A > 1, then

2\ 2 00 22
B2 (2] > \) = 2E2"I(z > A) = (—) : ar/ e do
A

Integration by parts yields, for odd &,
/:O e T dr = (b (k= DN e (k= 1)(k—3)---2) - e N2,
and for even k,
/:O e T dr= PP (k= DM b (k= D)k —3) -3\ - e N2
+(k:—1)(1<;—3)...1/;°e—§ de

SO (k- DA (- 1)k - 3) 3+ 1) e N2
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Let
r+1/2 - =1/2 5[l [l =2 o] (] —=2) - if [r] is even
o ):{2+ AP A2 ) (] -2) -2 [ )

2 =12 N [ A2 (] - (1] = 2) - - - A1} if [1] is odd.
(44)
It is easy to see that with A= (r(2m+1) logn)'/2, one has H(n, )< C(r)(log n)l"/?

for some constant C(r) >0, and Eg|ny(y)—6|"<min(|6|", 2" X" 6")+C(r) (log n)!"1/2
n—§(2m+1)0.r'

Proof of Theorem 5. The proof is similar to that of Theorem 2. Let f be

given as in (I6)-(I7) with A\ = (rlogn)'/2. Again, for simplicity, we assume the

lowest level jg is chosen so that all the boundary wavelets are vanishing at #g.

Only very minor modifications of the proof is needed if this is not the case.
Applying the inequality (34]), we have

240 oo 2 "
Elfu(to) = fto)"=E > (Eok—Ejok) Dok o)+ D Y (06— 051011 (t0)
k=1 J=jo k=1
270 A J—1 27 .
<> 1050k (t) (B 1ok — Eiokl ™+ D03 ok (to) (B0 — 05]") "
k=1 J=jo k=1
o 2 T
+3 D 10t (to)]
j=J k=1
=(Q1+Q2+Q3)".
Similar as in the proof of Theorem 2, both ()1 and Q)3 are small:
Q1 =0(n"Y?) and Q3=0(n""). (45)

Again, denote K;(tg) = {k : ©;i(to) # 0}. Then Card(K;(ty)) < L, where L is
the support length of . For f € By (M), [0;] < C2-(at1/2=1/p) for all (4, k),
with some constant C' > 0 not depending on f. Let Jy be the largest integer
satisfying 272 < (n/logn)'/(142¥) Separate a simple bound of Q5 into two parts:

Jo—1 ) J—1 .
Q<> N 2 Wl (B0 )Y+ S0 ST 23[90 (B850 — 051V
J=Jjo kEKj(t()) j=J2 kEKj(tO)
= Q21 + Q2.

Applying the oracle inequality (217) in Corollary 3 with m = 0 and ¢ = n~1/2,
together with the elementary inequality (a + b)Y/" < a'/" 4+ b'/" for a,b > 0, we

have

n

D=

Jo—1 T
Qu<C > 23 (logn)2n~2 +C(logn)2n"2 C( ) (I+o(1)), (46)

j=jo logn
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D=
wl»-
I

n- c( n >_ﬁ(1+0(1)). (47)

J-1
J —1 =
< L o—j(a+ )
Q2 <C ) 222 “7»’ 4 C(logn) oz 7

Jj=J2
Combining (B5), (46) and (47), we have Ef\fn(to)—f(to)r <C(n/logn)~rv/A+2w)
Proof of Theorem 6. The proof of this theorem is similar to the combinations

of the proofs of Theorems 1 — 5. We only highlight the main changes here. The
key is to prove a similar result as in Theorem 4 for estimating derivatives.

Theorem 8. Let B, — oo, n/log B, — 0o. Suppose v =« —1/p > m. Let B,
be an estimator of ™ and fy € By (M') with M" < M. If

T ") BBy () — f5™ ()] < o0, (48)
n r(v—m)/(142v) .
lim ( ) sup  Eglhn(to) — £ (t0)|" > 0. (49)
n—o00 lOg B fGB;S"q(M)

To prove Theorem 8, let g € ng(lR, M — M’) be a compactly supported
function on IR with ¢ (tg) > 0 and ||g||3 > 0. Such a function is easy to
construct. Let the function sequence f, be given as in (B3I in the proof of
Theorem 4, with the same choices of v, and 3,. Denote by 6y = fém) (to) and 01 =
S5 (t0) = 7 Big ™ (to) + J5™ (to)- Then |91 — bo] = g™ (to) (blog By /n) T2
Following the same steps as in the proof of Theorem 4 we have, for sufficiently
large n, By, [hn(to) — £ (to)|" > C(log Bu/n) T3 (14 o(1),

Theorem 8 yields immediately part (ii) of Theorem 6 as well as the lower
bounds on the minimax convergence rate and adaptive minimax convergence
rate. The attainment of the two lower bounds can be shown in a similar way as
in the proofs of Theorems 2 and 5.

Let the estimator Hl,n = ( fn)(m) where fn is the projection estimator de-
fined in (33]), and let iLQm = ( fn)(m) where fn is the soft threshold estimator
given in equations (I8)-(I7) with A = (r(2m + 1)logn)'/?. Using the same
arguments as in the proofs of Theorems 2 and 5, it is easy to show that Hl,n
attains the minimax convergence rate of n”(*=™/(+2) ynder the pointwise risk
(@I9) as an estimator of fr(lm) over f € By (M) when the smoothness parameters
(a, p, q) are fixed and known, and ﬁg,n attains the adaptive minimax convergence
rate of (n/logn)"*=™/(1+2V) gyer By ,(M) for unknown smoothness parameters

(o, p,q).
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