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Abstract: In this paper we propose a kernel-based method for estimating addi-
tive partially linear models. Our method makes use of the partially linear model
structure at the initial stage when estimating the individual nonparametric compo-
nents. Monte Carlo simulations show that our proposed estimator performs quite
well for moderate sample sizes. In addition, we provide a consistent estimator for
the asymptotic variance of the estimator of the parameter in the linear part of the
model, where the linear component variable can be discrete or continuous. This
facilitates inferential procedures based on our proposed estimator for the finite di-
mensional parameter. Our result also leads to a simple identification condition for
the finite dimensional parameter.
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1. Introduction

Recently, the marginal integration approach to estimating individual compo-
nents in additive regression models has attracted much attention among statis-
ticians and econometricians, see Linton and Nielsen (1995), Newey (1994) and
Tjostheim and Auestad (1994), among others. To elaborate on the idea of this
approach, consider the following additive regression model with two regressors:

Yi =00+ 91(Z1i) + 92(Z2i) + U;, i=1,...,n, (1)

where {Y;, Z1;, Z2;}; are independently and identically distributed (i.i.d.) as
{Y, Z1, 25}, E(U;|Z1i, Z2;) = 0, (o is an unknown parameter, g;(-) and go(-) are
unknown univariate functions. The individual components g;(-) and go(-) are
identified under the condition that E[g;(Z1)] = 0 and E[g2(Z2)] = 0.

Stone (1985, 1986) has shown that the additive components g, (-), a = 1,2,
in (1) can be consistently estimated at the same rate as a fully nonparametric re-
gression model with only one regressor. Furthermore, it is shown in Fan, Hérdle
and Mammen (1998) and Mammen, Linton and Nielsen (1999) that an addi-
tive component can be estimated as well as if the other components were known
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in advance. Hence additive regression models circumvent the ‘curse of dimen-
sionality’ that afflicts the estimation of fully nonparametric regression models.
Early algorithms for calculating the additive components are based on iterative
procedures using backfitting, which makes its asymptotic properties difficult to
analyze. Only recently has important progress been made in the development
of the asymptotic theory of backfitting, see Opsomer and Ruppert (1997), and
Mammen, Linton and Nielsen (1999). In contrast, the asymptotic theory of the
marginal integration method is relatively easy to establish.

In the marginal integration approach, one estimates g, (zo), @ = 1,2, by
marginally integrating (we use the term ‘marginally integrating’ interchange-
ably with ‘marginally averaging’) a linear smoother of a(z1,22) such as a local
linear estimator, where a(z1,22) = E(Y|Z1 = 21,22 = z). Specifically, let
a(z1,22) be a nonparametric local linear estimator of a(z1,22). Then an es-
timator of [g1(z1) + (o] can be obtained by integrating a(z1,z2) over za, i.e.,
mi(z1) =n~ Y% a(z1, Zaj). Using the identification condition, one obtains the
estimator of g;(z1) by subtracting the sample mean of m;(-) from mi(z1), i.e.,
g1(z1) = mi(z1) — n '3 m1(Z1;). An estimator for go(zo) can be similarly
obtained. Other nonparametric estimators of a(z1,z2) such as the Nadaraya-
Watson kernel estimator may also be used. However as shown in Fan (1992,
1993) the local linear approach has a number of advantages over the local linear
kernel approach, including design adaptivity, automatic boundary carpentry, and
minimax efficiency.

Linton and Nielsen (1995), Newey (1994), Tjostheim and Auestad (1994) and
Chen, Hérdle, Linton and Severance-Lossin (1995) have shown that the marginal
integration estimator g, (24), @ = 1,2, achieves the one-dimensional optimal
convergence rate. Based on the same idea and the local polynomial approach,
Severance-Lossin and Sperlich (1996) have constructed estimators of derivatives
of individual components in additive regression models, Sperlich, Tjostheim and
Yang (2002) have dealt with the additive models with interaction terms, and
Yang (2002) has considered additive models with proportional components.

Fan, Hérdle and Mammen (1998) extended the idea of marginal integration
to weighted marginal integration and showed that, with an appropriate choice
of the weight function, the additive components can be efficiently estimated: an
additive component can be estimated with the same asymptotic bias and vari-
ance as if the other components were known. They also applied the weighted
marginal integration approach to more general models including additive par-
tially linear models. In the context of additive partially linear models, when the
linear component variable is continuous, the asymptotic variance of their esti-
mator of the finite dimensional parameter in the linear part has a complicated
structure for which no explicit expression is given. In this paper we propose an
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alternative approach to estimating additive partially linear models. We provide
an explicit expression for the asymptotic variance of our estimator of the finite
dimensional parameter, and also provide a consistent estimator for it. This facil-
itates inferential procedures based on the proposed estimator for the parameter
in the linear part of the model. As will be seen in Section 2, this also leads to
a simple identification condition for identifying the finite dimensional parameter
of the model and allows one to estimate an additive partially linear model with
interaction terms entering the model parametrically.

The paper is organized as follows. In Section 2 we first review the estimation
methods of Fan, Hardle and Mammen (1998), then introduce our approach and
establish the asymptotic distribution of our proposed estimator. Section 3 reports
some Monte Carlo simulation results on the finite sample performance of the
proposed estimator.

2. Estimating Additive Partially Linear Models

In this section we consider the additive partially linear model
Yi = 0o+ XiB+ g1(Z1i) + 92(Z2i) + . . . 4 9p(Zpi) + Ui, (2)

where X; is a ¢ x 1 vector of random variables, § = (f1,...,0;) is a ¢ x 1
vector of unknown parameters, (3 is a scalar parameter, the Z,;’s are univariate
continuous variables, and g,(-), @ = 1,...,p, are unknown smooth functions.
The observations {Y;, X/, Z1;,. .., Zp;}—, are i.i.d. We impose the condition that
Elga(Zy)] = 0for oo =1,...,p, so that the individual components gi(-),..., gp(")
are identified. Model (2) is essentially the same as the additive partially linear
model studied in Fan, Hérdle and Mammen (1998).

Let Zoi = (Ziy- -y Za—1,is Zas1,is- - - » Zpi), Where in Z,; is removed from
(Z1is Z2is - - Zpi). Define Go(za) = 91(21) + -+ + ga—1(Za=1) + Gat1(Zat1) +
-+ + gp(zp). Then (2) can be written as

Y = B0+ X0+ 9a(Zai) + Ga(Zai) + Us. (3)

Fan, Hérdle and Mammen (1998) considered the case where X; is a ¢ x 1 vector
of discrete variables and (Z1;, . .., Zpi) = (Zai, Zai) is @ 1 X p vector of continuous
variables. They suggested two ways of estimating model (3). These are briefly
summarized below (for notational simplicity, we only provide their estimators
without weighting).

(I) The Indicator Method

We use subscript I to denote this estimation method. Let a(zq,Z2q,x) =
E(Yi|Zuai = 20y Zai = Za, Xi = x). As in Linton and Nielsen (1995), Fan, Hardle
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and Mammen (1998) proposed to estimate the regression function a(zq, 2, )
first by aro = @ra(2a;2a,): the solution in a to the minimization problem

?ﬁb% Z[Yl —a—(Zot = 2a)b]* Kno (Zai — 2a) Ly (Zal — 22)1(X) — ), (4)
@ =1

where Ky, (u) = h3'K(u/ha), Ln, (1) = ha® YL(u/hy), K: R — R and L:
RP~1 — R are kernel functions, I is the indicator function, h, is the smoothing
parameter for Z,, and h, is the smoothing parameter for Z, which excludes Z,
from (Z1,Zs,...,Zp). The solution ajq(zq,%a,x) is a special case of the local
linear estimator of E(Y;|Zni = za, Zai = %o, Xi = ). Then g,(z4) is estimated
by

gla(za) = mla(za) - n_l Zmla(Zai)7 (5)

where 174 (24) = n 7! Z;-lzl ara(2a, Zaj, Xj).
After obtaining §ro(Zai), @« = 1,...,p, y/n-consistent estimators of By and

B can be obtained by regressing [Y; — Y0 | G1a(Zai)] on (1, X)), ie., <%OII):

(X' X)' X' (Y = YP_, d1a), where X is of dimension n x (g 4 1) with the ith
row given by (1,X!), Y = (Y1,...,Y,), and g4 is an n x 1 vector with the ith
element given by §74(Zai), @« = 1,...,p. The /n asymptotic normality result
of BI as well as the asymptotic variance of BI are given in Theorem 4 in Fan,
Hérdle and Mammen (1998).

Fan, Hérdle and Mammen (1998) observed that when X; takes many different
values, the ‘indicator method’ can be difficult to use because, for each fixed value
of z, few data points are available for computing arq(zq, 2o, ) using (4).

(IT) The Linear Method

We use subscript L to denote this estimation method. The ‘linear method’
first estimates the nonparametric component of the regression function, i.e, [Gy+
9a(2a) + Go(24)], by choosing a, b and § to minimize

Z[}/l —a— (Zal - Zoz)b - Xllﬂ]QKha(Zal - Zoz)th(Zgl - Zg)' (6)
=1

Let apq, bLe and BLQ be the solution to (6). Then arq (24, 2a) =0Lq is @ nON-
parametric estimator of [Bo+ ga(2a)+ Ga(2a)]. An estimator of go(zq) can be ob-
tained by first averaging aro over Z,; to obtain mrq(2q) :n_lzyzldLa (2as Za j)s
and then subtracting the sample mean of mr(-) from it. Hence, we get §rq(za) =
mLa(Zoz) —n! E?:l mLa(Zai)-
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Similar to the ‘indicator method’, after obtaining §rq(Zai) (« = 1,...,p),
V/n-consistent estimators of 3y and 3 can be obtained by regressing [Y; — Y2 _,
G1a(Zai)] on (1, X)), (%)LL) = (X'X) ' X'(Y =P _, G1a), Where §rq is annx 1
vector with the ith element given by §r.o(Zai), @ = 1,...,p. The asymptotic dis-

tribution of (Gor, 3;)" is stated in Theorem 6 in Fan, Hardle and Mammen (1998).
However the explicit expression of the asymptotic variance is quite complicated
and is not given.

Note that, unlike the indicator method, the linear method does not depend
on how many different values that X; can take. However, like the indicator
method, the linear method does not make full use of the information that X;
enters the regression function linearly because, in the initial estimation stage,
it treats the linear part (X/3) nonparametrically (locally) in the sense that the
solution for 3 is fra = Bra(Za, Zy) (see (6)) which depends on 2z, and z, . This
motivates us to consider an alternative estimation approach.

(ITI) An Alternative Approach

Our approach is a two-step estimation procedure which applies to the case
where X; contains both discrete and continuous elements. We call it the two-step
method. When estimating the individual components g, (z, ), our approach takes
into account the fact that X; enters into the model linearly.

In the first step of the method, we estimate (3 by using an idea similar to that
of Robinson (1988) who considered the problem of estimating a semiparametric
partially linear model without additive structure. However, in order to obtain
weak identification of # and thus allow one to estimate additive partially linear
models with interaction terms entering the model parametrically (see Remark 1
below), we exploit the additive structure of the nonparametric component in (2).

Define g(zom zg) = E(}/;|Zaz =Zas Zgz’ :Zg), ga(za) = E[f(zaa Zgi)]a U(Za, Zg)
= E(XilZai = 2a,Zai = 2a), Na(2a) = EN(2a, Zai)], @« = 1,...,p. Denote
Cai = &a(Zni) and 14 = 1na(Zai), o = 1,...,p. Then, applying the linear
operator E[-|Zn; = 2o, Zai = 2a| to both sides of (3), one gets

§(2as 2a) = Po + [n(2a; Zg)]/ﬁ + ga(2a) + ng(zg)' (7)
Integrating both sides of (7) over z, leads to
§a(2a) = Bo + 0 (2a)]'B + ga(2a), (8)

where we used the identification condition E[G.,(Z)] = 0. Replacing 2, in (8)
by Z,; and then summing both sides of (8) gives

p p p
Zéai = pPo + Z 77:12‘5 + Z 9o (Zai)- 9)
s=1 a=1

a=1
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We now subtract (9) from (2) to eliminate Y2 _, go(Za;) which yields

P
Z 1_ BO+X Znaz ﬂ‘i‘U (10)
a=1 a=1
Let Vi = Y; — 3P _ & and X! = (1,(X; — 32 _{7ai)’). Then in vector
notation, (10) can be written as

V=X5+U, (11)

where ) and X are n x 1 and n x (¢ + 1) matrices with ith rows given by )
and X/, respectively, U = (Uy,...,U,)" and 6 = (ap, ") with ag = (1 — p)fp.
Applying ordinary least squares (OLS) to (11) leads to

5= (‘?) = (X'X)7TXY =6+ (X'X) AU (12)
Using standard arguments (The Law of Large Numbers and the Central Limit
Theorem), one can easily show that § is a /n-consistent estimator of &.

The above estimator § is infeasible because >-F_; €q; and YL _; 14 are un-
known. However, they can be consistently estimated. A consistent estimator of

ai = §a(Zai) 1s given by
Z{El;ﬁ] YiKh(Zat = Zoi) Ly (Zal — Zaj)
ni s;é] Ko (Zas — Zai)th(ng — Zaj)

n

= WaitVi, (13)
=1

1 & Kno(Zat = Zai)Lho (Zot — Zaj)

W L = — )
T Z“:l 37'5] Kpo(Zas — Zai)th(ZQS ~ Zaj)

(14)

with K, (v) = hy 'K (v/he) and Ly, (v) = ha " Y L(v/hy), K and L are kernel
functions, h, and h, are smoothing parameters. We see from (13) that Yy is
a weighted average of Y;’s (note that ) ;" W,;; = 1). The reason for using
>oiz; and >0 (leave-one-out) instead of >7;L; and »7(_; in (13) is purely for
simplicity of proofs. The results of the paper do not change if one uses > ;" ; and
>e—1 in (13) rather than 37, and 370,

Similarly a consistent estimator of 7,; is given by

n
ai = Z Wai,le' (15)
=1
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A feasible estimator of &, & (say) is obtained from (12) by replacing Vi and
Xiby Vi =Y; =P _ Yoiand &; = (1, (X; — P _, X,i)'), respectively. However,
care must be taken to handle the observations near the boundary of the support
of z. At the boundary f(z) is not a consistent estimator of f(z) because the bias
term will not go to zero even as n — oo. Therefore we need to trim observations
near the boundary. We assume that z, € [cq,ds], where ¢, < d, are both finite
constants, o = 1,...,p. Let D, = [[X_;[ca + an,ds — a,] be the trimming set,
where a,, = ch® for some ¢ > 0, 0 < € < 1, h = maz{ha,ho}. Let I; = I(Z; €
D,,). We estimate § by

where ) and X are of dimensions n x 1 and n x (g + 1) with their ith rows given
by LY; and Iiz'ﬁ-’ , respectively. Note that the use of a trimming set is more of
theoretical importance. In practice, trimming may or may not be important.

The following theorem shows that B is a +/n-consistent estimator of 8 and
presents its asymptotic distribution.

Theorem 2.1. Under condition A given in the appendiz A, we have \/ﬁ(ﬁ —
B) — N(0,%) in distribution, provided ® “f Var (X1 — 3P 1 na(Za1)] is pos-
itive definite, where ¥ = ®~1Q®~! QO = E[U?D1D}] with Dy = V; + (e —
E(e))(l = X1 ¥ai), Vi = X1 — E(Xa1|Z1), e1 = n(Z1) — Xbi Ma(Zar), and
Va1 = fo(Za1)fa(Za1)] f(Zar, Zar). Here fo(-), fa() and f(-,-) are the density
functions of Zo, Zo and (Zy, Zy), respectively.

A consistent estimator of X is given in the Appendix A, as is the proof of
Theorem 2.1.

Remark 1. That & is positive definite is an identification condition for J.
It allows X; to be a deterministic function of (Zi;,...,Zy;) provided it is not
an additive function. More specifically, consider a simple case of p = 2 with
X; = Z1;Z;. Then (2) becomes

Y; = Bo + (21 Z2:) B + 91(Z1i) + g2(Z2i) + U;. (17)

Model (17) does not suffer from the “curse of dimensionality” problem since
it only involves one-dimensional nonparametric functions g, (.), @ = 1,2. Also, it
is more general than an additive model that does not have any interaction terms.
Thus, in general, (2) allows interaction terms to enter the model parametrically.

Remark 2. If n(Z;) (= E(X;|Z;)) is also an additive function in its arguments,
then 7(Z;) = P _ 1 1na(Za;). Consequently ¢; = 0, and Q simplifies to Q =
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E{U2V;V/}. This includes the case that X; and Z; are independent of each
other.

The second step of the two-step method is to estimate the individual non-
parametric components g, (z,). Given the y/n-consistent estimator /3, one can
rewrite (2) as

N P R p
Yi — X3 = fo+ Z 9a(Zai) + Ui + X (8 — B) = Bo + Z 9a(Zai) + error . (18)

a=1 a=1

The intercept term 3y can be y/n-consistently estimated by By =Y — X'3, where
Y=n13",Y,and X =n"1 3", X,

Note that (IR) is essentially an additive regression model with (¥; — X/£3) as
the new dependent variable and [U; + X!(3 — ()] as the new (composite) error.
Note further that 3 is a y/n-consistent estimator of 3, a faster rate of convergence
than that of any nonparametric estimator. Therefore the asymptotic distribution
of any nonparametric estimator of g, (z,) based on (I8) will remain the same if
one replaces B by 3.

One simple way to obtain a consistent estimator of g,(z4) is to replace
B in (8) by f3, i.e., one can estimate go(zq) up to a constant by Irca(za) =
sza — X&,ZQBA, where Yaza and Xa,za are the estimators of £,(z4) and 74(zq)
defined in (13) and (15) with z, in place of Z,;. By subtracting the sample
mean from it, we obtain a local constant estimator of g,(z,) that satisfies the
identification condition: §rca(2a) = gro.a(za) —n 1Y Grc.a(Zai)- Since this is
a marginal-integration local constant fitting, it can be easily shown that the re-
sulting estimator has an asymptotic normal distribution (see Chen et al. (1995)).

One can also estimate g, (2z4) by weighted marginal integration coupled with
the local linear method based on (18). Let grr,o(%2o) denote the resulting esti-
mator of g, (z4). Then Theorem 3 of Fan, Hardle and Mammen (1998) gives the
asymptotic distribution of grr o(2a). As shown in Fan, Hardle and Mammen
(1998), with an appropriate choice of the weight function, §rr o (2a) efficiently
estimates g (2q)-

Finally, one can estimate g,(z,) by the backfitting projection algorithm
based on (18) and the asymptotic distribution of the resulting estimator will
be the same as in Mammen, Linton and Nielsen (1999). For details of the es-
timation, consult that source. Linton (1997) and Mammen, Linton and Nielsen
(1999) have shown that the backfitting method can lead to efficient estimation of
Ja(za) in the sense that the asymptotic variance of the resulting estimator is the
same as when other components were known. Thus, if one uses the backfitting
method to estimate g,(z,) based on (I8]), the corresponding estimator will be
efficient.
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As emphasized before, the estimator B makes use of the additive structure
of the nonparametric component of the model. Alternatively, as suggested by
an anonymous referee, one can ignore this additive structure and estimate 3 by
the method of Robinson (1988). Let Br denote this estimator. Then one can
use V; — X/ BR as the new dependent variable to estimate g, (-) by following the
same steps as discussed earlier except that B is replaced by BR. We use Gra(+)
to denote the corresponding estimator of gq(+).

One potential problem with BR is that it does not allow X; to be a de-
terministic function of Z; in which case E(X;|Z;) = X;. To see this, con-
sider (17). Clearly ( is not identified if one ignores the additive structure of
9(Z1iy Zai) = 91(Z1i) + 92(Z2;). Then Robinson’s method is not applicable.

Semiparametric efficiency analysis

Chamberlain (1992) has derived the semiparametric efficiency bound of 3 for
model ([2). Let E4(X;) = Fa(X;|Z;) denote the projection of X; on the additive
functional space (conditional on Z;). Here the projection is defined in the mean
square error sense, i.e., E{[X; — Eao(X;)][X; — Fa(X;)]'} = inf{g(z):zz,lfa(za)}
E{[X; — 9(Z)][X; — g(Z;)]'}. Chamberlain (1992, p.579) has shown that the
semiparametric efficiency bound for the inverse of the asymptotic variance of an
estimator of (3 is

J = E{[Xi = Ba(X0)] [Var (Ui] X, Z)] 7" [Xi — Ba(X0))'} (19)

Comparing J with the inverse of our asymptotic variance X, we see that ¥ 1
differs from the semiparametric efficiency bound stated in (I9). However, when
the error is conditionally homoskedastic and E(X;|Z;) is an additive function
in Z,;, ¥7! coincides with J, i.e., when E(U?|X;,Z;) = o2 and E(X;|Z;) =
E4(X;). It is easy to see that in this case ¢; = 0, and consequently we have
71 = B{[Xi — BE(Xi|Z)|[X; — B(Xi]Z:)]'} o = J.

When the error is conditionally homoskedastic, we conjecture that if one re-
places the marginal integration method by the backfitting projection algorithm
of Mammen, Linton and Nielsen (1999) in the first step, the resulting estimator
of 3 will be semiparametrically efficient. The intuition for this conjecture is that
jointly estimating the finite-dimensional parameter and the infinite-dimensional
unknown (additive) functions simultaneously will usually lead to efficient esti-
mation of the finite-dimenstional parameter when the error is conditionally ho-
moskedastic (e.g., Carroll, Fan, Gijbels and Wang (1997), Severini and Wong
(1993) and Speckman (1988)).

Using spline and series estimation method, Schick (1996) and Li (2000) have
shown that one can obtain efficient estimators of 3 when the error is condi-
tionally homoskedastic. However, it is known that kernel-based method often
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out-performs spline and series methods in out-of-sample forecasting with time
series data (like forecasting inflation rate). Therefore, a kernel-based method of
estimating a partially linear additive model should be viewed as a complement
to the series estimation method, and should be useful to applied researchers.

3. Monte Carlo Results

This section reports some simulation results on the finite sample perfor-
mances of the four estimation methods: the ‘indicator’ method, the ‘linear’
method, Robinson’s method and our proposed two-step method. We first use
the following data generating processes (DGP). A similar DGP was used by Fan,
Hérdle and Mammen (1998).

(DGP1) : Y; = Bo + X161 + 91(Z1s) + 92(Z2) + Uy,
(DGP2): Y; = By + X101 + Xoif2 + 91(Z1i) + g2(Z2) + U;

where X is a 0-1 dummy variable with P(X; = 1) = 0.5, Xo is uniform on
{1,2,3,4}, Z; and Z; are bivariate normal variables each having zero mean and
unit variance and cov(Z1,Z3) = 0.4, the two additive functions are g1(z1) =
1421 —22 and go(22) = 0.520+sin(—22), U; = 0(Z1, Zo;)e; with o (21, 22) = {(1+
/23 +23)/4}1/2 and ¢; a standard normal random variable independent of X,
and Z,; for all 7, j and a. The parameters are (5, 51,02) = (1.5,0.3,0.5). We
use the product normal kernel and the smoothing parameters h, = cza,sdn_l/ 3,
where zq, 54 is the sample standard deviation of {Z,;}i-;, o, s = 1,2. For ¢ = 0.8,
1 and 1.2 the results are quantitatively similar, so we only report the case of ¢ = 1.
We take n = 100 and 200 and the number of replications is 1000.

The computational time of estimating an additive model is roughly n times
the computational time of estimating a (non-additive) nonparametric regression
model. This is because in estimating an additive model, say for p = 2, one needs
to estimate E(Y;|Zy;, Z2j) for each i and j, 1 < ¢,j < n. This usually involves
two loops, while in estimating a standard nonparametric regression model one
only needs to estimate F(Y;|Z1;, Zo;) for i = 1,...,n, which is done in one loop.

Note that the difference between DGP1 and DGP2 is that DGP2 has an
extra discrete regressor Xo; that takes four different values. Hence, one would
expect that the performance of the ‘indicator method’ is affected more for DGP2
than for DGP1. On the other hand, our approach is expected to work equally
well for both DGP1 and DGP2.

Tables 1 and 2 report the estimated mean average square errors (MASE) of
ga,n(-) and estimated mean square errors (MSE) of ., o = 1,2, where gq,(+)
is an estimator of g, (-) (either g (-) of the indicator method, gz (-) of the linear
method, gra(-) of Robinson’s method, or g, (-) of the two-step method based on
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a (un-weighted) local linear fitting), and [, ,, is either the sth component of Br,
BL, Pr, or B, s=1,2.

Table 1. MASE of g4, and MSE of 3, ,, (n = 100).

Est. Method | MASE(g1,n) | MASE(g2,,) | MSE(B1,n) | MSE(B2,,)
DGP 1
Indicator 0.17423 0.10208 0.03626
Linear 0.21767 0.10921 0.03349 N|A
Robinson 0.08798 0.08412 0.02906
Two-Step 0.08591 0.08240 0.02894
DGP 2
Indicator 0.38996 0.24830 0.00982 0.04940
Linear 0.40474 0.24075 0.00983 0.04401
Robinson 0.09806 0.08793 0.00696 0.03345
Two-Step 0.08871 0.08207 0.00685 0.03214

Table 2. MASE of g4, and MSE of §s ,, (n = 200).

Est. Method | MASE(g1,,) | MASE(g2,n) | MSE(B1,n) | MSE(f2.,)
DGP 1
Indicator 0.14686 0.06643 0.01537
Linear 0.19840 0.07180 0.01552 N|A
Robinson 0.08403 0.05607 0.01422
Two-Step 0.08322 0.05588 0.01387
DGP 2
Indicator 0.33060 0.15634 0.00396 0.02051
Linear 0.32984 0.14463 0.00391 0.02114
Robinson 0.08019 0.05543 0.00316 0.01467
Two-Step 0.07912 0.05491 0.00299 0.01455

From Tables 1 and 2, we observe that the two-step and Robinson’s estimators
of go(+) have significantly smaller MASE than those obtained from the indicator
and linear methods. Although the MSE of B and BR are also smaller than those
obtained from the other two methods, the relative difference is less significant
than the relative difference between g, () and g (+) (or gra(-)).

The above results can be explained as follows. For DGP1, the indicator
method only uses about half of the sample when estimating F(Y;|Z1;, Zo;, X;)
in the initial stage because X; = Xy; takes two different values. Hence, at this
stage, the indicator method gives a less efficient estimator of F(Y;|Z1;, Zoi, X;)
compared with the two-step method. Using the method of marginal integration
(averaging) to estimate g,(-) may pick up some, but not all, of the initial-stage
efficiency loss of the indicator method in finite sample applications. When we
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move from DGP1 to DGP2, the performance of the indicator method deteriorates
because in DGP2, X; has two components and takes (2)(4) = 8 different values.
The estimator §ra(zo) is obtained by treating X3 nonparametrically in the
initial estimation stage, and hence does not perform as well as g, () or gra(:) in
finite samples. In contrast the two-step and Robinson’s estimators of g, (z,) are
obtained by treating X3 parametrically. Their performance in finite samples is
basically not affected by how many different values X; can take, and is in general
better than the estimators of g,(z,) based on the other two methods.

The MSE of s, s = 1,2, is less affected by the accuracy of the point-wise
estimate g (-), @ = 1,2, because [, depends on the average of gon(Zai),
i = 1,...,n. The average values of gon(Zai)’s do not differ as much as the
point-wise estimates among the four estimation methods.

A referee points out that, when estimating g, (z,), the better performance of
the two- step method over the linear methods is because the former fixed § at ﬁ,
given that ﬁ 1, is close to ﬁ , will imply that a further step based on Fan, Hardle and
Mammen (1998) can also achieve a similar performance as the two-step method,

e., if one replaces 3 in (6) by Br (rather then by B), the resulting estimates
of ga(za) will be similar to the two-step estimation results. This observation
is indeed correct. For example, for DGP2 with n = 100, an extra iteration on
the linear method gives M ASE(g1,) = 0.09876 and M ASE(g2,) = 0.08581,
which is similar to estimation result of Robinson’s (non-iterative) method. Thus,
in practice one can also use a further iteration of the linear method to obtain
improved estimates of g,(z,). One remaining problem is that the asymptotic
variance of BL is not yet available.

The Monte Carlo results reported above show that the two-step and Robin-
son’s estimators perform relatively well. However, it provides no indication that
BR of Robinson’s method is dominated by B of the two-step method. The reason
for this is that, for DGP1 and DGP2, we generated X and Z independently,
which implies that F(X|Z) = E4(X) = E(X) = a constant (vector). Hence (3
and ﬁR have the same asymptotlc variance (see Remark 2 of Section 2). Next we
consider a DGP for which ﬁ is more efficient that ﬁR Consider

(DGP3) : Y = Bo + X1ib1 + 91(Z1i) + 92(Z2i) + Ui,

where Xz = aoZliZgi + ‘/Z', Zli7 ZQZ' and V; are i.i.d. N(O, 1), Uz is i.i.d. N(O,O’2).
We choose 0 = 0.8, agp = 1 or 2, (y,01, g1(-) and go(-) are the same as in
DGP1. For DGP3, it is easy to see that ¢,; = 1, 14, = 0 for o = 1,2. Hence,
avar(\/_ﬁ) = 02[E(X2)]"! = 0X{E[(aoZ1Z2 + V;)?]} 1, while avar(y/nfg) =

o2[E(V2)] 1, since X; — E(X;|Z;) = V;. Hence (3 is asymptotically more efficient
than BR, and we expect to observe some finite sample efficiency gains by using
B over BR. Note that for DGP3, the indicator method is not appropriate since
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X, is a continuous variable. Hence, we only use the remaining three estimation
methods. The simulation results are given in Table 3.

The results in Table 3 are consistent with our theoretical analysis: both the
B of the two-step method and BL of the linear method have much smaller MSEs
than Robinson’s BR.

Table 3. MASE of g, and MSE of 3, , (DGP3, n = 100).

Est. Method | MASE(g1,,) | MASE(g2,n) | MSE(B1,n)
apg = 1

Linear 0.13540 0.12058 0.00850

Robinson 0.05328 0.05739 0.01194

Two-Step 0.05300 0.05747 0.00560
ag = 2

Linear 0.14006 0.21406 0.00470

Robinson 0.05458 0.05839 0.01131

Two-Step 0.05362 0.05803 0.00263

In summary, our Monte Carlo simulation results are consistent with our
theoretical analysis. The proposed two-step method exploits the information that
X, enters the model linearly, and Zy; and Zs; enter the model additively, and thus
its overall performance is better than that of other methods. Robinson’s method
performs well when X; and Z; are independent with each other. However, when
X, and Z; are correlated, Robinson’s method can lead to inaccurate estimation
of 3. Moreover, when X; is a deterministic non-additive function of Z; (like
X; = Z1;Z9;, see (17)), Robinson’s estimator BR is not applicable while all other
methods are still well defined and lead to consistent estimates.
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Appendix A

In appendices A and B we omit the indicator function I; = I(Z; € D,,) for
notational simplicity. Thus, >, A; should be interpreted as >; A;I;. The use of
1; avoids boundary observations so that the bias in kernel estimation will be of
the order of O(hY) or O(hY) for all Z; € D,,.

We use the class of functions G&, v >0 and « > 0, introduced in Robinson
(1988), restate here for the readers’ convenience.
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Definition. Let z € R? be a continuous variable, G, v > 1 a positive integer,
« > 0, is the class of functions g: RY — R satisfying: g is (v — 1)-times differen-
tiable; for some p > 0, supyeq.,19(y) — 9(2) — Qy(y, 2)|/|ly — z|| < Gy4(2) for all z,
where ¢, = {y : |y — 2| < p}; Qg is (v —1)th degree homogeneous polynomial in
y — z with coefficients the partial derivatives of g at z of orders 1 through v — 1;
g(z) and its partial derivatives of orders 1 through v — 1 and less, and G4(Z) all
have finite ath moments.

Condition A.

() {(Yi, X}, Zvs, ..., Zpi)}1y are iid.; (X!, Z]) has finite support with the sup-
port of Z; being a product set [[L_,[ca,ds]; the density function of Z; is
bounded from below by a positive constant on its support; E (U;l) is finite.

(ii) Let f(21,...,2p) denote the density function of (Zy;,..., Zp;). Then &, (2q),
Na(za), ga(2a) and f(z1,...,2p) all belong to G, where v > 2 is an inte-
ger. Let z = (2¢ 2¢), where 2¢ and z?¢ denote the continuous and discrete
components of z, respectively, then for all values of 2%, ¢2(z, 21, ... ,2p) =
E(UZ2|XZ =X, 01 = Z1y.-- ,sz‘ = Zp) S Qf

(iii) The kernel functions K and L are bounded, symmetric, and both are of
order v.

(iv) As n — oo, nh®* — oo, n3/2hahg_1 — o0 and n(hZ + h2’) — 0.

Note that when h, = h, = h, condition (iv) becomes n*2hP — oo and
nh®* — 0, which allows second order kernels to be used (v = 2) if p < 5.
Condition A (iv) also implies that the data needs to be undersmoothed.

Proof of Theorem 2.1. Equation (2) can be written in two forms, both used

below:
P
Yi=00+XiB+ Y 9a(Zai) + Us, (A1)
a=1
Yi =00+ X8+ 9a(Zai) + Ga(Zai) + Us. (A.2)

Replacing Y} by (6o + X8 + gu + Gar + Up) on the right-hand-side of (13),
we get
Yoi = Bo + X0iB + Gai + Gai + Usai, (A.3)
where Xaz‘ is given in (15), gm' = Z?:l Wm-’lgal, égi = Z?:l Wai,ngl, and
Uni = 312y Wai Ul
In vector-matrix notation, (A.1) and (A.3) can be written as

/4
Y =ufo+XB+ Y ga+U, (A.4)

a=1
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~ A~

}A/a = LﬁO + Xaﬁ + Ja + Gg + U, (A5)

where ¢ is a n x 1 vector of ones.
Define a n x 1 constant vector G, by

=ciL=| Z (A.6)

Note that ¢ =n~1 Y 7_; Gqaj = O,(n~1/?) because E(Gy ;) = 0. B
Summing over « in (A.5), also adding and subtracting Y- _; G, gives

p p p
2 RS S LTS S SIS o1 A
a=1 a=1

a=1 a=1 a=1
P P P
= wfo + ZXaﬁ+ Zga > Gat Y [Ga—Gal+ D Ua (AT)
a=1 a=1 a=1 a=1
Subtracting (A.7) from (A.4) leads to
p P P
Y=y Z P)Bo+ (X =D Xa)B+ Y (9 — da)
a=1 a=1 a=1
P P ~ P
_ZGQ_ Z[GQ_GQ] +U - ZUa
a=1 a=1 a=1
. P P P ~ P
=X6+ Y (Ga—Ga) = Y. Ga— D [Ga— Gl +U - U, (A.8)
«@ a=1 a=1 a=1

N [Ga—Ga) +U =Y Ua]/n}. (A.9)

Recall that z = (24,24), 1(2) = E(X1|Z1 = 2), Na(2a) = EN(2a, Za))-
Define V; = Xz — E(XZ|Z) = Xz — 77(22) and

=Y WitV (A.10)

Use the short-hand notation n; = n(Z;) = E(X;|Z;) and nai = 1a(Zai). Also
define ¢, = 1; — 32 _| ai. Then we have X; =n; + Vi = ¢, + V; + Y.L _; nai or,
in matrix notation,

p
X=n+V=e¢+V+)> 7a, (A.11)

a=1
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where X denotes the n x ¢ matrix with ith row given by X/. Hence

X=[,X- ZX L6+V+Z Xo)]- (A.12)

a=1

First, we show that the following two results hold:

M) n PR (90— 8 Z Gaol} = 0p(1),
a=1 a=1
L 1, E(Xy - E Na1)’
(1) [ /n] = . ) . +oy(1).

E(X, — aZ::1 Na1), E(X1 — a§1 Ual)(Xl—aZ::l Na1)']

Proof of (I). Using (A.12), we have

» P
n LY (g0~ )~ D [Ga — Gl
a=1 a=1
P p
= n_1/2{ [Z(ga — Ja) — Z(ég - Gg)]’
a=1 a=1

P p p
E+V+ Y (0 — XD (9o —Ga) = > (Ga — Go)l}.  (A13)

Noting that n=1/2€¢ (go — Ga) = 0,(1) by Lemma B.1 (i), n='¢'(Gy — Go) = 0p(1)
by Lemma B.2. Since the above results hold with € replaced by ¢ we obtain (I),
because all the remaining terms on the right side of (A. 13) are of even smaller
order by Lemma B.4 and Lemma B.5, together with Lemmas B.1 and B.2.

Proof of (IT). Using X = [1, X — YP_, X,], we get
o 1 n, VX — Xg) >
X n=n <[X—Xa]’L, X — Xo]'[X — X,

— ( . Be ) +0,(1) (A14)
o EEl, E(61+V1)(61+V1), P ’ '

where we have used the facts that n=1/[X — X,] = n‘lL’[e+V+Za L (Ma—Xa)] =
E(e1)+0,(1) by Lemma B.5, and n ' [X — X, ] [X — X,] = n X =3P _, na][X —

D ina) +0p(1) = El(e1 + Vi) (e1 + V1)'] + 0p(1) by Lemma B.5. In the above
we also used (see (A.11)) ¢;+V; = X; —>F _ nai and Ee; = E(X1 — Y21 a1)-
Thus, (A.14) proves (II).

Using (A.14) and a partitioned inverse yields

[22'22]_1_ (14 (Ee))® Y(Eey)], —(Fe)d!
n | =Y (Eq), i

+0p(1), (A.15)
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where ® = E|(e; + Vi)(e1 + V1)'] — (Ee1)(Eer) = Var (Vi + €1) (as defined in
Theorem 2.1).

Applying (I) to (A.9) leads to

3 XX —1/2 pr L ¢
V(0 =8) = [—=]TH{n T PXU = 3 Ua = 3 Gal} +0p(1) (A.16)

a=1 a=1

Next, using Lemma B.5 we get
A p A p —
XU -3 Us — > Gal
a=1 a=1
P P P . P P

= n—1/2{u[U— D Us= Y Galle+ V4D (na—X)U=) Ua— Gg]}

V(B — ) = =0~ tn 2 (Bey )i (U ~ i Ua — i Ga)
+0 Y2V 4 ] [U Epjl To — Ep:lég] + 0p(1)
="' V[V e — (B (U - Z o f:lc‘@} + 0p(1)
=o' VYU 4 [e — (Bey )] (U — Ep: U} +0,(1),  (A.18)

Q
I
—

where in the last equality we have used the facts that n=/2(V + ¢ — Ee)'G, =
[0V 3(Vitei— Ee)l[n ™' 32 Gajl = Op(n™/?) = 0p(1) since E(Gq ;) = 0, and
n=2V'U, = 0,(1) because E[||n~Y?V'U,||?] < CE[(Ua:)?] = 0p(1) by Lemma
B.3 (ii).

Now using 1/ f(Zais Zaj) = 1/ f (Zai» Zas) + 1/ f (Zais Za ) =1/ f (Zais Zaj));
we get

A~

n_l[e — E(e1)])'U, nt Z EeZ

3222 6~ Eei)UiKo(Zai—Zot) Ly (Zaj— Za)lf (Zais Zaj)H(s.0.), (A.19)

v g l#j
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where (s.0.) means it has an order smaller than the first term. It is easy to see
that the leading term of n~!(e — Eeit)'U, corresponds to i # j # [, which can
be written as a third order U-statistic

-1
n_l(e—EelL)/Ua=é<§) DX Y HalGh G Q)+ (s0),  (A20)

1<i<j<l<n

where H,(.,.,.,) is a symmetrized version of (¢, — Ee¢;)UKp(Zni — Zoa)L(Zaj —
Za1) /[ (Zai, Zaj)) and ¢ = (Z;, Uy).
By (A.19) and H-decomposition we have

n~t(e — Ee)'U, %Z n(G) + (s.0.), (A.21)

where Hy,((;) is the leading term of E[H, (¢, (5, ()| given by

Uifo(Zoi) fo(Zai)(€i — E€i) def
f(Zais Zai)

with 1a; = fa( az)fg(Zgi))/[f(Zaia Zgi)]-
Using (A.18), (A.21) and (A.22), we get

Hi,(G) =

U ( Eﬁi)d}ai- (A22)

n P
V(B —B) = o 2N UV + (6 — Eei)(1— Y thai)]
a=1

=1
— N(0,271Qa™ 1), (A.23)

by the Lindeberg Central Limit Theorem, where Q = E[U2D;D}], D; = Vi + (&; —
Eei)(1 =30 1 tai) and € = 1; — Y01 Tai-

A consistent estimator for X

Let E(XZ|Z2) denote a kernel estimator of E(X;|Z;), fm-, fm- and fz denote
the kernel estimators of fo(Zai), fo(Zai) and f(Zai, Zoi), respe_ctively.

Specifically, let K ij = Kp,(Zaj — Zai) and Ly ij = L, (Zaj — Zai), then
E(Xi|Zi) = ™'Y XKoL ijs foi = 071 Y; Kayjs fai = n7'Y; La ij and
fi=n"t > KajijLa ij-

Next, define 1, = fmfm/fl, & = B(Xi|Z) —YP_ Xui, € = n' Y&
Vi = Xi — B(Xi|Z:), Di = Vi + (& — O)(1 = X2 thaa), Ui = Vi — o — X[} —
S 1 9a(Zai). Then a con51stent estimator of ¥ is given by S = ¢ 10e 1,
where & = n=! 57,(X; — S0 Xai)(Xi — Yooy Xoi) and @ =n~1 Y, UZDlD;.

Obviously E(X;|Z;) is a consistent estimator for F(X;|Z;), and 1),; is a
consistent estimator of ¥,;. Also we know that UZ is a consistent estimator of U;
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and X, is a consistent estimator of Nai by Lemma B.5. The above implies that
€; is a consistent estimator for ¢;.
Using these results, one can easily show that X is a consistent estimator of X..

Appendix B

As in Appendix A; A = B + (s.0.) means A and B have the same order,
(s.0.) means it has an order smaller than B. Also we use the following short-hand
notations: Ko ij = Kn, (Zai—Zaj), Laij = Ly (Zai—Zaj), faiai = f(Zais Zaj),
and faiﬁj = f(Zm-, Zy j), where

F(Zais Za ) = ZKha al = Zai) Ly (Za 1 — Za ). (B.1)
l#]

Because the estimator of 3 only uses data in the trimmed set D,, (bound-
ary removed), we have sup.ep,|f(2) — f(2)| = Op(h” + In(n)(nh?)~1/2) and
inf.ep,|1/f(2)] = Op(1). Then for any positive integer m, we have

FE)m | () - fey
Eh +szl e i B

Using (B:2) one can show that whenever there is a term involves 1/f(Z;),
one can replace 1/f(Z;) by 1/f(Z;) to obtain its leading term, the remaining
terms will be of smaller orders.

Lemma B.1. (i) n71 Y, (Gai — Goi)€i = op(n_l/Q), (i) n~1 Zi(gm—gm)Q = op(1).
Proof of (i). Start with

-1 Z €; gon gaz
_3ZZZ€Z gal gaz azng,jl/f(ZOli7Z9j)

g 1#
_322262 Jal — gaz ozzlLa jl/f(ZamZa]) (3 0-)
i g l#]

= Ay, + (s.0.)  (by using eq. (B.2)).

We need only consider Ay,. Since f(.,.) is bounded away from zero, Ay,
has the same order as By, = n3Y, D Dti it €i(9al — 9oi)KaitLa, ji- Bin
contains three summations, we consider two different cases for By,: (1) all three
summation indices are different from each other, i.e., i # j # [; and (2) j =i # L.
We use By,(s), s = 1,2, to denote these two cases.
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It is easy to see that E(By,1)) = O(hy), its second moment is

E[(Bln n=° Z Z Z Z Z Z E{ €y gazg Yaiq )Ka,i1i3 LQ, Z'22'3]

i1#427#13 i4F£i5Fi6
X [€i4 (gais - gai4)KOt,i4i6Lg, i5i6]}
_ (n6hihi(p_1))_1{n60(h2+2yh2(p_1)) + n50(h3+2uhi(p—1))
+ntO(RS AP 4 pZF2 R~y 4 (s5.0.)}
= O(h?) 4+ O(han™2) + O(h2" (n? he- H=Y 4 (s.0.) = o(n71).

We briefly explain the above results. When the six summation indices
i1,...,0¢ take at least five different values, using the fact that for ¢ # j, E[(gai —
9oj) Kaijl = haO(RL) = O(hLTY), it is easy to see that they are of the order of
(n% +n>)O(hE?v hé(p _1)). Next if the six indices take four different values, it is
easy to check that if iy = i4 and i3 = ig, we get n4O(hihi(p_1)); if i9 = i5 and
i3 = ig, we get n*O(REF2Yh2~1Y; if i1 = iy and iy = i5, we get n40(hi+2”hé(p_1)).
Finally it is easy to see that when the six indices take three different values, it
has a smaller order smaller than those above. Hence, By,1) = op(n_l/Q).

Next, Biy(2) = 2n33, Y oisi(gar — gai)Kaﬂ-lig, ;. Its second moment is

E[Bln(Q)]
_6 Z Z Z Z E gal Joi Ka,ing, il(gal/ - gai/)Ka,i’l/Lg,i/l’]
1>1 >
AmCRZ 2P BZ 2P VO(RY ) + nPh2HETO(h2) + nPhahB 1 O(h2)}
=n"H{O(n'hY) 4+ O(ha(n®h8 )™} = o(n™1).

Hence, Biy(2) = op(n_l/Q).

Thus we have shown that By, = o,(n~2) which implies n™"3;(dai —
Joi)€i = op(n_l/ 2).  Obviously the above result holds true if one replaces ¢;
by 1.

Proof of (ii). By using (B-2) one can easily show that n ™1 " (§ai —gai)? = Ao+

(s.0.), where Ag, =171 (Gai — gm)QfEZ/fg2 is the same as 1™ Y (Gai — Gai)?
except that the random denominator 1/f(Z;) is replaced by 1/f(Z;), which can

be further replaced by 1, i.e., Joi — gai = 1~ ZJ 215 (Gal — gm)Ka7zng7]l/fm7g]
d
can be replaced by Iy, ; lef n=2 Zj Zl#(gal — gai)Ka’ing7jl
We use E[n~' Y, I}, ;] = E[I}, ;] to bound the leading term of n™* 37, (gas —
gai)Q-

E[I}, 1] <Cn—4ZZZ > El(gaj — 9o1)Ka1jLa,ij(9ay — 9o1) Koy Lo, i57)
it i A
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= (n* P22~ TR 2 2PV O (W) + n3h2R2PDO (W) 4+ n2hoh? 'O (K2)}
= O(hZ') + O(ha(n*h2) ™) = o(1). ) )
This implies the leading term of ™! 3", (Gai — gai)? is 0p(1).
Lemma B.2. n= (G, — Gy)'e = 0,(n~1/?).
Proof. Note that G, = ¢t with ¢ = n~1 > Gaj (see (A.6)). Then

n NGy — Go)e=n"" Zei[éy —
_322261 al — a KazlLa ]l/f(ZauZaj)

g I#d
B 62 al a,ilda, jl aiy Lo S.0.
nPyY 3y aj) KoL, i) [(Zais Zaj) + (s.0.)
g £
= Aoy, + (s.0.).
Obviously As, has the same order as Bo, = n 313", D 2t €i(Ga1—Gaj)Kai
La,ji-
Bs,, contains three summations, we consider three different cases for Bs,:
(1) all three summation indices are different from each other, (2) i =1 # j and
(3) i =j #1. We use By, s = 1,2,3, to denote these cases.

Similar to the proof of E[(By,1))?] = op(n~!) in the proof of Lemma B.1,
one can easily show that

_6 Z Z Z Z Z Z E{ Ezl aiz aZQ)Ka,iling, 2'22'3]

i1Ai2#13 laFi5#i6
€ (Gais = Gais) Kaisig L, isis]}
= (nShZR2P= D)y "HRSO(R2hZ) + nPO(h2h2) + n*O(h2hS + hah) + (s.0.)}
= O(hé”) + O((n2hg_4)) + (s.0.) = o(n™1).
Hence, Byy1) = op(n1/2).
Next, By, (2) = 2(n3he) TK(0) Y, > j»i €i(Gai — Gaj)La,ij- Its second mo-

ment is

E[B3)<C°h) 'Y "> > El(Gai — Gaj)la,ij(Gai — Gajr) La,iry)

i>i 3>
=4(nChZ 2PN "YU R2PD O(h2 ) +n3h2PVO(h2) +n2hE T O(h2)}
=n"HO(hY (nha)™2) + O((n*K2HEP=) ™)} = o(n 7).

Hence, By (o) = op(n_l/Q).
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Finally, Byy(3) = 2n~ 35, Ysi €6i(Gat — Gai)Ka,itLa, it~ Its second moment
is bounded by

E[B3,3)]
<Cn Y Y Y > El(Gai — Gai)Ka,itLa,it(Gar — Ga i) Ka, i La, iv]
1> >
= 4(n®hZ RPN T R K2 2PV O(h2) + ndhZ R O(R2Y)
—|—n2hahg_10(hi)} =o(n™!)

(this term has an smaller order than E[B2 (2)]). Hence, Boy3) = op(n~1/2).
Thus we have shown that n_l(Gg Gy)'e = 0,(n"1/2). Obviously the above

proof holds true if one replaces ¢; by 1.

Lemma B.3. (i) n |V, = 0,(n™1/2), (ii) n |Ua|? = 0p(n~1/2).

Proof of (i). n™!|V, ||2—n_l S V! Vi Using ([B:2) we can replace Vy; = n2

Z El;é] azlLa ]l‘/l/f(Zony Za]) by Da 4= =N E El;&] azlLoz ]l‘/l/f(ZOtla Za])

to obtain the leading term of VOm where D, ; is the same as VW except that

1/ f(Z iy Za j) is replaced by 1/ f(Zai, Za ;). Hence, n=1 3, ||Va1||? has the same

order as 11 3, || Dol . We can bound 11 5, || Dol by Eln~" 53, || Decsl ] =

E[||Dg,1][?], moreover

E[||Daa)?] < Cn™* S35 ElKanjLa,ijKaj La,vj ViVi]
J# A

_4ZZZE alj LamLaz]VV]

ey
= C(nhah2 ) {0 ho h2PDO(1) + nho hE1O(1)}
=n"HO((n"?ha) ™) + O((n*Phabl ) ™)} = o(n™'/2).
Summarizing, we have shown that E[||n~'V,1||?] = o(n~'/?), which implies
that n 1|V, |2 = o,(n~1/2).
The proof of (ii). follows exactly the same steps as in (i) above.
Lemma B.4. n7 (4, — ga)'V = 0p(n~/?).
Proof. Let Z, = {Z;};. We have E[||n" (§a — 90)' VII?|Z0] = n 2% E[(§ai —
90i)*VIVi| 2] < Cn72Y(Goi — 9ai)* = op(n™') by Lemma B.1 (ii). Hence,
n_l(ga - ga)lv = Op(n_1/2)'
Lemma B.5. n7}|[n, — X,|> = 0,(n"1/2).

Proof. Define 7,; = n~! 3N Zais Za ), and fa; = 32 Waig 1(Z;). We first
prove two intermediate results:
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i) n7Uia — mall® = Op(n™) = o0p(n™2), and (i) n e — 7ial|* =
op(n=1/2).
Proof of (i).
E[n_lHﬁa - 7704H2]
= E[(ﬁal - Ual),(ﬁal - Ual)]
—n_2ZZE Zo1s Zei) = Me1) (1(Zats Zej) — N )] —|—O(n_1)

i#1 j
_QZE Zal, Z, ) - Ual)/(n(zalazgi) _nal)]
1#£1
n2Y N En(Zat, Zai) = o1l E0(Zat, Za ) — Mea) + O(n™")
E2WE

=n"2{O(n) +0} +O0(n~ 1) =O0(n™),
because E[1(Za1, Zai) — Na(Za1)] = 0 for ¢ # 1.

Proof of (ii) Note that n = !||7—7||> = 2713, (Nai — Tai) (Nei — Tai); Nl — Nat

=n"? Z El;ﬁ] (77041 al — TNal a])Ka,lng,]l/fal,g] can be replaced by Fln,z =n"2

Z El;ﬁ] (77041 al—Tal a])Koz 1lLa ]l/fal ajto obtain the leading term of o1 —ja1;

1||77 7j||* has the same order as n=1 Y, || Fin.4||2. We bound n=! 3, || Fin||?
Eln" 5, |[Fun 2] = Ell| Fin1 |, then note that

E[||Fip1|?]
<Cn™* Z Z Z Z El(Mat.at — Nataj) KaaiLa, ji
J A VA
X(Nat,all — Nat,a i ) Ka1vLa, jiv
= (NPho 2 ) R2RZPVO(RE) + n*h2 2PV O(RY) + n*hahE T O(R2)}
= {O(h2) + O((n*hah273) 1)} = o(n™/?2).

We now prove Lemma B.5. From X; = n(Z;) + V;, we have Xa =N + Va.
Hence,
) n_lH??a - XaH2 = ”_IH% —fla — VaH2 < Cn_l{Hna - 7704H2 + |70 — 7704H2 +
[|[Vall?} = op(n_l/Q) by (i) and (ii) above, and by Lemma B.3 (i).
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