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TESTS FOR HOMOGENEITY IN NORMAL MIXTURES IN
THE PRESENCE OF A STRUCTURAL PARAMETER
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Abstract: Often a question arises as to whether observed data are a sample from
a homogeneous population or from a heterogeneous population. If in particular,
one wants to test for a single normal distribution versus a mixture of two normal
distributions, classic asymptotic results do not apply since the model does not
satisfy regularity conditions. This paper investigates the large sample behavior
of the likelihood ratio statistic for testing homogeneity in the normal mixture in
location parameters with an unknown structural parameter. It is proved that the
asymptotic null distribution of the likelihood ratio statistic is the maximum of a
X3-variable and the supremum of the square of a truncated Gaussian process with
mean 0 and variance 1. This result exposes the unusual large sample behavior of
the likelihood function under the null distribution. The correlation structure of the
process involved in the limiting distribution is presented explicitly. From the large
sample study, it is also found that even though the structural parameter is not part
of the mixing distribution, the convergence rate of its maximum likelihood estimate

is n~/* rather than n~/?
—1/4

, while the mixing distribution has a convergence rate
n~'/8 rather than n This is in sharp contrast to ordinary semi-parametric

models and to mixture models without a structural parameter.

Key words and phrases: Asymptotic distribution, finite mixture, Gaussian process,
genetic analysis, likelihood ratio, non-regular model, semi-parametric model.

1. Introduction

Let X1q,...,X, be a random sample from a mixture population (1 — «)
N(61,0?) + aN(6s,0?) with the probability density function (pdf)
(1 —a)o ™ ¢{(z — 1) /o} + ao ™ d{(x — 62)/0}, (1)

where ¢(-) is the pdf of the standard normal N(0,1). Alternatively, write (1)) as
Jot¢{(z — u)/o}dG(u), with the mixing distribution

G(u) = (1 —a)l(u>01)+ al(u > 6s). (2)
Suppose we wish to test Hp : (1 — ) = 0 or 61 = 02 versus the full model (),
i.e., to test N(0,02) versus (1 — @)N(01,02%) + aN (s, 7?).

There has been increasing interest in finite mixture models in recent years.
The large sample behavior of the likelihood ratio test (LRT) for homogeneity
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in the finite mixture model is a long-standing mystery. Hartigan (1985) showed
that the LRT statistic tends to infinity with probability one if the mean param-
eters are unbounded. The divergence behavior of the LRT is further detailed
by Bickel and Chernoff (1993). On the other hand, Ghosh and Sen (1985) gave
the first version of the asymptotic distributions of the LRT statistic when the
mean parameters are bounded. However, in addition to the boundedness, they
imposed a separation condition, i.e., |#; — 62| > € for some given € > 0. The sep-
aration condition is obviously unsatisfactory. There have been many attempts
made to remove the separation condition. Lemdani and Pons (1999) used a
reparameterization approach to investigate the testing problem when one of the
mean parameters is known and their study showed that there is no obvious way
to remove the separation condition. Dacunha-Castelle and Gassiat (1999) de-
veloped a general reparameterization method for the testing problem in locally
conic models. In the meantime, Chen and Chen (2001a and b) took a different
approach, i.e., the so-called sandwich method, to attack the problem without the
separation condition.

In this paper, a structural parameter is included in the mixture model to
bring it closer to the reality. A test for homogeneity is considered when both
the two mean parameters are assumed unknown, and we remove the separation
condition.

We start our study in Section 2 with the single mean parameter mixture
model: one of the mean parameters 6; and 03 in () is assumed known. While
study of the single mean parameter mixtures has its virtue, the purpose of the
section is to demonstrate the main ideas behind our approach to the general
mixture model ([{l). The asymptotic distribution of the LRT for homogeneity
under the model () is investigated in Section 3. It is shown that the asymp-
totic null distribution of the LRT statistic is the maximum of a x3-variable and
the supremum of the square of a truncated Gaussian process with mean 0 and
variance 1.

Throughout the paper, without loss of generality, let the null underlying
distribution be N(0,1). For convenience, we write X, (t) = Op(a,) or = op(ay)
if sup;er | Xn(t)/an| = Op(1) or sup;er | Xn(t)/an| = 0p(1), where T' is a suitably
specified index set and a,, is a sequence of constants or random variables.

To save space, only the main ideas behind the analyses and results are pre-
sented, and all technical details are in Chen and Chen (2001c), available from the
web site http://www.stats.uwaterloo.ca/Stats_Dept /techreports/node8.html.

2. Single Mean Parameter Mixtures

In (), take 0; to be 0, #2 = 0 to be unknown. In addition assume that
|0 < M. Based on the observations X;, we wish to use the LRT to test the
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null hypothesis Hy : N(0,02) versus H, : (1 — a)N(0,0?) + aN(6,0?). The
log-likelihood function of «, 6 and o is

ln(a,0,0) = i log[(1—a)o~ ' exp{—X?/(20%)} + ac ™ exp{—(X; — 0)*/(20%)}].
i=1

Let 62 = n~1Y" X? be the MLE of 02 under the null hypothesis. Let
(e, 0,0) =2{l,(a,0,0) —1,(0,0,60)}
S 2X;60 — 0*
23 tog {1+ af e {ZLE) 1)

i=1

X2 X2

—nlogo? — 2 5 —i—n(l—l—logL).
o n

3)

Let &, 6 and 62 be the MLEs for a, 0 and o2 under the full model. Then the
LRT is to reject the null hypothesis when R,, = r,(&,0,0) is large.
2.1. Large sample behavior of the MLE’s

We first show that under the null hypothesis 62 is bounded away from zero
and infinity with probability approaching 1.

Lemma 1. Under the null distribution N(0,1), there exist constants 0 < € <
A < 00 such that P(e < 62 < A) — 1 as n — oo.

Proof. Consider r,(a,,0) defined by (). Note that when 226 — 6% > 0,

2260 — 62 2260 — 62
1+a[exp{7}—l} SQXP{T}
We thus have the inequality
2X,0 — 0%t — X? X2
rn(a,0,0) < b p ) i —nloga2—|—n<1+log%),

where tT = tI(t > 0) denotes the positive part of t. Since (2X;0 — 6?)T — X2 is
equal to either —(6 — X;)? or —X?2, we see that r,(a,0,0) < —nlogo? + n{l +
log(3> X2/n)}. Sincelog(n=!>" X2) — 0 almost surely, the function 7, (o, 0, 0) <
0 for all 02 > A with probability approaching 1 for some large constant A. That
is, lim P(62 > A) = 0 for some constant A.

Next we show that 42 is also bounded away from zero asymptotically. By
the Uniform Strong Law of Large Numbers (see Rubin (1956)), n=! > {X? —
(20X; — 60%)T} — S(0) = E{X? — (20X — 6*)*}, almost surely and uniformly in
|6] < M. Since S(0) is continuous and positive, the minimum value of S(#) is
positive, say equal to 2¢q for some ¢ > 0. Then with probability approaching one



354 HANFENG CHEN AND JIAHUA CHEN

uniformly in «, 6 and o, 7,(a, 0,0) < —ngo=2 —nlogo? + n{l +log(> X?/n)}.
Let € > 0 be small enough such that —g/e —loge + 1 < 0. It follows that
with probability approaching 1 uniformly, the function 7,(a, 6,0) < 0 if 02 < ¢,
implying P(62 > €) — 1 as n — oo. The proof is completed.

By Lemma 1, the parametric space of interest can be reduced to a compact
one by restricting 02 within the interval [e, A].

Lemma 2. Under the null distribution N(0,1), as n — oo, a0 — 0 and 62 — 1,
i probability.

Proof. Here is an outline of the proof. For a detailed proof see Chen and Chen
(2001c). As remarked, we only need to consider € < o2 < A for some constants
0<e<l<A<oo Let G={G() : Glu) = (1 —a)I(u>0)+al(u>0),0 <
M,0 < o < 1}. The space of the distribution functions metrized by taking the
Lévy distance between two distribution functions is compact because M < oo.
(Note that the Lévy distance convergence is equivalent to weak convergence of
distribution functions.) So the product space Q = {w = (02,G) : 0% € [¢, A],G €
G} is compact. Moreover, for w = (02,G) € Q, put f(r;w) = o~ [d{(z —
u)/o}dG(u). Then the parameter w € 2 is identifiable, i.e., for any w; € Q,
i=1,2, f(z;w1) = f(z;we) for all x, implies w; = wy. With compactness and
identifiability, Wald (1949)’s argument leads to consistency of the MLE & =
(62,G) for w = (02, @) under the null model. Furthermore, it is implied that
the MLEs of the moments [ u*dG(u) = af* are consistent. Since [u*dG(u) =0
under N (0,1), the lemma is proved.

By Lemma 2, 02 can be technically restricted to any neighborhood of 02 = 1,
say [1 — 0,1 + 0] for a small § > 0. This restriction will be used to ensure the
tightness of some processes later.

Here we would like to point out that Lemma 2 does not imply anything about
the rate of convergence. We also like to remark that Lemma 2 does not say that
& or 6 is consistent. In fact, & and § are inconsistent under the null model. See
Chernoff and Lander (1995)’s discussion of the binomial mixture model that is
also applicable to the normal mixture model.

2.2. Asymptotic distribution of the LRT

We proceed to study the large sample behavior of the LRT using a sandwich
idea to derive the asymptotic null distribution of R,. We first establish an
asymptotic upper bound for R,. Write r,(a,0,0) = r1,(a,0,0) + 19y, where
rin(a, 0,0) = 2{l,(a,0,0) — 1,,(0,0,1)} and re, = 2{(,,(0,0,1) — 1,,(0,0,5¢)}.

First, analyze ri,(a,0,0). Write ri,(a,0,0) = 23 log(1 + 9;), where §; =
(02 — 1)U;(0) + afY;(0,0), with

Uito) = (0 - 1) Lo { - 2L - 1) 1) @
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Y;(H,a)zé{exp{—%—kxg}—exp{—2Xai22+X7i2}}. (5)

The functions U;(o) and Y;(#,0) are continuously differentiable with U;(1) =
(X2 —1)/2 and Y;(0,0) = 073X, exp{—X?(c72? — 1)/2}. Also, note that under
the null distribution N (0, 1), E{U;(c)}=0 and E{Y;(6,0)} = 0 for any o and 6.

By the inequality 2log(1+x) < 2x—2?+213/3, ri, (o, 0,0) = 23", log(1+
§;) <230 16— S 02 4+ (2/3) X0, 83, Re-write §; as

6 = (e = D)U; (1) + afY;(0,1) + €in, (6)

where the remainder ¢;,, = (02 — 1){U;(0) — U;(1)} + a8{Y;(0,0) — Yi(6,1)}.
Since the processes U*(0) = n~ /2 {U;(o) — U;(1)}/(0? — 1) and Y*(0,0) =
n~25{Yi(0,0) — Yi(0,1)} /(0% — 1), 02 € [1 — 6,1 + 6] and |§] < M, are tight
(see Chen and Chen (2001c), Proposition 1), we see that U*(c) = O,(1) and
Y*(0,0) = Op(1), implying

znjem =n'(0% —1)20,(1) + n'/?ab(c* — 1)0,(1). (7)
=1

Our convention has sup|,2_1|<5 [U*(0)| = Op(1), and supjg|<is,jo2—1)<s |Y (0, 0)]
= Op(1). Put Ep = (02 —1)20,(1), Ena = af(0? — 1)0,(1), U; = U;(1), and
Y;(0) =Y;(0,1). By (6] and (7)), we obtain

n n

.Z‘Si = Z{(UQ — D)U; 4+ afY;(0)} + n'/2(Epi + Eno). (8)

Similarly, we can replace o with 1 in the square and cubic terms of §;, and arrive

at
62 = 3 (0% — 1)Us + abYi(0)}2 + n(E2 + E2,), )
=1 =1
SO0 = 3 {(0 = VU, + abVi(O)F| = n( Bl +|Eaf).  (10)
=1 =1

It is important to note that in ([[0), the remainder terms have a factor of n rather
than n3/2. To see this, e.g.,

n

Y @ = D{Ui(o) = Ui} =n(o® = 1)°(1/n) D {Ui(o) — U}/ (0 = 1)

i=1 =1
=n(o? —1)50,(1) = n|En|>.
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Now by (8), @) and (I0),

n

rin(a, 0,0) < 22{ WU; + abY;(0)} = > {(0® — )U; + abY;(0)}?
=1
+(2/3) fj{(ﬁ — D)U; + abY;(0)}> + n'/2(Epi + Epg)
=1
3
+n Y (|Bml + |Enal’). (11)
]:

Introduce Z( ) = Y;(#) — 0U;. Then (02 — 1)U; + afY;(0) = t,U; + t2Z;(0),
where t; = 02 — 1+ a#?, and ty = af. Note that EU;Z;(f) = 0. It can be
proved that the cubic and remainder terms in (II]) are controlled by the square
term, see Chen and Chen (2001c) for details. As for the remainder terms in
(@), since 8] < M, n!/2|Ep| = nV2(02 — 12(0,(1)] < n'/2(E2 + 3)|0,(1)] =
0p IS Ui +12Z;(6)]?}, and similarly n'/2|E,a| < n'/2{t3+ (62 —1)2}|0,(1)] <
n2(t3 + 13)|0,(1)] = 0 {37 [t1U; + t2Z;(0)]?}. Note that when t; = t = 0,
i.e.,, 02 = 1 and § = 0 in the above inequalities, r1,, = 0 = 0,(1). Thus, this
case can be ignored. The other remainder terms resulting from the square or
cubic sum are of the same (or higher) order as that from the linear sum. In
fact, n(Eny + Eny) < n(t] +3)20,(1) = (17 + 3)Op{ 311 [ U + t2Z;(0)]?} and
n(|En1]® + | En2|®) < ([t1]+ |t2])Op(nE2, + nE2%,). Then (1) can be expressed as

rin(a, 0,0)
<2 {tUi+t2Zi(0)} = > {t1Ui+t2Z;(0) {1+ (Jt1 |+ [t2]) Op (1) +0p(1)}. (12)
i=1 =
Since U; and Z;(0) are orthogonal, ([2) is further reduced to

rin(a, 0,0)
<23 (LU0 Z(0)) — S (BUZHEZ2O) {1+ (1] + [))0p(1) +0p(1)}. (13)
=1 =1

Let {1 = 62 — 1+ &02 and £y = &0 be the MLEs. By Lemma 2, {; = op(1) and
ty = 0,(1). Consequently, replacement of the MLE’s in ([3)) gives

rin(@, 0,6 <2Z{t1U+tQZ )} — Z{?U%?Z?( JH1 + 0p(1)}

=1 =1
(Ui [{sen(0) 3= Zi(0)}1]?
=S {1+0p(1)} + Sup, > 22(0) {1+0p(1)}
< (Z Ui)2 + su [{Sgn(@) EZZ(H)}+]2 + Op(l), (14)

- Y U? \9|g11\)4 > Z2(0)
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where sgn(#) is the sign function. For detailed analysis leading to (I4)), see Chen
and Chen (2001c).

Recall that R,, = rn(d,é, G) = rin(a, 0, &) + ron, and note that 7o, renders
an ordinary quadratic approximation, i.e., 79, = —(3 U;)2/ S U? + 0,(1). An
upper bound for R,, is obtained as

[(sen(0) S0, Zi(O)}HT2
Fin < sup == B 220)

+ 0p(1). (15)

To obtain a lower bound for R, let € > 0 be any fixed small number and let
R, (€) be the supremum of r,(a, 8,0) under the restriction € < |§| < M. Chen
and Chen (2001c) show that, for any fixed ¢ < || < M, if a = &(f) and
o = &(0) assume the values determined by o2 — 1+ af? = > U;/ > U? and
a8 = [sgn(8) X Z(O)]/ X2 Z2(6), then

[SUP | [(s8n(0) S Zi0)} P

+ 0p(1).

It thus follows that

son (0)}F]2
Ry, (€) > GST;EM rn(&(0),0,5(0)) = egT;EM [{se (Z)EZZ%Z(H()Q)} ) +0,(1). (16)

Theorem 1. Let X4,...,X, be a random sample from the mizture distribution
(1 —a)N(0,0%) +aN(0,0?), where 0 < a < 1, |8] < M and o > 0, otherwise
unknown. Let R, be (twice) the log-likelihood ratio test statistic for testing Hy :
a = 0. Then under the null distribution, R, — sup‘9|§M{C+(9)}2, as n — 0o,
where ((0) = 0 and, for 0 < |0] < M, ((0) is a Gaussian process with mean 0 and
variance 1 and the autocorrelation given by p(s,t) = sgn(st)a(st)/{a(s?)a(t?)}/?
for s,t #0, and p(0,t) = [t|/(b%(t))/2, where a(z) = e* — 1 — x2/2.

Proof. In light of and ([I6)), the result follows by first letting n — oo and
then € — 0. For details, see Chen and Chen (2001c).

3. Two-Mean Parameter Mixtures

In this section we study the testing problem when both mean parameters 61
and Ay are unknown. Assume that |6;| < M, i = 1,2, and that 0 < a < 1/2, so
that 61 and 6. are distinguishable. We wish to test Hy : @ = 0 versus the full
model ().

Let rp(a,01,02,0) = 2{l,(a, 01,02,0) — ln(O,é,é,&o)}, where [, is the log-
likelihood function, and § = X and 62 = n~' 3 (X; — X)? are the MLE’s of
0, = 0y = 0 and o2 under the null model. Let &, 6y, 65 and 62 be the MLEs
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for 61, 02 and 0% under the full model (). The LRT is to reject Hy if R, =
rn(&,01,02,6) is large.

3.1. The MLE’s

The statement of Lemma 1 remains true, i.e., under the null distribution,
there are constants 0 < € < A < oo such that P(e < 62 < A) — 1 as n — oo.
The proof is also similar to that of Lemma 1 (see Chen and Chen (2001c)).
Lemma 2 can be re-written as follows.

Lemma 3. Under the null distribution, 6, — 0, &by + (1-— d)él — 0, dégZ —0
and 62 — 1 in probability, as n — oo.

Proof. The proof is similar to that of Lemma 2. See Chen and Chen (2001c¢)
for details.

In light of Lemma 3, without loss of generality, o can be restricted to a
neighborhood of 02 = 1, say [1 — 6,1 + §] for a small number § > 0.

To derive the asymptotic distribution of the LRT in the present case, we face
the challenge of a loss of positive-definiteness of the quadratic term in (). To
overcome the difficulty, the parameter space is partitioned into two parts: |f2| > €
and |02| < e, for an arbitrarily small ¢ > 0. The LRT will be analyzed within
each part by using the sandwich approach. Let R, (e;I) denote the supremum
of the likelihood function within the part |62| > €, and R, (€; ) the supremum
within |03 < e. Then R,, = max{R,(&;I), Ry(¢;I1I)}. The number e will remain
fixed as n approaches infinity. It is easily seen that Lemma 3 remains true
under either restriction |02| > € or || < e. Dependence on € will be suppressed
notationally for the MLE’s of the parameters. Thus &, 91, 0y and & will denote
the constrained MLE’s of a, 61, 2 and o with restriction |f3| > € in the analysis
of Ry (e; 1), but stand for the constrained MLE’s with restriction |62| < € in the
analysis of R, (e; I1).

3.2. Analysis of R, (€; 1)

We first establish an asymptotic upper bound for R, (¢;1). As in Section
2.2, write r,(a,01,02,0) = rin(a,01,02,0) + 125, where r9, = 2{l,,(0,0,0,1) —
1,(0, 0,0, 60)}. To analyze 71, (v, 01,602,0), express ri,(a, 61,02,0) = 25" log(1+
(SZ) with

(51' = (1—a)HlY;(Hl,a)—i-aHgY;(HQ,U)+(02—1)UZ-(0), (
where Y;(0,0) and U;(o) are defined in (H) and ([@). Re-write ¢; = m;Y;(0,1
= (

(0% — 1+ mo)U;(1) + m3V;i(62) + €, where €, is the remainder, m;
)01+ abfy, my = (1 —)0? + ab3, m3 = ab3, and V;(f2) = {Y;(62,1) — Y;(0,1) —

7)
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02U;(1)}/03. Define V;(0) = —(X;/2) + (X3/6) so that the function V;(6) is
continuously differentiable. By an analysis similar to the single mean parameter
case, the sum of the remainder ¢;,’s satisfies

n
en = eim = Op{v/Alo? = Lf[lma| + 63 +ab3 + o® — 1] + Vl6d}.  (18)
i=1
Note that U; = U;(1) = (X? —1)/2 and Y;(0,1) = X;. We have >, 6; =
my 30 Xi+ (02 = 1+me) X0 Ui +m3 S, Vi(02) + €,. Since the remainders
resulting from the square and cubic sums are of the same (or higher) order as
the remainder from the linear sum (see the similar analysis in the case of single
mean parameter mixtures), we have

rin(e,01,02,0) <2376, =362+ (2/3) 67
=1 =1 =1

=2 Z{leZ + (0’2 -1+ MQ)UZ' + 7713‘/1((92)}
i=1

— Z{leZ + (0’2 -1 + m2)Ui + m3%(62)}2
i=1

+(2/3) > {miX; + (07 — 14+ ma)U; + m3Vi(62)}
=1
+0,{V/n|o® — 1[[|mi] + 63 + a3 + |0 — 1|] + V/n|63}.

Furthermore, the cubic sum is negligible when compared to the square sum. This
can be justified by using the idea leading to (Idl). First, the square sum times
n~! approaches E{m1 X1 + (0% — 14+ ma)Us +m3V1(62)}? uniformly. The limit is
a positive definitive quadratic form in variables m1, 02 — 1 + mg and ms. Next,
noting that X;, U; and V;(f3) are mutually orthogonal, we have that

Tln(dy élu éQu a-)

< 2{m1 Zn:Xi +(6* -1 —I—ﬁm)zn:Uz’ +m3zn:vz‘(é2)}

i=1 =1 =1
n n n
—{mf SXPH (67 —14+mg)? D UP+m3 Vf(eg)}{l +0p(1)} + én.
i=1 =1 =1

Here the terms with a hat are their (constrained) MLE’s with restriction || > €
as remarked at the end of Section 3.1. In particular, from ([J), &, = O,{\/n|62 —
1[|rh1| + 02 + a3+ 162 —1]] ++/nl63|}. By the Cauchy inequality (e.g., v/n|mi| <
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1+ nm?) and the restriction |fy] > € (hence |f5] > €), we have
Vnlo? = 1|[lrin | + 6% + 463 +16° — 1] + v/nl6|
< 6% — 1[4 + n{mi + 01 + (663)* + (6% — 1)*}] + |61|(1 + nb})
= 0p(1) + nop{m? + 01 + (a63)> + (6% — 1)?}
= 0p(1) + nop{m? + (6% — 14 1) + mi}.
Thus the remainder term €, can also be absorbed into the quadratic sum, i.e.,

Tln(da éla 927 OA-)

< 2fiin D Xi + (6% — 1+ 100) 3 Ui +1ing Y Vi(0)}
=1 =1 =1
—{m% DXIH (67 —14+mg)? DY UP+m3y 1/;2(92)}{1 +0p(1)} + 0,(1).
=1 =1 =1

Similar to (I4), the right-hand side of the above inequality becomes even greater
when 71, 62 — 1 + 11y and 73 are replaced with

D 3P, R XU {sgn(f2) X Vi(62)} "
ml_z—)(ga g _1+m2_ ZUE’ m3 = Z‘/Z2(02) ) (19)
for any € < |f2] < M, so that
YRR D OP. €} S 091 /0 [{sgn(6) 3= Vi(0)}*]?
Tln(av 01» 92> U) < n +2 n + ESS‘;’TSM nEV'IQ(H) + Op(l)'
(20)

On the other hand, classic analysis gives

n

ron = 2{1,(0,0,0,1) — 1,(0,0,8,60)} = —nX% — (2/n){ 3 Ui}2 +op(1). (21)
=1

Combining (20) and (2] yields

. [{sgn(0) X Vi(6)}]?
R, (1) < esT;EM WEVZ(0)

We have thus established an asymptotic upper bound for R, (e;I). The upper
bound is also achievable. To see this, for |f3] > € fixed, let &, 6, and & be
the solutions for o, ; and o of ([@). Then & = O,(n~2), 6; = O,(n~1/?)
and 62 — 1 = O,(n~'/?) uniformly in f5. Chen and Chen (2001c) show that
1 (@, 01,600,5) = 23 8; — 32 02(1 4 0,(1)). By (@), &, 6; and & are such that

s [{sgn(8) X Vi(0)}1]?
sup 7n(@,01,0,6) = sup
e<lo|<M (@.01.0.) e<lo|<M nEV?(0)

+ 0p(1). (22)

+ 0p(1).
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It is thus shown that the upper bound in (22)) is achievable and hence

N e LsEn(0) S VO
Bu(& D) = eg|0\2M nEVf(G)

+ 0p(1). (23)

3.3. Analysis of R, (e;II)

Now consider the restriction |02| < e. In this case, §; and 62 can be treated
equally. In fact, since the MLE of 6 is consistent, we can take 01| < € as well.
As before, we know that 71, (c,01,02,0) = 23" ;log(1+6;) < 230 6; —
n 02 4 (2/3) 0, 03, Let 1y = (1 — @)% + a5, Expanding Y;(0,0) and
Ui(o) at 6 =0 and o = 1 in (), we have

. 1
6; = m1Y;(0,1) + (62 — 1 + )Y/ (0,1) + 5ng;’(o, 1)
1
+6{3(&2 — 1)? 41y + 6(6% — Drg }Y/7(0,1) + &, (24)

where Y/(0,1) is the first partial derivative of Y;(6, o) with respect to 6 at 6 =0
and 0% = 1, and similarly for Y;(0,1) and Y;”(0,1). As before, put Y; = Y;(0, 1),
Y/ =Y/(0,1), Y/ =Y/(0,1) and Y, = Y/”(0,1). By calculation, Y/ = U;(1) =

(X2 —1)/2, Y/ = (X} - 3X;)/3, and Y/ = 2U/(1) = (X} —6X2 + 3)/4. The
sum of the remainders, €, = >_ €;, satisfies

én = n'2(62 =1)30, (1) + n(m? +1m32)o, (1) +n 2 (|| +1116)Op(1) +0p(1). (25)

Note that the cross-product terms in the Taylor expansion of (24]) have been taken
into account in the remainder, e.g., n'/2(62 — 1)1 = 0,(n'/21m1) = 0,(1+nm?).
Also note that 3(62 — 1)% + 1y + 6(6% — 1)hg = 3(62 — 1 + 112)% + 174 — 3103.
Hence (24) can be written as 6 =51Y; + $oY! + 83Y/ + 8,V + €, where

wm?

S1=10, 82 = 6 — 1+ 1, 83 = (1/2)1m3, 54 = (1/6) (s — B1mz).  (26)

Combining with (2H), the sum of the remainders, €, = Y €., becomes
&, =n'2830,(1) + n/2(6% — 1)30,(1) + n(im? + 1m3)o,(1)
+n 2 (|15 | + 16) Op(1) + 0p(1). (27)

Therefore, an upper bound for 71, (&, 01,0, g) is

Tln(da éla 92’ OA_)

n n
<2 {51Yi+ 8V + 83V + 84V} =D {81Yi + &) + 83V + 84V

=1 =1

2 . . ) . .
3 D AsYi+ Y + Y +54Y") + .
i=1
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Similarly to the analysis in Section 2, the cubic sum is controlled by the square
sum (see Chen and Chen (2001c)). Moreover, Y;, Y/, Y/ and Y;” are mutually
orthogonal and hence the quadratic sum is positive-definite. We arrive at

F1n(&,01,09,6) < 2L, — Qu{l + €0,(1)} + €, (28)

where L, = 1Y + 822V + 832V + 8,2 Y, and Q,, = § 31, V2 +
8350 (V)2 + 8300 (V)% + 81 351 (Y{")?. Since 62 — 1 = op(1), m3 < €
and M3 < 7, we have n'/2|(62 — 1)3| < 8n'/2{|5]> + M3} < en'/2530,(1) +
n'?me0,(1). Thus [27) can be expressed as

e = en?520,(1) + n(m? + m2)oy(1) + n'/%(jins| + 1m6)0p(1) 4 0,(1).  (29)
Now the key point is to show that
& = 0p(1) +en{s? + 53 + 3% + 5310,(1). (30)

This result implies that the remainder is also negligible when compared to the
square sum in (28). Put 7 = (1 — &)|01]° + &|02]°. Then 5| + 1 = Oy(7).
Therefore, (B0) follows immediately from (29) and the following lemma.

Lemma 4. 7 = Op(l) + 6{|§1| + |§2| + |§3| + |§4|}Op(1)

Proof. Let v > 1 be a constant. Partition the sample space into several parts:
(1 — &)|0:]F > va|02]F and v < (1 — &)|61]%/(a]fa|%) < v, k =1 and 3. The
proof is accomplished by showing that in each part, one of §;, i = 1,...,4,
controls 7. For details, see Chen and Chen (2001c).

From (Z8) and (1), it follows that r1,,(d, 1, 62,5) < 2L, — Qu{1+€0, (1)} +
0p(1). We thus see that R, (e; IT) < (V)2 /{nE(Y{)?}+ (X Y/")?/{nE(Y{")?}
+€O,(1). The upper bound in this inequality is attained when the parame-
ters «, 01, 02 and o assume the values determined by s; = ZY;/ZYZ-Q, S9 =
Z}/;,/Z(}/;,)2a 83 = ZYVZ'”/Z(Y;'”)Q? S4 = Z}/;,/,/Z(}/;,/,)2> where s1, 52, s3 and
s4 are defined by (26)). It then follows that

v/ 2 Vel 2
SEGT  nEwp O (31

R, (e1I)=

Remark. A by-product of the above analysis shows that the MLE of o2 has
a convergence rate of at most n~'/4. To see this, consider the submodel where
0p = —0 =0, a = 1/2 and 0®> — 1 = —62. The maximum of the likelihood
function is achieved when my — 3m3 = —20* = 6 . Y/"/ S (Y?")? = O,(n~1/2).
This implies that § = Op(n~/%) and 62 — 1 = n~/4. This is in contrast to
ordinary semi-parametric models, where one may still have the usual rate of
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n~1/2 for parametric components, see Van der Vaart (1996). Moreover, the result
suggests that the best possible rate for estimating the mixing distribution when
a structural parameter is present is n=/8, rather than n~'/4 as found by Chen
(1995) for mixture models without a structural parameter.

3.4. Asymptotic distribution of the LRT

Theorem 2. Let Xy,...,X, be a random sample from the mizture distribution
(1—a)N(01,0%) +aN(fz,0%), where 0 < a < 1/2, |6;| < M, i=1,2 and o > 0.
Let Ry, be (twice) the log-likelihood ratio test statistic for testing Hy : o« = 0. Then
under the null distribution, R, — supjg<p[{sT(0)}21(0 # 0)+{c(0)*+Z>}1(0 =
0)] as n — oo, where the process involved in the limiting distribution is defined
as follows: (1) ¢(0), |8| < M, is a Gaussian process with mean 0, variance 1 and
the autocorrelation function p(s,t) = sgn(st){b(st)}/{b(s?)b(t*)}}/? for s, t # 0
and p(0,t) = [t|>/{6b(t>)}'/2, where b(z) = * — 1 —x — 2%/2, and (2) <(0) and
Z ~ N(0,1) are independent and for s # 0, Cov {s(s), Z} = s*/2{6a(s*)}'/2.

Proof. For any fixed ¢, R, = max{R,(¢;I), R,(e;II)}. By (23) and I, the
results follow by first letting n — oo and then € — 0. For details, see Chen and
Chen (2001c).

4. Conclusion Remark

The asymptotic null distribution of the LRT for homogeneity in finite nor-
mal mixture models in the presence of a structural parameter has been derived
without separation conditions on the mean parameters. It is proved that the
asymptotic null distribution of the LRT is the maximum of a y?-variable and the
supremum of the square of a truncated Gaussian process.

If the structural parameter were removed from the model, the peculiar large
sample behavior of the LRT would disappear and the limiting null distribution
would be simply the supremum of the square of the truncated Gaussian process
and reduce to the one discovered by Chen and Chen (2001a). If in addition
M — oo, the supremum is distributed approximately as (2log M)Y/? + {X —
log(2m)}/(2log M)'/2, where P(X < x) = exp{—e~?}, the type-I extreme value
distribution, see Chernoff and Lander (1995), Appendix D and Adler (1990). The
result in Bickel and Chernoff (1993) can be obtained in a heuristic way by letting
M = (logn/2)'/2. It is interesting to see that the results from different model
set-ups agree formally. Bickel and Chernoff actually dealt with a modified LRT
by replacing a random element in the LRT statistic with its mean in order to
simplify the analysis. It seems that their modification might not have changed
the asymptotic behavior of the LRT substantially.

Computing the quantiles of the supremum of a Gaussian process over a region
is a difficult problem. See the comments by Dacunha-Castelle and Gassiat (1999),
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and Chen and Chen (2001b). Some approximations in special cases can be found
in Adler (1990) and Sun (1993).

Owing to the large sample study it is found that, even though the struc-
tural parameter is not part of the mixing distribution, the convergence rate of
the MLE is n=/% rather than n~1/2. This is in sharp contrast to the ordinary
semi-parametric models. Moreover, the estimated mixing distribution has a con-
vergence rate n~'/% rather than n~1/4, as discovered by Chen (1995) for finite
mixture models without a structural parameter.
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