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ON STEIN’S IDENTITY FOR POSTERIOR NORMALITY

Ruby C. Weng

National Chengchi University

Abstract: We propose a new method to derive posterior normality of stochastic
processes. For a suitable parameter transformation Z;, the likelihood function is
converted to a form close to a standard normal density. Then we apply a version
of Stein’s Identity to obtain an expression for the posterior expectation. From
this, posterior normality of Z; can be established. Applications of this method are
illustrated by the conditional exponential family and a nonhomogeneous Poisson
process.
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1. Introduction

Asymptotic posterior normality has been studied since the time of Laplace
and has attracted the attention of many authors. See, for example, Le Cam
(1953), Dawid (1970) and Johnson (1970) for independent and identically dis-
tributed (i.i.d.) observations; Heyde and Johnstone (1979), Basawa and Rao
(1980), Chen (1985), and Sweeting and Adekola (1987) for stochastic processes.
Walker (1969) presented a straightforward approach to posterior normality.
Heyde and Johnstone (1979) simplified Walker’s (1969) conditions and showed
that asymptotic posterior normality holds under weaker conditions than those
required for asymptotic normality of maximum likelihood estimator; Chen (1985)
provided conditions with more operational flexibility for the asymptotic normal-
ity of limiting density functions, which can be applied to the problem of asymp-
totic posterior normality. Both Heyde and Johnstone (1979) and Chen (1985)
used a fixed neighborhood on the condition for asymptotic continuity of informa-
tion function. To be more precise, denoting 4’(0) as the second derivative of the
log-likelihood function with respect to 6, they required that given € > 0, there
exists 0(e) > 0 such that
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496 RUBY C. WENG

However, this condition excludes certain processes of practical interest; for ex-
ample, it fails for some nonhomogeneous Poisson processes which are of interest
in reliability, see Sweeting and Adekola (1987). To attack this problem, Sweeting
and Adekola adapted Dawid’s (1970) method to a more flexible continuity condi-
tion on the information function when a shrinking neighborhood is used. But to
generalize Dawid’s approach, they needed a sequence to measure the order of the
information function, and a condition such as their A3 seemed essential for the
proof. It then appeared that the weakening of the continuity condition, in order
to cover a broader range of applications, necessitated the introduction of other
conditions to guarantee the asymptotic normality of the maximum likelihood
estimator.

In this paper, we present a novel approach to posterior normality of stochastic
processes. Let Z; be a suitable parameter transformation and h be a measurable
function. We modify the form of Stein’s Identity (Woodroofe (1989, 1992)) and
use the new version to write the posterior expectations of h(Z;) in a form from
which posterior normality can be easily established. Our main finding shows
that a condition such as A3 of Sweeting and Adekola (1987) can be avoided. In
addition, our choice of shrinking rate is more flexible. The advantage of using our
shrinkage is remarked on at the end of Section 4 and illustrated by an example in
Section 5.2. The cost we pay for using Stein’s Identity is to impose a smoothness
condition of £ on its compact support.

The approach in this paper is related to Woodroofe (1989, 1992), Woodroofe
and Coad (1997), and Weng and Woodroofe (2000), who applied Stein’s Identity
to obtain posterior expectations and employed a martingale structure to derive
integrable posterior expansions. Their parameter transformations are based on
the maximum likelihood estimator. The models they considered include linear
models with i.i.d. normal errors and exponential families for the i.i.d. case. Al-
though they came from a frequentist perspective, their results implied posterior
normality, Pg(Zt < z) — ®(z) as t — o0, in Py,-probability, for a.e. y, where ®
denotes the standard normal distribution function. From this point of view, the
present paper can be viewed as an extension along this line to a general stochastic
process.

The organization of the paper is as follows. In Section 2 we introduce the
model. A key observation is that Z; converts the likelihood function into a
form close to a standard normal density. In Section 3 we derive a modified
version of Stein’s Identity and present its application to posterior distributions.
The difference between the modified version and the original one is remarked on
following Lemma 3.2. The conditions and the main results are given in Section
4. We use the conditional exponential family and a nonhomogeneous Poisson
process in Section 5 to illustrate applications of this approach.
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2. The Model

Let X} be a random vector distributed according to a family of probability
densities p;(z¢|6), where ¢ is a discrete or continuous parameter and 6 € O, an
open subset in R'. Assume that the log-likelihood function, denoted by #;(), is
twice continuously differentiable with respect to #. Throughout let 6, be a root
of the likelihood equation satisfying £,(6;) = 0, differentiation is with respect to
0. Whenever such a root exists and ¢} (6;) < 0, we define

or == (b)), (1)
Zy= (0 —01)/ow; (2)

otherwise, define oy and Z; arbitrarily (in a measurable way).
Consider a Bayesian model in which 6 has a prior density £&. Then the

posterior density of § given data z; is £/(6) o e/(?)¢(0), and the posterior density
of Z; is

¢'(2) o €1(0(2)) oc 1O~ g ), 3)
where the relation of # and z is given in (2)). Now a Taylor’s expansion gives
~ 1 ~ /1
0(0) = 4(00) + 50— 00)°¢, (07), (4)
where 0 lies between 6 and 6. Letting
Ri(0) = o7 16, (0r) — £,(67)], (5)
it follows that £,(0) = £,(8;) — 22/2 — z2R;(0)/2. So @) can be rewritten as
('(2) o< d(2) fe(2), (6)

where fy(2) = £(0(2))exp[~2°Re(0)/2] and ¢(2) = (1/v/2m)exp[—2*/2].
Throughout this paper we denote the derivative of £ with respect to 6 by

&', the probability measure and expectation under 6 € © by Py and Ey, and the

conditional probability and expectation given data x; by Pg and Eg

3. Modified Stein’s Identity

In this section we derive a new version of Stein’s Identity and apply it to pos-
terior distributions. This forms the mathematical basis of our approach. Write
®h = [ hd® for functions h for which the integral is finite. Next let I" denote a
finite signed measure of the form dI' = fd®, where f is a real-valued function
defined on R satisfying ®|f| = [ |f|d® < co. For p > 0, denote by H,, the col-
lection of all measurable functions h : R — R for which |h(z)| < 1+ |2|P, and
define H = Up>oH,. Let

Uh() = & [ [b(y) - @bl ay, (7)
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for —oo < z < 0.

Lemma 3.1. There are (finite) positive constants cg,ci,ca,. .. for which UHy C
coHy and UH,, C c,H,,_1 for allp=1,2,....

Proof. See Woodroofe (1992, Lemma 1).

Lemma 3.2. (Modified Stein’s Identity) Let r be a nonnegative integer. Suppose
dl' = fd®, where f is continuous on [l,u], continuously differentiable on (I, u),
and zero outside [l,u] for some —oo <l < u < oco. If [}"|f(z)|dz < o0,

Th=T1-®h+ fOe)UR) — f(u)d(w)Uh(u) + /l "URG)f(2)B(dz), (8

for all h € H,.

Proof. The proof is a modification of Woodroofe (1989, Proposition 1). Without
loss of generality, take I'l = 1. Then

Th — ®h = /l “Ih(z) — DHO(2) f(2)d>
= [(2) — moa) | s + FD}a
— ) /l "Ih(z) — BhG(2)dz + /l ' / "Ih(z) — Bh6(2) f () d=de

l

— 1) [ he) ~ Bs()z — £ [ [0(e) - Bhlo()ds

—0o0

B lu /_zoo[h(z) — ®h)¢(2) ' (x)dzde,

where the third equality follows by interchanging the orders of integration (jus-
tified by the assumed integrability of |f’|), the last equality by simple algebra.
Then (B) follows by (7).

The major difference between the original version of Stein’s Identity
(Woodroofe (1989, 1992)) and the modified one is that the former requires f
to be continuously differentiable on R, but the latter allows f to have jump
discontinuities at both [ and u. There are two additional terms in the modi-
fied version, f(I)¢(l)Uh(l) and f(u)p(u)Uh(u), which vanish when | = —oco and
u = 0o. The reason for considering a restricted f is to keep £~! bounded below
by zero, needed for the proof of Theorem 4.1 below.

From ({6, the posterior distribution of Z; is of a form suitable for Stein’s
Identity. In the proposition below, we suppose that there is a measurable ét =
ét(Xt) and let

Dy = {£,(6:) = 0,£,(0,) < 0}. 9)
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Proposition 3.1. Let v be a nonnegative integer. Suppose that £ has a compact
support ©1 = [a,b] C O, & is continuous on [a, b] and is continuously differentiable
n (a,b). Then for all h € H, a.e. on Dy,

fi(Z
EEh(Z0)] - h = Ader) — Aub) + BURMZ) S, (10)
where a; = (a — 0;) /oy, by = (b—6;) /oy, and
Jar fi(s)é(s)ds
Proof. By Lemma 3.2, it suffices to prove that
fi(Z)
E{ < o0. 11
d Fi(Z2) H )
A straightforward calculation shows that
ft Zt {df/de exp(—zQRt(H)/2)]/d9]
3 exp(—22R(0)/2)
(0
t[% (6~ (0 — )0, (8)]
‘(0 0,(0) — (0 — 0,)¢, (0
~ o[ S9)] - [AD ORI 0] 12
(0 —0:)¢; (67)
For fixed x4, the second term of (I2) is a continuous function of f and hence
bounded on ©1. For the first term, write £/(0) = C;£(8)e’(®). Then C; and (%)

are bounded on O for fixed ;. Similarly, o; is bounded for fixed x;. Since &’ is
continuous, it follows that |£/(0)] < M on ©; for some M > 0. So

¢'(9)

o BE| £(0) = "t/gl Cyl€'(0)]ePdh < oo,

establishing (II).
The following Lemma is needed in the proof of Theorem 4.1 below.

Lemma 3.3. Let h be any bounded measurable function. Then sup|zUh(z)|<oo.
z

Proof. See Stein (1987, Chapter 2).

4. Main Results

In this section we establish the main theorem and remark on the verifica-
tion of our conditions. Throughout this section, £ is assumed to have a compact
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support ©; = [a,b] C O, Dy is the event defined as in (@), and 2, denotes con-
vergence in Py -probability as t — oo, where 6y € [a, b]. The following conditions
are required.

(B1) ¢ is continuous on [a, b], strictly positive on [a,b], and continuously differ-
entiable on (a,b).

(BQ) PGo(Df) — 0, Utgo, and ét£>90 as t — oo.

(B3) Let Ry(#) be as in (B). There exist some constants ¢ > 0 and ¢ > 0 such
that sup |R:(6)] <.

|2t|<c
(B4) For any 6, € [a,b] and 0 # 0g, £,(6;) — £,(6,) 0.
(B5) BE[I(640) = (6 = 0)¢; (6:))/ (0 — 6,)¢; (6)[150.
Lemma 4.4. Let f; be as in (@) and a; and by be as in Proposition 3.1. Suppose

that (B1)—(B3) hold. Then for each 6y € (a,b), there exists some C' > 0 such
that f:: &(2) ft(z)dz > C with Py,-probability tending to 1.

Proof. Write

" () ful2)ds = —— / " £(0(2))e-/DIRO+] g,
t : V2 Jay !

a

where ¢ is strictly positive on [a, b] by (B1), and e~(=*/2[E(O)+1] ig bounded below
by some positive constant over the interval {|z| < ¢} by (B3). Then from (B2),
o250 and étﬁﬁo, and then for 6y € (a,b), ar — 0o and by 00. The result
follows.

Theorem 4.1. Let h be any bounded measurable function. Suppose that (B1)—
(B5) hold. Then for 6y € (a,b), EL[h(Z;)]>®h.

Proof. From (I0) and (I2)),

E{R(Z))] = Oh = A(ar) — Ai(be) + o BE[UR(Z)) iffgf}

+EL{UN(Z) 2, [62(92 0__(256?()53 (et)} } (13)

a.e. on Dy;. Since Py, (Df) — 0 by (B2), it suffices to show that the right side
of (I3) approaches zero in Py, -probability. First, note that £'/¢ is bounded on
[a,b] under (B1), 0;20 under (B2), and |Uh| is bounded by Lemma 3.1. So
atEg[Uh(Zt)i/é—g?]AO. Next, (B5) and Lemma 3.3 together imply that the last
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term of (I3]) approaches zero in Py,-robability. For A;(a;) — A¢(b:), we show only
that Ag(a¢)->0. The result for A (b;) can be obtained similarly. Observe from
Proposition 3.1 that

be 1
) ={ | o@)f@)da} filo)o(@)Un(a)

Var " o —(a?/2)[Re(a)+1]
:{ 27r/a </5(x)f(a:)da:} £(a)Uh(ay)e % '

By (@) and (#), the exponent in above expression can be written as —(a?/2)[R;(a)
+1] = 4i(a) — £4(0:), which approaches —oo in Py,-probability for 6y € (a,b) by
(B4); by Lemmas 3.1 and 4.4, there exists some ¢ > 0 such that

{

with Py,-probability tending to 1. The desired result follows.

by 1
o(x)f(@)da | [Uh(ar)| < e

at

Of course if the convergence assumptions in (B2), (B4) and (B5) hold uni-
formly in compact subsets of ©1, then the convergence result in Theorem 4.1 also
holds uniformly in compact subsets of ©;. Now applying Theorem 4.1 to 1(4y,
we obtain the following Corollary.

Corollary 4.1. Pg(ét +aocr <0< ét + boy) — [@(b) — q)(a)]go'

Note that it is straightforward to determine whether (B1)-(B4) are satisfied.
For (B5), we consider a Taylor’s expansion of £;(0) at 6,

0(0) = €, (07°)(0 — 6y), (14)

where 0;* lies between 6 and 6. So the integrand of (B5) can be rewritten as

0,0) — (0 — 0,)¢, (6y) ’_’ (15)

(6 — 0,0 (6,)

//
Et

The following condition and Theorem 4.2 are useful in the verification of
(B5).

(S) There exists a sequence of nonnegative functions Cy(#), possibly tending to
infinity as t — oo, such that

0(0) — (0 — 00t (91) ’ < Cy(0)(0; — 0]
A L

with Py, -probability tending to 1.
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Theorem 4.2. Suppose that (B2)—(B4) and (S) hold. If there exists a sequence
o¢ > 0 such that

sup  Cy(0)]6; — 0] 20, (16)
{16—60]<6:}
sup  {£,(0) — £,(0;) + log Cy(A) — log o, }2 — o0, (17)

{|60—00|>d:}
as t — oo, then (B5) holds.
Proof. Under (S),
Et{ (0) — (QA— ét)fg(ét)
R CEATATS

] < BHC:(0)16: = 01110—gy/<01)]

+(b — a)EL[Ce(8)1j0—6,|>6.}]
=1+ 11, say,

where I20 by (I8). So it suffices to show that I7-50. Write

1T Jqo_gess, Ce(0)E(0)e" Db
b—a  [yee, £(0)ehdb
_ Jgo-o>5 §O)exp{€1(6) — £1(6,) +10g C1(6) — log o1 }df
Ut_l f9€91 f(e)eXp{gt(Q) - gt(ét)}dg ’

Then the result follows because the numerator approaches zero in Py -probability

2
by (), and the denominator can be rewritten as f{Z:UtZJréte@l}g(H)e_T[HRt(e)]dz,
which is bounded below by zero by (B2)-(B4) and Lemma 4.4.

The following proposition will be used in Section 5.1.

" . i fi(x)p(z)x
Proposition 4.2. Let 0;* be as in and define Ay(x) = ——————. Then
posttion 12 1 () amd e &) = sy
EL(0 - 6026 07) = —{1+ Ai(a) — Aulbr) + BE[(0 - e»i( )b as)

Proof. Let h(z) = 2. Then Uh(z) = x and ®h = 1. Applying (I3)) to this h
yields

¢(6)
“eo)

EE(ZE) =1+ Ag(ar) — Ae(be) + O'tEé{ } + Eg{Zt {1 —

Then (I8) follows easily from (II) and (2]).
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It is desirable to compare our conditions with those of Sweeting and Adekola
(1987). First of all, a condition such as their in formation growth and stability
A3 is avoided here. Note that their A3 corresponds to C1 of Sweeting (1980),
and their continuity condition A4 is slightly stronger than C2 there. These two
conditions together with twice differentiability of £(#) imply the asymptotic nor-
mality of the maximum likelihood estimator. See Sweeting (1980). Secondly, our
¢ is quite flexible: satisfy ([6) and (I’). Sweeting and Adekola (1987) used the
shrinking rate a;(#) = K{[log J;(8)]/J:(§)}'/?, where K is any positive constant
and J;(6) measures the order of the information function —¢, (4). Obviously, if
the shrinking rate is faster, then it is easier to satisfy (I6]) but more difficult for
(I@). Our approach allows us to choose a proper shrinking rate, according to the
complexity of (I6) and (I7).

In Section 5.2 below, we revisit the nonhomogeneous Poisson process dis-
cussed by Sweeting and Adekola (1987). The shrinking rate they used is a;(0) =
Kt='(2logt+6t)'/2¢=%/2 Here we show that ([6) and (I7) hold with &, = 1/t2.

5. Examples

We use both homogeneous and nonhomogeneous examples as applications of
our results.

5.1. Conditional exponential family

Let X,, = {Y1,...,Y,} be a sample from the time-homogeneous Markov pro-
cess whose conditional density function of Y,, given Y,,_1, f(Y,|Yn-1,0), satisfies

< og f(xly, 0) = Y(6) H(y)m(.y) ~ 6 (19)

for some functions v, m and H, where 1 does not involve the Y;, and m and H do
not involve 6. Equation (I9) defines the class of conditional exponential family.
Examples include various branching processes and the first order autoregression
model. See Heyde and Feigin (1975) and Hall and Heyde (1980).

From (3), £,(6) = 37, u(6), where w;(6) = (0) H(Y;1)[m(Y;, Yi—1) — 0]
It can be verified that

0,(0) =(0) Y H(Yi—1) (6, — 6)
i=1
=Y Ep(u}(0)|Fi-1) (0, — 0), (20)
i=1
where F;_; is the o-field generated by X,,_; and

o= [ HYG ]S HYi )Y Vi),
=1 =1



504 RUBY C. WENG

From (20)),
0(0) = [W'(0)(0n = 0) = ()] D_ H(Yion). (21)

Suppose that ¥(6) > 0 on the parameter space. Then E;(én) < 0 and 6, is clearly
the maximum likelihood estimator. Note also that 6, is strongly consistent for
provided >~7°, H(Y;_1) diverges a.e. See Heyde and Feigin (1975). Hence (B2) is
satisfied. Next, (B3) can be verified by (B) and (2I), (B4) by (@) and (ZI). Then
from (I4) and (20),

n

£(077) = —(6) 3_ H(Yia). (22)
i=1
Together with Proposition 4.2 we have E¢[(0 —6,)2)20. From this, (I5), @I) and
22), we can verify (B5).

5.2. NHPP model

We revisit a nonhomogeneous Poisson process discussed by Sweeting and
Adekola (1987). Let N, the number of events observed by time ¢, follow a
nonhomogeneous Poisson process with time-dependent intensity function ()
over the time interval. So, for each fixed ¢, N; is a Poisson with mean fg A(s)ds.
Suppose that A(t) = e, where § > 0 is the unknown parameter. Then the
log-likelihood function is #;(8) = Nylog § + 0 >N, x; — (e? — 1), with derivatives

0,(0) = N; /0 + gt: x; — te?, (23)
=1
0 () = =[N, /6 + 2. (24)

It is easily seen from (23)) and (24) that ¢(6) — —oo as 6 approaches oo, £;(0) —
oo as 0 approaches zero, and E;/(H) < 0 for each @ > 0. Then there is a maximum
likelihood estimator, 0, > 0, which uniquely solves the likelihood equation.
Next we show that
t|6 — 6, 2>0. (25)

Note that if we replace 6 in (23]) by 0, then multiply the factor e~ *% on both
sides,

N N ..
et0i—=00) _ i1 Ti Ny
tetbo 6, et

Since Nit~le=™ — 0 a.e.(Pp,) and N it~ 'N; 1 — 1 a.e.(Py,), [23) follows.
From (24)), the observed Fisher information is

—0)(6,) = N, /02 + 120t (26)
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so that (B2) is satisfied.

From (I4]) and (IH)
‘4’(9}) — 0 (07%)

— o Sup 16, (v)|
y (04)

[ACHI

16: — 0], (27)

where the supremum is over {v : v lies between # and 6;}. Now simple algebra
on (24) shows that the right side of (27) is bounded by 'yte”ét_e‘ 0, — 0], where
~ > 0 is some constant. Thus (S) is satisfied with C(0) = ’ytet‘ét_e‘.

Recall that R;(0) = o2[¢; (6;) — £, (0)] as in (G). So, similar to (27), we have
|R:(0)| < 'ytet‘é’f—9||ét — 6|. Observe that the right side is bounded by ~|Z;|e!%!
because Z; = (0 — ét)/at with oy = [Nt/ét2 + thétt]_l/Q. It is then easily seen
that (B3) is satisfied with some ¢ > 0 and ¢ > 0.

The verification of (B4) is straightforward. For (B5), we need only show that
(I8) and (IT) hold and then apply Theorem 4.2. Setting &; = 1/t2,

sup  Cy(0)]0, — 0| < sup (|0 — Oo| + |6o — Gy|)etl—ol+H60—01
{16—00]<d:} {10—00]<6:}

1 R ~
<7(3 +tlfo — Oy)et/HHH100 =0,
which approaches zero by (25). So (I6]) is satisfied. Next, from (Z7)),

sup  {€,(0) — €,(0;) +log Cy(0) —log o}
{16—60]>6¢}

< sup  {l(0) — £,(0;) + log(~t) + t|0; — 6] — log oy}

{16—60]>06+}

Since £(0) is concave, the supremum occurs at § = fy+9; and it is straightforward
to verify (I7)).
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