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Abstract: In this paper, we consider the hypothesis-testing problem in the contin-
uous one-parameter exponential family using the nonparametric empirical Bayes
approach. In order to estimate an unknown marginal density and its derivative, a
kernel sequence method is introduced. This method uses a sequence of kernel func-
tions and allows the kernel index and window bandwidth to vary simultaneously.
Thus improved estimates are obtained. Then we construct a monotone empirical
Bayes test based on these estimates and show that the rule has a rate of conver-
gence of (Inn)3+¢/n for any ¢ > 0. This rate substantially improves the previous
results and is much closer to the lower bound rate 1/n. Since the rule is monotone,
it also has good performance for small samples.

Key words and phrases: Empirical bayes, kernel sequence method, rate of conver-
gence, regret bayes risk.

1. Introduction

Assume that X is an observation from the distribution with density
f(z]0) = c(0) exp{Oz}h(x), —oo<a<z<b< +oo, (1.1)

where h(z) is continuous, positive for z € (a,b), 6 is a parameter distributed
according to an unknown prior G on the parameter space €2, a subset of the
natural parameter space {6 : ¢(f) > 0}.

We consider the problem of testing Hg : 0 < 0y versus Hy : 0 > 60y, where
6o is known. The loss function is I(6,0) = max{f — 0y, 0} for accepting Hy and
1(0,1) = max{fy — 0,0} for accepting Hi. A test §(z) is a measurable mapping
from (a,b) into [0,1] so that 6(x) = P{ accepting H1|X = z}, i.e., d(z) is the
probability of accepting Hy when X = x is observed. Let R(G,d) denote the
Bayes risk of a test 6 when G is a prior distribution. Let ¢¢(z) = E[0|X = z].
Given that E[|f|] < oo, a Bayes test ¢ is found as

1 i da(a) > o,

5G(x)_{0 it ¢a(z) < b (12)
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Because ¢g(z) involves G, the above solution works only if the prior G
is given. If G is unknown, this testing problem is formed as a compound

decision problem and the empirical Bayes approach is used. Let Xi,...,X,
be the observations from n independent past experiences and let X be the
present observation. Based on X, = (Xi,...,X,) and X, an empirical Bayes

rule 6,(X,X,)(= 6,(X) = 0,) can be constructed. The performance of 4,
is measured by R(G,é,) — R(G,dq), where R(G,0d,) is the overall risk of 4,
and R(G,6,) = E[(1 = 6,)(0 — 00) 199, + 0n(00 — 0)Ij9<g,)]. The quantity
R(G,6,) — R(G,dq) is referred to as the regret Bayes risk (or regret) in the
literature.

Let ag(z) = [ ¢(0)exp(0x)dG(0) and Yg(x) = [0c() exp(6z)dG(0). 1t is
clear that ¢¢(z) = Ya(z)/ag(z) and ¢¢(z) = by <= w(z) = boag(z) —va(z) <
0. So the construction of 4, involves estimation of ag(x) and ¢g(z). This
is usually done using a kernel method. In this paper, we introduce a kernel
sequence method and apply it to obtain the estimates of ag(z) and ¢g(z). The
idea of the kernel sequence method is to use a sequence of kernel functions and
allow both the kernel index and window bandwidth to vary simultaneously.

Based on the estimates of ag(z) and ¢g(z), we construct an empirical Bayes
rule §,, for the testing problem mentioned above. Then we show that §, has a
rate of convergence of (Inn)>*¢/n (€ > 0 ) with the assumption E[|0]] < oo, a
substantial improvement over previous results.

The readers interested in empirical Bayes approach may refer to two intro-
ductory papers of Robbins (1956, 1964). For the above empirical Bayes test-
ing problem, Johns and Van Ryzin (1972) made an early contribution. Van
Houwelingen (1976) constructed monotone empirical Bayes tests which achieve
the rate O(n=2/r+1)(Inn)?) if B[|6]""!] < co. Van Houwelingen also showed
that his rules have good performance for small samples since they are monotone.
Karunamuni and Yang (1995) studied monotone rules and their asymptotic be-
havior. With the assumption c¢g € [—A, A], they obtain the rate O(n=2"/2+1),
Karunamuni (1996) made an attempt to find the optimal rate of convergence of
the monotone empirical Bayes rule. Recently Liang (2000) investigated a special
case of (1.1), namely a N(6,1) model, and obtained improved results. See also
Gupta and Li (2001a). Another related work is Stijnen (1985), in which the
asymptotic behavior of both monotone empirical Bayes rules and non-monotone
rules was studied.

This paper is organized as follows. In Section 2 we introduce a few prelim-
inary results and Section 3, the idea of kernel sequence method. In Section 4,
we construct the monotone empirical Bayes test d,, and obtain its rate of con-
vergence. Section 5 contains proofs of the main results in Section 4. In the
appendix, we provide proofs of a few lemmas used in Section 5.
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2. Preliminary

We assume that G satisfies [ |0|dG(f) < oo throughout this paper. Note that
ag(z) and ¢g(x) exist for all z € (a,b) under the assumption [ |0|dG(0) < oo
and are infinitely differentiable for x € (a,b). Furthermore ¢ (z) > 0. If
limg |, ¢c(x) > 6o, then ¢g(x) > 6Oy and og(x) = 1 for all z € (a,b); if
limg1p ¢c(z) < 6o, then ¢g(xz) < 6y and dg(z) = 0 for all € (a,b). In both
cases, we say Og(z) is degenerate. We assume Jg(x) is non-degenerate with
limg|q pc(z) < Oy < limyyp ¢a(z). Then G is non-degenerate and ¢ (x) > 0.
Therefore there exists a unique point cg € (a, b) such that ¢pg(x) > 6y for x > cg,
¢c(x) =0 for z = cq and ¢g(z) < Oy for © < ¢ (see Van Houwelingen (1976)
and others). Note that w(x) = Opag(z) — g (z). Then cg is the unique root of
w(x).

Now the Bayes rule defined by (1.2) can be represented as

Se(x) = {1 if ¢g(z) >0y <= w(x) <0<z >cg,

0 if ¢g(z) <by<—= w(r) >0+ 2z <cq. (2.1)

The Bayes rule g defined by (2.1) is characterized by a single number cg, so a
monotone empirical Bayes test (MEBT) can be constructed through estimating
ca by ¢ (X1,...,Xy), say, and defining

1 if z>e¢,
5"{0 if z<ec,. (2.2)

The regret of 6, is

R(G,6,) — R(G,6¢) = E / “ w(@)h(z)d. (2.3)

3. Kernel Sequence Method

We introduce a kernel sequence method which uses a sequence of kernel
functions instead of a single one. As the number of observations increases, the
kernel function and kernel bandwidth are set to vary simultaneously.

For i = 0,1 and m = 1,2,..., let K;,(y) be a Borel-measurable function
such that Kj,,(y) vanishes outside the interval [A;y,, Bin]. Suppose

| =1 if j=0,
/yjKom(y)dy =0 if j=1,... kom — 1, (3.1)
#0 if  j = kom,

| —0 if j=0,2,3,. .. kim— 1,
/ YKy =1 if j=1, (3.2)
40 if = kim.
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Let u = u, be a sequence of positive numbers and v = v, be a sequence of
positive integers. For any x € (a,b), define

o) = 2 K () GG, )= g St (B i

j=1
For appropriate u and v, a;, (z) and ¥, (x) are the estimates of ag(x) and g (x),
respectively. In these kernel estimates, u is called the kernel bandwidth and v is

called the kernel index.

Note that the kernel index v of functions Ky, and Ki, depends on n. As
n increases, v changes, and so Ky, and K7, change. Both kernel indices and
window bandwidths vary in the estimates and this is a little different from the
traditional fixed index kernel method.

4. MEBT For General Exponential Family

We use the idea of the kernel sequence method to find estimators of ag(x)
and ¥¢(x). Then we construct ¢, based on them.

We now present two sequences of kernel functions Ky, and K7,. For odd v,
let Koy (y) = Ko+1)(y); for even v,

v _ v—1 if —1<y<l1
KOv(y):{pUy + Pv—1Y + =+ po, 1 Sy 14

0, otherwise,
0, if 4 is odd,
Pi (=) i + Z)2 U(U4 Y_ if ¢ is even. (4.1)

For even v, K1,(y) = Ky(y11)(y); for odd v,

Qva‘FqU—lyv_l‘F"'—l-Q(), if —1<y<1,
K =
1(v) {07 otherwise,

0, if 7 is even,
a={ CDF20 DD =) o (42)
il(i + 222 (FOICEDIEHIF

<

The kernel functions (4.1) and (4.2) are in Gasser, Muller and Mammitzsch
(1985). They showed that Ky, (y) satisfies (3.1) with Ag, = —1, Boy, = 1, kgpy = v
if v is even and ko, = v+ 1 if v is odd; Kj,(y) satisfies (3.2) with Ay, = —1,
Bi, =1, kiy =vif vis odd and ki1, =v + 1 if v is even.
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1/3

For ¢ > 0, let ¢, = (Inn)™ A'1l. Denote u = u, = ¢/” and v = v, =
[—n]\/ 0 4 1, where [z] denote the integer part of z. Then u¥ < n~!. For any

" Inu

x € (a,b), define

Xj—SE
u

() = %g[{%()(ju— x)/h(xj), () = n%]z:m( )/h(xj).

(4.3)

It is shown later that «,(z) and ¢, (z) are consistent estimators of ag(x) and
¢c(x), respectively. Define W, (x) = Ogau, () —1y (z). Then W, (z) is a consistent
estimator of w(x).

Since c¢g is the unique root of w(x), we are going to use W, (z) to construct
¢,. Before doing this, let us examine . Note that dg is a monotone rule. If x
is larger than cq, we accept Hy; if = is smaller than cg, we accept Hy. Since G is
unknown, we do not know at which point we should accept Hy or reject it. But,
one will be more likely to accept H; if the present observation z is quite large
and accept Hy if it is quite small. Knowing this, we want numbers ¢y, and cy,
depending on n such that we accept H; if we observe x > c¢9,, and accept Hy if
we observe z < c¢1,. Once proper ¢, and ¢y, are found, we can concentrate our
effort on = € [c1p, can).

The idea of splitting (a,bd) into (a,c1p), [cin,con] and (cop,b) is called the
localization technique. To implement it, we need the following lemma.

Lemma 4.1. Four sequences of numbers {ay, @y, by, by} can be found such that
an | a, by T b, and for large n

(i) —[nlnn)Aut <a, <b, <[(Inlnn) Au~l];

(ii) ming, <z<p, M(z) 2 w;

(iii) [2 h(t)dt > 2u, [ h(t)dt > 2u.

The proof is obvious, hence omitted.

Let c1p = ap, + u+ul/3 and cop, = by, — u — u!/3. From Lemma 4.1, we know
that c1, | a and ¢g;, T b. So ¢ will fall in [cy,, co,] for large values of n and
therefore can be expressed as cg = [ Ijy(z)>0)d® + c1n- Recall W, (z), defined
as W, (z) = Opan(x) — Yy (x), is a consistent estimator of w(x). Then we define
Cp as:

C2n
Cn = / I[Wn(m)>0} dx + cip. (4.4)

in

A monotone empirical Bayes test d,,(z) is now proposed as follows:

1 if z>c¢p,
5"{0 if x<e,. (45)
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It is obvious that ¢, € [c1p, c2n] s0 if & > co,, we will accept Hy, if © < ¢y, we
will accept Hy. If © € [c1,, o], We calculate ¢, and compare x with ¢, to make
the decision.

The use of the localization technique helps us avoid the boundary effect of
kernel estimates. It provides bounds on the moments of W, (z) for z € [c1p, con]
(see Lemma 5.3 below). Also it results in a nice lower bound on |w(z)| for
x € [c1n, ca—€eg)U[cat€q, can] and e >0 (see Lemma 5.2 below). This is crucial
to get the desired rate of convergence in Section 5. The localization technique
has also been used in Gupta and Li (1999), and Gupta and Li (2001a, b).

Note that since W,,(z) is an estimate of w(z), a natural construction of the
empirical Bayes rule should be 6, = 1 if Wj,(z) < 0 and §,, = 0 if W, (x) > 0.
Unfortunately this construction will lead to a non-monotone rule. We use the
integration of Ijyy, (2)>0) in (4.4) instead. This technique is borrowed from Brown,
Cohen, and Strawderman (1976), Van Houwelingen (1976) and Stijnen (1985).

Now we study the large sample behavior of §,,. The next two lemmas enable
us to express the regret of §,, through ¢, — cq.

Lemma 4.2. w'(cg) < 0.

Since w'(x) is continuous in (a,b), we can find N, (cg), a neighborhood
of cg, such that Ne,(cg) C (cin,c2n) C (a,b) ( for large n), and A, =
minxeNEG(cG)[—w’(x)] > 0. Denote 71 = cg — €g and 179 = cg + €¢ in the
following.

Lemma 4.3. Let h = sup{h(z) : z € [n1,m2]} and w = sup{—w'(z) : = €
[7717772]}' Then

R(G,8,) — R(G,c) < 27 'hiwE(c, — c)* + (0o + E[|0]))eg* E(cn — ca)™.

Following (4.4) and cg € [c1n, con], We have

ca C2n
Cn —Cq = —/ I[Wn(x)go]dx —I—/ I[Wn($)>0}d{£. (4.6)
Cln cG

So an upper bound for ¢, — ¢ is easy to obtain through the properties of W, (z)
and w(z). Note that W, (z) can be written as

| By Koo(322) 1 Ky (X2)
Wale) = 5 3 Va(X5,0), - whete Va(X,0) = 50—ty = 5 ==
=1 ’ ’

For fixed n and z, V,,(X;, ) are i.i.d. random variables, so W,,(x) is the average
of the i.i.d. random variables. After applying the results in Petrov (1995), we
have the following result.

Lemma 4.4. lim,_.[ne,(Inn)3E(c,—cg)?] =0, lim, . [ne,(Inn) 2 E(c, —
cg)] = 0.
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The proofs of Lemmas 4.2—4.4 are given in Section 5. Note that ¢, <
(Inn)~¢. Then as a result of Lemma 4.3 and Lemma 4.4, we have the following.

Theorem 4.1. Assume that [|0|dG(8) < oo and the Bayes rule dg is non-
degenerate. Then R(G,5,) — R(G,éq) = o((Inn)3*+</n).

Remark 4.1. To apply the kernel sequence method, a key question is how
to construct the sequence of kernel functions. Here we use results of Gasser,
Muller and Mammitzsch (1985), but expect that the rate can be improved with
a “better” kernel sequence.

Remark 4.2. The rule §,, is monotone and is weakly admissible as discussed by
Van Houwelingen (1976). It therefore has good performance for small samples.

Remark 4.3. What is the best possible rate of MEBT’s? In Gupta and Li
(2001b), it is proved that 1/n is a (natural) minimax lower bound rate for
MEBT’s in the exponential family (1.1). That is,

inf sup[R(G,d,) — R(G,0c)] > 1/n for some [ > 0,

€D Geg
where D is the set of monotone empirical Bayes rules of type (2.2) and G is the
set of prior distributions with supports inside [0p1, 0g2] > 6p. However, we do not
know whether the rate 1/n is achievable or not.

5. Proofs

We prove the results in the previous sections. First we state some useful
lemmas, proofs of which are in the appendix.

Lemma 5.1. Let &, = max{ag(z) : © € [an,by]}. For sufficiently large n,
an < (2u)7 L.

Lemma 5.2. For sufficiently large n, if € [c1p, con], |w(x)] < 2u™2, and if v €
[c1n, m] U [02, canl, |w(z)| > M -u(lnn)~8 for some positive constants M and B.
Lemma 5.3. Let w,(z) = E[Vo(X;,2)], Zin = Va(Xj,2) — wn(z), 0i(z) =
E|Zin|*] and yn(x) = E[|Zjn|?]. For sufficiently large n, there exist positive
constants 11, ls, l3 and l4 such that

(i) for x € [ecin, conl, [wn(z) —w(z)] < 1/v/n;

(ii) for x € [cin, Can), on(x) < 110320572,

(iii) for = € [n1,m2], o < on(z) < I3(v/u)?/?;

(iv) for x € [c1n, con], Yn(z) < l401336Yu 5.

Lemma 5.4. Let d,, = \/v3/nu3. For x € [c1n, conl, n sufficiently large, w(x) >
dp = wp(z) > w(z)/2,w(z) < —d, = wy(z) < w(zx)/2.
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Proof of lemma 4.2. Note that ag(z) is infinitely differentiable, ag(z) =g ()
and w'(z) = Opa(x) — Y (z). If Ya(cq) =0, then w'(cq) = — f@z (0)e?cdG(0)
< 0. If ¥g(cq) > 0, by Jensen’s inequality TZJ/G(CG')/l/J(;(C(;) > Ya(eq)/ac(cq) =
6. Thus w'(cq) < 0. Similarly if ¢ (cg) < 0, w'(ce) < 0. The proof of Lemma
4.2 is complete.

Proof of lemma 4.3. From (2.3),
ca _ cG
R(G,0,)—R(G, 5G)§E|:I[|cn—cc;>5g]/ w(ﬂf)h(ﬂf)dﬂc]+hE[f[cn—cG|<eG}/ w(ﬂf)dw]
<(Oo+pc)eg E(cn—ca)*+1/2hwE (¢, —cq)?,

where [7%w(x)h(x)dr < (o + pc) and, by a Taylor expansion,

cG
I[|Cn*CG\SEG]/ w(x)dx = _1/2Xw/(én)(cn_cG)zlﬂcnch\geg] < 1/2w(cn—CG)2.
Proof of lemma 4.4. From (4.6),

cG 2 C2n 2
E(Cn — CG’)2 <F |:/ I[Wn(m)go}dw] +E |:/ I[Wn(m)>0}dw] =T1n + Ton. (5.1)
Cin

e

The Holder inequality and a little algebra shows that

T < 2(C2n - Cln)[l + 215 + 213, (52)

2
where I; = [ P(Wy(z) < 0)dx, I, = (fnch I[w(x)gdn}dﬂﬁ), I3 =

Cln

E[fncf" I W, (@) < 0,0(z) > dn | dz]?. For w(z) > d,, w,(z) > w(r)/2 from Lemma

5.4. Then we have
(mzzﬂn “if"@)) (mzzf"— T(x) >

Applying Theorem 5.16 on page 168 in Petrov (1995) to the RHS of the above
inequality,

P(Wy(x)<0)=

8Ayn(2)
Vnl2oy +v/nw(z)]?
where A is a constant and ®(-) is the cdf of N(0,1). For = € [c15, m1], w(x) >
Mu(Inn)~B and certainly w(z) > d,, for large n. Also note that o, < lyu~5/2v3/2
and v, (z) < 14v'336Yu 6. It follows that S, (z) < ®(—n'/*) and T, (x) < n=3/2
for large n. Thus

= Sp(x) + Th(x), (5.3)

(com — )Ty = (om — c1n) / T pW(2) < 0)dz = o(n~ ). (5.4)

Cln
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For z € [n1,cql, |w'(x)] > Ae. Thus I < A6_2[fnclc T(z)<dn)w' (z)dx]?. Letting
y=w(x)/dn, Iy < AZ2d2 [ Ii,<qjdy = AZ?d?. Therefore
Iy = O(d%) = o((Inn)3/(ney)). (5.5)
By the Holder inequality again,

ca
I < [ POVL) < O oo = |

1 m

cG

[w(2)] ™2 I (z)>d, .

Letting y = w(z)/d,, fncf" [w(x)]_3/2l[w(m)>dn]daz < 2/[AcV/dy]. Using the previ-
ous two inequalities and (5.3), we have

I < 2/(A6dn1/2){ (@) [w ()] 2dx + /17 TG Tn(x)[w(x)]3/2dm}. (5.6)

m
For = € [n1,cq], la < 0 < I33/v3/u3 and 7, (2) < 4'336Yu~5. Therefore

«“ 3 (x 1 uu(z) w(x))? dw(z
R e A e S I
)5/2
S(QMT’:/O (—y)y> dy, (5.7)

ca 3/24, < SALV36" /°° y*?
/n Ty () [w(z)]”“dx < An4ub Jo o 215 + 9]

1
Combining (5.6)—(5.8), we have I3 = o((Inn)3/(ne,)). This together with (5.4)
and (5.5) yields 71, = o((Inn)3/(ney,)). Similarly, ra, = o((Inn)3/(ne,)). Then
E(c, —cg)? = o((Inn)3/(ney)). Observe that (¢, —cg)* < (W I, ()<0)dx)* +
(fccén I[Wn(x)>0]dx)47 and

= dy. (5.8)

ca 4
B[ lwrzode) < 8(eam — el + 46kl + ) = o) ().
Then E(c, — cg)* = o((Inn)3/(ne,)). This completes the proof of Lemma 4.4.

Appendix

Lemma A.1. The following hold.

() |Kiv(y)] < kv'036Y for some constant k, i =0, 1.
v [ Koy (y)|?dy — 7~ 1asv—>oo.

(iii) v =3 [ | K1 (y)|?dy — (37)~! as v — oo.

Proof. (i) is obtained by simple calculations. By definition and Theorem 1 of
Gasser, Muller and Mammitzsch (1985), for an even v,

MIE )1
/KOU G (C /Kw dy_M,

P 6[v!!]?
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where vl = v x (v —2) x--- x1lifvisoddand V!l =v x (v —2) x --- x 2 if v
is even. Since s[(2s — 1)!12/[(25)!")2 — 7~ as s — oo, (ii) and (iii) are obvious.
The case of odd v can be proved similarly.

Proof of Lemma 5.1. Note that ofs(z) = [ 6%c(0)e?*dG(0) > 0 for = € (a,b).
Then ag(z) is a convex function and &, = ag(a,)V ag(b,). We prove ag(a,) <
(2u)~t, the proof of ag(b,) < (2u)~! is similar. Since ¢(f) = 1/{[; h(x)e’ dx}
and ag(a,) = [ c(0)eP*dG(0), it follows

1
/[9>0} ff: h(z)exp(0(x — ay))dx
+f .
0<0] Jor h(x) exp(0(z — ay))dz

aglan) < dG(09)

dG(6).

Note that ff: exp(f0(z—an))h(x)dr > 2uas 6 > 0 and [;™ exp(0(z—ayn))h(x)dr >
2u as # < 0, from Lemma 4.1. Then Lemma 5.1 holds.

Proof of Lemma 5.2. Since ¢g(x)= [ 0c(0) exp(0x)dG(0) and u|0] <exp(u|d]),

o) <u| [ cl)expl0(e+u)dGo) + [ cl0)expldlz ~u)dGo)
[6>0] [6<0]

From Lemma 5.1, for x € [cin, c2n], ac(x) < 1/(2u). Then |[¢g(x)| < 1/u? and
|w(x)| < 2/u? for large n. Assume that B > 0 such that Jio)<5 AG(0) > 0. Let
Qp ={0:0 € Q,|0] < B}. Since 1/¢(#) is a convex function of 6 on §, ¢(0) is
bounded on Qp. Thus [, c(0)dG(0) is finite.

Recall that w(z)=ag(x)[0o—¢c(x)]. Since ¢ (x) is increasing and ¢g(cg)=
0, then for = € [cin, M), 6o — dc(x) > 0y — dc(m1) > 0; for © € [n2, e, da(x) —
0o > da(n2) — bp > 0. For = € [c1p, cop), |z] < Inlnn and

ag(z) > /QB c(0) exp(—0|Inlnn|)dG(6) > (lnn)_B/Q c(0)dG(0).

B

Let M = {[0o — ¢c(m)] A [pc(n2) — Ool} - o, c(0)dG(0). Then Lemma 5.2 is
proved.

Proof of Lemma 5.3. We prove (i) for even v only, odd v follows similarly.
Using a Taylor expansion of e%*  simple calculations show that

E {%] = /C(H)EGde(H) +u’ / 0°c(0)e’™ {/_11 Mdt} dG(9),
E[%}: / 0c(0)e?’*dG(0) + u’ / 6+ ¢(0)e?” { /11 Kl(atfijfwdt] 100
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where |t*|, |t**| < 1. Then E[V;,(Xj, )] = w(z) + u*/%d,(x) and

d(z) = Bou*? / % (0)e= [ /_ 11 KOU(t)tveeut*dt} 4G (0)

0’[)+1 1 ok
/2 Ox v+1 fut
u / o 1)!c(0)e [/1 Ky, (t)t" e dt] dG(0).

Since (u'/30)?/v! < exp(|0|u'/3) and (u/30)"*1/(v + 1)! < exp(|8|u'/?), for
T € [Cin, Conl, |dn(z)] < u?/671 [ o(0)fHOMHO 4c(9) - [|60] [2, | Kou (t)|dE +
JH K ()] < w5 @ {160][2 S| Kow (y) Pdy] /2 + 2 | K1 (y) [2dy) 2} From
Lemma A.1 and Lemma 5.1, |d,,(x)| — 0 uniformly for = € [c1y, c2,]. Then (i) is
proved. For x € [cip, can], h(z + u) > u from Lemma 4.1 and

u u

uh(X;) u?h(X;)

:u3//_11 [BouKow(t) — Kio()])2c(0)e? P [h(z + ut)] " dtdG(0)

Xj—x X;—x
o2a) < plop ) Kl

< By~ /c(@)eexew‘“dG(H) < Bu=53,

Especially, for = € [n1,n2], letting h = min{h(z + ut) : = € [m,n2l,[t| < 1},
o2(z) < lsu=3h~ 13 [ ¢(0)efelI*dG(0) < 13u=3v3. Tt is easy to see that o2(z) >

12. We prove (iii) next. From Lemma A.1, for i = 0 or 1, | K ()] < kv'°36°.
Also note that |K;,(t)| = 0 if |[t| > 1. Then

|Kw((y - x)/u)/h(y)u[clngxgcgn] < kvlo36v/h(y)I[clngygmn-‘ru} < kvlo36vu_1'
For & € [cin,con), El|Zjn(x)P’] < 2k0'°36°u™ E[Z3,(z)] < 40'336YuC. The
proof of Lemma 5.3 is complete.

Proof of Lemma 5.4. From Lemma 5.3, we have |w,(z) — w(z)| < 1/y/n for
all x € [c1n, con]. If w(z) > d, and n is large,

wy, () > w(z) — dn + dp — Jwp(x) — w()| > dn — Jwp(x) — w(z)|

>
w(x) — w(x) —dy, +dp - dy, -

N —

Similarly, we can prove that w(x) < —d,, = wy(z) < w(x)/2.

Acknowledgement

This research was supported in part by US Army Research Office, Grant
DAADI19-00-1-0502 at Purdue University. The authors thank the Editor, the
associate editor, and a referee for helpful comments which improved the presen-
tation of the paper.



1072 JIANJUN LI AND SHANTI S. GUPTA

References

Brown, L. D., Cohen, A. and Strawderman W. E. (1976). A complete class theorem for strict
monotone likelihood ratio with applications. Ann. Statist. 4, 7T12-722.

Gasser, T., Muller, H-G and Mammitzsch, V. (1985). Kernels for nonparametric curve estima-
tion. J. Roy. Statist. Soc. Ser. B 47, 238-252.

Gupta, S. S. and Li, J. (1999). An empirical Bayes procedure for selecting good populations in
positive exponential family. Technical Report #99-25, Department of Statistics, Purdue
University.

Gupta, S. S. and Li, J. (2001a). Optimal rate of convergence of monotone empirical Bayes tests
for a normal mean. Technical Report #01-05, Department of Statistics, Purdue University.

Gupta, S. S. and Li, J. (2001b). Empirical Bayes tests based on kernel sequence estimation.
Technical Report #01-03, Department of Statistics, Purdue University.

Johns, M. V., Jr. and Van Ryzin, J. R. (1972). Convergence rates for empirical Bayes two-action
problems, II. Continuous case. Ann. Math. Statist. 43, 934-947.

Karunamuni, R. J. (1996). Optimal rates of convergence of monotone empirical Bayes tests for
the continuous one-parameter exponential family. Ann. Statist. 43, 934-947.

Karunamuni, R. J. and Yang, H. (1995). On convergence rates of monotone empirical Bayes
tests for the continuous one-parameter exponential family. Statist. Decisions 13, 181-192.

Liang, T. (2000). On an empirical Bayes test for a normal mean. Ann. Statist. 28, 648-655.

Petrov, V. V. (1995). Limit Theorems of Probability Theory. Clarendon Press, Oxford.

Robbins, H.(1956). An empirical Bayes approach to statistics. Proc. Third Berkeley Symp.
Math. Statist. Probab. 1, 157-163, University of California Press, Berkeley.

Robbins, H. (1964). The empirical Bayes approach to statistical decision problems. Ann. Math.
Statist. 35, 1-20.

Stijnen, T. (1985). On the asymptotic behaviour of empirical Bayes tests for the continuous
one-parameter exponential family. Ann. Statist. 13, 403-412.

Van Houwelingen, J. C. (1976). Monotone empirical Bayes tests for the continuous one-
parameter exponential family. Ann. Statist. 4, 981-989.

Department of Statistics, Purdue University, 1399 Mathematical Sciences Building, West
Lafayette, IN 47907-1399, U.S.A.

E-mail: 1i8@stat.purdue.edu

Department of Statistics, Purdue University, 1399 Mathematical Sciences Building, West
Lafayette, IN 47907-1399, U.S.A.

E-mail: sgupta@stat.purdue.edu

(Received February 2001; accepted March 2002)



