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CENTRAL LIMIT THEOREMS FOR FUNCTIONAL
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Abstract: We establish central limit theorems for function-valued estimators defined
as a zero point of a function-valued random criterion function. Our approach is
based on a differential identity that applies when the random criterion function is
linear in terms of the empirical measure. We do not require linearity of the statisti-
cal model in the unknown parameter, even though the result is most applicable for
models with convex linearity that can be boundedly extended to the linear span of
the parameter space. Three examples are given to illustrate the application of these
theorems: a simplified frailty model which is nonlinear in the unknown parameter;
the multiplicative censoring and double censoring models which are bounded convex
linear in the unknown parameter.
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1. Introduction

The methods for proving central limit theorems for maximum likelihood esti-
mators defined as zero points of the likelihood equations (and thus Z-estimators)
can be traced back to the classic theory due to Fisher (1922) and Cramér (1946).
A recent development has introduced empirical process methodology and ex-
tended the classic results to general estimating equations that may not be likeli-
hood equations, see Daniels (1961), Huber (1964, 1967), Pakes and Pollard (1989)
and Pollard (1985, 1989). Another recent advance is the extension of the theory to
models involving functional parameters, see Gill (1989) and Van der Vaart (1994,
1995). A delta method using compact differentiability is also given in Heester-
man and Gill (1992). See also Appendix A.10 in Bickel, Klaassen, Ritov and
Wellner (1993) and Section 3.3 in Van der Vaart and Wellner (1996).

The context for a central limit theorem for Z-estimators includes an empirical
measure P, for n i.i.d. observations and a score operator B(f) depending on a
parameter 6 of interest. We are interested in proving a central limit theorem for
Z-estimators {«%} defined as the zero points of the estimating equations

V(6,,P,) =PpB(6,) = op-(n~1?). (1.1)
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Traditional Argument. Let P be the true probability. To prove a central limit
theorem, the traditional argument assumes that the operator ¥ (6, P) is Fréchet
differentiable in # with respect to a norm || - ||. One expands (6, P) at the true
Ay and evaluates the linear approximation at 0,,:

$(0n, P) — (0o, P) = 1(00) (0 — 0o) + 0p=(

Suppose (0, P) =PB (p) = 0 and that the theory of empirical process can
be used to show G,B(0,) = G, B(bp) +op+ (1), where Gy, is the empirical process.
By (1.1) and algebra, the difference v/n((60,,, P)—1(0y, P)) = —G,B(6p)+op=(1)

(see Lemma 2.3 for details), so that the linearization in (1.2) implies

‘én _QOH)' (1'2)

$(00) (VA0 — 00)) = —GuB(00) + 0p-(Vllfn — o) + 0p+(1).  (1.3)

This relates /n(6, — 6p) directly to a weakly convergent process G, = /1 (P, —
P) with G,B(0y) = Zg, where Zy is a Brownian bridge process defined on an
appropriate space.

By assuming the bounded invertibility of the operator ¢(90) with respect to
the same norm || - ||, one can improve on the consistency of 6, and prove that
0, actually converges with a rate of n=1/2, i.e., v/n||f, — 0|| = Op+(1) (Lemma
2.4). With this boundedness, the dominant error term op«(yv/n||6, — 6o||) in
(1.3) vanishes as n goes to infinity. Hence, by the continuous mapping theorem,
V0, — 09) = —11(0)(Zo) is asymptotically normal.

Difficulty with the Traditional Argument. There are non-trivial examples in-
volving both Euclidean parameters and functional parameters for which central
limit theorems have been established using the traditional argument. However,
there are other interesting examples for which only somewhat restrictive results
can be obtained by a similar argument. One example is the double censoring
model (Chang and Yang (1987), Chang (1990), and Gu and Zhang (1993)). An-
other example is the multiplicative censoring model (Vardi (1989), Vardi and
Zhang (1992), and Van der Vaart (1994)).

The main difficulty with the traditional argument is that the derivative op-
erator 1)(0y) may not be boundedly invertible with respect to the norm || - || used
in linearization (1.2). For example, the operator 1)(fy) in the double censoring
model is only invertible with respect to a weaker norm || - |5 rather than the
stronger uniform norm || -||. To improve the convergence rate from consistency to
n~1/2 and thereby validate the linearization and prove a central limit theorem by
this argument, however, both the invertibility of ¢(90) and the differentiability
of (0, P) have to be established with respect to the same norm || - ||. At this
point one may wonder if the weaker norm || - ||x should be used in linearization
given that the derivative operator is invertible with respect to it. The answer is
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no; in the double censoring model (6, P) is not differentiable with respect to
the || - || k norm.

Argument Through a Differential Identity. In an interesting class of models,
there is an identity that connects \/ﬁ(én - ‘90)A to the weakly convergent quantity
GaB(60): $(0n)(Vi(0 — 60) = —Fy, (V6 — 60))B(8,) (With & = 4, and
a = /n(0, —0y) in Lemma 2.1). This identity was derived, in an ad hoc manner,
in the multiplicative censoring model (equation (2.5) in Vardi and Zhang (1992)),
in the double censoring model (equation (2.11) in Gu and Zhang (1993)), and
in the interval truncation model (equation (21) in Tsai and Zhang (1995)). Van
der Laan (1992) also derived an identity to investigate the efficiency of the MLE.
However, previous work does not provide general model conditions for the validity
of the identity.

A common feature in these problems is that the probability measures Py are
convex linearly indexed by # (as in the double censoring model and the multi-
plicative censoring model), or nearly so up to a normalizing constant (as in the
interval truncation model). For a general class of models in which convex linear-
ity can be boundedly extended to the linear span of the parameter space, this
linearity identity can be established via Fréchet differentiability of the likelihood
equations (0, Py) = 0. See Section 2.1 for more details, also see Zhan (1996).

This identity allows a linearization applied to Py instead of ¢ (6, P) through
its derivative operator Py(-). For models Py with bounded convex linearity, the
differential Pén (vru(0, —00))B(6,) exactly equals the difference v/n(¢(0y, P )—
(0, Py,)) (Lemma 2.5). Consequently, we have

A~

$(62) (V0 = 00)) = —GuB(60) + 0p+(1). (1.4)

Unlike (1.3), where 6, must converge with an n~'/2 rate with respect to || - ||
to validate the linearization, there is no need to require this condition in (1.4)
because the linearization is perfect. The Z-estimators {«%} still have to converge
at the n=1/2 rate, but they may converge in any norm as long as the derivative
operator is invertible with respect to it. This circumvents the problem with the
traditional argument by obtaining a weak convergence as well as the rate control
in one step. Theorem 2.2 is a rigorous statement of this argument.

For a model Py that is not linearly parameterized, the linearity identity leads
to

$(6) (VB — 06)) = =GB (00) + 0p- (Vi — boll) + 0p- (1)

The term op-(y/n||6,, — 6o||) comes from approximating Pen(\/ﬁ(én —60))B(6,)
by the difference /n (¢ (f,, ;) — Y(0,, Py, )). In this case, the uniform bound-

edness of 1)(#) with respect to the norm || - || is required to improve the rate of
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convergence for 6, to make the linearization valid, and a central limit theorem
follows. Theorem 2.1 formulates this argument precisely.

Other Motivations. One of the motivations for a functional central limit theorem
lies in the fact that the NPMLE (nonparametric maximum likelihood estima-
tor) is a Z-estimator in most cases. The NPMLE is a popular estimator for a
functional parameter such as a distribution function or a hazard function. It
is the estimate that is actually computed in most applications because it is a
discrete function and is the solution of a well-defined optimization problem. For
some models, such as the double censoring model, there are effective algorithms
for computing the NPMLE as an alternative to solving the likelihood equations
(Wellner and Zhan (1997)). More importantly, efficient algorithms also make it
possible to estimate the covariance structure of the limiting processes by boot-
strap means (Wellner and Zhan (1996)). Because of the implicit and complicated
expression for the limiting process, the bootstrap is an important method to con-
struct a confidence set in a functional central limit theorem.

Our paper is organized as follows. Section 2.1 presents a differential identity
based on which the linearity identity is derived. The linearity identity is obtained
by combining Lemma 2.1 in Section 2.1 and Lemma 2.5 in Section 2.4. Section 2.2
presents the uniform boundedness condition needed in the proof of the central
limit theorem. The actual proofs of the central limit theorems are given in
Section 2.3 and Section 2.4. Three examples are given in Section 3 to illustrate
the applications of the theorems.

2. Central Limit Theorems

Let X;, ¢ = 1,2,... be a sequence of independent observations from a dis-
tribution P € P on a probability space (X,.A), where P denotes the set of all
probability measures on (X,.A). Suppose that the collection P is parametrized
by 6 € ©, where O is assumed to be a smooth surface in a Banach space (B, ||-]|)
with a norm || -||. We are interested in estimating a functional parameter 6y € ©,
the true parameter.

Let [°°(H) denote the set of bounded functions from H to the real line R,
for some set H, and let || - ||y denote the uniform norm on [°°(H). Let B(6)
be a #-indexed operator (the score operator for §) from H to some subset F(6)
of Ly(Py) for each § € ©. Define the set F(O©) = Upee F(#). For simplicity of
notation, we omit © in F(0©) and simply write F. (See Van der Vaart (1995) for
a similar formulation).

The empirical measure for the first n observations is denoted by P, =
(1/n) Y7, d0x, and the empirical process by G, = /n(P, — P). As usual we
use linear functional notation, and write Pf = [ fdP for f € F, and we consider
Gy, as indexed by the collection of functions F C Lo(P), P € P.
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For each fixed # € © and P € P, define the operator (0, P) = PB(0)
from H to the real line R. Suppose that B(f) is bounded in the sense that
|8, P)|lx = |[PB()||x < oo for all P € P. Then (0, P) € I°°(H) for each
fixed § € ©. The empirical process G, B(f) acting on B(f) is also a function in
[°°(H) for fixed 6 € ©.

A functional Z-estimator for 0y is a sequence of estimates {f,} € © which
makes the “scores” P,B(0)(h), h € H, approximately zero: |[¢(0p,Pn)||ln =
op«(n~1/2), where P* denotes the outer probability of P> (See Van der Vaart
and Wellner (1996) for more details on outer probability measures).

2.1. A differential identity

The function ¥(0, P), as a map from © to [*°(H), is Fréchet differentiable
with respect to the norm || - || at a point ¥ € © if there is a bounded linear
operator ¢ (¢, Py)(-) mapping from (lin(©), || - ||) to (I°°(H),| - |l») such that

[4(0, Py) — (9, Py) — (3, Py)(0 — 9)ll% = o(]|0 — J||). Denote the operator

Recall that for a fixed ¥ € ©, the operator B(¢) is bounded in the sense that
|PB(V)|# < oo for all P € P. Thus for a fixed ¥ € ©, the probability measure
Py induces a mapping 6 — PyB(¢) from O to [*°(H). The map PyB(¥), as a
function of 6, is Fréchet differentiable with respect to the norm || - || at a point
¥ € O if there is a linear operator Py(-) such that Py(-)B(¢) is bounded and

1Py B(0) — PyB(9) — Py(6 —0)B(9)|lr = o]0 — 0])).

Lemma 2.1. Assume that (0, Py) = 0 for all 0 € ©. For any ¥ € O, sup-
pose that (0, P) is Fréchet differentiable with respect to the norm || - || in a
neighborhood of ¥, and the operator ¥(0) is continuous as a function of 6 at ¥:

|60 = d@)| = sup |[40)(@) - b)), — 0 (2.1)

llall<1 H

as ||0 — V|| — 0. If PyB(1) is Fréchet differentiable with respect to the norm || - ||
at ¥ € ©, then the operator ¥ (0, Py) as a function of 6 is Fréchet differentiable

with respect to the norm || - || at ¥ € © and the following identity holds for all
a € lin(0):

B9 (a) + Pola)B(0) = 0 (2.2
in I>°(H).

Proof. For any ¢ € O, write the difference

W(0, Po) — (9, Py) = PaB(0) — PyB(V)
= Py(B(0) — B(9)) + (Py — Py)B(I) + (Py — Py)(B(9) — B(¥)). (2.3)
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Since ¥(0, P) is Fréchet differentiable at 9, the first term on the right-hand side
of (2.3) can be written as Py(B() — B(9)) = ¥(6, Py) — (9, Py) = (0, Py) (6 —
¥)+o0(]|@ —9||). The map PyB(J) as a function of § is Fréchet differentiable with
respect to the norm ||-|| p at ¥, the second term in (2.3) is actually (Py—Py)B (V) =
Py(0 —9)B(9) 4 o(]|0 — 9||). Because Py acts on B(1) linearly, the third term on

the right-hand side of (2.3) can be written as

(Py — Py)(B(0) — B(V)) = Pyp(B(0) — B(V)) — Py(B(0) — B(V))
= —(0)(9 — 8) — o[|9 — 6]) — (0)(8 — ) — o(|6 — D).

The first two terms in the last equality are obtained by applying the Fréchet
differentiability of ¥(¥, Py) = PyB(v) at 6.

Thus, by the triangle inequality and the continuity of ¢)(6), we have ||(Py —
Py)(B(#) — B(9))|lnx = o(||0 — J||). Therefore (0, Py) as a function of 6 is
Fréchet differentiable with respect to || - || at 9 and its Fréchet derivative is given
by (0, Py)(a) + Py(a)B(¥). But (0, Ps) = 0 and we have the identity in (2.2)
by the uniqueness of the Fréchet derivative.

2.2. A condition of uniform boundedness

The uniform boundedness of the operators w(ﬂ) is needed to establish the
rate of convergence for a sequence of Z-estimators {én} This property is also
needed to asymptotically replace ¢¥~1(6,)(GnB(6p)) by ¥~1(60)(GnB(6y)) for a
consistent én, and thus allows us to apply the Continuous Mapping Theorem on
¥ 1(09)(GnB(0p)) to obtain a central limit theorem.

Given that © is a subset in a Banach space (B, || - ||), the closure lin(©) is
a Banach space with the same norm || - || (Lemma II.1.3 on page 50, Dunford
and Schwartz (1988), Part I). Because (I°°(H), ||-||#) is also a Banach space, the
bounded operators 1)~ (#) and () can be uniquely extended to the closures of
their domains by continuity (see, e.g., Lemma 1.6.16 on page 23 of Dunford and
Schwartz (1988), Part I).

The unique continuous extensions of ¢~ (0) and (0) on the closures of their
domains are also denoted by ¢~ () and ¢ (). The extension 1)~ 1(#) on R(¢)) is
also the inverse of the extension () on lin(©). For the examples we deal with

in Section 3, and for other examples, it is true that R(¢) does not depend on 6.

We use R(1)) instead of R()(#)) to denote the common subspace on which every
() resides.

Lemma 2.2. Suppose that, for every fixed 0 € ©, the operator w(Q) mapping
from (lin(©), || - || ) to (I%°(H), || - ||l%) has a bounded inverse 1)~1(6) on a fized
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subspace space R()) C 1°°(H). Further assume that ¢~'(0) converges on R (1))
to =Y (6o) with respect to a norm || - ||i: for any f € R(¥)

|71 O) ) =7 @0, —0 (24)

as |0 —6o|| — 0. Assume that ||én—90|| —p+ 0 and that G, B(0y) = Zg in I°°(H)
asn — o00. Then [|($~1(0n) — ¥~ (60))(GnB(00))llx = op+(1).

Proof. For any compact set C C R(¢) C I*°(H), let C(9) be the d-enlargement

of C defined by C(6) = {f € R(¥)) : ||f—f'|ln <6 for some f € C}. We show
that

sup { [|(&71(6) = 4 (0))(f)]| . = £ € CE) f—0 (2.5)

as [|6 — 0p|| — 0 and then § — 0+.

In fact, by (2.4) and the Banach-Steinhaus Theorem, the operator norm
of ¥~1(#) is uniformly bounded: SUD||9—go||<3 1o~ (0)|x < M < oo for some
positive numbers 8 > 0 and M > 0. The uniform boundedness of the operators
@Z}_l (0) is equivalent to their uniform continuity as mappings in Banach spaces, so
that the pointwise convergence in (2.4) directly implies the uniform convergence
in the norm || - || k.

Now since G,B(fy) € R(1)) converges weakly to Zo in (R(4)), || - [[5), it

is asymptotically tight: for every e¢ > 0 there exists a compact set C C R(ﬂ))
such that liminf, .o P, {G,B(6y) € C(6)} > 1 — € for every § > 0; see Van
der Vaart and Wellner (1996), Section 1.3. Thus by (2.5), we have ||(¢~*(6,,) —
¥ 100))(GnB(0))||x = op+(1) as n — oo and then § — 0+.

2.3. A central limit theorem

We need the following assumptions for a central limit theorem.
L.1 For all 8 € ©, ¥(0, Py) = PyB(f) =0 in [*°(H).

L.2 Asn — oo, for any decreasing d,, | 0, the stochastic equicontinuity condition
sup {||G,(B(0) — B(6p))||x : ||0 — 6ol < dn} = op=(1) holds at the point 6.

L.3 At the point 0y, G, B(0y) = Zo in [*°(H), where = indicates weak conver-
gence in {*°(H) to a tight Borel measurable random element Zj.

L.4 For a fixed ¥ € O, the operator PpB(1)) as a function of § is Fréchet dif-
ferentiable with respect to the norm || - || at ©. Furthermore, the function
0 — (0, P) from © to [°°(H) is Fréchet differentiable with respect to the
norm || - ||. The operator ¢)(6) is continuous as a function of 6 in the sense
of (2.1).
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L.5 For every fixed 6 € ©, the operator ¢(0) from (lin(©), || - ||)

(I1°°(H), || - |l%) has a bounded inverse ¥~1(0) on a fixed subspace R( ) C
1°°(H). Furthermore 1)~!(f) as an operator sequence converges to ¢~ (6)
as [|6 — 6p|| — O:

[o7 @) - 7 @) ()| — 0 (2.6)
for all f € m

Theorem 2.1. Let H9 —6p|| —p= 0 bea sequence of consistent Z-estimators.
Assume L.1 through L.5. Then /n(6, — 0o) = —~1(00)(Zo) in (lin(©), || - |).

We begin to prove Theorem 2.1 with the following lemma. It asserts that
the standardized estimating equations behave asymptotically as G,B(6y) under
our assumptions.

Lemma 2.3. Let L.1 and L.2 hold. Then /n(0,, P) = —G,B(6y) + op=(1).

Proof. Since ¢(6, Pp) = 0 for all § € ©, we have by the definitions of (6, P)
and the Z-estimator ||v/nPnB(0)|x = op-(1):

GnB(00) + Vi (0, P) — 1(00, P)) = —Gn(B(6n) — B(6h)) + op+(1).
By L.2, the consistency of én, and
PHIGn(B(0)—B(60))[x=€e}<P*{ sup [|Gn(B(0)—B(0o))lln =€}
1660 1<
+P*{]|6,,— 0| > 5},
it follows that |Gy (B(6n) — B(60)) |l = op+(1). Hence ||Gy, B(6o)+v/n(t)(6n, P)—
Y(0o, P))|1n < |=Gn(B(6n)—B(00))[lr+op-(1) = Ap(6r)+op+(1) = op«(1). The

conclusion of the lemma follows from this inequality and the fact that 1 (6y, P)=
0.

Remark 2.1. In order to obtain the conclusion of Lemma 2.3, it suffices to verify
A, (0,) = op«(1) for consistent 6, although this weaker condition is usually
verified through the stronger L.2.

The next lemma shows that /n(f, — 6) is actually Op«(1) under the as-
sumptions.

Lemma 2.4. Assume L.1 through L.5 and that 0,, is consistent: ||0,,—0| — p+ 0
Then \/’EHQn — «90“ = Op*(l).

Proof. Mapping from the Banach space R(w) to the Banach space lin(©), the

sequence of continuous linear operators ¢! () converges on R(v)) to ¢~ (6p) as
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|10 — 6|l — 0 by L.5. Hence, by the Banach-Steinhaus Theorem (for example,
Theorem I1.3.6 on page 60 of Dunford and Schwartz (1988), or Theorem 2 on
page 203 of Kantorovich and Akilov (1982)), the norm of the operators ¢~ (0) is
uniformly bounded: supjg_g, <z 1¥1(8)| < 1/a < oo for some positive numbers
0<a<ooand g >0. ‘

Thus for any a € in(0), we have [lal| = [~ @)@l < [~ ©)]
x| (0)(a)||n < (1/a)|[p(0)(a)|l. We have not made a distinction between the
operator norm and the norm on B. The meaning of || - || should be clear from
the context. Hence

allall < [¢0)(@)],, (27)

for all § such that [|6 — 6o < .

Take a = /n(0, — 0y) and ¥ = 6, in identity (2.2). By the linearity of
Py(a)B(¥) in a and the definition of Fréchet differentiability of PyB(¥) as a
function of 6,

= (P, B(br) — PgnB(9n)) + OP*(WH% - 90”)
= V(0. P) + op+(v/n]| 0, — Oo])).

We have used P to denote !390 in the last eAquality. ATherefore, by the bqundedness
in (2.7) we obtain: ay/| — foll < [$(6) (i@ — o))l < VTl(Bn, Pl +
op+(1) - \/n||0,, — 6p]| in P*-probability when n is sufficiently large. The conclu-
sion of the lemma follows from Lemma 2.3 and L.3 which assert that the term
V7l[¢(0,, P)|3¢ is of an order of Op=(1) + op«(1).

Proof of Theorem 2.1. By the Fréchet differentiability of FyB(?) at ¥ we have
PyB(0) —PyB(¥)—Py(0—19)B(9) = o(||0—7|)). Substituting 0,, for 9 and 6 for 0,
and using P to denote Py,, we obtain Pén (0, —00)B(0,) = Py B(0 )—Py, B(6,)+
op+(||0n — 00l]) = —¢(0p, P) 4+ 0p= (||, — Oo]|). Note that w( ) = w(Qn,Pen), and
by the identity (2.2) we have

$(0n) (V2B —0)) = /0Py, (Bu—00) B(6) = /(B P)+0p+ (/| — bl
= Vit (fn, P) + op-(1).

The last equality follows from the consistency of én, L.1 through L.5 and Lemma
2.4.

Note that by L.5 the operator sequence 1)~ (8) converges to 1)~ (6y) on R(¢))
as [|6— 0ol — 0. Hence the Banach-Steinhaus Theorem and the consistency of 6,
imply that the operator norm of ¢y~1(6,) is uniformly bounded in P*-probability
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when n is sufficiently large. It maps a term of op=(1) in the || - [[-norm into a
term of op«(1) in || - ||-norm: ¥ ~1(6,)(op+(1)) = op+(1). This means that

V(0 — 80) = 0 (0,) (Ve (B, P) + 0p- (1)) = " (0) (G B(6) + op- (1)
= 7 (0,)(GaB(00)) + op- (1).

The second equality follows from Lemma 2.3.

By the triangle inequality and Lemma 2.2 (applied with the K-norm replaced
by || - ||) we obtain ¢1(6,)(Gn,B(60)) = ¥~ (8) (G, B(6g)) + op+(1). Hence we
have /n(0, —09) = —1~1(60)(Zo) in (lin(©), ||-||) as n — oo by the Continuous
Mapping Theorem.

2.4. Bounded convex linearity

The parametrization 8 — Py is said to be convex linear if 0 = \161 + A20s €
lin(©) implies Py = A\ Py, + Ao Py, € P for any 61,0, € © and any real numbers
A1 and Ao such that Ay > 0, Ay > 0 and A\; + Ao = 1. Convex linearity is referred
to as bounded with respect to a norm || - || on lin(©) if

L.6 For any 64,...,0; in ©, and any real numbers Aq,...,Ag, k > 1, there is a
constant C' < oo such that

(2.8)

IS np @), <30
i=1 i=1

holds for every fixed ¥ € ©, where B(1) is the score operator mapping from
H to F.

Lemma 2.5. If the parametrization 6 — Py is boundedly convex linear, then
the mapping PyB(9) is Fréchet differentiable with respect to the norm || - | at
all ¥ € © and the derivative operator Py(-)B(¥) is given by Py(61 — 02)B(9) =
Py, B(9) — Py, B(9) for any 01, 02 and 9 in ©.

Proof. Let # = >-¥_ | \i6; € lin(©) be a linear combination of the 6;’s. We want
to prove that

LoB(9) = 3" APy B (2.9)
=1

is a bounded linear extension of Py B(?) to lin(0©).

First by (2.8), if a linear combination of the elements 61,...,60; is equal
to the zero element Y% \;6; = 0, then Y% \;Pp, B() = 0 as well. From
this observation, the value of the mapping LyB(1}) is uniquely determined by
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0 € lin(©). It is not hard to verify that LgB(?) is a linear mapping from lin(©)
to [°°(H). The boundedness ||LgB(9)|x < C||0|| of LeB(?¥) follows from (2.8).
And it is easy to verify that LgB(¥) is an extension of PyB(1) to lin(©) with
LyB(9) = PyB(9) for all § € © by (2.9).

For any bounded linear mapping A : lin(©) — [*°(H), the Fréchet derivative
of A is simply A itself because A(6') — A(6) = A(0' — 0) is bounded and linear.
Now the mapping LyB(9) : lin(0) — [°°(H) is bounded and linear, hence it
is Fréchet differentiable at 6 € lin(©), and its derivative operator is given by
L,B(9) for a € lin(0©).

Since LyB(9) = PyB(9) for any 0 € ©, we have Py(a)B(9) = L,B(¥) by the
uniqueness of the Fréchet derivative. Therefore, for a = 67 — 65 with 61 and 6,
belonging to ©, we have Py (0; —62) B(9) = Lg,—0,yB(9) = Lg, B(9) — Lo, B(V) =
Py, B(9) — Py, B(1¥), which completes the proof of the lemma.

In view of Lemma 2.5, the differential identity (2.2) for models with bounded
convex linearity can be improved to

$(9)(61 — b2) = —(Po, — Po,) B(9). (2.10)

for any 601, 0-, and ¥ € ©.

For these models, a strong enough norm || - || may be used to obtain the
differentiability of (0, Py) and condition L.6, and therefore the identity (2.10).
Then a weaker norm || - | can be used to establish the invertibility of ¥~1(6)
and the pointwise convergence in (2.4). The difference on the right of (2.10) also
implies that no rate control, such as that in Lemma 2.4, is needed. Because of
this, we can actually obtain asymptotic normality with the weaker norm. This
usually improves the applicability of the Central Limit Theorem. See Section 3.2
and 3.3 for two examples. To be more specific, the assumptions replacing L.4
and L.5 are the followings.

L.4" The function ¥ (0, P) as a map from © to [*°(H) is Fréchet differentiable
with respect to the norm || -||. The operator () is continuous as a function
of 6 in the sense of (2.1).

L.5" For every fixed 6 € ©, the operator (6) from (lin(©), || - k) to (I°(H),

| - |l%) has a bounded inverse ¢)—1(6) on a fixed subspace R()) C I°°(H).
Furthermore @ZJ ( ) as operator sequence converges to 1/) (90) as ||0—0o|| —
0:

[ @) =97 @) ()|, — 0 (2.11)

for all f € R(1)).
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Theorem 2.2. For a model with bounded convex linearity specified in L.6,
assume L.1 through L.3, L4’ and L.5’. Then a sequence of consistent Z-
estimators 0,, such that ||, — 6| —p- 0 is actually asymptotically normal:
V(0 = 00) = =4 (60)(Zo) in (1in(O), | - |Ix)-

Proof. By Lemma 2.5, take 61 = én, 0y = 6y and ¥ = 6, in (2.10), and use P to
denote Py,, we obtain (0, )(v/n(0,, — 00)) = /1) (0n, P) = =G, B(6y) 4 op+(1).
The last equality follows from Lemma 2.3 and the term op«(1) in the above
denotes a term whose || - ||x-norm is of order op«(1).

Since )1 (0) converges to 1)~ (0y) on R(1)), the Banach-Steinhaus Theorem
implies that the operator norm of ¢_1 (én) is uniformly bounded in P*-probability
when n is sufficiently large. It then maps a term of op«(1) in the || - [[;-norm
into a term of op+(1) in K-norm: ¢~*(6,)(op+(1)) = op-(1). This means that
V(0 — 00) = @[}_f(én)(—GnB(Qo) +op+(1)) = —71(0,)(GnB(60)) + op- (1). By
Lemma 2.2, ¥~1(0,)(G,B(6p)) = 11 (00)(GCp,B(6p)) + op«(1). Hence /n(6, —
00) = — ' (00)(Zo) in (1in(©), || - ||x) as n — oo by the Continuous Mapping
Theorem.

Theorem 2.2 is mainly motivated by Vardi and Zhang (1992) on the mul-
tiplicative censoring model, and Gu and Zhang (1993) on the double censoring
model. The proof of Theorem 2.2 is an extension of their arguments of asymp-
totic normality from these two important examples to a general model. We give
a differential identity for models with convex linearity, and use that as the basis
of our argument (Lemma 2.1). The key assumptions are formulated in 1..4" and
L.5” which are not explicit in these two papers. Other assumptions such as L.1,
L.2 and L.3 are mainly from the traditional arguments, see Huber (1964, 1967),
Pakes and Polard (1989), Polard (1985, 1989), and Van der Vaart (1994, 1995).
For models not necessarily convex linear, Theorem 2.1 generalizes the argument.
A non-trivial application of Theorem 2.1 is given in the next section.

3. Applications

In this section we give three examples to illustrate the application of Theo-
rem 2.1 and Theorem 2.2. The first example concerns a simplified frailty model
without convex linearly parameterization. Because of its nice analytical prop-
erties, the asymptotic normality of the MLE can be established by traditional
arguments. The same conclusion can also be obtained by Theorem 2.1. The sec-
ond example deals with the multiplicative censoring model which has a convex
linear parameterization. In this model the likelihood equations are only differen-
tiable with respect to a || -||p norm that is stronger than the uniform norm. The
derivative operator, however, is only invertible with respect to the uniform norm.
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The third example concerns the double censoring model which has a convex lin-
ear parameterization. Here, the likelihood equations are only differentiable with
respect to the uniform norm, and the derivative operator is only invertible with
respect to a weaker || - || norm. Because of these difficulties, the traditional
argument does not apply in these examples. Central limit theorems are instead
established by invoking Theorem 2.2.

3.1. A simplified frailty model

Let Z ~ Gamma(rp,1) be a known gamma frailty. Conditional on Z = z,
we observe independent random variables (X,Y) with a common, absolutely
continuous hazard function zAg. Based on n i.i.d. observations (X;,Y;) with
distribution P{X > z,Y > y} = 1/[1 4+ Ag(x) + Ao(y)]"°, we are interested in
estimating Ay on [0, 7], where 7 < oo is a real number such that Ay(7) < oco.

Let © C [*°(H,) be the parameter space, where H,, is a set of real functions h
defined on [0, 0c0) with bounded variation ||A||, < p on [0, 7] and identical to zero
on (7,00). The set H,, is considered as a space equipped with the variation norm
|-|l» defined by ||A|l, = |R(0)|+V{(h). A bounded linear functional A(h) € 1°°(H,,)
is given by A(h) = [y o) h(2)dA(z) with [|All, = supyey, | fjg o) R(@)dA(2)] <
0o. The parameter space © can thus be identified with all absolutely continuous
integrated hazard functions A restricted to the interval [0, 7], such that A(u) =
Ao(u) for w > 7. We will not distinguish between a functional A € © and a
hazard function A(u).

The score operator B(A) is obtained by differentiating the log-likelihood
along a curve passing through A € ©. It is a function of A mapping from H, to
a set F of Ly(P) functions defined on the sample space:

Jio,a) M) dA(w)+ Jig oy P(u)dA(w)
1+ Ax) + Ay)

Murphy (1995) considers this model in the context of counting processes and
proves the asymptotic normality of the MLE following the traditional argument.
Van der Vaart (1995) uses this model as an example to motivate the Central
Limit Theorem for functional parameters, also following the traditional argu-
ment. In this section, we show that the same asymptotic results are obtainable
from Theorem 2.1.

Verification of L.1, L.2 and L.3. Tt is straightforward to verify that ¢ (A, Py)(h)=
Jp+ B(A)(h)(x,y)dPp(x,y) = 0 for all A € © and h € H,, by interchanging the
order of the integrations involved.

To verify L.2, let Cps be the function class defined on the sample space R?*
given by

B(A)(h)(z,y) =h(x)+h(y)— (0 + 2)

. (3.1)

Cu ={BA)(h)(z,y) : h € Hyp, |[Alln, <M}, (3-2)
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with 0 < M < oo a fixed number. Now consider a small difference class Fs, =
{B(A)(h) — B(Ag)(h) : h € Hp, [[A = Aolln, < n}. Set @ = A —Ag. As
n — 00, bounding the difference function in Fs, by ||+, leads to |(B(A)(h) —
B(Ao)(h))(z,y)| < Ko, for n > Ny, where K = [2(vp + 2)(p + 1) + C] with a
constant C' such that o(||all3,) < Clla||x, for n > Np.

Since B(A)(h)(z,y) in (3.1) has a constant envelope 2p + (v + 2)p, the set
Fs,, itself has a constant envelope 2p(vp + 4). Its La(P)-norm boils down to

2p(vo+4) times its Ly (P)-norm: [|B(A)(h)—B(Ao)(h)|l 1,y < v/2p(vo+4) Koy
= . Thus if 7, = {B(\(R) — B(Ao)(h) : [ BONE) — BAo)B)l1acp) < 1
h € Hp}, then F5, C .7-‘;771 for all n > Np.

For a given sequence 0, | 0, take M = [[Ag[|#, + 61 < oo. Then Cys as
defined in (3.2) is a universal Donsker class of functions with a constant en-
velope p(vy + 4). Thus G,, must be asymptotically uniformly equicontinuous
in probability with respect to pp (the centered Ly(P)-norm) over Cps. Since
|Pllcy; = suppec,, | [ RAP| < p(vo + 4) is finite, this is equivalent to G, be-
ing asymptotically uniformly equicontinuous in probability with respect to the
Lo(P)-norm. Hence HGan;m —p+ 0. But F5, C .7-";7” for all n > Ny and it fol-

lows that supyx_ g, <6, [Gn(B(A) = B(Ao))lln, = Gnll7;, < ICullz —p+ 0
as n — 0o, which verifies L.2.

To verify L.3, note that {B(Ag)(h) : h € H,} is a subset of Cps for a
sufficiently large M, it is a universal Donsker class of functions. Thus we also
have G, B(Ag) = Zo in I*°(H,).

Verification of L.4 and L.5. Since B(A) for any fixed A € © is a bounded operator,
we only need to verify that Py B is Fréchet differentiable for a bounded B : 'H,, —
F. Let a = Ay — A for two points A1, A € ©. Straightforward calculation shows
that the difference Py, B(h) — PyB(h) is a sum of a bounded linear operator of
a and a higher order term o(||al|#,). Hence PyB is Fréchet differentiable with
respect to A.

Since we can write the difference ¢(A1, Pp)(h) — (A, Pp)(h) as an operator
¥(A)(a)(h) linear in a and a remainder term R = R(A1,A,h) that is of order
o(llallr,), w(Ar, Pr)(R) = (A, PA)(R) = ¢ (A)(a)(h) + R(A1, A, h), we can verify
that (A, P) is Fréchet differentiable at A. The derivative operator ¢(A)(a)(h)
is then obtained as

$(A)(a)(h) = —2u /[O : o (A, h)(u)da(u), (3-3)

and o(A, h) is given by
B 1 vo+1 hiw) — vp+1 1 v v

o = ()"0 Ll o, A
h(v)dA(v) +/ h(v)dA(v) }

(r] [L+A@)]OF2 " Jor) 14 A(v) + Au)]or?

+

(3.4)
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which maps from (H,, || - [|») into itself. These conditions verify L.4.

To verify L.5, note that the operator o is actually a continuously invertible
operator J minus a compact operator Q: o = J — @, with J(h)(u) given by the
first term in (3.4) and Q(h)(u) given by the second term in (3.4). This structure
of o implies that it is a continuously invertible operator with range R(c) = Huo
for every A € ©, as shown below.

Lemma 3.1. For every fized A € © the operator o(A) is one-to-one and maps
onto (Heo, || - lv), hence is continuously invertible with the range space Hoo

Proof. First we show that o is one-to-one. Fix A € ©. Suppose that (A, h)(u)
= 0 for all u € [0,7]. Since 1/[1 + A(u)]"** > 0 for all u € [0, 7], it follows that

h(u) — o] K(u,v)h(v)dA(v) =0 (3.5)

for all u € [0, 7], where the continuous kernel function K (u,v) is given by

K(u,v) =

ot 1 lon® | AP L DA
v +3LT+Aw) ' [+ Av)Jot2 o] 1+ A(v) + A(w)]or2)

The operator K defined by the the integral K (h)(u) = f[o 7 K (u,v)h(v)dA(v)
maps from C[0,7] (equipped with the supremum norm) to itself. Its operator
norm can be bounded by a number strictly less than 1: || K[| =sup,co ] Jio.A] |K (u,
v)|dA(v) < [(vo+1)/(vo+3)][A(T)/(1+A(7))] +2/(ro+3) < 1. Thus (I — K) is
actually an invertible operator in C[0, 7] and hence (I — K)(h) = 0 implies h = 0.

Next we show that @Q(h) is a compact operator in (Ho, || - ||) for every
A € ©. Let {h,} be a sequence in (Hy, || - ||,) which is a typical bounded set
in (Heo, || - [|v). By Helly’s Selection Theorem and the Dominated Convergence
Theorem, we can show that {h,, } actually contains a subsequence {h, } such that
{Q(hy, )} is convergent. Hence, the operator @ is a compact operator defined on
Hoo-

Now o is one-to-one and is a sum of a continuously invertible operator J and
a compact operator ). To show J — Q) maps onto H,, we only have to show that
I—J7'Q =1I—T maps onto Ho, where T'= J~1Q is again a compact operator.

Suppose that I — T does not map onto Hy,. Let M, denote the range space
of (I-T)" for n > 1, then M, is a closed subspace of H, (because T is compact).
Furthermore, M, C M, and M, is a proper subspace of M,. To see this,
suppose My, 11 = M,,. Then since M, is defined by M,, = {(I —=T)"h : h € Hoo},
for every h € Heo there is a g € Hoo such that (I — T)"*g = (I — T)"h. Thus
(I —T)"(h— (I —T)g) = 0. But since (I —T) is one-to-one, using this fact
repeatedly leads to h — (I —T)g = 0. This means that (I —7") maps onto He,
because h € Ho, is arbitrary.
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Once we have a sequence of closed subspaces M,, 41 that are proper subspaces
of M, there is a g, € M, such that ||g,|lv <2, |lgn — |, > 1 for all h € M1
(see Lemma 4.22 on page 106 of Rudin (1991)). Now define z = T'g,, + (I = T')gn
for m > n > 2. Then, since (I — T)g, € M,1+1 and Tg,, € M,11 (because
T(I-T)=(I—-T)T), we have z € Myp41. Thus [|[Tgm — Tnllv = |2 — gnlle > 1.
The sequence {T'g,, } has therefore no convergent subsequences, although {g,} is
bounded. This contradicts the compactness of T'. The contradiction shows that

(I —T) is onto and so is (J — Q).
Theorem 3.1. For every A € © and every fized 0 < p < oo, the Fréchet deriva-
tive 1(A)(a) maps lin(©) onto R(v) C I1°°(H,) and is continuously invertible.

Proof. By Lemma 3.1, the operator o(A, h) is one-to-one and maps (Heo, || - ||v)
onto itself. Hence the operator norm of o' is bounded: [|o~!|| < co. Therefore,
for any fixed p > 0, 07 1(H,) C H, with ¢ = p/|lc~1|| > 0. This leads to

[f@l,, =, s [z [ o mdatw)

P heo (H

= 21y sup ‘/ gda‘ = 2up|allx,-
gqu ’ ]

Notice that g = (¢/p)h € H, for an h € H,,

llall+, = sup ‘ hda‘ == sup )/ T hda < — sup ‘/ gda - Ha||Hq
heH, ' J/[0,7] q heH, ' J[0,7] P q geH, ' J]0,7]

This implies that [[$(A)(@)lln, > 2v0llallr, > (2v0a)/pllally, . ie., ¥(A)(a) is
continuously invertible on its range R(¢). The above inequality also implies that

¥(A)(a) is a continuously invertible operator from 1in(©) to R(v)).
The last stage of verifying L.5 requires showing

|97 ) () =97 (Ao} ()]

. (3.6)

for any f € R( )) as ||A — Agll, — 0.

Let ag = ¢~ (AO)(f). Because ||1p( )|| < e, we can rewrite ||1p LAY (f)—
& (A0) (), = 197 (A) (4 (Mo) (a0) =4 (A) (a0)) |24, < el|1h (o) (ao)~4(A) (o) |14,
Thus we only need to show that [|¢/(Ag)(ao) — w(A)(ag)HH — 0 for any ag as
|A = Ag|ln, — 0. Because | [ f(u)da(u)| < sup, |f(u)|- |lall,, this amounts to
show that supp,cy, SUPyepo,-) |0(A, h)(u) — (Ao, h)(u)| — 0 as [|[A — Aoz, — 0.

In fact, [[A — Aoll#, — O implies sup,¢jo - [A(u) — Ag(u)| — 0. Hence
SUPy,co,7] |/ (A)h—J(Ao)h| — 0 because [[hll, < p < oco. In a similar way, all three
terms in (Q(A) — Q(Ag))(h) can be shown to approach zero as ||[A — Agl3, — 0.
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The overall conclusion thus follows from Theorem 2.1: \/ﬁ(f&n —No) = Zo
in [*°(H,) as n — oo.

3.2. The multiplicative censoring model

Let 0 < p <1 be a fixed number. The censoring distribution G is a mixture
of a unit mass ¢; at 1 and a uniform distribution U(0,1): G = pd; + (1 —
p)U(0,1). Corresponding to a non-negative random variable Z ~ Fy and a
censoring variable W ~ G, the observed random variables (X, A) are given by
a “censored” observation X = ZW and an indicator of whether Z has been
censored or not: A = lpy—y. We are interested in estimating the unknown
distribution function Fyy on [0,00) on n of i.i.d. observations (X;, A;) from

P(@) = Pr{X <2,A =0} = ¢( : ]dF(u) +) ):Bz_ldF(z)>, (3.7)
P (z) = Pp{X <z, A =1} = pF(x). (3.8)

It is worth noting that dPl(wO) (x) = qfr(z)dx where fr(z) is a density with respect
to Lebesgue measure defined for z > 0, and given by fp(z) = [ 2 1dF(z).
The value fr(0) is defined as the limit of fr(z) as x approaches to 0 from the
right.

Let © be the set of all distribution functions on the positive real line [0, c0),
equipped with the uniform norm ||-||. For a fixed F' € O, the score operator B(F)
is obtained by differentiating the log-likelihood along a curve passing through F:

fr(t)
fr()

where hy = 1j94 € H, H being the set of all indicator functions h; for ¢ > 0.
Integrating with respect to P, leads to the 1 operator:

[1 ~ fr(t)
(0,4 fr(z)

The set of all solutions F}, to ¢(F,,P,)(he) = 0 for all ¢ are the MLE defined in
Vardi and Zhang (1992), page 1025. The set of all Z-estimators F, defined by
t(E,Pn)|l3c = op+(n~1/2) certainly contains this set. The consistency of F, is
assumed to be available, see Vardi and Zhang (1992), or Zhan (1996) for a proof.

B(F)(h)(x,8) = 8- 1pq(x) = F(t) + (1-8) - [L = $50] 10 (2). (3.9)

Y(F, Pr,)(he) = PR (1) — F(t) +

[P ). (3.10)

Verification of L.1, L.2 and L.3. Verifying L.1 is trivial, simply substitute P,
with Pg for any F' € O.

To verify L.2 note that, for any ¢ and F', the class of functions defined on the
sample space {fr(7,6) = (1—09)-[1— fr(t)/fr(z)] - 1oq(x) : F € O,t € [0,00)}
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only contains monotone functions in x for § = 0,1. They are uniformly bounded
by a constant 1. It is a universal Donsker class of functions. Hence the function
class

F={B(F)(h)(x,6): Fe6andte0,00)} (3.11)

is a universal Donsker class of functions with a constant envelope 1 (see Van der
Vaart and Wellner (1996), Section 2.10.2 for details).

Since the difference |(B(F') — B(Fp))(ht)(x,0)| is uniformly bounded by 2,
the Lo(P)-norm of it boils down to 2 times the square root of its L;(P)-norm.
Because fr(t)/fr(z) <1 for z <t,

fr@) _ IR() ) p0)
Jou 7o) TP @za ],

The fact that the first term above approaches zero as ||[F — Fy|| — 0 is verified
by integration by parts (Shorack and Wellner (1986), page 868) and Scheffé’s
Theorem.

Thus sup;sq [|(B(F) — B(Fo))(h)llpopy — 0 as [|[F — Fo|| — 0. Hence
|Gn(B(E,) — B(Fy))|l = op«(1) for any consistent F, —p- Fy in the uni-
form norm (see Van der Vaart (1994), Corollary 2.2). By Remark 2.1, we have
verified L.2.

Since the function class {B(Fp)(h) : t € [0,00)} is a subset of F, it is
universal Donsker. Hence G,, B(Fy) = Zg in [*°(H), where Z is a tight Gaussian

random element in [*°(H). This verifies L.3.

Verification of L.4° and L.5°. The operator ¢(F, P) as a function of F' is not
Fréchet differentiable with respect to the uniform norm || - || on ©. However, it
is Fréchet differentiable with respect to a slightly stronger norm || - ||p defined in
the following.

Let D(z) be a positive-valued function defined on [0, d) for an arbitrary but
fixed 6 > 0. Assume that D(zx) is right-continuous at the origin: D(0+) =
D(0) = 0. Define a set ©, C © for a positive constant «a > 0:

|F(z) — Fy(x)|
_WFTEW_SQD@%xema}

: |fr(z)— fry(z)|dz + 2¢|| Fo— F || —0.

)

Ous={Feco:

The set ©, ¢ is mapped into a subset A, 5 C lin(©) by a(z) = (F(x)— Fy(z)) /|| F
—Fy|| with A, s defined by Ay 5 = {a: |a(z)| < aD(z) for x € [0,0) and |jal| <
1}.

The norm |- is defined by [l p = $ubye(og), pieyo(a(@)l/ D) llal) + o]
which is stronger than || - || and suffices to guarantee the Fréchet differentiability
of the function ¢ (F, P) at any F' € ©.
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The Fréchet differentiability of ¢ (F, P) boils down to the continuity of the
operator Sp(-) indexed by F' € ©:

(1 JJC?((?Q </(x,oo) #"da(z) ), (3.12)

which maps lin(0) to [°°(H). A transformation defined by

Se(@)(h) = |

(0,¢]

u(a)(x) = a:/ 2 2a(z) dz (3.13)
(w,00)

helps with the proof of a number of properties of the operator Sg(-). The function

u maps an a € lin(0©) to a u € Cy[0,00), where Cy[0,00) denotes the set of all

continuous functions defined on [0,00) that vanish at 0 and oo: u(a)(0+) =

a(0+) = 0 and u(a)(o0) = limy—o a(z) = 0.

Lemma 3.2. For any distribution function F € ©, let Sp(-) be the operator
from lin(0©) to I°*°(H) defined in (3.12).
(i) Sp can be written as a linear operator from (Cy[0,00), || - ||) to I*°(H):

fr)y _ o

Se@(h) = [ a@@ad( ) = Sriu),
with u(a)(z) given by (3.13) and ||u(a)|| < |lal|. For any fixred u € Cy[0, o),
or equivalently for corresponding a €lin(0), we have ||Sg(u(a)—Sg, (u(a))||x
= Sr(a) = Sk (a)lli — 0 as ||F — Fyf| — 0.

(ii) For any o > 0, the operator Sg as a function of F' is also continuous in the
sense that sup,e 4, [|SF(a) — Sk,(a)lly — 0 as [|[F' — Fy|| — 0.

Proof. The proof of (i) follows from Vardi and Zhang (1992) and is omitted
here.

For the proof of (ii), let u(A,5) C Cp[0,00) denote the image of A, s under
the mapping u for some fixed a > 0. First we show that the set u(A,s) is rel-
atively compact in Cp[0,00). Since |ju| < [ja|| < 1 for a € A, 5, the set u(Aqs)
is uniformly bounded. By the Arzeld-Ascoli Theorem (see Kirillov and Gvishi-
ani (1982) on page 180 for a generalization that does not require the domain of
the functions to be compact), we only need to show that elements in u(A, ) are
equicontinuous on [0, 00).

Notice that limgjo = [, 5 272D(2)dz = lim, o D(z) = D(0+) = 0. For any
given € > 0 we can find an n > 0, n < (d)/2, such that az f(x,(s) 272D(2)dz < €/4
for any 0 < & < 7. Hence we have |u(a)(x) — u(a)(y)| < €¢/2+ |x — y|/d <
€/2+n/0 < € for z,y € (0,n]. For z,y € (n,00) and = < y, we have |u(a)(x) —
u(a)(y)| < (2|z — y|)/n by the fact that ||a|| < 1. Thus when |z — y| < (ne)/2,
lu(a)(z) —u(a)(y)| < e. Therefore, u(Aqs) is relatively compact.
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The operators {Sg : F € ©} are uniformly bounded and defined on a
relatively compact set u(A,,5). They are pointwise continuous by (i), and hence
they are uniformly continuous, i.e., we have sup,cy4, ; I(SF — Sk,)(u)|lx — 0 as
|F — Foll — 0.

Now we are ready to verify the Fréchet differentiability of ¢ (F, P) in F' with
respect to || - ||p. In fact, the difference (¢¥(F1, P) — ¢ (F, P))(ht) can be written
as the sum of a linear operator —i)(F)(a)(hy) given by

_ fr@)
fr(z)

and a emainder term R(t)=q J(o.4 [/, (8)/ fr, (21 (8)] fr ()] frp ey 2 d(F1 (2~
F(z))dz.

Let a(z) = (Fi(x) — F(x))/[[Fy — F|, then R(t) = ¢|[F" — Foll - (Sr(a) —
Sk (a))(ht). For an a > 0, when ||F — Fyllp < «, we certainly have a €
Aqs. Hence when ||F' — Fo|p is sufficiently small supyco o) [R(t)] < gl[F1 —
F|l - supyea, ; [(Sk(a) = Sp(a))|3. Since |[Fy — F| < [[Fy — Flp, we have
SUDyef0,00) [R(t)] = o(||[F1 — F|[p) by Lemma 3.2 (ii).

To verify the invertibility of (F) and the pointwise continuity of ¢~ (F),
let Dy[0,00) be the Banach space of all real functions f(-) on [0,00) that are
right-continuous with left limits, satisfying f(0) = 0 and f(c0) = 0, equipped
with the uniform norm || - ||. Since the operator ¢)(F) in (3.14) is the operator
R in equation (3.4) in Vardi and Zhang (1992), Lemma 3 in their paper im-
plies that the linear operator w(F ) is a one-to-one mapping from Dy[0, c0) onto
D0, 00) for any F' € ©. Furthermore, the operator norm ||ty (F)|| < 2/p?. Let
ag = ¥~ (Fp)(f), it is now straightforward to verify ||~ (F)(f) =4~ (Fo)(f)|| =
[ (F) () (a0) — w(Fo)ao)l < [~ (F)l - [[0(F)(a0) — (Fo)(ao)ln <
qcp||Sr(ag) — Sky(ao)|[x — 0. Thus the assumption L.5” has been verified (the

polt) ra f | (1 )( /( - 2 Vda(z))dx = (pI + qSp)(a)(he) (3.14)

|| - ||[g-norm in L.5’ is the weaker uniform norm || - || here).

Verification of L.6. Since Pr can be identified as (P}O) (x), P]g)(x)) in (3.7) and
(3.8), Pp is obviously convex linear in F for any F € ©. For a fixed F, let
fi(x,8) = B(F)(hy)(x,8) denote the image of hy = 1j 4 under the score operator
B(F). Then both fi(x,0) and fi(x,1) are functions of bounded variation. In
addition, they are uniformly bounded by 1, see (3.9).

Now let A; be real numbers for ¢ = 1,...,k. We can write dPl(wO) (x) =
qfr(z)dr=qdu(F)(z) with u(a)(x) defined in (3.13). Since u(F) is linear in F'
and f(z,0) is left-continuous, integration by parts shows that >\, Jio,00) ft(,0)

dP}?) (x)=—q f[opo)u( Zé“:l /\iFi> (z+)dfi(z,0), because fi(00,0)=0 and u(Zé“:l
AiF7)(0+) = 0.
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Noting that [|u(F)| < ||F|| and f¢(x,0) is uniformly bounded by 1, we have
SUPth‘E?:l Ai f[(],oo)ft(xﬂ O)dP}?) (@)] < QHZf:MiFiHa and sup; | Zf:l Ai f[o,oo)
fi(z, 1)dP]€ﬂll_)(x)| < p|| ¥ \iF}||. Therefore, by the triangle inequality, we have
SUPE0 | 11 i S ,00) f2(@,0) AP, (2, 0)] <2/ Sy N F3 |l <2 S N Fillp.

After verifying all the conditions, it follows from Theorem 2.2 that \/ﬁ(ﬁn —
Fy) = — Y (Fy)(Zo) for any Z-estimator {F},}. It is worthwhile to note that
the linearity identity in this example reduces to 9)(F)(F — Fy) = —1(F, P). Now
let F}, be a Z-estimator to see that ¢ (E,)(v/n(E, — Fy)) = —/n(F,, P). This
is equation (2.5) in Vardi and Zhang (1992) (with m/(n 4+ m) in their equation
the same as p in our equation).

3.3. The double censoring model

Let X ~ Fjy be a non-negative random variable. Let (Y, Z) be a pair of non-
negative random censoring times independent of the random variable X that
satisfy P{Y < Z} =1. We observe a pair of random variables (W, A), where
(W, A) ~ P defined by

(X,1)ifY < X < Z,
W,A)={ (Z,2) if X > Z,
(V,3) if X < Y.

We are interested in estimating the distribution function Fy from i.i.d. pairs
(Wl,Al) NP,’i: 1,...,%.
Likelihood equations. Let Gy (t) = P{Y < t} and Gz(t) = P{Z < t} be the

marginal distribution functions of Y and Z, respectively. Let K(t) = Gy (t) —

Gz(t). The distribution Pg, is now equivalent to the following three marginals
for A =1,2,3,

Pl ()= Pp{W <t,A=1}= , ]K(u—) dF (u), (3.15)
PP (t) = Pe{W <t,A =2} = ’ ](1 — F(u))dGz(u), (3.16)
PO ()= Pe{W <t,A =3} = , ]F(u)de (). (3.17)

Let Hp(t) = ?:1 P}% ) (t) denote the marginal distribution of W under the true
.

Let © be the set of all distribution functions on [0, 00). The score operator
B(F) can be obtained by the differentiating the log-likelihood function along a
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curve indexed by bounded measurable functions hy € H = {h; = 1 () : t €
[0,00)}:

B(F) () (w, 8) = (10 (w) = F(£)) = 1p—2.u< L_T%Jrl[é:&wt] %

(3.18)
The likelihood equations are given by the v operator

P gy

Ft)
(too0) F'(u)

APy (u)+ AP (u) (3.19)
for t € [0,00). The set of all Z-estimators Zz"n in this model contains the set of
all self-consistent estimators defined by ¢(F,,P,)(h;) = 0 for all ¢ > 0. It is

well known that F), is consistent in the uniform norm, see Gu and Zhang (1993),
Chang and Yang (1987), and Zhan (1996).

Verification of L.1, L.2 and L.3. The first assumption ¢ (F, Pr)(hs) = 0 follows
from (3.15), (3.16) (3.17) and integration by parts.

To verify L.2, let F denote the function class F = {B(F)(h)(w,0) : F €
©, t € [0,00)}. The function B(F)(ht)(w,?) is a sum of three functions given in
(3.18). The first function is VC-class of functions uniformly bounded by 1, and
the second and the third functions are uniformly bounded monotone functions.
They are VC-hull classes of functions with a uniform bound 1 and hence they
are universal Donsker functions. Since the pointwise sum of a finite number of
Donsker classes of functions is Donsker by the permanence of the Donsker prop-
erty (see Van der Vaart and Wellner (1996), Section 2.10.2 and Example 2.10.7),
F is a universal Donsker class of functions.

Now consider the difference class Fs, = {(B(F) — B(Fp))(he)(w,0) : ||F —
Fy|| < 0, and t € [0,00)} for a sequence of positive numbers ¢,, approaching zero,
where || - || is the uniform norm defined by ||a|| = sup;~¢ |a(t)|. To complete the
verification of L.2, it suffices to verify -

sup P(B(F)(hy) — B(F))(h))2 — 0 as ||[F — Fy| <8, — 0.  (3.20)

t>0

Since B(F')(ht)(w,d) is bounded by 1 for any F and ¢, the absolute difference
|(B(F) — B(Fp))(ht)(w,d)| is bounded by 2. The Lo(P)-norm of the difference

function

I(B(F) = BED) (ho)l1ar) < [2 [ 1BE) = BE) ko) (w,8)|dP(w. o)

< [ 26, ( dHp(u +/71—F0( )dPFo —l—/FO ) dP]gO)( )>]1/2

< V106, =n, — 0.

1/2
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This shows that (3.20) holds, and verifies 1.2 by an application of Lemma 3.3.5,
Van der Vaart and Wellner (1996), page 311.

Now assumption L.3 holds easily from the preceding arguments, since the
class of functions {B(Fp)(h:)(w,d) : ¢t € [0,00)} is also universal Donsker. Thus
GnB(Fy) = Zo in [*°(H), where Zg is a tight Gaussian random element in [*°(H).

Verification of L.4° and L.5°. In this model, the 1 operator is indeed Fréchet
differentiable with respect to the uniform norm || - || and its Fréchet derivative
operator is given by —¢(F)(a)(hy) = (Ka)(h) + A(F,Gy,Gz)(a)(hy), where
(Ka)(ht) = K(t)a(t) and

F(t)
a(u)dG z(u)+ (oo) F(u)a(u)de(u).
The formal proof proceeds by bounding the remainder term R in the equation
(W(Fy, Pp) — ¢(F, Pp))(h) = ¢(F)(Fy, — F)(h) + R, and is omitted here.

The operator w(F) = K + A is in general not invertible with respect to the
uniform norm || - || without assuming inf; <;<-, K(¢) > 0. To see this, note that
A is a compact operator (see the proof of Lemma 2 in Gu and Zhang (1993)).
Without the above condition, the range space of K is not closed, and therefore
not invertible with respect to the uniform norm || - ||. Thus ¢(F) = K + A is not

A=A(F, GYaGZ)(a)(ht):/[o 1] 11:75((3

invertible with respect to the uniform norm in general.

However, under certain conditions as shown in Gu and Zhang (1993), the
operator ¢(F) = K + A is indeed invertible with respect to a weaker || - || x-norm
defined by ||a||x = sup;>g |K(t)a(t)]. The classic argument would still apply if
the likelihood equation ZZJ(F , P) were differentiable with respect to the weaker
norm | - |x. However, the following example shows that non-differentiability
with respect to the K-norm || - ||x can occur.

Example 3.1. (Non-Fréchet differentiability of ¢ with respect to || - ||x). Sup-
pose that F' is continuous. Let 7y = inf{¢ : F/(t) = 1} = 1 be the upper endpoint
of the support set of F. Then there exist choices of Gy, Gz and F,, in a neigh-
borhood of F' for which sup, |R1(t)|/||F, — F|lx — C as ||F,, — F||x — 0, where
C > 0 is a constant depending on how F,, approaches F.

In fact, let F}, be a sequence of distribution functions defined by

F(t) ift<m—2,
F.(t)=1< F(rp — %) ifte(rn —1/n,m),
1 if t = 7.

Let Gy (t) = 1 be the degenerate distribution at ¥ = 0 and Gz(u) = u be
the uniform (0, 1)-distribution. Take F' to be the uniform (0, 1)-distribution as
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well and note that 7, = 1, sup, |R}(t)| = f(l—%,l)(u —1+1/n)du = 1/2n%. On
the other hand, the K-norm of a,, = F,, — F is given by ||a,|x = 1/4n?. Hence
sup; |RY(t)|/|lan]lx = 2. The 1 operator is not Fréchet differentiable with respect
to the K-norm.

We are now back to verifying L.5". Let 79 = sup{t : Fy(t) = 0} and 7, =
inf{t : Fy(t) = 1}. Let Dy[rp, 1] be the Banach space of all real-valued functions
defined on [ry, 1] which are right-continuous and have left-limits:

Do[ro,m]={a: Fo(t)=0=a(t)=0, Fy(t—) =1=a(t—) =0, Fy(t)=1=>a(t) =0}.

Let (Dg[10,71], ||-||x) denote the completion of Dy[ry, 71] under the K-norm
lla|lx = || Kal|l. Further restrict © to be all distribution functions on [0, c0) such
that F' € © implies F — Fy € Dy[ro, 71)-

The operator ¢)(F)(-) can be regarded as a mapping from D[, 1] into
Dy[ro, 71]. To verify L.5’, we need to verify that ¢)(F) is invertible and ¢~ (F)(f)
converges to 1y~ (Fy)(f) as || F — Fy|| — 0. But this follows from Lemma 2 in Gu
and Zhang’s (1993). Briefly, if Gy, Gz and Fy satisfy the following conditions:

K(t—)>0on {t: Fy(t) > 0or Fy(t—) < 1} (3.21)

and, for any 0 <n < 1,

dG 5 (u) dGy (u)

< oo, (3.22
/0<Fo(u)<1—77 Gy (u) — Gz(u) /77<Fg(u)<1 Gy (u) — Gz(u) 00, (322)

then for any F' such that F' — Fy € Dy [70, 71, ¢(F) has a bounded inverse on
Dolro, m1]: ¥ H(F) : Dylro, 1] — D70, 71]. Furthermore ¢~Y(F) is continuous
in F: || Y(F)(f) — v Y (F)(f)|lxk — 0. for any f € R(¢)) = Do[ro, 1] and F
such that |F' — Fy|| — 0 and F — Fy € Dg[ro, 71]-

Verification of L.6. Let || - || denote the uniform norm over the positive real line
[0,00). Obviously Pr is convex linear in F' by (3.15), (3.16) and (3.17).

Let fi(w,8) = B(F)(h:)(w,d) be the image of h; under the score operator
B(F) for an F € ©. Let )\; be real numbers for i = 1,...,k. To verify L.6, we
need to establish that

sup’Z)\Z/ fi(w, 1)dPE) (w ‘<C’sup’ZAF | 323

>0 | i >0

We only have to show by the triangle inequality for some positive numbers Cj, [ =
!
1,2,3, that SUPQO‘ DURPY f[o,oo) ft(w,l)dP}(;,i) (w)) < ( suptzo) Sk NF(t)] =

‘
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For | = 1, let r(w—) = fy(w,1)K(w—). Then r(w) is a function with
bounded variation because it is a product of the function K (w—) and the func-
tion fi(w,1), both of which are of bounded variation by (3.18). Integration

by parts gives S, Ay fig o) folw, 1) P (w) = = [ o) T8y AFi(w) dr(w), be-
cause YK | \;Fi(0) = 0 and r(c0) = 0. Now since | Jjo,00) dr(w)| < 1, we have

SUp;>g | Sk N Jio,00) ft(w, 1) dPl(wli) (w)| < || 2K, \iFj. The cases [ = 2,3 can be
verified in a similar way.

Hence the asymptotic normality of F,, follows from Theorem 2.2 under con-
ditions in (3.21) and (3.22). It is worthwhile to note that, by Lemma 2.5, we
have o (F,)(vn(F, — Fy)) = /n(F,, P). This is the equation (2.11) in Gu

and Zhang (1993) with ¢)(F) = K — Ag being Rg in (2.9) of their paper with
S=1-F.
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