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Abstract: Several components having lifelengths which are not necessarily inde-
pendent are “competing” to fail first. We show that the time and identity of first
failure are mutually independent if and only if the cause specific hazard rates of the
components are proportional to each other.
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1. Some General Results

The following characterization is well known in the theory of competing
risks. (See Armitage(1959), Allen(1963) and Sethuraman (1965, Theorem 3).)

Theorem 1. Let X3, ... , X, be independent random variables with survival func-
tions Fy,... ,F,. Let

Xo = min{Xy,... ,X,} and I=i fXo=Xi(2=1,...,n).

Then Xo and I are independent if and only if there exist positive real numbers
B2,...,Bn such that

Fi(t) = (F1(t))% for i=2,...,n.

In other words, the time of first failure and the cause of first failure are
mutually independent if and only if the hazard rates are proportional.

In this note we extend this characterization from the independent case to the
dependent case. It is well known in competing risk analysis that the assumption
of independence of the competing random variables is not always appropriate.
For example, the heart condition of a patient may very well depend on the
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condition of his other organs. Thus dependence models are both realistic and
suitable. For a review of competing risk theory, see Gail (1982).

Assume that (Xj,...,X,) have joint survival function F(z1,...,2,) and
joint density f(z1,...,z5n) w.r.t. Lebesgue measure for 0 < z; < o0, © =
1,2,...,n. Let Fo(t) = F(t,...,t) denote the survival function of X, and
fo(t) the corresponding density. Let

pi(t) = P[I = i|Xo = t]
= P[X; < min(Xy,... ,Xi—1,Xit+1,.-- , Xn)| X0 = ]
ftoo_“ftoo Loo.“ftoo f(ul,... s Ui, 8, Uig1,. .- ,un) Hj;éi duj
fo(t) '

Since fo(t) = —%F (t,...,t) it follows by the chain rule of differentiation that

Zpi(t)= 1 for t>0.

=1
Let
ri(zi| X1 > z1,... , Xic1 > Zic1, Xip1 > Tig1,.-- , Xn > Tn)

denote the conditional failure rate of X; given X; > z; for j = 1,...,n;7 # 1.
Then by definition,

ri(zi| X1 > zy,. .., Xic1 > Zic1, Xip1 > Tig1y- .-, X > )

f:lo "'f:l.o_l f::»l "'f:: f(ul)"' sy Ui—1,T4, Uip1y.-- ,un) H]#z du]

F(zy,...,2,)

It follows that

gi(t) =r(t|X; > t,5=1,...,i-Li+1,...,n) = pi(t)rr,(1),i = 1,2,... ,m,
(1)

and as a result

S 0lt) = 15, (0),
=1

where 7z, (t) denotes the failure rate of Xo. gi(t) is called the cause specific hazard
rate function corresponding to the ith risk. It may, alternatively, be computed
from

. 1 .
Alililo EP[t <Xo<t+AtI= llXo = t] = g.'(t).
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See, for example, Kalbfleisch and Prentice (1980).

Theorem 2. X and I are independent if and only if there exist positive constants
B2,...,0n such that

pi(t) = ﬂipl(t) fOT allt > 0,:= 2,...,n,

or equivalently,

gi(t) = Big1(t) forallt>0,i=2,...,n.

Proof. X, and I are independent if and only if
pi(t) = P[I =i] = 0O, say,forallt > 0and foralli =1,... ,n.
Since

n n
Ep,-(t) = Z@; =1,
i=1 i=1
it follows that X, and I are independent if and only if
pi(t) = Bip1(t) for allt > 0, where i =2,...,n and §; = 9,/0,.
The conclusion of the theorem follows by using (1).

Remark. Let X§ = max{Xy,... ,X,}, [* =¢if X§ = X;,i=1,...,n, and
p;(t) = P[I* = i|X§ = t]. Then we can prove a result similar to Theorem 2:

Theorem 2'. X} and I* are independent if and only if there ezist positive con-
stants 35,... ,0, such that

pi(t) = Bipi(t) forallt>0,i=2,...,n,
or equivalently,

g:(t) = PB{gi(t) forallt>0,i=2,...,n,

0
9 pa, ... ,t,,))
(ati ( ! tj=t,j=1,... ,n
F(t,... 1)

Although this result may not be directly usable in competing risk analysis,
it is useful in the reliability analysis of parallel systems having n dependent
components.

where

g () =
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2. Applications

3

(a) Let (X3, X3) have a bivariate symmetric distribution. Then it is easy to
see that

Tl(t|X2 > t) = 7‘2(t|X1 > t) for all t > 0,

so that Theorem 2 holds with n = 2 and §; = 1. Bagai, Deshpandé and Kochar
(1989a, b) proposed tests for the equality of two risks in the competing risks
model with independent lifelengths. It follows from Theorem 2 that the null
distributions of the test statistics remain unchanged when the null hypothesis is
extended to include dependence with bivariate symmetry. This is also true for
the tests proposed by Froda (1987).

(b) Consider the case of the absolutely continuous bivariate exponential
distribution of Block and Basu (1974) with joint pdf:

z,y)=

A2A(A1+A12)  —( A +r12)z—-Ay :
N, € T if 2>9>0,

where A = Ay + A2 + A12. It is easy to show that for ¢t > 0,

fo(t)= )\e‘)‘t,
Pl(t)= Al/()\l + )\2), and
p2(t)= A2 /(M1 + A2) = (A2/M)pa(2).

Thus the conditions of Theorem 2 are satisfied. As a consequence Xy and I are
independent.
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