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This supplementary file covers the regularity conditions and proofs.

S1 Regularity conditions

Technical Conditions for Theorem 1. Let λmin(A) and λmax(A) be the smallest and
largest eigenvalues of any square matrix A, respectively. Let Λ = Cov{(Y −β⊤

LSV )V }
and I(η, C) = {i : 1 ≤ i ≤ n, |v⊤

i η| ≤ C}. To study the asymptotical behavior of β̂LS ,
the following regularity conditions are needed:

(A1) there are some constants a > 0 and C1 > 0 such that, for all η with ∥η∥2 = 1,

lim
n→∞

P

 ∑
i∈I(η,C1)

(v⊤
i η)

2 > an

 = 1.

(A2) for any ε > 0, there exists a constant C2 > 0 such that, for all η with ∥η∥2 = 1,

lim
n→∞

P

 ∑
i/∈I(η,C2)

(v⊤
i η)

2 ≤ εn

 = 1.

(A3) there is a constant C3 > 0 such that limn→∞ P (maxi=1,...,n ∥v i∥22 ≤ C3n
2) = 1.

(A4) all fourth moments of the predictors V are bounded above by some constant
C4 > 0.

(A5) 0 < L1 ≤ λmin(ΣV ) ≤ λmax(ΣV ) ≤ L2 < ∞ for some constants L1 and L2.

(A6) var(Y − β⊤
LSV ) < ∞.
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(A7) 0 < L3 ≤ λmin(Λ) ≤ λmax(Λ) ≤ L4 < ∞ for some constant L3 and L4.

Technical Conditions for Theorem 3. Let Σ1 = Cov{(V⊤
11, . . . ,V

⊤
K1)

⊤}, where
V k1 consists of the first pk0 components of V k. Let d0 = p10+ · · ·+ pK0. The following
technical conditions are needed. There are 0 ≤ c1 < 1/2, c1 < c2 ≤ 1, B1, B2, B3, B4, B5 >
0 such that, for some k > 0 and δ > 0,

(D1) 0 < B1 ≤ λmin(Σ1) ≤ λmax(Σ1) ≤ B2 < ∞,

(D2) d0 = O(nc1) and n(1−c2)/2 minj:βj ̸=0 |βj | ≥ B3,

(D3) E(Y − β⊤
11V 11 − · · · − β⊤

K1VK1)
2k ≤ B4,

(D4) all m-th moments of the predictors V , with m = 4(c2 − c1)k+ 4+ δ, are bounded
above by B5,

(D5) n1/2λ/ log n → ∞, λ = o(n−(1−c2+c1)/2), d = o(n(c2−c1)k) and d = o(λ2knk).

S2 Proofs

Proof of Proposition 1. Without loss of generality, we assume that E(V ) = 0 d×1.
We can use the basic properties of conditional expectation to obtain

Σ−1
V E(V Y ) = Σ−1

V E[E{E(V |S⊤V , Y )|Y }Y ]

= Σ−1
V E[E{E(V |S⊤V )|Y }Y ]

= Σ−1
V E[E{ΣVS(S⊤ΣVS)−1S⊤V |Y }Y ]

= S(S⊤ΣVS)−1S⊤E(V Y ),

where the second equality is valid since Y is independent of V conditioned on S⊤V ,
and the third quality follows from the linearity condition. Set

ϕ = (ϕ1, . . . , ϕK)⊤ = (S⊤ΣVS)−1S⊤E(V Y ).

Then, βLS = Σ−1
V Cov(V , Y ) = (ϕ1β

⊤
1 , ϕ2β

⊤
2 , . . . , ϕKβ⊤

K)⊤. The proof is complete.

Proof of Theorem 1. The proof of this theorem can be found in Wu and Li (2011);
see also Portnoy (1984).

Lemma 1. Under the conditions of Proposition 2, ϕ ̸= 02×1.

Proof of Lemma 1. We prove it by contradiction. Suppose that ϕ = 0 2×1. It then
follows that E(XY ) = 0 p×1 and E(ZY ) = 0 q×1, that is,

ΣXα+ E{X g(γ⊤Z )} = 0 p×1, (S2.1)

ΣZXα+ E{Zg(γ⊤Z )} = 0 q×1. (S2.2)
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Under (B1), E{X g(γ⊤Z )} = 0 p×1, and so by (S2.1) α = 0 p×1. Under (B2),

E{X g(γ⊤Z )} = E{E(X |Z )g(γ⊤Z )} = ΣXZΣ
−1
Z E{Zg(γ⊤Z )}. (S2.3)

From (S2.1)-(S2.3), we have (ΣX −ΣXZΣ
−1
Z ΣZX )α = 0. Because ΣX −ΣXZΣ

−1
Z ΣZX

is positive definite, α = 0 p×1.

Therefore, under (B0), if either (B1) or (B2) holds, there is a contradiction. The
proof is complete.

Proof of Proposition 2. We prove the statement by contradiction. By Lemma 1,
there are two possibilities: (ϕ1 ̸= 0, ϕ2 = 0) and (ϕ1 = 0, ϕ2 ̸= 0). Since βLS = Sϕ, we
have

E(XY ) = ϕ1ΣXα+ ϕ2ΣXZγ,

E(ZY ) = ϕ1ΣZXα+ ϕ2ΣZγ.

If ϕ1 ̸= 0 and ϕ2 = 0, then

ΣXα+ E{X g(γ⊤Z )} = ϕ1ΣXα, (S2.4)

ΣZXα+ E{Zg(γ⊤Z )} = ϕ1ΣZXα. (S2.5)

By (S2.4) and (S2.5),

E{Zg(γ⊤Z )} = ΣZXΣ−1
X E{X g(γ⊤Z )}. (S2.6)

Under (B1), ΣZX = 0 q×1, so by (S2.5) E{Zg(γ⊤Z )} = 0 q×1. Under (B2), by
(S2.3) and (S2.6),

(ΣZ −ΣZXΣ−1
X ΣXZ )Σ

−1
Z E{Zg(γ⊤Z )} = 0 q×1.

Because ΣZ −ΣZXΣ−1
X ΣXZ is positive definite, E{Zg(γ⊤Z )} = 0 q×1.

So given (B0), a contradiction occurs if either (B1) or (B2) holds. Thus, we can
conclude that if ϕ1 ̸= 0, then ϕ2 ̸= 0.

On the other hand, if we assume that ϕ1 = 0 and ϕ2 ̸= 0, then

ΣXα+ E{X g(γ⊤Z )} = ϕ2ΣXZγ, (S2.7)

ΣZXα+ E{Zg(γ⊤Z )} = ϕ2ΣZγ. (S2.8)

By (S2.7) and (S2.8),

ΣXα+ E{X g(γ⊤Z )} = ΣXZΣ
−1
Z ΣZXα+ΣXZΣ

−1
Z E{Zg(γ⊤Z )}. (S2.9)

Under (B1), E{X g(γ⊤Z )} = 0 p×1, so by (S2.7) α = 0 p×1. Under (B2), by (S2.3)
and (S2.9),

(ΣX −ΣXZΣ
−1
Z ΣZX )α = 0 p×1.
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Because ΣX −ΣXZΣ
−1
Z ΣZX is positive definite, α = 0 p×1.

Similarly, given (B0), there is a contradiction in each case. Thus, if ϕ2 ̸= 0, then we
must have ϕ1 ̸= 0. The proof is complete.

Proof of Theorem 2. For the sake of simplicity, we assume for the moment that d is
a large but fixed constant. Let φ̂1 = Tn1/Tn2. Then, we can write

α̂−α = (φ̂1 − φ1)β1 + φ1(β̂1 − β1) + (φ̂1 − φ1)(β̂1 − β1). (S2.10)

We need to consider the term φ̂1 − φ. The whole proof is divided into two main steps.

Step 1. We consider the numerator Tn1 of φ̂1. Note that

Tn1 =
1

n

n∑
i=1

{yi − µ̂(z⊤
i β̂2; β̂2)}{x i − µ̂1(z

⊤
i β̂2; β̂2)}⊤β̂1

=
1

n

n∑
i=1

{yi − µ(z⊤
i β2;β2)}{x i − µ1(z

⊤
i β2;β2)}⊤β1

+
1

n

n∑
i=1

{yi − µ(z⊤
i β2;β2)}{x i − µ1(z

⊤
i β2;β2)}⊤(β̂1 − β1) +Rn1

≡ In1 +Rn1,

where

Rn1 =
1

n

n∑
i=1

{yi − µ(z⊤
i β2;β2)}{µ1(z

⊤
i β2;β2)− µ̂1(z

⊤
i β̂2; β̂2)}⊤β̂1

+
1

n

n∑
i=1

{µ(z⊤
i β2;β2)− µ̂(z⊤

i β̂2; β̂2)}{x i − µ1(z
⊤
i β2;β2)}⊤β̂1

+
1

n

n∑
i=1

{µ(z⊤
i β2;β2)− µ̂(z⊤

i β̂2; β̂2)}{µ1(z
⊤
i β2;β2)− µ̂1(z

⊤
i β̂2; β̂2)}⊤β̂1

≡ Rn11 +Rn12 +Rn13.

First, consider Rn11. It has the following decomposition:

Rn11 =
1

n

n∑
i=1

{yi − µ(z⊤
i β2;β2)}{µ1(z

⊤
i β2;β2)− µ̂1(z

⊤
i β2;β2)}⊤β̂1

+
1

n

n∑
i=1

{yi − µ(z⊤
i β2;β2)}{µ̂1(z

⊤
i β2;β2)− µ̂1(z

⊤
i β̂2; β̂2)}⊤β̂1

=
1

n

n∑
i=1

{ϵi + φ1β
⊤
1 x̃ i}{µ1(z

⊤
i β2;β2)− µ̂1(z

⊤
i β2;β2)}⊤β̂1

+
1

n

n∑
i=1

{ϵi + φ1β
⊤
1 x̃ i}{µ̂1(z

⊤
i β2;β2)− µ̂1(z

⊤
i β̂2; β̂2)}⊤β̂1

≡ R
(1)
n11 +R

(2)
n11,
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where x̃ i = x i − E(x i|z⊤
i β2). An application of Proposition 1 (iii) in Cui, Härdle, and

Zhu (2011) yields that

µ̂1(z
⊤
i β̂2; β̂2)− µ̂1(z

⊤
i β2;β2)

=

{
µ′

1(z
⊤
i β2;β2) +OP

(√
h4 +

1

nh3

)}⊤

(β̂2 − β2).

It follows that R
(2)
n11 = oP (n

−1/2). Using equivalent kernel (Fan and Gijbels (1996), page
64), we can show that

R
(1)
n11 =

1

n2

n∑
i=1

n∑
j=1

Kh(z
⊤
j β2 − z⊤

i β2)(ϵi + φ1β
⊤
1 x̃ i)

{µ1(z
⊤
i β2;β2)− x j}⊤β̂1

fβ⊤
2 Z

(z⊤
i β2)

{1 + oP (1)}

≡ −K(0)

n2h

n∑
i=1

(ϵi + φ1β
⊤
1 x̃ i)

x̃⊤
i β̂1

fβ⊤
2 Z

(z⊤
i β2)

{1 + oP (1)}+
1

2
U⊤
n β̂1{1 + oP (1)}

=
1

2
U⊤
n β̂1{1 + oP (1)}+ oP

(
1√
n

)
,

where fβ⊤
2 Z

(·) is the density function of β⊤
2 Z and Un is a U -statistic with kernel function

H(x i, z
⊤
i β2, ϵi;x j , z

⊤
j β2, ϵj)

=
1

2
Kh(z

⊤
j β2 − z⊤

i β2)(ϵi + φ1β
⊤
1 x̃ i)

µ1(z
⊤
i β2;β2)− x j

fβ⊤
2 Z

(z⊤
i β2)

+
1

2
Kh(z

⊤
i β2 − z⊤

j β2)(ϵj + φ1β
⊤
1 x̃ j)

µ1(z
⊤
j β2;β2)− x i

fβ⊤
2 Z

(z⊤
j β2)

.

A simple calculation yields

E{H(x 1, z
⊤
1 β2, ϵ1;x 2, z

⊤
2 β2, ϵ2)} = 0

and
E{∥H(x 1, z

⊤
1 β2, ϵ1;x 2, z

⊤
2 β2, ϵ2)∥22} = o(n).

By invoking Lemma 3.1 of Powell, Stock, and Stoker (1989), we obtain

R
(1)
n11 =

2

n

n∑
i=1

H̃(x i, z
⊤
i β2, ϵi) + oP

(
1√
n

)
,

where

H̃(x 1, z
⊤
1 β2, ϵ1)

= E{H(x 1, z
⊤
1 β2, ϵ1;x 2, z

⊤
2 β2, ϵ2)|x 1, z

⊤
1 β2, ϵ1}

=
1

2

ϵ1 + φ1β
⊤
1 x̃ 1

fβ⊤
2 Z

(z⊤
1 β2)

E[{µ1(z
⊤
1 β2;β2)− x 2}Kh(z

⊤
2 β2 − z⊤

1 β2)|x 1, z
⊤
1 β2, ϵ1].
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It is easy to obtain that E{H̃(x 1, z
⊤
1 β2, ϵ1)} = 0 and E{∥H̃(x 1, z

⊤
1 β2, ϵ1)∥22} = O(h2).

It then follows that R
(1)
n11 = oP (n

−1/2). Thus, Rn11 = oP (n
−1/2).

Similarly, we obtain Rn12 = oP (n
−1/2).

Next, we consider Rn13. By Lemma A.4 in Wang et al. (2010) and the Cauchy-
Schwarz inequality, for log2 n = o(nh2),

Rn13 ≤

[
1

n

n∑
i=1

{µ(z⊤
i β2;β2)− µ̂(z⊤

i β̂2; β̂2)}2
]1/2

×

(
1

n

n∑
i=1

[{µ1(z
⊤
i β2;β2)− µ̂1(z

⊤
i β̂2; β̂2)}⊤β̂1]

2

)1/2

= Op

(
log n

nh

)
= oP

(
1√
n

)
.

Thus, we can arrive at Rn1 = oP (n
−1/2).

Step 2. We then deal with the denominator Tn2 of φ̂1. Write

Tn2 =
1

n

n∑
i=1

[{x i − µ̂1(z
⊤
i β̂2; β̂2)}⊤β̂1]

2

=
1

n

n∑
i=1

β⊤
1 x̃ ix̃

⊤
i β1 +

2

n

n∑
i=1

β⊤
1 x̃ ix̃

⊤
i (β̂1 − β1) +Rn2

≡ In2 +Rn2.

Similarly to the proof of Rn1, we can obtain that Rn2 = oP (n
−1/2).

Note that

In1 =
1

n

n∑
i=1

(ϵi + φ1β
⊤
1 x̃ i)x̃

⊤
i β1 +

1

n

n∑
i=1

(ϵi + φ1β
⊤
1 x̃ i)x̃

⊤
i (β̂1 − β1)

and

In2 =
1

n

n∑
i=1

β⊤
1 x̃ ix̃

⊤
i β1 +

2

n

n∑
i=1

β⊤
1 x̃ ix̃

⊤
i (β̂1 − β1).

By the Slutsky’s theorem, we have

φ̂1 − φ1 =
In1
In2

− φ1 + oP

(
1√
n

)
=

1
n

∑n
i=1 ϵix̃

⊤
i β1 +

1
n

∑n
i=1(ϵi − φ1β

⊤
1 x̃ i)x̃

⊤
i (β̂1 − β1)

1
n

∑n
i=1 β

⊤
1 x̃ ix̃

⊤
i β1 +

2
n

∑n
i=1 β

⊤
1 x̃ ix̃

⊤
i (β̂1 − β1)

+ oP

(
1√
n

)

=
1
n

∑n
i=1 ϵix̃

⊤
i β1 − 1

n

∑n
i=1 φ1β

⊤
1 x̃ ix̃

⊤
i (β̂1 − β1)

1
n

∑n
i=1 β

⊤
1 x̃ ix̃

⊤
i β1

+ oP

(
1√
n

)
.
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Therefore, by (S2.10),

α̂−α = β1β
⊤
1

1
n

∑n
i=1 ϵix̃ i

1
n

∑n
i=1 β

⊤
1 x̃ ix̃

⊤
i β1

− β1β
⊤
1

1
n

∑n
i=1 x̃ ix̃

⊤
i

1
n

∑n
i=1 β

⊤
1 x̃ ix̃

⊤
i β1

φ1(β̂1 − β1)

+φ1(β̂1 − β1) + oP

(
1√
n

)
= αα⊤

1
n

∑n
i=1 ϵix̃ i

1
n

∑n
i=1 α

⊤x̃ ix̃
⊤
i α

−αα⊤
1
n

∑n
i=1 x̃ ix̃

⊤
i

1
n

∑n
i=1 α

⊤x̃ ix̃
⊤
i α

φ1(β̂1 − β1)

+φ1(β̂1 − β1) + oP

(
1√
n

)
.

The proof is complete.

Proof of Theorem 3. See Wang, Xu, and Zhu (2012).
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