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Supplementary Material

This supplementary material gives the detailed proofs of Lemma 1 in the paper:
Expectation of the Limiting Distribution of the LSE of a Unit Root Process.

Proof of Lemma 1. Obviously, when |j — k| = d + 1, w/ + wF = 0. Define ¢4 =
[co, cascay- -5 Caa]’s €B = [c1,¢3,¢C5,. .., c2ar1]'. The matrix equation Mc = 0 can be
rewritten as Micy + Mscp = 0, where

1 1 1 e 1 1 1 1 e 1

1 w? wh . w2 w w3 Wb o w2d+1
Ml _ |1 (w2)2 (w4)2 L. (w2d)2 7]\22 _ w? (w3)2 (w5)2 L (w2d+1)2

1 (w2)d (w4)d . (w2d)d w? (WS)d (w5)d . (w2d+1)d

Thus, we obtain that c4 = fMl_lMch. Also, it is easily seen that My = diag(1,w, . ..,w") M.
Since M; is a discrete Fourier matrix, the entries of its inverse M; ' can be computed as

~ 1 , )
(Ml_l)ij = mw_(l_l)u_l), i,j=1,...,d+ 1.

Let Y = Ml_ 1M2, direct computation gives

2 1
Yij = d+1 ’ 1 — 2i—2i+1"
2 1
(Y_l)ij 1,] = 1, ,d+ 1

TdH1l T wEoEL

We formulate the quadratic forms (1) - (3) in Lemma 1 in terms of matrices and
prove them as follows:
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2d+1
) CjCk A A Aug| [ea
et wl +wk A 7Bl Ay A |cs
|j—k|#d+1

= cyA11ca + cgAsica + 4 Araep + g Aracy
= C/B [Y/Ally - A21Y - Y/AIQ —|— A22] CB

where matrices Aj1, A12, As; and Ags are different depending on whether d is even
or odd. When d is even,

1
(A11)ij = pEIE R
1
(A22)z'j = m,
0, if |20 —2j — 1] =d+1,
(A12)ij = | |
w21 1,25 —1) O.W.
(A21)ij = (A12)j7,'
When d is odd,
(A11)ij = | | =( )/
W21 1 2G-1)> O0.W.
0, if [i — j| = (d+1)/2,
(A2)ij = { L
oI T om-1, OW.

1
Ay = G o

(A21)i; = (A12)ji
From Proposition 1 and Proposition 2 below, we have that

Y/AHY + A22 — A21Y — Y/Alg =0

2d+1 e
iC
and therefore E jik =0.
; wl 4+ w
J,k=0
lj—k|#d+1

(2) The proof of (2) is similar to the proof of (1).

2d+1

Z (—1)it* CjCk —[cyc] A=Az |ea
Pyt wj+wp B Ay Ay | |es
i —k|£d+1

:ClAAnCA - C§A21CA - CIAAMCB + C/BAQQCB
:C,B [Y’Ally + A21Y + Y’Alg + AQQ] CRp
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By Proposition 1 and Proposition 2 below,
Y’Ally + A21Y + Y/A12 + A22 =0.

Hence,
2d+1 e
, Ch
S (et
k=0 wj + Wk
|5 —k|£d+1
Using Proposition 3, we have

zdijl(—l)”kcy'% =[cy cp] {_JJ JJ} {zﬂ

4,k=0
=cyJea —cgJea — cyJep + cgJep
=cg[Y'IY +JY +Y'J+ J|ep
=4czJes,
where J is the (d + 1) x (d 4+ 1) all one matrix.

When d is even,

(2 +2) lj_g::dﬂ(_l)ﬂkcjck = (2d+2) (¢, ] {g/ ﬂ {zﬂ

= (2d +2)(c5G'ea + ¢4, Gep)
= (2d+2)cz [G'Y +Y'G] e
where matrix G is defined as
o It ifli—i—gl=5(d+1),
" 0, ow
Matrix multiplication of Y’ and G yields,
2 1 2 1

/ L — . f— .
(Y G)U - d+1 1-— w2i—2j+d+1 d+1 1+ w225

and
2 1
S d+1 14w

(G'Y)i;

For any ¢ and j, (Y'G);; and (G'Y');; are conjugate of each other and their real parts
are both Wll' Thus, (2d + 2)(G'Y +Y'G) = 4J.
When d is odd,

(2d+2) j%dﬂ(_l)mcjck —d+)[¢, ] [’g 13*] [Zﬂ

= (2d+2)(c4Hea + cgHep)
= (2d+2)cz [Y'HY + H]cp
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where H is defined as

e . g1
Hij:{l, if |i —j| = 5(d+1),
0, ow
By simple computation
2 1 2 1
4 . — . — .
(Y'H)i; = d+1 1—wZ-2-d 41 1+ @22+
2 1 2 1
(HY 1)y =

TdHl T—wH%d2 T gyl 14 wo2il

Since (Y'H);; and (HY ~!');; are conjugate of each other and their real parts are
both d%—l’ (Y'H);j + (HY 1) = ﬁ. Thus, (2d + 2)(Y'H + HY ') = 4J and
by Proposition 3, (2d + 2)(Y'HY + H) = (2d + 2)(Y'H + HY V)Y = 4JY = 4J.
Combining the cases of d being even and odd, we have proved that

2d+1
Z (=1 cieh, — (2d + 2) Z (=1 ke, = 0.
j,k=0 lj—k|=d+1

for all positive integer d.
PI’OpOSitiOl’l 1 A21Y + Y/Alg =0.

Proof. Since the matrices As; and Aj, are different depending on d being even or odd,
we divide our proof into two cases. When d is even, the ij-th entry of A1 Y + Y’ Ap5 is

d+1 d+1

1 1 1 1
Z w2i—1  2(k=1) "1 _ 2i—2k+1 + Z W21 4 2(k=1) ] _ y2j—2k+1
k=1, k=1,
|25 —2k+1|£d+1 |2i—2k~+1|£d+1
Multiplying each summand by w?~'4w?*~! and decomposing each of them using partial
fraction, we obtain

d+1

) . 1 1
(w27,—1 +w2]—1) Z

= W21 f 2(k—1) "] — y2i—2k+1

|25 —2k—+1|#£d+1

B di w2k—1(w2i _|_w2j)

(w1 4 w27 (w2h—1 — 20)

k=1,
|2j —2k+1|#£d+1

d+1 _ _
Z w2k—1 w2k—1
= 2 L R TR ) S WY
|25 —2k+1]£d+1

d+1 1 1
- Z 1 — w22kl ] 4 g2i-2k+1
k=1,

|25 —2k+1]|£d+1




EXPECTATION OF A LIMITING DISTRIBUTION S5

and

d+1

) . 1 1
2¢—1 25—1
w +w g - . -
( ) = w2i—1 4 Ww2(k=1) 1 — (y2i—2k+1
26— 2k+1[#£d+1

d+1 w2k71(w2i _|_w2j)
= ; (W21 — 27) (w2F— 1 + w2i)
|2i—2k-+1]£d+1

d+1 _ _

Z w2k 1 w2k 1

= ka—l _ w?j w2k)—1 + w?i
|2i—2k+1]£d+1

- d+1 1 1
- Z 1 — w2i—2k+1 | 4 2i—2k+1
k=1

|2i—2k+1[#£d+1

|27 —2k+1| # d+1 is equivalent to k # j—d/2 and k # j+d/2+1. Since 1 <k < d+1,
then for 1 < j <d/2,k#j—d/2,and for d/24+1<j<d+1,k#j+d/2+1. Thus,

d+1 d+1

1 1
1; 1 _ w2i—2k+1 + 1; 1 _ 2i—2k+1
|2j72k+1[¢d+1 |2i—2k+1[d+1
drl 1 1 1 1
22 o<y Yaenigi<ary  lp<i<azy laesicicary
- sz 2k+1 1 — y2i—2j+d+1 1 — y2i—2j—d—1 1 — g2 —2i+d+1 1 — y2i—2i—d—1
arl 1 1 1 1
QZ C lagi<apy Yaevigi<ary  locicay Lajevicicary
- w21 2k+1 1 _|_ in—Qj 1 _|_ w2i—2j 1 + w2j—2i 1 + w2j—2i

Noting the fact that

1 1
R <1zl:wk> =3 for any integer k,

and w?~2 is the conjugate of w?~2!, By symmetry, we have

d+1 d+1

1 1
]Z; 1 — w2i—2k+1 + ];, 1 — w2i—2k+1
|25 —2k+1|#d+1 |26 —2k+1|#d+1
d+1
_22 3 1{1931/2} B 1{d/2+1§a:gd.+1} B 1{199}/2} B 1{d/2+1§i}§d4lr1}
w2z 2k+1 1+ w2z—2_] 14+ w21—2] 14+ w2]—2z 1+ w2]—21

—i+1-2-1-4
+ 2
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Similarly,

d+1

1
Z 1 + w2i—2k+1

k=1,
|2i—2k+41|#£d+1
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d+1

1
Z 2j—2k+1
o 1+ w

|2j —2k+1|#£d+1

+

1

1

Thus,
d+l d+1
1 1
Z W2i—1 4 2(k=1) "1 _ 2i—2k+1 - E :
k=1,

|2j—2k+1|#£d+1

d+1
1
o 2i—1 25—1 § :
w w
+ k=1,

|2j—2k+1|#£d+1

d+1

>

k=1,

+

k=1,
|26 —2k+1|£d+1

)

1 1
1 — w2i—2k+1 1 4 ,2i—2k+1

Ww2i—1 4 2(k—1)

1 1
(1 022kl T q F 2i—2k+1

|2i—2k+1|£d+1

When d is odd, the ¢j-th entry of As;Y + Y’ A;q is

d+1

d+1
1

k=1

By symmetry,

1
Z W21 4 2(k=1) " 1 — y2j—2k+1

)| -o

1

1
+ Z Ww2(k—1) § (,2i—1 ’

1— w2i—2k+1 '

"1 = 2i—2k+1

d+1 1 1 d+1 1 1
Z (1 22kl + 1_ w2j2k+1> = Z (1 T+ w2i—2k+1 + 1+ w2j2k+1> =d+1.
k=1 k=1
Then
&« 1 1 e 1 1
Z w2i—1 4 2(k=1) " ] — y2i—2k+1 - Z W2(k=1) 1 y2i—1 ] — 2i—2k+1
k=1 k=1
1 d+1 1 1 d+1 1 1
T W21 ¢ 21 Z 1 — w2i—2k+1 ] 4 2i—2k+1 + Z 1 — w2i—2k+1 1 4 2i—2k+1
k=1 k=1
d+1 1

1 d+1 1
T w21 ¢ 21 (kz (1 EpCTEC TSI
=1

=0.

Proposition 2 YA + A5 Y !

D

1
1 — w2i—2k+1

=

=0.

1+ w2i—2k+1

1
+ )
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Proof. When d is even, the ij-th entry of Y/ A1 + AY 1 is

d+1

d+1

1 1

k=1

By symmetry,

k=1
Then
d+1

d+1 1 1
Z 1— w2i—2k+1 + 1— w2j—2k—l

1
Z W2G=1) ¢ 2(k—=1) " 1 — ,2i—2k+1 -

)__

>
k=1

4 w2kl ] g2 —2k—1

1 1
Z Ww2G=1) 4 2(k=1) "1 22kt +
k

1 d+1
T 021§ p2G-1) (Z

k=1

1
1 — 2i—2k+1

d+1
1 1
_Z< 2i—2k 2‘—2k) =d+1.
Pt 14w 1+ w?
d+1 1 1
kz_:l W21 2k—1 ] _ ,2j—2k—1
1 & 1 1
] 4 w22k t Z 1 — w2i—2k—1 ] 4 ,2i—2k

1

1 d+1 1
T 021§ p2G-1) (Z (1 TS

k=1
=0.

1 — w2i—2k—1

When d is odd, the ij-th entry of Y/ A + AgY ~1 is

d+1

1

)

d+1

1
l; w2(k=1) L y2G-1)
|k—jl#(d+1)/2

By symmetry,

1 — 2i—2k+1

_|_

>

k=1,
ji—k|A(d+1)/2

k=1

d+1 1 1
- Z 5ok + 2j—2k
— 1+w 1+ w4

1 1

S7

)
)

w2i—1 f 2k—1

1 1
(1+w2i2k + 1+w2j2k)

d+1 ) d+1

k:ZL (1 T Tn S w2j2k1> = k;
[k—j|#(d+1)/2 li—k|#(d+1)/2
Then,

d+1

1

d+1

1
]; w2(k=1) 4 ,2(i—1) ’
k—jl#(d+1)/2

1 — W2i—2k+1

+

1— w2—2k—1°

)
)

k=1,
li—k|A(d+1)/2

d+1
B 1 1 1
T w21 2i—2 ]; 1 — w2i—2k+1 ] 4 (,2j—2k)

lk—jl#(d+1) /2

d+1

>

k=1,
li—k|A(d+1)/2

Thus, Y’All + A22Y71 =0.

+

1

1 — w2—2k—1

1
T 14 w22k =0.

1 1
Z W21 2k—1 ] _ ,2j—2k—1
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Proposition 3

YI=JY'J=J

Proof.
d+1 d+1
2 1 2 1
YJ)i; = — = =1
¥ T)i d+1;1—w2k—2l+1 d+1;1—w%—1 ’
and

d+1 d+1

2 1 2 1
YIJ Z“ = - = = 1_
( )J d+1;17w2172k+1 d+1;17w2k71




