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This supplementary file provides technical details for the main results in the paper:
Proposition 2 and Proposition 3.

S1 Lemmas for Propositions 2 and 3

Here, we introduce some notations in aid of proving Propositions 2 and 3. The Lagrange
multiplier is being used for reconstructing the optimization problem.

Let £(¢) = H(B"X,Y)+A(BTExB—1) and L,,(¢) = Ha (87X, Y)+A(BTEx 8- 1),
where ¢ = (8, \)T € RP*1 3 € RP, A € R, ¥x is the covariance matrix of X, and Yy is
the sample estimate of Y.

Let n = arg maxgry, 5 H(B"X,Y) and n,, = arg MaXgrs 5 H,(B8TX,Y), then
there exist A\g and \,, such that (1, A\g)? is a stationary point for £(¢) and (n,, A,)? is a

stationary point for £,,(¢). For ease of the proof and without loss of generality, 1, and
7 are selected to keep the first nonzero element positive, respectively.

Let 6 = (n,X0)” and 0,, = (,, \n) 7T, then @ = arg max £(¢) and 6,, = arg max L,,(¢),
because of the uniqueness of central subspace. Here n and n,, € RP, \g and A\, € R.

Lemma 1 If the support of X is compact, and 0,, == 0, then L, (0,) — L, (6) = 0.

Proof:
£n(6n) - ‘Cn(e) = Hn(nrj;Xv Y) + )\n(ngji)(nrj; - 1) - Hn(nTX>Y) - )\O(nTan - 1)
= Ho(n}X,Y) = Ho("X,Y) + A () 2xnf = 1) = Ao(n"Sxn — 1)

Since 6, — 6, therefore 1, — 1 and \, — A. Along with, Xx <% Sy, we
know )\nng;EXnn L AonTExn = Ao, and AgnTXn L5 XonTEn = Ag. Therefore,
M Exmn = 1) = X" Sxn = 1) = ant Exnn — AT Exn) — (An — Ag) = 0.
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Next, it’s clearly true that H,(nlX,Y) — H,(n"X,Y) - 0, since

Hn( = 2 Z ZKUsz+ Z KULkla

1,5,k i,5,k,l

where

Kij ‘= exp ((WTTL(Xi - XJ))2> L} Kij — exp <(77T(X1 _ XJ))2) '

2Ty xn, 2nTYxn
: (Y~ vy)? ~((Y; ~Y)))?
L; :exp< ( ~ i) )LLU :exp( (« 5 i) >
205 205

Hence, the conclusion follows. [
Lemma 2 H,(X,Y) %% H(X,Y).

Proof: We prove the result in multivariate dimensions of X and Y, because for-
mulas in (1) and (2) can be straightforwardly extended to multivariate X and Y, see
Gretton et al. (2009).

Recall that H,,(X,Y) is the empirical estimate of H(X,Y) after employing a explicit
Gaussian weight function (Kankainen (1995); Gretton et al. (2008)), say, G(t, s), where
t € RP and s € RY. Based on the development of Kankamen (1995) and Gretton
et al. (2009), we have that H,(X,Y f|fXY IR(t) f2(s)2dGHt, s), where

)=

PRy (ts) = jy estmomisey=, f;’é(t) =Y e * sand fg(s) = Y, @Y7
Define D(6) = {(¢t,s) : |t| < 6,|s| < ¢}, and for any positive d, let
H,X,Y) fD Ry (t,s) — f%(t) f4(s)|?dG (¢, s).

Based on the result of Kankainen (1995, Page 19), together with the fact that the
Gaussian weight function G(t, s) is always bounded, we have that

Jm s O0Y) = [ or(8) (O ()G 9)

On the other hand, for any 4,
lim H,(X,Y) =limy, oo Hys+ limy, oo f/D((S) |fX v (t,8) — fR(t) f2(s)|?dG(t, s)

— H(X,Y) - f/m v (t, s) (t)fy( )[2dG(t, 5)

Thus, as 6 — o0, lim, 00 H,(X,Y)=H(X,Y). O

Lemma 3 If the support of X is compact, then 6, 25 0.
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Proof: Suppose 0,, fails to converge to 6 with probability 1, then there exists a
subsequence, still denoted as 6,,, and 6* = (n*, \*)T | with 6* # 6, such that 6,, L 9.
If 50, A\ — A* and 7, — n*.

By Lemma 1, if §,, %= 6*, then £,,(0,)) = £,,(*), where L,,(0*) = H,(n*T X, Y )+
s (kTN *
N Exn® —1).

By Lemma 2, H, ("7 X,Y) &5 H(p*TX,Y). And Sx 25 %, then M (*TSxn* —
1) 25 X*(p*TSn* — 1). Hence, £, (%) = L£(6%).

Together with £,(6,) == L,(6*), we know L, (6,) == L£(6%).

On the other hand, since #,, = arg max L, ({), therefore £,,(0,) > L,(0). If we
take limit on both sides of this inequality, we get L£(6*) > L(#), which contradicts
with our assumption that 8 = arg max £(¢) and the uniqueness of the central subspace.
Therefore, 6,, —— 6 has to be true. O

Lemma 4 Under assumptions in Lemma 1, \/n(6, —6) EEN N(0,V).

Proof: For simplicity, let H,(n) = H,(n"X,Y). Note that

1 2 1
T
H,(n"X,)Y) = 2 E KijLij_nS E KijLik+n4 E KLy,
2] .3,k VRN

where

—(nT(X; — X))? — IV — V3|2
K;j = exp( (o - j)) ) and Ly :=exp (” chQ ! )
2nTYxn 20y

Recall that £,,(0) = H,(n"X,Y) + Mo(nTExn — 1), which is maximized subjecting

to the constraint n”%xn = 1. Hence, for ease of derivations, in calculations below, K;;
is simplified as K;; := exp[—(nT (X; — X;))?/2].

The Taylor expansion of £, (6,,) at 6 is 0 = L], (6,) = L., (6)+ L (0)(0,—0)+R1(07),
where 0% — 0| < [0, — 0|, and 0}, = (n7, \:)T. Next, we give explicit expression of L/ (),
£1(8), and R, (67).

H;,(n) + 2002 x7

It’ to show that L/ (6) = e

s easy to show that L] (0) ( DTS — 1 ,

. H”(??) + 2)\02){ 22)(?7
hile £ (9) = n - .
while L(6) ( oSy 0
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Denote H,,(n) = H,(nTX,Y) = S1(n) — 252(n) + S3(n) where

5 n)zézexp[—w(xi exp( Pl
o o (i e

$201) = 23 3= o=l 0%, - 2)-exp ().

Sa00) = 3 expl— (0" (% = X,)1/2)esp ().

0,5kl

Then the first derivative is H,, (n) = S1(n) — 255(n) + S5(n).
Take S7(n) as an example,

2 —Y: - Y5|?
S1(n) ﬁ an TZeXp (Xi — X)) /2]"5'XP<2&%] )

where

61% exp[—(n" (X; — X;;))?/2] = —exp[—(n" (X; — X;))?/2] - [(X; — X;)(X; — X;) 7).

Then, the second derivative H)/(n) = SY(n) — 255 (n) + S5 (n).

Take the first term, Sy (n), as an example,

1 52 —|Y; — Y5 |2
ORI = S expl— (7 (Xi — X;))%/2) - exp (”20%]”> 7
i

where
P el (" (X - X,))%/2) =
oyTon P R T R

exp[—(n" (X; — X;))?/2] - [(Xs = X;)(Xi = X;) - 0" (X — X5)(Xs — X)) — (X — X)(Xs — X))
Thus,
Si(n) =
1 5 —[|Yi = Y5
2 el (X = X)P/2) s (50
(X = X)X = X5) T (X — X5) (X = X)) — (X = X)X — X5)7].

S%(n) and S%(n) can be calculated in a similar fashion.

Apparently, S7(n) as a function of (X;,Y;) and (X,,Y;) (i,j = 1,...,n), can be
written as a U-statistic (in a similar fashion as S7(n) which is demonstrated in later
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discussions). Similarly as S%(n) and S%(n). By Strong Law of Large Number (SLLN)
for U-statistics, H)/(n) converges to its population version H"(n) almost surely, where
H"(n) is the Hessian matrix of H(n),

)
o (g o ()

o () o o (1))

" 3 3
Thus, we obtain that £/ (0) = ( Hy (g) ;;AOEX QEOXU ) converges almost surely
N ax

H//(n) +2)\02X 2ZX’I7 7 o 2)\02){ 22_}(’[] o p—1
to ( TSy 0 IfH”(n) = 0, then Ty 0 ==\ |Zx| #
0, i.e. 2)\32})( 22X is invertible when n is large.

H”(’I]) + 2)\02){ 22){7]
277TEX 0
vanished. In that case, in spirit of von Mises’ proposition (Serfling (1980, Section 6.1)),
\/n or higher order-consistency can be achieved. For the following derivation, without

H"(n) +2XoXx QEXT) 20
2" S x

On the other hand, if H"”(n) # 0, it’s possible that

loss of generality, we assume

As for R1(0%), let T,, = L£17(0%), then T, isa (p+1) X (p+1) x (p+ 1) array. Each
T.(4,5:),i=1,...,p+1lisa (p+1) x (p+ 1) matrix.

Efll 6’12 e OA’lp
n 021 022 -+ O .
Let ¥x = , then we can write
Opr Op2 “*+ Opp
AH (M OH,(mi2 _  9H, (mip 261
i nj nj J
OH (n)21  OH, (m22 . 3H:{(71)2p 26 -
877]- on; 377;' J2
Tn(]a:v:): . . . . 7]:172a"'7p7a‘nd
H//("?)pl 5Hi[(n)p2 .. H”(n)m) 2G5
on; on; on; Jp

20’j1 2(}]‘2 26—jp 0
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T.(p+1,:,:)=2
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021
Ga2

O'gp

0

Gp1 0
Op2 0

Gpp O
0 0

The form of R4(6}) can be written as

(On

0)TT,(1,
07T, (2,

)6, — 0)

(Bn — )T, (p+ 1,1, (6 — )

Therefore, the Taylor expansion of £],(0,) at @ can be written as

Since, we assume (

_ ( H () + 200x7

n Exn -1

QUTEX

pansion above, we obtain that

(

H!'(n) +20%x  28x7
QT]TXA:X 0
1
I — N
Pt 5 2Ty

( HI'(n) +20Xx 287 )

)+(

) ("

0

HJ/(n) +2X0Xx  2%x7

27T x

)

M — 1
)\n - >\0

O, —OTT,(1,:,:)(0, —0)

(O —O)TT,(2,:,:)(0, — 0)

O — )T To(p+1,::)(6, — 0)

HI'(n) +20Xx 287

0

-1

) is invertible, from the Taylor ex-

() + 208x7 Y _
nTYxn—1

0, —0)TT,(1
(0, —)TT, (2

90y
900"

On —NTT,(p+1,:,2)

Next, we are going to prove two parts:

Part 1: <

H!'(n) +203x 257 ) i (

277T2X

0

H;,(n) + 2202 x7
TS xn—1

)
) L5 N(0,V).
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Part 2:

V(0 — 0) 2
(00— OTT,(1,:,2)
1 < H!'(n) +203x  25x7 )1 (0, — 0)TT,(2,:,2)

I - ;
P15 TS x 0

(en - H)TTn(p + la 5 :)

To show Part 1, we use the asymptotic properties for U-statistics and argue that
nT'¥xn is a linear combination of U-statistics and H/, (n) + 2X\oXxn converges to a U-
statistic as n — oo.

As defined, H/,(n) + 2AExn = S} (n) — 255(n) + S4(n) + 2AXxn, where

_ - _ V.2
S101) = =33 S expl (07 (s = X,))2/2] [0 = X,)(%s = %) e (P10,

Y, — 2
S501) = =5 3 expl=" (%, = X)) /21 (0% = X)X = X)) -exp (22,
W5,k
S501) = —1 22 el (K = X))/ 0%, = X,) (0 = X)) -exp (T ).
i,7,k,l

Se= Ly xxroxxr o Ly xoxr - Lyxxs
2 (2 2%

It can be shown as following that Sy is a U-statistic, since it can be written as a
linear combination of U-statistics.

Sx = %inx? - %inxf
7 1,]

1 T 1 T 1 T
= D XXT -5 XiXT - =) XiX]
2 [ i#£]
n—1.1 2 1
= — [gZXiXiT]—p(Zg( X1 +X;X7))

i<j

= X -T(]) S T XX T

i<j

S1(n), S4(n), and S%(n) are U-statistics as well, which are demonstrated in following
discussions.
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Let

@ - exp[—(n" (Xi = X;))?/2] - [(X; = X;)(Xi — X)) - exp <_”Y%:YY”)
(g) 1<2<J_k<n [ ; exp[— (" (X, = Xi,))?/2] - [(Xi, = Xi,) (X, — X))
exp(—nml%y ||2>},

@)waqu§m¢ Xi,)) /2] [(Xi, = Xiy)(Xsy = X))
eXp( ||YZQUY ||2>},

—

_!
n -
n
U5n - (2>

1 n
Un:fE: X, xTn,
6 n n i 1

i=1

-1
n 1
U = (2> Z §nT(Xin + XX ).

i<j

XXT+X X,

> XX,
J

i<

Here )5 denotes summation over 3! permutations (i1, 42,43) of (i,7,k), and  p,
denotes summation over 4! permutations (i1, 42,143, %4) of (i, , k,1). Therefore,
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—-Z()1(5) COT el (X - X2 (K X)X - X))

—1Y: - Yil?
20%,

+ > exp[=(n" (X = X))?/2) - (X - X;)(Xs — X)) - exp (W) }

i#),i#k,j=k

_% (Z> { (g) : > [% ;GXP[—(UT(Xn — X)) /2] [(Xi, — X)) (X, — X))

1<i<j<k<n

=B

(

(o) (Z) S el (X = X))2/2) - [(Xi — X)X - X)) ")
(
1

1<i<j=k<n
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— |V — Yi|?
2032/

S50 = =5 3030 D0 S expl (7 (X: = X,)/2] [0~ X)X, X)) ex

i=1 j=1k=11=1

:—%{ +Z+Z+Z+Z+Z+Z}

(gDl =kl i=ljtk  j=litk kit kgl il j—k
T 2 T —[|Yz — Y32
exp[—(n" (X; — X;))7/2] - [(Xi — X;)(Xi — X;) " 7] - exp g7
Y
1
ST ux ey
(4,3,k,1)all# i=k,j#l i=k,j=l
Ve — Y71?
exp[—(n"(X; — X;))?/2] - (X — X;)(X; — X;) 0] - exp (202
Y

O NE S el (X, ~ X0))*/2

1<i<j<k<I<n

LSO T [ e -xor

1<i<j<k<l<n

[(Kiy = X4,) (Kiy = Xi,) ] - exp (W) |}

-2 1) U el (% - X)) /2 (K — X)X, ~ X,

1<i<j<n

Y-
e (=) )

(n=1)(n—-2)(n—-23)

4(n — 1)(n72)U 2(n—1)

7’LS U3n - n3 2n — n3 Uln-
That is

n—1
Si( ) - Ulna

(n—1)(n—2) n—1
52(77) - TL2 U2n - TL2 Ule

, (n—1)(n—2)(n—23) 4n—1)(n—2) 2(n—1)
S3( ) ’/l3 USn - n3 U2n - n3 U1n7
~ n—1 n—1
Yxn= Ugn — Usn,
- n—1 n—1

n ZXn = U6n - U7n
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Therefore,

H () +2)\Exn =

—1(n* -2 2 2(n—1 —2)? —1 -2 —
v ><nn3 n+ >Um+ RS PN LT LS
+2/\ U4n—2)\ U5n

Let
oM (X4, Y7), (X;,Y;)) = exp[—(n" (X; — X;))?/2] - [(X; — X;)(Xi — X;) ] - exp <
(X4, 7), (X5,Y5), (X, Yi)) Zexp X;, — X4,))*/2]

: [(Xh - XZQ)(XH - Xiz)Tn] - €Xp (W) ’
(X4, V), (X5, Y5), (X, Vi), (Xi, V1)) 24Ze><p Xi, — Xi,))?/2]

—[|Yis — Y, |?
* i1 7 i1 7 'CXp e e 5
X, — X)) (X, — X))y i y Y|
20’Y

(%, Y:)) = X XT

(%, Y2), (%, 5)) = 5 (XX + XX ),
¢((X:,Y)) = nTXzX?n,
(K, Y2), (%, 7)) = " (XX + X,XT)

Also, let

—_ _ V|2
= B exp{-7 (X = X)2/2]-[(X = X)X - X7 - exp (TS0

20y

_ _ 1112
2 = B{ exp[~(n" (X = X'))?/2] - [(X = X') (X = X') ] - exp <||Y2Y||> L

205

s = B exp[—(7 (X = X'))2/2] - [(X = X)(X = X)) - exp <”YY”> -

20y
jia = EXX T,
s = (EX)(EX)"n
e =n" (EXX")n,
7 =" (EX)(EX)"n

where (X,Y), (X, Y"), (X", Y"), (X", Y"") are i.i.d. copies.

S11

—[Y: — Y|

2
20

)
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Assumption: Var[¢(") ((X;,Y;), (X;,Y;))], Var[¢® ((X;, V), (X;,Y5), (X, Y2))],
Var[p®) ((X;,Y5), (X;,Y5), (Xi, Y2), (X4, Y7))], Var[p™® ((X;,Y7))],
Var[¢®) ((X;,Y;), (X;,Y;))], Var[¢(©)((X;, Y;))], Var[¢p(D((X;,Y;), (X;,Y;))] are all < oo.

This assumption is similar to the assumed conditions of Theorem 6.1.6 (Lehman-
n (1999, Chapter 6)) so that in the spirit of von Mises propositions (Serfling, (1980,
Section 6.1)), the first non-vanishing term of our Taylor expansion is the linear term.
Hence root-n consistency can be achieved. If this term is vanished, then n or higher
order-consistency would be achieved.

By Theorem 6.1.6 (Lehmann (1999, Chapter 6)), under above Assumption,

Utn — 1 Y11 Y12 Y13 Y Y15 Y X7
Usp — 2 © Yoz Yoz Xog Yo Yog Moy
Usn — 13 5 : © Y3z Mazq X35 Y3 M3y
\/ﬁ U4n — M4 — N(O, E), where > = . . 244 245 246 247
Usn — 115 © Yss Xss Xs7
Usn — L6 : Ye6  Xe7
Urn — ur - Y

Using Hoeffding’s result (1948, Section 6), let (X1, Y1), (X2, Y2), (X5,Y3), (X3, Y3),
(X4%,Y3), (X4,Ys), (X}, Y)) be ii.d. copies, one could obtain that

S11 = 4Cov (¢ (X1, V1), (X2, ¥2)), 61 (X1, Y1), (X5, ¥5))),

12 = 6Cov(¢ (X1, Y1), (X2, Y2)), 0 (X1, Y1), (X5, Y3), (X5, Y5))),

13 = 8Cov(¢ (X1, Y1), (X2, ¥2)), 6 (X1, Y1), (X5, V3), (X5, Y5), (X, YI))),
S1a = 2Cov (¢ (X4, V1), (X2, Y2)), 6 (X4, Y1),

S15 = 4Cov (¢ (X1, V1), (X2, ¥2)), 6 (X1, Y1), (X5, ¥5))),

Si6 = 2Cov (¢ (X4, Y1), (X2, Y2)), 619 (X1, Y1),

Sir = 4Cov (¢ (X1, V1), (X2, ¥2)), 617 (X1, Y1), (X5, ¥5))),

Yoo = 9Cov (6P ((X1, Y1), (X2, Y2), (X3, Y3)), 2 (X1, Y1), (X5, Ys), (X5, Y4))),
o3 = 12Cov(¢?) (X1, Y1), (X2, Y2), (X3, ¥3)), 61 (X1, Y1), (X5, V3), (X5, Y5), (X4, Y)))),
a4 = 3Cov(¢? (X1, 1), (X2, V2), (X3, Y3)), 6 (X1, 11))),

a5 = 6Cov(¢? (X1, Y1), (X2, Y2), (X3, V3)), ) (X1, Y1), (X5,Y7))),

Sa6 = 3Cov(0®) (X1, Y1), (X2, Va). (X5, Y3)), 6P (X1, 11))),

Sa7 = 6Cov(¢? (X1, Y1), (X2, Y2), (X3, V3)), 7 (X1, Y1), (X5,Y7))),
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Y33 = 16Cov (¢ (X1, Y1), (Xa, Ya), (X3, Y3), (X4, Y2)), 6 (X1, Y1), (X5, V5), (X5, Y5), (X4, Y1)
D4 = 4Cov(6®) (X1, Y1), (X2, Ya), (X3, Y3), (X4, Ya)), 6V (X1, 1)),

S35 = 8Cov(¢'®) (X1, Y1), (X2, Ya), (X3, Y3), (X4, Y1), 0 (X1, Y1), (X5, V7)),
S0 = 4Cov(6®) (X1, V1), (X2, Y2), (X3, V3), (X4, ¥3)), 69 (X1, Y1))),

Siar = 8Cov(¢® (X1, Y1), (X2, Y2), (X3, Y3), (X4, Y2)), 07 (X1, Y1), (X5, Y3))),
Yua = Cov(pW((Xy,Y7)), 6 ((X17Y1)))7

S5 = 2Cov(¢W (X1, 1)), 0 (X1, V1), (X5, V3)))

Sig = COV(¢ ((thl)) (( 1, Y1))),

Su7 = 2Cov (oW (X1, 1)), 6V ((X1, Y1), (X5, Y3))),

B55 = 4Cov(¢) (X1, Y1), (X2, ¥2)), 67 (X1, Y1), (X5, Y3))),

Ss6 = 2Cov(¢™ (X1, Y1), (X2, ¥2)), 60 (X1, 11))),

S57 = 4Cov(¢®) (X1, Y1), (X2, Y2)), ¢ (X1, Y1), (X5, ¥7))),

Yo6 = Cov( @ ((Xy,Y1)), ¢ ((X1 Y1))),

X1, 1)), 67 (X1, Y1), (X5, Y3))),
(X1, Y1), (X2, ¥2)), 67 (X1, Y1), (X5, ¥3)))-

A ~ _1 _
Let A — (H;;(n)+2A02X 22Xn> A — (H”(n)+2)\OZX zzxn> !

2’[7T§A:X 0 ZUTEX 0
and
I, Le2 -1, Le2\ L ®(-2)) 0, 0 .
B:( 7+ P 7 PTn P P 7P ) where 0,isapx1
of ol ol o 07 1 -1 b

zero vector, then by the definition of y;, i = 1,...,7, for instance pg — 7 = n* Sxn = 1,
we have

Uin — 1
Uap — 2

Usn — u3
7 _ *Uln + 2U2n - U3n + 2/\0U4n - 2)‘0U5n
\/’ﬁB U4n_ﬂ4 —\/ﬁ( Uﬁn—U7n—1 )

% M5
Usn — 16
U M7
/
Note that ﬁ( i, (T) + 200X x7 )
Yxn—1

n( _(nfl)(n —2n+2) Uln"’ 2(n—1)(n—2) U2n _ (n—1)(n—2)(n—3) USn

n3 n3 n3

2L U, — 200 2 Uspy '
2t Usn — " U — 1
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Uln — M1

Uan — 2

S Uz, — 3

H’ + 2X02
And \/ﬁ ( 7L(Z)§: _O 1XT} ) - \/HB U4n — M4 =

X Usn — s

Usn — M6

Urn — pr

g [ -y, 4 22 gy, - DOy, 4 930 UL, — 20025 Us,
2t Ugn = 25U — 1

—vn ~Uin + 2020 = Usn +2X0Usn = 2A0Usn 25 0 by Assumption.
U6n - U7n -1
Uin — 1
Uzn — p2
3 Usn — p3
!/
Therefore by Slutsky’s theorem, /1 H"(TT’)AJF 2hoxxn ) D VnB | Usp — g
n Yxn—1
Usn — s
Usn — H6
Urn — pr
Uin — 1
Uan — p2
H'(n) +2X3x 25xn \ H! () +2M2xn \ D Usn = 3
Hence, [ vn " e =VnAB | Uy —ps | —
20 Yx 0 ntXxn—1 U
5n — M5
Usn — Hi6
Urn — pi7

N(0,V) where V = ABEBTAT.

For Part 2, as shown before, all elements of T}, (4,:,:),4=1,...,p+ 1 are bounded.
A~ — A~! thus all elements of A~! are bounded as well.

Since
A- H)(n) +2X0Xx  25x7 H'() +2008x  2%xn B

1 n - 1
A= < 20" x o ) 27 % x 0 )=A

elements of A~! are bounded as well.

Lemma 3 has shown that 6,, - 6, so

1 ( Hﬁ(n)+2>\oix Qixn >_1 (0, — )T, (2,:,:)

It + = :
P15 275 0

1 A

(00 — 0T, (p+ 1.1, )
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Then, by Slutsky’s theorem,

V0, —0) 2
(9n - G)TTn(l, 5 )
I L Hiln) +208x 2%y ! (0, — O)TT,(2,:,2)
pr1 Tt 5 TSy 0 3
(en - G)TTn(p + 1, I )
Therefore,
. . = R
b= 0) = (s " re N0, V).
V(b =) ( TSy 0 val g U ) T NO)

In conclusion, 6, is y/n-consistent estimate of 6. [
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