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S1 Technical Proof

Proof of Theorem 2.1. It is easy to see that

P (βi ∈ CIi|Y )

= P (βi ∈ CIi|Y , βi = 0)P (βi = 0|Y ) + P (βi ∈ CIi|Y , βi 6= 0)P (βi 6= 0|Y ) .

If 0 /∈ CIi, then

P (βi ∈ CIi|Y ) = P (βi ∈ CIi|Y , βi 6= 0)P (βi 6= 0|Y )

= P (βi ∈ CIi|Y , βi 6= 0) (1− fdri (Y )) < 1− α,

which leads to a contradiction. Consequently, 0 ∈ CIi.

Proof of Theorem 3.1. First,

ELi(βi, CIi|Y ) = ki1Len(CIi)P (βi 6= 0|Y ) (S1.1)

− P (βi ∈ CIi, βi 6= 0|Y ) + I(0 ∈ CIi|Y )(k2 − fdri(Y )).

Note that

P (βi ∈ CIi, βi 6= 0|Y ) = P (βi ∈ CIi|Y , βi 6= 0)(1− fdri(Y )),

where

P (βi ∈ CIi|Y , βi 6= 0) =

∫

CIi

ψ(βi|Y , βi 6= 0)dβi.

Write Len(CIi) as
∫

CIi
1dβi. Then (S1.1) equals to

(1− fdri (Y ))

∫

CIi

(

ki1 − ψ (βi|Y , βi 6= 0)
)

dβi + I (0 ∈ CIi|Y ) (k2 − fdri (Y )) . (S1.2)



S2 Zhigen Zhao and Sanat K. Sarkar

The minimizer of the first integration is given by
{

βi : k
i
1 < ψ(βi|Y , βi 6= 0)

}

. Now

consider two intervals CI1i and CI2i where CI1i =
{

βi : k
i
1 < ψ(βi|Y , βi 6= 0)

}

\ {0} and

CI2i =
{

βi : k
i
1 < ψ(βi|Y , βi 6= 0)

}

∪ {0}. Then both CI1i and CI2i minimize the first
integration of (S1.2). Since 0 ∈ CI2i and 0 /∈ CI1i , then

ELi(CI
2
i |Y ) = ELi(CI

1
i |Y ) + (k2 − fdri(Y )).

Consequently, the Bayes interval includes 0 if and only if k2 ≤ fdri(Y ), i.e. it is the one
that is defined in (7).

Proof of Theorem 3.2.

Consider the posterior non-coverage probability P (βi /∈ CIBD
i |Y ),

P (βi /∈ CIBD
i |Y )

= P (βi /∈ CIBD
i |Y , βi = 0)P (βi = 0|Y ) + P (βi /∈ CIBD

i |Y , βi 6= 0)P (βi 6= 0|Y )

= fdri(Y )P (βi /∈ CIBD
i |Y , βi = 0) + (1− fdri(Y ))P (βi /∈ CIBD

i |Y , βi 6= 0)

≤ fdri(Y )I(fdri(Y ) < k2) + α(1− fdri(Y ))

= α+ fdri(Y )(I(fdri(Y ) < k2)− α).

Consequently,

PFCR =
1

R ∨ 1

∑

i∈R(Y )

P
(

βi /∈ CIMi |Y
)

≤ α+
1

R ∨ 1

∑

i∈R(Y )

fdri(Y ) (I(fdri(Y ) < k2)− α) ≤ α,

and so BFCR = E(PFCR) ≤ α.

S2 Gibbs Sampling

Define the parenthesis operator (i) as

β(i) = (β1, · · · , βi−1, βi+1, · · · , βp),

and
X(i) = (X1, · · · ,Xi−1,Xi+1, · · · ,Xp)

where Xi is the ith column of the matrix X. Let Dτ = diag(τ21 , τ
2
2 , · · · , τ

2
p ).

1.

li = P (βi = 0|rest)

=
π0

π0 + π1
√

1
1+τ2

i
XT

i
Xi

exp

(

[(Y −X(i)β(i))TXi]
2

2(XT

i
Xi+

1

τ
2
i

)σ2

) ;
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2.

βi|Rest ∼ li1(βi = 0) + (1− li)N

(

(

Y −X(i)β(i)
)T

Xi

XT
i Xi +

1
τ2
i

,
σ2

XT
i Xi +

1
τ2
i

)

;

3. Let Zi = 1 (βi = 0), then

π0|rest ∼ Beta

(

kη +
∑

i

Zi, k(1− η) + p−
∑

i

Zi

)

;

4.

τ2i |rest ∼

{

Exp(λ2/2), if βi = 0
(

INGaussian
(
√

λ2σ2

β2
i

, λ2
))−1

, if βi 6= 0.

Here, the inverseGaussian(µ′, λ′) has the density function of

f(x) =

√

λ′

2π
x−3/2 exp

{

−
λ′(x− µ′)2

2(µ′)2x

}

, x > 0;

5. λ2|rest ∼ Gamma
(

shape = p+ r, rate =
∑

i τ
2
i /2 + δ

)

;

6. σ2|rest ∼ INGamma
(

shape =
n−1+p−

∑
i
Zi

2 , scale =
(Y −Xβ)T (Y −Xβ)+βTD−1

τ
β

2

)

.


