Supplementary Material for Nonparametric Lack-of-Fit

Testing and Consistent Variable Selection
Adriano Zanin Zambom and Michael G. Akritas

State University of Campinas and Penn State University

1. Auxiliary Results
Lemma 1.0.1. Let X1,..., X, be iid[F], and let F,(x) be the corresponding

empirical distribution function. Then, for any constant c,
. . c 1
supaa, {1F @) = eI 1) - Pyl < €]} = 0, ().

Proof. By the Dvoretzky, Kiefer and Wolfowitz (1956) theorem, we have that
Ve > 0,
P (sup |y () — F(z)| > e> < Ce 2,

Therefore, |F(z) — F(z)| = O, (ﬁ) uniformly on z. Hence, writing

[Fx:) = Flap)| = |F(2i) = Fawi) + Folwi) = Fay) + Falg) = Fu(ay)],

it follows that supg, s {]F(xl) — F(z5)|1 [\ P (x;) — F(x;)] < c/n}} is less than
or equal to

sups o, {1 (20) = Fu(wa)| + [Fu(z) — Fla;)| |

- - - . c
supa e, {|Fal@s) = Fa(a))| | 1 |[Ba(ai) = Fuley)] < =
1 1 1
- a() o () o (i)

This completes the proof of the lemma. O

Lemma 1.0.2. Let W; be defined in (2.11) of the paper of reference, and any
Lipschitz continuous function g(z),

LS gte) 10 € W) gtea) = 0, (=)

=D 9(@)I(j € Wi) — g(22:) = Op | —= | ,

e ' TP\

uniformly ini=1,... n.
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Proof. First note that by the Lipschitz continuity and the Mean Value Theorem

we have

l9(w25) — g(w2:)| < M|z2j — 24| < M|Fx,(725) — Fixy(w2:)|/ fx (%),

for some constant M, where Z;; is between x2; and x2;. Thus,

1 n
;Z (z25)1(5 € Wi) — g(z2i)| < Z\g (z25) — g(z2:)| %

i . 1
xI [\sz(l’%) — Fx,(w2;)| < p2n ]

|Fx, (225) — Fxy(223)] , [, £ ) b1l 1
Z f:7X2 (%) I |:FX2 (1321) - FX2($2]')| < 2TL:| = Op (\/ﬁ) ,

where the last equality follows from Lemma 1.0.1 and the assumption that fx,

remains bounded away from zero. O

Lemma 1.0.3. LetY is the response variable, X = (1,X), where X is the n x d
matriz of covariates and 1 is the vector of 1, and let ej denote the (d + 1) x 1
vector having 1 in the j-th entry and all other entries 0. In the least squares

regression estimation of (o, )1 of the model

- [ «
Y =X + €,
()

wi =el (XTX)"'XTe;, j=1,...,n

the weights

from the estimator & = eI (XTX)'XTY are such that
n
ij =1.
j=1

Proof. Note first that 8 = (X7X)"2XTY, where the columns of X are the cen-
tered columns of the design matrix.

Since

jo)
I
~<

|
HQ>
S

|
jss)
IS
e
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The lemma follows from the fact that the weights (X, ..., Xg)(XTX)~tx7

sum to zero because X171 = 0. O

Lemma 1.0.4. For the local polynomial regression estimator (2.10) of the paper

of reference
i (x) = ef (XY WaKe) ™ X[ Wi,
each of the weights denoted by
w(x, X;) = el (XIW,X,) ' XIWye;, j=1,...,m,

is of order O, <m)
Proof. Recall from (2.10) of the paper of reference that

1 (X-—x)T  vech® {(X-x)(X-x)T}

i (X, — x)T vech” {(X, —'x)(Xn -x)T}
Wy = diag{Ky(X; — x),...,Kg(X,, —x)}, and that the dimensions of Xy are

n X vq-
Now, it is easy to see that %XEWX is a 74 X n matrix with column j given

KHn (X] — X)
1 Kn,(X; —x)(X; —x)
n | Ku,(X; —x)vech{(X; —x)(X; — X)T}

Let 1 be the vector of ones (of dimension defined by the context) and D¢(x)
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the vector of partial derivatives of f(x). As in Ruppert and Wand (1994), define

Ux, 11 Vx,12 Vx,13

Ux21 Vx,22 Vx23

Ny =
Ux,31 Vx,32 Vx,33
1
u T T K d
= / vech(uu”) 1 u vech’ (uu') } (u)du,
and
0 u’ 0
u 0 uvech” (uu”) ...
= T 1/2
x /K(u) 0 vech(uu®)u” 0 (D (x)H,"u}du.

It is known (Ruppert and Wand, 1994) that Qx = O(tr(H}L/Q)), where tr(H,) is
the trace of matrix H,,.

For £ =2,...,q, let Cp be a matrix whose each element is of the same order
of a product of ¢ elements of H,ll/ 2 Tor example, Co can be defined (see proof of
Theorem 3.1 Ruppert and Wand, 1994) as the $d(d+ 1) x 3d(d+ 1) matrix such
that

vech(H'/?uu” H'/?) = Cyvech(uu’),

for all d-vectors u.
Extending the formulas of (n—lxzwxxx)‘l in Ruppert and Wand (1994)

to a more general case, we have that
el (nXIW,X,) ' =0, (1Tdiag{1,Hgl/2,02—1,03—1, . .}) .

Also, each column Vj of %XEWX defined in (1.1) is of order

1 : 1/2
Op <7_L‘Hn|1/2dlag{1,Hn/ ,CQ,Cg, . }1) .



Supplementary Material for Nonparametric Lack-of-Fit Testing and Consistent Variable Selection 9

Therefore, noting that 1 is a 74 x 1 vector and that each weight w(x, X};) is
computed by el (nflxzwxxx)‘l V, we have that
T (n ' XIW,X,) "'V

e
= 0, <1Tdiag{1,H;1/2,C;1,Cgl,...}) X

1
o ()

completing the proof. O

! 1 1/2
XOp (Wdlag{ly Hn/ ,C9,C3, .. }1)

Lemma 1.0.5. For a symmetric, positive definite bandwidth matriz Hrl/2, we

have

1. The determinant of Hy, 2 s equal to the product of the eigen-values of Hl/2

2. Define the norm HH}/ZH to be the mazimum of its eigenvalues. Given X,
for the weights used in local polynomial regression (2.10) of the paper of

reference
—1
w(Xli’ le) = e{ (X§MWXMXXM) X§1¢WX1ieJ’
we have that

n
> w(Xui, X)) X, — Xuil| = O([HY])). (1.2)
7j=1

Proof. 1. Note that the bandwidthmatrix HTIL/ % is positive definite, therefore
there exists an eigen value decomposition H}l/ > = VAV~! such that V is a
orthogonal matrix with columns corresponding to the eigenvectors of Hrl/ 2

and A is a diagonal matrix with elements corresponding to the eigenvalues
of H71L/2. Thus,

[HY?| = [VAVT = [VIIA|[VTY = [VV YA = (Al

2. Let b be such that K(x) = K(x)I(||x|| < v/d —1b). Such a b exists by the
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assumption that the density K has bounded support. By noting that

K (H, 2 (X0 - Xu))uxu—xun
= K (H (X0 = X)) 1 H P (K = Xg)||
< K (Hp P (X = X)) [ Y P 000 = X))
< K (H, V(X - XU)HHWW 1,

we have that
K, (Hy'*(Xai = X)) ) [1X0; = Xl
= 0 (KHn (Hﬁl/z(xli - le)) HHi/ZH\/djb)
= K, (H; (X0 = X)) 0 (I1HY2)) (1.3)

Let Vx,, be the n x 1 vector with j-th entry ||X; —X4;||O (HH}ZMH) From
the definition of the weights, the left hand side of (1.2) is equal to

-1
e’{ (X§1¢WXUXX1;‘) X§11WXUVXU
-1
= O (HHrlz/QH) e{ (X§1iwxlixxli) Xg(liwxlil

= o ().

The first equality follows from the fact that the each entry j of the n x 1
vector Wx,.Vx,, is equal to (1.3), and the last equality follows from the
fact that the weights sum to 1, proved in Lemma 1.0.3. This completes the
proof.

O]

2. Proofs of Theorems

Proof of Theorem 1. First note that the vector of (n —p + 1)p constructed “ob-

servations” in the augmented one-way ANOVA design can be constructed as

Ev = (.7 € Wp_1yjo41--,&5,5 € W p1y/2) - (2.1)

This vector of constructed “observations” is composed by observations of £ in

blocks, according to the windows W;, which are described in (2.11) of the paper
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of reference. Thus that the test statistic can be written as
MST - MSE = £, A&,

where

np—1 1 1

nln = Dplp — 1) Biz1 J, — Jop — I (2.2)

A= nn—1Lp " np-1)""

where . is a identity matrix of dimension r, J, is a rxr matrix of 1’s and @ is
the Kronecker sum or direct sum.

Under Hy in (2.3) of the paper of reference we write

~

&i

Y — ma(Xq;) +ma (X)) — mi(Xqy) = & — (ma (X)) — ma (X))
= & — Ap, (X1i),

where A, (Xy;) is defined implicitly in the above relation. Thus, év is decom-
posed as év = &y — A, v, where &, and A,,,y are defined as in (2.1) but
using & and A, (Xy;), respectively, instead of &. Thus /n(MST - MSE) can

be written as

i ~
Vn€y ALy = /n&y A&y — Vn2€y AN v + VAL, v AAL Y, (2.3)

Using arguments similar to those used in the proof of Lemma 3.1 in Wang,
Akritas and Van Keilegom (2008), it can be shown that if o2(.,z2), defined in
condition e) of the paper of reference, is Lipschitz continuous and E(e}) < oo

then, under Hy and as n — oo,

n'2lgy ALy — €y Aaky] 5 0, (24)
where Ay = diag{B, ..., Bp}, with B; = ﬁ[‘lp — L], and moreover, it follows
that \/n&}, A&y, is asymptotically normal distributed. It remains to derive its
asymptotic variance and to show that the other two terms in (2.3) converge
to zero in probability. Using (2.4) it suffices to find the asymptotic variance
of \/n&l, Aq€, . Since E(&},A4€y) = 0 its variance equals E[(y/n€}, Aq€y)?. To
find this we first evaluate its conditional expectation, E[(v/n&|, Aa€y )*{ X2; Fial,

given Xo1, ..., Xo,. Recalling the notation 02(.,13) = E(£2|Xs = x2), we have
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2 Z Z Z gjléllgjzglg‘{XQj};‘Lzl)I(js € Wis7l8 € I/Visvs = 172)

1,02 j1#£l jaFle

= n(p—1)2 Z Z ZU ,225)0” () (5,1 € Wiy NW3,) (2.5)
:7222 1'2] ( ( 5132j)+0p <\5ﬁ>>1(j,l€WilﬂWi2)
- _1220 ) ZZZU,ZGWHmWQHO ( 1/2)

i1=1142=1 l#j

:(31220 1921 +22 432+ .+ (p—-1DH+0, (Iijz)

_ 2 pp-1)(2p-1) P
~nlp—1)? 3 ZU (223) + Op < 1/2>

7j=1

where the third equality follows from Lemma 1.0.2 using the assumption that
02(.,x3) is Lipschitz continuous and the second last inequality results from the
fact that if 1 < |j; — j2| = s < p — 1, then they are (p — s)? pairs of windows

whose intersection includes j; and js. Taking limits as n — oo it is seen that

E (nl/Q‘f/vAdﬁv Xy =2)" =5 2?5(2;)—_11)>E(U4(.,X2)) -

2(2p — 1)

77’2. .
3(p—1) 2.6)

From relation (2.5) it is easily seen that E[(\/ﬁﬁ@AdSV)zHng}?:l] remains
bounded, and thus Var(n'/ 2¢1, Ay) also converges to the same limit by the Dom-
inated Convergence Theorem. Hence, n!/ 2{{/A§V converges in distribution to the
designated normal distribution. That the second and third terms in (2.3) con-

verge in probability to zero are shown in Lemmas 3.0.6, 3.0.7, respectively. [

Proof of Theorem 2. Part 1: Local Additive Alternatives
Note that we can write fj =Y; —mi(Xy,) as

§ = V= mi(Xyy) —n Vg (Xay) — [ (Xay) — ma(Xay)] +n~ g (X))
= & — Am, (Xyy) + n”Vma(Xo;)), (2.7)
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and therefore
é’v =& — A, v+ n~1/41myy,, where &y, Ap,v and myy are defined as in
(2.1) but using &, A, (X1;) and ma(Xa;), respectively, instead of &;. Thus, we

can write

~l ~
V(MST — MSE) = n& A&y = vn(&y — Apmyv) A&y — Apyv) +
+ Vn2n A€y — Ap,y) Aty
+v/n(n” ) b, Ay (2.8)
d
By Theorem 1, ii(€y — Amyv )V A€y — Apyr) 5 N(0,[20(20 — 1)72]/[3(p —
D]). That v/n2n~Y4(&, — An,v) Aty 5 0 and /n(n~/4)?ml, Athyy 5
pV (m2(X2)) are shown in Lemma 3.0.8 and Lemma 3.0.9, respectively. This
completes the proof of part 1.
Part 2: Local General Alternatives
Working as in (2.7) we can write év =& —An v+ n 4y + nY4mygy,
where &y, A, v, Moy and Moy are defined as in (2.1) but using &, A, (X14),
ma(Xo;) and my2(Xy;, Xo;), respectively, instead of fz Thus /n(MST — MSE)
is
~/ ~ _ ~
VnEy A€, = Vn(€y — Apyy —n iy ) A&y — A,y —n” Vo)
—|—\/52n_1/4(£v A v — n_1/4rh2\/) Amqoy
+v/n(n” V) iy Aty (2.9)

By Part 1 of the theorem, /n(&y — A, v —n~ 4oy ) A(€y — A, v —n =/ 4myy)

converges in distribution to

N(pVar(ma(X2)), [2p(2p — 1)7%]/[3(p — 1))).

Hence, it is enough to show that /n(n~1/4)2 m12VAm12V B pVar(mia(X1, Xo))
and \/ﬁQTLil/Z’L(EV—AmIV—n71/4I‘Iv12\/)IAm12V — 2pCov(m2 (XQ), m12(X1, Xg))
These are shown in Lemmas 3.0.11 and 3.0.10, respectively. ]

3. Some Detailed Derivations

Lemma 3.0.6. The second term in (2.3) converges in probability to zero, i.e.

Ton = vn€LAA,, v 5 0.
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Proof. After some algebra it can be seen that

n

Ty = (;_1”1"1 SN S A (X

i=1jeW; keW;

n-1/2p 2
ZaZAml —ﬁimmxxi). (3.1)
=1

zl 7j=1

We will show that each of the three terms above converge in probability to zero
conditionally on U = {X, Z}, and thus also unconditionally. Note that, because
all windows Wj are of finite size (p), the first term on the right hand side of (3.1)
can be written as a finite (p?) sum of terms each of which is similar to the last
term in (3.1). Thus, it suffices to show that the last and second terms of (3.1)
converge to zero. For notational simplicity, all expectations and variances in this
proof are to be understood as conditional on U = {X, Z}. For the second term
n (3.1), note that n~1/2 >, & remains bounded in probability, and therefore,
its convergence to zero will follow if we show that n=*>"7_; Ay, (Xi) 20. For

later use, we will actually show that

= /4 Z A, (X)) = = /4 Z —mi(Xy)) > 0. (3.2)

By Theorem 6 in Masry (1996), it follows that

sup i (x) — i ()| = O (lji(;f)) Vo (Ag“) : (3.3)

Thus

1

n 2
% Z Am1 (Xk) =0 n1/4 (log(n)) +0 (n1/4)\?+1) = 0(1)7
n

di
P nA;

where the last equality follows from the assumptions of the Theorem 2.0.1.
Consider now the last term in (3.1). Because the weights w(X;, X;) of the
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local polynomial regression sum to 1 (Lemma 1.0.3), we can write

Vi S 6, (X) = w3 ER(Ky) — (X))
=1 ’

_1/222 (X, X;) (m(X;) + & — m(X3))&;

i=1 j=1

= p1/2 z; Z;’J)(Xi, X;)(m(X;) — m(X;))&

+n 2 Z Z w (X, X;5)E5&i- (3.4)

i=1 j=1

The first term of the right hand side of (3.4) has zero expectation, so it suffices

to show that its variance goes to zero. To this end, we write

vwfzzgxxm@>mmm

11]1

*ZZ Z X“X]l XMXJQ)

i=1 j1=1jo=1
x(m1(Xy,) = ma(Xq))(ma(X,) — ma (X)) Var (&)

<7ZZZ (X, X, )0 (X, X, )x

=1 j1=1jo=1
x(cl[ X5, = Xille][ X5, — Xil])

= MO(||H,*INO(IIH,?[]) = o(1),

for some constants M and ¢, where the inequality holds because m (-) is Lipschitz
continuous, the last equality follows from Lemma 1.0.4, and the second to last
equality from Lemma 1.0.5. Thus, by the assumptions of Theorem 2.0.1, the first
term of the right hand side of (3.4) goes in probability to zero. To show that the

second term in (3.4) also goes to 0 in probability, we will show that its second
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moment goes to zero. To this end, we write
2

B ;ﬁ Zn: Zn:gigjw(xi, X))

i=1 j=1
1 i i
=FE n Z Z Z Z €i1€i2€j1€j2w(xi17Xj1)w(Xi27Xj2)
i1=1io=1j1=1jo=1
I -
=) EES)nX: X))

n- -
=1 j=1

0 2 DB X)R(X; X,

i=1 j=1

+% Y B w(Xi, X;)d (X, X,)

i=1 j=1

1 n
= z; E(EhHo(X,, X)m(X;, X;)

1 1 1 1
=0 (nrH> o <n\Hn\> o <n|Hn|> o <n2rﬂn)

= o(1), (3.5)

by the fact that E(£}) is bounded and that each weight is of the order m
(Lemma 1.0.4). Thus, by the assumptions of Theorem 2.0.1, the second term of
the right hand side of (3.4) goes in probability to zero.

This completes the proof of Lemma 3.0.6. O

Lemma 3.0.7. The third term in (2.3) converges in probability to zero, i.e.
Ty, = VAL AN, v 5 0.

Proof. Similarly to Lemma 3.0.6, we can write

n 2 n
_ Vﬁp)(ZAml(XiO —%ZA%(XU. (3.6)
] i=1
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we have to show that each of the three terms on the right hand side of (3.6)
converges to zero in probability Again, because all windows W; are of finite size
(p), the first term on the right hand side of (3.6) can be written as a finite (p?)
sum of terms each of which is similar to the last term in (3.6). Thus, it suffices
to show that the last and second terms of (3.6) converge to zero.

Recall that (Masry, 1996)

sup |mq(x) — my(x)| =0 (log(n)) 2 +0 (Ag“) :

d1
nA;

Replacing A,,,, by its order, the second term in (3.6) is or order

1 2
2
o| % [ () e
nA;
1 2
2
=0 nt/4 (log)\(g)) + n1/4)\;.1+1 =o(1)
nA;

where the last equality follows from the assumptions of the theorem.

Similarly, the third term in (3.6) is or order

1 2
3

ol v, log(dn) v

n nA;"t
1 2
1/4 log(n) ’ 1/4yq+1
= n i +n N =o(1)
nA;*t
This completes the proof of Lemma 3.0.7. O

Lemma 3.0.8. The second term in (2.8) converges in probability to zero, i.e.

Vn2n VA€, — A, v) Ay B 0.
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Proof. By the definition of the matrix A, we can write (&, — A, ) Ay as

i=1 |j=1 k=1
T [pzmxxml pZ ~ A Xh»]
i=1

_ﬁ D g (X2i) (& — A, (X11)).
=1

n(n _ml?);(; —) Z {Z mo(Xo;)I(j € Wz):| [Z(&k — A, (X)) I(k € Wy)

Using Lemma 1.0.2 and the fact that mo(-) is Lipschitz continuous, the sum in

the first term can be expressed as

pY [ma(Xai) + O(n™"?)] [Z(fk — Ay (Xap)) I (k € Wi)] <

i=1 k=1

< pz Zﬁm(Xm‘)I(i € Wk)] &k — Amy (X1z))
k=1 Li=1
+p”0(n 2 Y (& — Ay (Xar))|
k=1
= p’ Z M2(Xok) (& — Ay (X1k)) + Op(p*n'/?),
so that
1 n
\/’7],7171/4&1/2‘/14(5\/ - Aml\/) ]19 [n ZZ; 2 XZZ Z - A7711 (Xlz))]
nt 25p n 1
] ng XQZ ’I’L; - m1 Xlz)) +O < 1/4>
(m

Using the fact that E (ma(X2)) = E (ma(X2)&) = E(&) = 0, relation (3.2)
and also that n=3/4 37 g (Xoi) A, (X15) = 0, as is shown in a similar way to

(3.2), completes the proof of the lemma. O

Lemma 3.0.9. The third term in (2.8) converges in probability to pV (ma(X2)),

i.e.

Vi(n~V4) by, Arngy B pV (1 (X2)).
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1
+0, ()

Proof. Writing
- N n
m'QVAmzv n—pl [ Z (X2) ] -

= p{Em3(Xs) — [Ema(X2)]*} + O, ( 11/2>

n 2

%Zﬁlz(Xm)

=1

it follows that
1
Vn(n~ 42 may Amgy = pVar(ma(Xa)) + O, < 1/2>
which completes the proof. O

Lemma 3.0.10. The second term in (2.9) converges in probability to
2pCO’U(ﬁ’LQ (XQ), ’I’th(Xl, XQ)), i.€.

\/EQTL_I/Al(SV — Ale — n_1/4rh2\/)'Arh12V £> 2])00’0(7712()(2), Thlg(Xl, XQ))

Proof. By the definition of the matrix A, we can write

—1/4 . np—1
VY€, — Ay — praoy) Amyay = an Tt (n “pr = 1) X

X Z Zmlg(le,XQj)I(j € WZ) X

i=1 | j=1

X [Z(fk — Aml (Xlk) — n71/4ﬁ12(X2k))I(k € WZ)]

k=1

=1

[pz — Ay (Xq4) =7 1/477’02()(21))]

—V/nn A me (X1, X2i) (& = Ay (X1i) = praria(Xai)). (3.7)

(p P
Noting that n_3/4 Z?:l fimlg(xli, Xzi) £> 0, and
# Yoy Ay (X)) maa(Xas, Xoi) 20, which follows by arguments similar to
(3.2), the third term in (3.7) goes in probability to [p/(p—1)]E(ma(X2)mi2(X1, X2)).
Also, using (3.2), and the facts E(1m12(X1, X2)) = 0, and n=3/4 377" & = 0,(1),
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the second term in (3.7) goes to pE(ma(X2))E(m12(X1,X2)) in probability.
Next, the component of the first term in (3.7) that corresponds to

Z > Zmu(Xu, X2j)(§k — Amy (Xar)) I (G € Wi)I(k € Wi)

goes to zero in probability by arguments similar to those used for the last
term in (3.7). Set mi(Xoq;) = %Z’F La(Xo)I(j € Wi) and miy(., Xo;) =
%Z?;l mi2(Xij, X2i)I(j € W;), so that

1 _ ) _;
Ezmu(xlj, Xoj)1(j € Wy) = mis(., Xoi) + 0p(1),
=

-3 a(Xa)) T € Wi) = (X)) + 0y(1).
j=1

The remaining component of the first term in (3.7) can be written as

n(n (_n]l?)—(l —1) Zzzmm (X5, Xoj)ma(Xog)I(j € Wi)I(k € W;)

J 1 k=1 i=1
(np—1)p
G X)) + ()
p, P
2, E [m12(Xq, Xo)ma(X2)]

p—1

completing the proof. O

Lemma 3.0.11. The third term in (2.9) converges in probability to
pVar(mlg(Xl,Xg)), i.e.

V(n YN m) g Ayay B pVar (mga (X, Xa)).
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Proof. Note that we can write \/ﬁ(n71/4)2ﬁ1/12vz4ﬁ112\/ as

(np—1)
n(n —p(p —1)

S D ina(Xay, Xop)I(G € Wi) | x

i=1 | j=1

k=1
_n(np_ 5 [Z Tth(XlZ,XQi)] [Z mlg(Xh’Xzz)]
=1 i=1
_ﬁ Z 112 (X1, Xoi)2. (3.8)
=1

Clearly, the third term in (3.8) goes to [p/(p— 1)]E[m12(X1, X2)?] in probability,
and the second term in (3.8) goes to p[E(m12(X1, X2))]? in probability. Using

the same notation as in lemma 3.0.10, the first term in (3.8) is equal to

np — . ; P 2 -
n(n(pl)(;)p 1);[mﬁz(.,Xzi)]2+op(l)—>pp1E[(m12(X1i,X2i))2],

completing the proof. ]
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