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This supplementary material contains the proof of Theorem 1. The proof of Theorem 2 is
very similar to that of Theorem 1 and thus omitted.

S1 Proof of Theorem 1

We have Xy, , X, | P~ F(z)and Yy, - ,Y,, | P~ H(z) =1—{1— F(x)}* and want
to test
Hy:a=1 vs Hy:a>1(ora<1).

where P ~ PT(G) is the probability measure induced by F'(z), and « > 0. For simplicity, let
P’ be the probability measure induced by H(z).

Proof. First we put these two samples together and denote them by V7, -+, V,,, 1, and define
Z1,+++ y Zn,+n, as described in Section 3. Let n = ny + na.

In case that there is no censoring, take m > n, such that at level m, V1, ..., V,, are separated
in different intervals. For v € [0,400), let €;,(v) = €1,...,€y, such that v € B, . . In
addition, with appropriate parameters, P is continuous with probability 1. Thus without loss of
generality, assume V; < ... < V,,. Write €,,," = €,,,(Vi) = €, ..., €

trvme

Under the null hypothesis, V1, ---,V,, are independent and identially distributed condi-
tional on P. Hence, at level m of the tree, given P, the joint pdf of V3, ..., V,, is

Hn—l P’I“(BEA i
fm(vhmvvn |P): = -

Hi:l )‘(Be:,ﬁ)
H?:l He’,‘l:O )/—671,,67 HE =1 (]‘ - Y—ea,,e’)
= 2 R . (S1.1)

|| A(Bg;, 1)

The exact marginal joint pdf is given by letting m goes to +oo and then taking the expectation.
By repeated use of the Theorem 2 in Lavine (1992), the existence and finiteness of the limit

P)
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is guaranteed. We denote this limit by f. By dominated convergence theorem, the order of
expectation and limit can be exchanged.

The joint pdf under H; is much more complicated. Take any v € B, . ... We need to
find P’ (B, ). To do this, we have to sum all the probabilities of the intervals to the right of B.- ,

plus proba{)rility of B, , and then raise to power «.. This quantity is denoted by P’ (B + | P).

€m?

At mth level of the tree, given P, a simple expression is provided by,

P'(Be,+ | P) = {ZPT(Behm,enq,l | P)do(en) + Pr(Be;,

n=1

P)}e.

Therefore,

P'(Be, | P) =P'(Be:

€m

+|P) = P'((Be;,+) = B, | P)

={>_ Pr(Be.cora | PYo(en) + Pr(Be, | P)}*

n=1
~ D Pr(Be...cora | P)oo(en)}* (S12)
n=1
where the ”-” sign in the probability means exclusion. Now using the second order Taylor
Expansion for function h(t) = t,

h(t +A) — h(t) = at* A+ aa — 1)(t + 0)*2A?

where 6 € (0, A). It follows that

P'(Be, | P)= « Pr(Bg, | P){Z Pr(Be,,...cn 1,1 | P)(So(en)}a_l
n=1

+ ala=1)Pr(Bg, | P)*{Y_ Pr(Be, o1 | P)olen) + 0}

n=1

where 6 € (0, Pr(B,

P)). For simplicity, write

m

Win(2) =Y Pr(Be,...en 11| P)do(en)

n=1
W, depends on v because €1, ..., €, depend on v.

Now we are in place to calculate the conditional joint pdf of Y7, - -+ , Y, under H;.
- I[:2, P'(Bg,: | P)
fm(yla"'aynz ‘ P) = Hlng )\(Bm )
i=1 em’
NUM
12 MBe;, )
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where NU M is the numerator of the fraction, namely

na
NUM =[] P'(B..:

=1

_H?:Zl PT(BE;‘T”

P)

P12, {aWm (V) ™" + ala = )W (Yi) + 0:]° 2 Pr(B, -
[1:2, MB;, )

Again, the exact marginal joint pdf is found by letting m — +4-c0 and then taking expected value.

P)}

Note that
NUM "2 Pr(B.-. | P)I[2, {aW,,(Y;)*!
im Bl VMg gy = B [P AoWn ()7 )
m—+oo Hi:l A(Berni) m—-+oo Hi:l )\(Berni)
Indeed, if we write the products in the numerator as summation, we have
na
[T eWn ()2~ + ale = ){Wn (Vi) + 0;3° 7 Pr(B,;: | P)]
i=1
= > T aWm(X)* " ] ala = D{Wm (Vi) + 6x}* > Pr(B,..« | P)] (S1.4)
SCQ jes keSe

where Q = {1,...,n}, and the summation is taken for all (proper and improper) subsets .S C (2.

However, if | S¢ |> 1, i.e. there exists kg € S¢, then

T W ()2 TT e = D{Wan(¥i) + 64}° 2 Pr(B« | P)]|
jes kese

<l "o~ )5 TPr(B s | P) |

The above inequality uses the fact that

NE

0< Wi (Y)W (Y)+0 < Wi (Y) + Pr(B.x | P) < Pr(Be,....c,

P)
n=1

Pr([0, +00) | P) = 1.

Hence, the expectation of the corresponding term in summation satisfies

£ [12) Pr(Bg: | P) s aWm(¥5)* ™ Tkese @ = D{Wm (Vi) + 0} 7*Pr(B» | P)] I

[1;2, Pr(B.: | P)a™(a —1)I5|Pr(B. x| P)
< B[ == — = E 2|
[[:2, MBei)
. Pr(B-i | P)YPr(B.-x | P)?
:const.E[{H#ko Be, J}Pr(Bem| )] (S1.5)

[1:2, M(Bc,0)
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Comparing (S1.5) to (S1.1), it follows that

{Hi;ﬁko PT(BEZLi

P)}Pr(B,- v | P)?

E | ]
[1:2, AMB.;, )
m a kg ko + T kg ko +1
€0 e €10, €
= E ee P L T
[fm(yh y Yno | )] H a ko ko +a ko + N kg kg +1
J=1 €176 1,0 19 j7171 €51

wheren ry ko =H{j:Y; €Brx x }
€17 560 €17,y €2,

When m > n, we specify the parameters as

_ _ 2
ey ey, 10 = Qey,ie;q,1 =M

which implies that when m is large,

ae’f”,...,e%” + nef",...,e’?gl +1 1

J J =

a k k +a k k +n k g +1 2
510 ..... 5].2170 610 ..... ejﬂl,l elo ..... 6]'31

Note that E[fyn(y1, -, Yn, | P)] is finite. Therefore,

{ITin, Pr(Be,: | P)}Pr(Bg ko | P)?
12 A(Bg;,0)

E| ]—=0 as m— +oo.

So all the terms with | S¢ |[> 1in (S1.4) eventually goes to 0. The only term left is when
| S¢|=0, i.e. S = €, which completes the proof to the claim.

Furthermore, the conditional joint pdf of V7, --- | V,, under H; is given by

fm(vla"-vvn | P) = fm(21, -, &p | P)fm(yl, s Ynsy | P)
_ I P(B,: | P) I[2, Pr(Bg,: | P) [[2, {aWn(Yo)* '}
T2, MB.;,) [[2 MBe;, )
_ H?:l PT(BEZ;L”’ P) H:Zl {O‘Wm(Yi)ail}
H?:1 A(Be;/i)

Now we compute the Bayes factor. Before we do that, let us figure out what €, (v;) is.
By the mechanism of partition, for m > n, and ¢ = 1, ...,n, v; is an end point at level ¢ of the
tree. Before the ith level, v; lies in the right subinterval every time the current interval splits into
two; after ith level, v; would be always in the left subinterval generated by splitting the current
interval that contains v;. Thus,

Clearly,
Pr(Be: | P)=Y1Yu..Y1  1Y1 . 10-Y1,..,10,...,0

i i i m—i
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By definition of W, (v),

Win(v1) = Y1, Wi (v2) =Y1Y11, -, Win(v,) = YiYii.Y1 1
~——

Intuitively, W, is the survival function at level m.

These lead to

[1Pr(Be.: | P) ={¥1Y10Y100--Y1 0, ... 0 HY1 Y11 Yi10Ya000-- Y1 0, . 0} -+
i—1 er_/ Hfz_/

WYYy aYi o 10Y1,.,1000Y1, 010,00 (SLO)
S—— >~ > S———

n n n n m—n

Also,
n no n
[1Pr(Be: | P) [ {aWn(Y)* '} = [[{Pr(Be,: | P)Y 7 {Pr(Be,i | P)aW,(V;)* '}
=1 =1 =1
(S1.7)
n ni+nsayn—1+(a—1)t n+l—k+(a—1)tg 1+(a—1)t,
=2y utnaey i ’2...Y17m71 ( “...YL”(.’l)
k n

{Y10Y100--Y1 o, .., 0H{Y120Y1100-- Y110, .. 0}
~—— N——

n—1 n—2
M, 10Y1,.,100-Y1,..,10,..,0  (S1.8)
N—— > S——

n n n m—n

Where ¢, = Y., Z; evaluates the ordering of X sample and 2) sample. It turns out that all
these Y”s are not independent because

Yei g1 =1=Ye ;0 (51.9)

forall j = 1,...,n and all (e, ..., ¢;). Taking into account that the denominators in (S1.1) and
(S1.3) are the same, the Bayes factor reduces to

E[[i=, Pr(Bg,: | P)]
P12 {aWn (Yi)* 1}

BF01 = lim

S1.10
m——+oo E[H?:l P’I"(BE;Li ( )

Combining (S1.6), (S1.8) and (S1.9), and canceling the independent common terms in (S1.10),
we end up with

BFy =—- =t (S1.11)
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where

By =E[(1 - Y)"Yio(1 = Y1i0)" .Yy 100 =Y1 10" Y1100 =Y, 10)]
S~~~ N ~—— N~~~

i i n—1 n—1

By =E[(1 = Yo)" " Yip(1 = Yao)" MOy g1 =Yy q0)" T
S—— N——

=Y 100=Y1,10)
SN—— ~——

)

1+(o¢—1)tn]

n—1 n—1

All the Y’s appearing in the above equation are independent with Beta distributions, that is,
Y] 10 ‘independently ~ Beta(ay 10,a1 _ 11)
fori =1, ...,n. Hence simple calculations of moments of Beta distributions yield the final result

1 (a1 +n)l(ao + a1 +n1 + naa)
a2 T'(ag + a1 +n)T(ay + ny + naa)
Ilay, 11 tn—0T(ay 10+er . 11+ (@= Dty +1)

BFy =

n—1

— (S1.12)
L Pay,  q10tar, 11 tn—i+ Dl 11+ (@—1)ti)
N—— S~—— S~——

When data are censored, simply replace the term P;((BBE"fi,T ) or P/\(fo;fi_‘)P ) by Pr(Bg: |

P) or P'(Bg:
XorY.

P) respectively depending on whether the observation is coming form sample

Analogous calculation leads to

BFy = " B (S1.13)
where
c n— i n—i dn—
E$ =BE[(1 - Yo)"Y{& (1 — Yip) 1...Yﬁ o=y ) Y (=Y o))
—— S~—— S~——

i i n—1 n—1

E5 =B[(1 = Yo)" Y (1 - Y10)"_1+(“_1)t2...Yld,i..., Lol=Y1, 1,0)”_i+(a—1)ti+1
g i

Y1, 1000 Y, 10) T,

N~—— N

)

n—1 n—1

and nf, = Z;Zl d; Z; is the total number of uncensored observations in sample J).
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Integration yields the Bayes factor for data with censoring as follows

1 T(ay +n)T(ag + a1 + n1 + necv)
a™ T'(ag + a1 + n)[(a; + ny + nea)

Ilag, 11 +n—90(ay  10ter,. 11+ (@= Dty +di)
S~—— N—— S~——

BFy =

n—1
E [(ay, . 10t01,. 11 tn—i+td)l(ay 11+ (@=1Dtin)
N—— S~—— N——

(S1.14)

S7



