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Figure 1: Predictor functions X (dashed), error functions ¢ (dotted) and response
functions Y (solid) from the functional linear model generated by (4.2)—(4.4). The
bandwidth parameter of the regression operator ¥ is b = 0.2 in the left panel and
b = 0.5 in the right panel.

S2 Approximation for partial sums of random vectors

In this section, we provide strong approximations for sums of weakly dependent random
variables which are used in the paper to establish Lemma 5.4, but which may also be of
independent interest.

Theorem S2.1 Let (Y;: i € Z) be an R¥-valued random sequence, such that

Yi = f(aiagi—la .. ')a
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Figure 2: Predictor functions Xy, giving NOx concentration (left) and response functions
Yk giving PM10 concentrations (right), both measured at Volkermarkterstrafe.

where (g;: 1 € Z) is an i.i.d. sequence with values in some arbitrary metric space. We
assume that E[Yo] = 0 and E[|[Y|?] < oo for some @ > 2. (Here and in the sequel |u|
denotes the Euclidean norm of the vector w.) Let (¢f: 1 € Z) be an independent copy of
(€i: 1 € Z) and define

Yom = f(Ean—la o ;€—m7€*_m_1,€*_m_2, .. )
If, for some A > 2,
1/6
(EUYO - YOmW]) < Com™4, (S2.1)

then

I'=> E[YoY}]
h€EZ

converges (coordinatewise) absolutely and (Y;: i € Z) can be redefined on a new prob-

ability space together with a sequence of i.i.d. normal random vectors (N;: i € Z) with
N; ~ N(0,T), such that

k k

SYoYN

i=1 i=1

= O(kl/Q_”) a.s. (S2.2)

The constant i > 0 depends on A, d and 6.

The proof of Theorem S2.1 requires some auxiliary lemmas.

Lemma S2.1 Let (Y;: ¢ € Z) satisfy the assumption of Theorem 2..1 Set Sy, = Zle Y;.
Then E[max;<g<n |Sk|?] < Cyn?/2. The constant Cy does not depend on n.

Proof. Let Yo(v), 1 <wv <d, be a coordinate of Yg. Then (S2.1) obviously implies that
So(m) = (E[[Yo(v) — Yo (v)[?])Y/? = O(m=4). Since 3 o°_, dg(m) < oo we infer from
Corollary 1 in Berkes et al. (2011) that

E{ max |Sk(v)|9} < Cyn?/2.

1<k<n
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Utilizing the inequality
d
0 < 0
i, I5ul” < 42, s IS0
the assertion follows. a

For the next lemma we introduce new variables:

Y](Cm) = f(€k7 €k—15-+-3Ek—m; E]E;k;)mflv E](c]i)mfga .- ')a

where for each k € Z the sequences (Egk): i € Z) are mutually independent copies of

(g;: 1 € Z). It follows that the Y,im) have the same marginal distribution as the Y and
that the (Y,im): k € Z) are m-dependent.

Lemma S2.2 We work under the conditions of Theorem S2.1. Define
rim = %Var (Y%’") Fo Yﬁ;’”).
Then
T =T < Ci(n " +m ),
where Cy depends only on E[|Yo|?], Co and A. Here |M|o = maxi<; j<ami; for some

matriz M with entries m;;.

Proof. We have, for all 1 < vy,vy <d,

|E[Yo(01)Yi(v2)]| = | E[Yo(v1) (Yi(v2) = Y (02))]|

< (E[¥o()?)) " (E[[¥ilv2) - Y (w)?])

< (E[|Y0|2D1/2 (EHYz B Ylgi)|9]>1/o
< Cy (E[[Yo|Y) i A,

This shows that the series for I' is absolutely convergent. Using the strict stationarity
of (Y;: i € Z) we obtain

T, (vi,v9) = %COV<Sn(U1),Sn(Ug)) _ Z (1 B |i]

li]<n

)COV(YO(U1)7Y¢(U2))~

n

S3
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Thus, since A > 2,

IT(v1,v2) — T (v1,02)| <

Z COV(Yo(Ul)aYi(U2))‘ +

%‘COV(Yo(Ul)a Yi(”2))‘

li|>n li|<n
< Co (E[Yo)"* |\A+ ji| A+
>~ 0
[i|>n \ [<n
SCln_l,

where the constant C; depends on Cy, A and E[|Yo|?] but not on v; and ve. Note

that the sequence (Y,gm): k € Z) is also strictly stationary and therefore some routine
calculations imply that, for n < m,

|Fn(v1; ’UQ) - Fg:n) (’U17U2)’

<y (1 - '7%') |Cov(Yo(v1), Yi(v)) — Cov(Y ™ (01), Y™ (02)))|

< 3 o(1= ) (v (v - v )

lil<n
< 4Cy (E[[Yo|4)"? nm—A.

If n > m we have, for i > m, Cov(Y(gm) (vl),Y,Em) (v2)) = 0 and |Cov(Yo(v1), Yi(v2))| <
Co(E[[Yo[*])!/%i4. O

The following Lemma is a special case of Theorem 1 in Berkes and Philipp (1978).

It is the crucial ingredient for the construction of the approximating random vectors IN;
n (S2.2).

Lemma S2.3 Let (X;: £ > 1) be a sequence of independent R%-valued random vectors
with characteristic functions fo(u), w € R, and let (Gg: £ > 1) be a sequence of proba-
bility distributions on R? with characteristic functions ge(u), u € Re. Suppose that, for
some nonnegative numbers \g, 6, and W, > 108d,

|fe(u) — ge(u)| < Ay

for all w with |u| < Wy and
Gy (u: u| > W@/4) < b

Then without changing its distribution we can redefine the sequence (Xy: € > 1) on a
richer probability space together with a sequence (Y¢: £ > 1) of independent random

variables such that Y, e Gy and

P(IX,=Yi| > o) < forleN,
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where a; = 1 and
1 1/2vx7d
ap = 16dW, “log Wy +4X,/ "W + 4, for £ > 2.
The next Lemma is due to von Bahr (1967).

Lemma S2.4 Let (Z;: i € Z) be a sequence of i.i.d. random vectors with E[Z1] = 0
and E[|Z1|°] < o0, 0 > 2, and ¥ = E[Z1Z}]. Further let f,(u) be the characteristic
function of n~Y*(Zy +---+ Z,). Then

1
fn(u) —exp (— 3 u'y u)’ < C3n~O0=2/2y)|? exp(—Cylul?)

for all w € R with lu| < Csn/2. The constants Cs,Cy and Cs only depend on d and
the moments of Z1.

For the proof of Theorem S2.1 we use a blocking argument. We introduce some
further notation. Let ({;: k € N) be an integer-valued sequence with ¢; = 1 and ¢, —
tx—1 = |k*]. The constant a will be defined later. Note that

k<t < kO (S2.3)

where here and in the sequel a;, < by means limsupy |ag/br| < co. We set Ty =
{tk—1+1,...,tx} and divide T}, into ”short blocks” Ji, and ”long blocks” I,, so that

T, = ch1 UIkl UJ}€2 UIk2 U...UJ;C" UIkn U Ry,

where |Jy,| = |k?] and |I),| = |k®| with 0 < 8 < b < a. (As usual |S| denotes the
cardinality of a set S.) Clearly n = n(k) ~ k% ° and the interval R contains the
remaining integers which are not contained in some interval J, U Iy,. If i € T}, we set

Y; = Y™ with m = |Jy,|. This implies that Zy, = |Ix,|"/>Y ., Yi, j=1...,n,
J

are independent and identically distributed.

Now we define the constants a,b, 5 and p. We let p > 0 be a fixed but arbitrary
small number. Then

8(d+1)(p+1)

a—b= ) , (52.4)
1 1 1 1

“:1+p1+a(§_§)’ (52.5)

B=b—1. (52.6)

Finally 3 is chosen such that

8> max {4(d—|—2)(1+p),azl}. (52.7)
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Proof of Theorem S2.1. The proof of Theorem S2.1 is divided into two steps. In the first
step we reduce (S2.2) to an alternative approximation problem. In the second step we
will construct the approximating normal sequence.

Step 1: We claim that it is sufficient to show that

= O(t,lc/z_“) a.s. (52.8)

Essentially this means that we only need to prove (S2.2) for the perturbed sequence (Y})
along the subsequence (t;). Further we need to show that the “short block” sums are
negligible.

Towards the proof of Step 1, let

4
R TE t,lc/_Zl_“}

i=tr_1+1

A, = { max

tp—1+1<l<ty

and

l
Z N; >tllc/_21'u}.

i=tr_1+1

Ak = { max

tp_1+1<L<ty

From Lemma S52.1, the Markov inequality and (S2.3) we infer

Z P(Ak) < Z Ce(tk - tk_1)9/2t;£11/2fu)9

E>1 E>1

< Z ka9/2—(a+1)(1/2—u)9

E>1
S
E>1
The last line in the display above follows from (S2.5) and the requirement 6 > 2. Hence

by the Borel-Cantelli Lemma P(Ay i.0.) = 0. A similar argument gives P(Ay i.0.) = 0.
We conclude that (S2.2) follows from

ty

> (Y- Ny

=1

= O(t,lg/Q_“) a.s.

Next we show that the contribution of the “short block” sums is negligible. Let

Bk:{ zk:zn: Sy, >t,1€/21“}

=1 j=1i€Jy,
B — {

and

kK n
)9)SPSEVIBRIEAS

(=1 j=1i€Jy,
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Using similar arguments as before and (52.6) we obtain

> P(By) < ZE[

E>1 k>1

n

k
2.2 2.V
l=137

j=14i€Jy;

k 6/2
<Y (Zga_bw) o~ (a)(1/2— )0

k>1 Ne=1

0
}tkul/fzme

N
E>1
We infer that P(By i.0.) = P(By, i.0.) = 0.
To complete Step I we note that
D UAYi-Y;) <o as. (S2.9)
i>1

This implies that it is sufficient to work with the sequence (Y}). Relation (S2.9) follows
from

gl

The convergence of the series follows from (S2.6) and (S2.7).
Step 2: We define X, = ﬁ Z?:l Zy,. Further we let fx,(u), fx(o,r)(w) and fyo.r,)(u)
be the characteristic functions of Xy, IN; and a normal random vector with zero expec-
tation and variance T'y = Var(Z,,). Notice again that £(*~? <« n < £(@=%  Thus by
(S2.4) and Lemmas S2.2 and S2.4 we get for |u| < C5¢2(1+7)

> (Y-

i>1

1/6
] SZ<E[|Y1Y:|9]) §Z|Tk‘|Jkl‘7A < Zka7A6<oo.

i>1 k>1 k>1

’fxg (u) = fnor) (U)‘
< ‘fo (u) — fN(O,Fg)(u)) + ‘fN(O,Fg)(u) — fneoo,n) (u)‘

< C3n~O0=2/2)4|% exp(—Cylul?) +

’U,I(Fg — F)u‘
< n~0-2/2 4 |u\2‘Fz - F‘

oo
< n_(9_2)/2 + 64(14'/)) (g—b + (zﬂ)—A-i-l)

<0,

where
v = max{—(0 — 2)(a — 1)/2, 4(1 + p) — B}.

S7
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The crucial step is now the application of Lemma S2.3. Let W, = maX{C5£2(1+”), 108d}
and

A¢ = sup
[u| <W,

P, () = fo.ry(w)].
A routine calculation shows that for some sufficiently large o > 0
5o = P(\N(O, )| > W¢/4) < exp(—£9).

Thus we have

ap = 16dW; Hlog Wi + 40> Wi + 6.
Using the definitions of the constants a, b and 3 it can be easily shown that a, < (21?1%.

Since the X, are by definition independent we conclude with Lemma S2.3 that there
exists a sequence (My: ¢ € N) of i.i.d. normal random variables, with M; ~ N(0,T),
such that, for some large enough constant C7,

p(‘Xf — M| > C7g—(2+p)) < C7g—(2+p).

The latter inequality implies that
kK n k
PS5 3 v o,

(=1 j=14€l, =1
Further enlarging the probability space we can write

K
> Cy Z(n|lé1|)1/2£_(2+p)> < Crk= (),
=1

(S2.10)

(n|I, )2 M, = Z > N (S2.11)

j= 116[4
Some algebra shows that
k
S (nlIy, )2 < 200 (S2.12)
=1
The Borel-Cantelli Lemma and (52.10)—(52.12) imply (S2.8). O

S3 Some technical lemmas

To establish Lemma 6.2, several additional results concerned with a decomposition of
=, nEn v are needed. These are provided in this section. Using the definitions of =, x

and En ~ we have that
=, x B = vee(Q), (53.1)
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where the matrix G = (Gm-: i=1,....,p,7 = 1,...,q) is given by the entries CA?” =
Z,iv:nﬂ &kiMk,j. For the individual terms in the latter sum we obtain from (2.4) the
expression

Ekiflkg = Ehi ((€k: 05) + (o1, 5) + (Pr20 ;) + (B 1, 1B5) + (Br2,1D5)) (S3.2)
writing ¢r1 = qbl(ﬁ) and ¢r2 = c;S,(;Z) to simplify notation. In the following series of
lemmas, we establish the large-sample behavior of the partial sums of the terms on the

right-hand side of (S3.2). Let Fj, x = T Ziv:nﬂ Xj ®@¢eg. This is a random operator
estimating the zero cross-covariances between e and Xj. Recall that z@y(v) = (z, v)y.

Lemma S3.1 If Assumptions 2.1-2.5 hold, then

> Griler ) — Too (i 4)|=

Op(1) (S3.3)
k=1
and
(S (1 1
v PR S OIS

for all B > 3, where

TrS?])V(Z-?j) =éd; Y &eang e
k=n+1

Proof. We prove only (53.4) as (S3. 3) can be established in a similar fashion. In a first
step, observe that & ;(ex, ;) = &d;p, i+ (Eki — Eilri)(En, ;) + Elri((en, y) —

d; Nk ;)- Summing over the first term on the right-hand side gives rise to éid; Tél )m+€( )
For the sum of the second term, we note that

N
Z (ék: _ngkz)<€k7w] —<< Z Xk®€k> —Cl’Ul) J>.

k=n-+1 k=n-+1

Hence it follows that

1 m—+4 R A )
SUp———— s — EiEni) en,
o1 {(log ¢)P k;ﬂ:ﬂ@h Eh.i) (e, Wj)

< sup

1 A
S S 7 o [ [ Ypupchoen [
sup €(log€)ﬂH metels| ied
1
- (Wt)
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using the Cauchy-Schwarz inequality, Lemma 5.1 and the same arguments used in Lemma
5.2 to bound || Fy, m—ells. Similarly one shows that

m+4
1 - 1
Sup —— Cilki(Mk; —dine.)| =0p | — | .
e>11) {(log ()8 k;mﬂ 8 h,g = T r (\/ﬁ)
This completes the proof of (S3.4). O
Lemma S3.2 If Assumptions 2.1-2.5 hold, then
;) — (T<2> (i,5) + mR®) (i, J)) ‘_ Op(1) (S3.5)
and
m-+£ R
> Ghilorastiy) = Tio (6s5) + LRG0 ) + Ut (O + Unp(6),  (33.6)
k=m+1

where TT(L I)V(z j) = cld Zk i1 Skiibk s R )(z §) =d; (C(0; — Ev5),u5),

| U, 1(€)] ( 1 ) [Upm2(£)] (1)
sup ———— =0p | —— and sup ————= =0
e>I1) {(log £)# P\ vm z>If 14 F\m

) _

Proof. Let Q](C; (pk,1,w;) and g( = (pg,1,W;). Then,

€ri0y ) = eidi€riof ) +Eikni (04 ) —dj ol ) +d; (Eni—eitn,i) o+ (Eni—eitna) (85 —dsol)).

In the following, we will estimate the sums of the terms on the right-hand side. Notice
first that the orthogonality of the (w;: j € N) and (3.4) imply that

Q](Cl) pk lvw] Z Z % fkl w]’ij Z wz ,]fk i = <Xk7uj> — Hk,j

i'=p+1j'=1 =p+1

Therefore cld Zk a1 Sk, Zg(l) TS)"H_@(Z j). To study the remaining terms, we intro-
duce

m-£
AD (¢ Z &k @fjj 3021;)
k=m-+1
m—+L o
AP = Y dilri — aitea)ol ),
k=m+1
m-+£
3 1
AP0 = 3 (i - eira) (8 — diol)).

k=m+1



DEPENDENT FUNCTIONAL LINEAR MODELS S11

Since the (v;: i € N) are the orthonormal eigenfunctions of the covariance operator C,
its spectral decomposition yields that (C(v;),u;) for ¢ < p. Utilizing this, the definition

(1)

of gg; and 0 i and a subsequent rearranging of terms leads to

m-+£ q

Do D (v (X ) (wje, by — djwy)
k=m+1j'=1

Z< Crmme+t = C)(Ui)7“j'><wj'awj—djwj>

where ém’m+( = e thﬁﬂ X ® X, and ujs is defined in (3.4). Applications of the

Cauchy-Schwarz inequality and Lemmas 5.1 and 5.2 yield

1A% (0)]
2111) log )7 I|w; — d; jw; |l SUP ||Cm m+e — Clls =Op \/*

where Z =377 _, |luy|| is finite.

Using that g( ) = = (X, uj), write for the next term

m-+£
AR (0) = d; Z (X 0 — Cvi) (X, uy)
k=m+1

= it {(Conre = C) (01 = E3v0), u; )+ dt (C (0 = 1), uj)
= A (0) + (R G ),

where arguments similar to the ones applied to Ag) (£) also give that
A, (0)] ( 1 )
Sup —==0| — | .
e>1 +/{(log ()P vm
Finally, along the same lines we get that

AD(0) <TI0 — egvil[lid; — dyw;|[16Com,mells

with Z from above, thus via Lemmas 5.1 and 5.2 implying that

AR (¢ o ) |
sup % = TI||0; — &v;|||w; — djw;||sup [|Crnmtells = Op <) .
£>1 £>1 m

Recognizing that we can set U, 1(¢) = AW 0) + A(Q) 1(0) and Uy, 2(¢) = Ag)(ﬁ), the
proof of (S3.6) is complete. The proof of (S3.5) requires only minor modifications and
is therefore omitted. O
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Lemma S3.3 If Assumptions 2.1-2.5 hold, then

> Ghilpra, ;) —mRE) (i, 4)| = Op(1) (S3.7)
k=1
and
m-£ R
D Ckilpr2 ;) = CRY) (i, 5) + U (£) + Up a(0), (S3.8)
k=m+1
where Rg)(l,j) = éz)\l Z;?:qul 1/)2‘7]‘/ <wj/7 @j — (fjwj>,
1
p | m3(€)| ( ) and sup ‘Um,4(€)| — OP <> .
V(log £) e>1 4 m

Proof. Let QE; = (pr,2,w;) and @ff; = (pr,2,W;). Then, QE; = 0 which follows from
the orthogonality of the (w;: j € N) as pg 2 contains only w;» with j° > ¢, while j < q.
Hence,

Sridiy = eitni(01)) — dio)) + (Eri — &itna) (0] — dje)l)).
We proceed by estimating the sums of the terms on the right-hand side. Observe that

m—+£

A(4 Z gkl ij ]Qk;)
k=m+1

=&y <€(ém,m+e - C)(vi),vi'> i bir g0 <wj/,wj - Jjwj>

i'=1 §'=q+1

+ Eéi)\i Z ’lﬂi)j/ <wj/,1fjj — Czj'wj>
J'=q+1
= AW (0 + LR, j).

For the first term, the Cauchy-Schwarz inequality yields in combination with Lemmas
5.1 and 5.2 the estimate

4
aup O gy L1~ Clishity — dyuyl
e>1 +/{(log ()P e>1 /{(log ()P
by recognizing that [|[|Z = Y20, Y7, ¥ -

As for AP (£) in the proof of Lemma S3.2 one can prove with the Cauchy-Schwarz
inequality and Lemmas 5.1 and 5.2 that

¢
AR (0)] s +(2) ) ( ; )
sup ——— = sup — g i — Cilky =0
€>Il) 14 z>11) k:mﬂ(fk’ Skl (i~ ]Qk’j) P\m
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Setting Uy, 3(¢) = AW (0) and U, 4(0) = AR (£), the proof of (S3.8) is complete.

m,1

(S3.7) can be established similarly. O

The last two lemmas we state without proofs, as the arguments needed are now
repetitive and very similar to the previous two lemmas.

Lemma S3.4 If Assumptions 2.1-2.5 hold, then

> &rildnra, ;) —mRD (i, §)| = Op(1) (53.9)
k=1
and
m-£ .
D Ghildrn, 1) = LR, §) + U5 (€) + U () (3.10)
k=m+1

where RS)(i,j) = &idjN; Y0 ir (€D — vy, v),

|Unm,5(0)] ( 1 ) |Un6(€)] <1>
— =0p | — d —=0p|— .
3211) {(log £)8 P vm an P P\m

Lemma S3.5 If Assumptions 2.1-2.5 hold, then

Zék,i<¢k,2ij> —mR)(i,5)| = Op(1) (S3.11)
k=1
and
m-£ )
> &rilbran i) = LRG (i, 5) + Um,7(€) + Un.s(0), (83.12)
k=m+1

where RS:%) (Z,j) = éZCZJ)\l Z;I-,Zl "/}i,j’ <CZj/’UA}j/ — dj/wj'/7 U}j>7

up ———=—=0p | —— and up————=0p | — ).
2>1 \/E(logﬁ)ﬁ vm " ; m

S13



