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Supplementary Material

S1 Appendix A: Regularity Conditions

Before stating the regularity conditions, we introduce some necessary notation. For
a random variable W, define Fyy (t|Z) = Pr(W < t|Z) and fw (t|Z) = dFw(t|Z)/dt.
Define Fip(t|Z) = Pr(T < t,6 = 1|Z) and Fp(t|Z) = Pr(D < t,6 = 1|Z), and fr(t) and
fp(t) as the derivatives of Fr(t|Z) and Fp(t|Z) with respect to ¢, respectively. For a vec-
tor 7, let #®2 denote rr” and ||r|| denote the Euclidean norm of r. Define s(*)(3, ar, 7) =
E{S(B,a,7)} for k = 1,2, py(b) = E[ZNi{g(Z"b)}], ny(a) = E[ZNs{g(Z"a)}],
J1(b) = E[Z%° [r{9(Z7b)|Z}g'(Z7b)], J2(a) = E[Z%*fp{9(Z"a)|Z}¢ (Z" )], 11 (b, @) =
BIZY{g(Z"b)}xd1(1—u, 1= [§"* {Z" a(v) < Z"b} dv)], j1y(a, B) = E[ZY {g(Z" a)}
p2(1— [V I{Z" B(v) < Z"a} dv,1-u)], J1(b, ) = 9fa, (b, ) /9b, J3(a, B) = Of1y(a, B)/0a.

For any constant d, define Z(d) = {(b”,a”)” : b € RPT' a € RPT! inf ¢ ) ||, (b)—
i {Bo (M)} < d,infrc(o,7) |12(@) — po{ao(7)}]| < d}. Let D denote a function space
that contains all continuous functions mapping [0, 1] to R?’*2 and F = {¢(G1 — G2) :

ceR,G;€D,j=1,2}.

The regularity conditions are:

C1. The covariate space Z is bounded, i.e., sup; || Z;|| < 0.
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C2. fr(t|2), fo(t|z), fr(t|z) and fp(t|z) are bounded above uniformly in ¢ and z.

C3. (a) fr{g(Z7b)|Z} > 0and fp{g(Z"a)|Z} > Oforall (b”,a”)" € B(dy), where dq is
a constant; (b) E(Z%?) > 0; (c) inf el ry ) €igmin(J1{By(7)}) > 0and inf ¢y, 7, ,) eigmin(
Jo{a(r)}) > 0 for any 11 € (0,7¢p1] and vo € (0, 7y 2], where eigmin(-) denotes the
minimum eigenvalue of a matrix.

C4. (a) Each component of fi,{8,(7), ao} and fis{cao(7), B} is a Lipschitz function of
75 (b) ¢1(u,v) and ¢2(u,v) are differentiable with respect to u and v, and furthermore,
cach component of E[ZY{g(Z"b)} x ¢12(1 —u,1 — [ I{Z"ap(v) < Z"b} dv)] and
E[ZY{g(Z"a)} x ¢p21(1 — [;" I{Z"By(v) < Z"a}dv,1 — u)] is bounded uniformly
in (b",a™)” € AB(dy), where ¢12(u,v) = dp1(u,v)/Ov and @91 (u,v) = dpa(u,v)/du; (c)
wi(b,a) = E[ZY{g(Z"b)}

X ¢12(l — u, 1 — fOTU‘2 IH{Z"ap(v) < Z"b}dv) x I(Z"b > ZTa)} and ws(b,a) =
E[ZY{9(Z"a)}

X ¢21(1_f0m,1 H{Z"B,(v) < Z"a}dv,1—u)xI(Z"a > ZTb)] are differentiable with re-
spect to b and a, and furthermore, each component of wi2{b, ao(7)} and w21 {By(7), a}
is bounded uniformly in (b, a”)” € B(dy) and 7 € (0, max{ry,1,7v,2}], where wi2(b, a) =
Ow1(b,a)/0a and wa; (b, a) = Owz(b,a)/0b.

C5. (a) For any fixed 7, p(0,7), as a functional of 8(-) defined on D, is Gateaux dif-
ferentiable at 0 (-) with derivative p , where Og(u) = (u1{Bo(u)}", uQ{ao(u)}T)T; (b)
lpg, (R)|| > 0 for any h € F such that sup,¢ (g 1) [|R(7)[| # 0.

The boundedness of covariates and density functions imposed by Conditions C1
and C2 are quite realistic. Condition C3(a)-(b) assume positive density functions and
positive definiteness of F(Z®?), which are common requirements in quantile regression
literature. Condition C3(c) is the technical assumption for ensuring the identifiability of
{Bo(7), 7 € (0,7y1]} and {exo(7), T € (0,7y,2]}. Conditions C4 and C5 essentially require
the smoothness of regression quantiles and the limits of the estimating equations, which

are reasonable in many applications.
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S2 Appendix B: Proof of Theorem 2.1

For simplicity, we assume 7,1 = Ty,2 = 7. We present the proof of both theorems
based on the estimating equation (2.9), which can be adapted to the proof based on the
estimating equation (2.10) with minor modification. Let 3, e, B and é& be abbreviations
for functions B(-), a(-), B(:) and &(-). With fixed «, define B(a,7) and B(a,7) as
the solutions for B to SV(8,a,7) = 0 and sV (8, a,7) = 0 respectively. Similarly,
with fixed 3, define &(3,7) and &(3,7) as the solutions for a to Sﬁf) (B,a,7) =0 and
s@(B,a,7) = 0 respectively. It is easy to see that B(&,7) = B(r), &(B,7) = &(r),

B, 7) = By(7) and &(By, 7) = ex(7) for 7 € (0, 7v/].

Using the Glivenko-Cantelli Theorem (van der Vaart and Wellner 1996), we can
show

sup  [|SH (B, a,7) —sH(B,a,7)|| B0,k =1,2. (S2.1)

7€(0,7v]

Together with the facts that S (83, &, ) = 0 and s (8, a, 7) = 0, (S2.1) implies

sup [|sM(B,é,7) — s (By, a0, 7)|| & 0,
7€(0,7v]

sup  [|sP (B, &, 1) — 5P (By, a0, 7)|| B 0.
T€(0,7v]

Let

r— (b) p(r) = <“1((b))) and  7(d) = {p(r) : v € B()}.

a ola
By condition C3(a)-(b), we can show that p(-) is a 1-1 mapping from #(dy) to <7 (dp).
Hence, there exists an inverse function of p(-), denoted by k(-), mapping &7 (dy) to

P(dy), such that k{p(r)} = r for any r € A(dy).
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Consider the following equalities:

p{B(T)} — {8y (1)} = i {B(&,7)} — i {B(ao, 7)}
= i {B(&,7)} = pi{B(&, 1)} + m {B(&, 7)) — i {Blao, 7},
pa{é(T)} — po{ao(7)} = pa{a(B,7)} — uo{@(By, 7)}
= po{&(B,7)} = 1o{&(B,7)} + Bo{&(B, 7)} — mo{&(Bo, 7)},
(S2.2)

Following Peng and Huang (2008), we can show that sup,c(g -, |y {B(&, 1)} —

p{B(é, T} = 0,(1) and sup.e(o ) |H2{@&(B,7)} — pa{@(B,m)}|l = 0,(1). Then

(52.2) can be rewritten as

pi{B(1)} — i {Bo(7)} = 1 {B(é, 7)} — 1 {B(ex0, 7)} + 00,71 (1),
Mo{&(T)} — po{ao(T)} = Hz{d(BaT)} — po{a(Bo, )} + O(O,TU](]‘)v

(52.3)

where 07(1) denotes a term that converges to 0 in probability uniformly on the interval

1.

Define

0= (33) i (257),

Note that g(v,7) can be viewed as a functional of v with parameter 7. We further

simplify (S2.3) as

p{Y (1)} — u{vo(1)} = u{g(%,7)} — {g(vo, 7)} + 0(0,7,1(1)- (52.4)



QUANTILE REGRESSION FOR DEPENDENTLY CENSORED DATA
Let 0(7) = p{~y(7)} and p(0,7) = 6(7) — p(g[x{6(7)}]). Then (S2.4) becomes
p(0,7) = p(60,7) = 0(0.7,1(1). (52.5)

By viewing the parameter 7 as fixed and dropping it from the notation of p(@,7) for

brevity, we have

p(8) — p(80) = 0(0.7,)(1). (52.6)

Note that p(6) is a functional of 8. By Condition C5(a), p is Gateaux differentiable at

6, that is, for any direction h € F and 0y +th € D, there is a linear map ,0'90 such that

p(6o +th) — p(6o) ,

; — pp,(h) ast — 0. (52.7)
Let h = (0 — 6,)/t. By (S2.7) we have
{p(6) — p(60)} — tpy, (6 — 69)/t} = 0 as t — 0. (52.8)

By (52.6), (52.8), and the linearity of pj , we immediately have

Py (B — 80) = 0(0.1,(1). (52.9)

Since 0 and 6 are bounded on (0, 7], by condition C5(b) and a subsequence argument,
(52.9) implies
sup. [16(w) — 8(u) | = 0,(1). (52.10)

u€(0,7u]

Recall that £{0(u)} = %(u) and k{B(u)} = ~,(u). By a Taylor expansion of k{6(7)}

around 0y (7) for 7 € [v, Ty], together with (S2.10) and condition C3(c), we can show

sup [|4(u) = vo(u)[| = op(1),

w€lv,u]

S5
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which implies

sup [|B(u) = Bo(u)]| = 0,(1),

u€lv,Tu]

sup |l&(u) — ao(u)]] = 0p(1), (52.11)

u€lv,1y])

and thus complete the proof for Theorem 2.1.

S3 Appendix C: Proof of Theorem 2.2

Having the uniform consistency of B(T) and &(7) on T € [v, y], by following the

proof of Lemma B.1. in Peng and Huang (2008), we can show that

sup n1/2||{S$Lk)(B7 o, T) - Sglk) (ﬁOa aOaT)} - {S(k) (B’ a07T) - S(k)(IB07 aOaT)}” £> 07

TEv, U]

and

sup n1/2||{sgzk)(/37&77—) - Sng)(/EiaOaT)} - {S(k)(ﬁvd77-) - S(k)(,@,ao,T)}H £> 0.

TE[v, U]

(83.1)

From the above results, we get

sup n1/2||{sgzk)<ﬁ’d’7—) - S;k)(,ﬁo,ao,T)} - {S(k)(ﬁvdﬂ_) - S(k)(/@O’a(J?T)}H

TE[Y, U]

< sup nl/QH{Sng)(BaaOvT) - S%k)(ﬁo’aOJ—)} - {S(k)(ﬁva‘J)T) - s(k)(ﬂ07a077—)}”

TE[V,TU]

-+ sup ’I’Ll/2||{S$lk)(B,d,T) - ngk)(léaa()ﬂ—)} - {S(k)(ﬁvdﬂ—) - S(k)(B,ao,T)}H £> 0.

TE[v, U]

(S3.2)
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Simple algebra shows that

T

3(1)(375‘77) - 5(1)(@)701077) = Nl(B,T) —p1(Bo>T) — /0 ([ﬁl{ﬁ(u%d} - ﬁl{ﬁ(u)vaoﬂ

+ [, {Bw), g} — ﬂl{ﬁo(u),ao}]) du.
(S3.3)

For any v € (0,7y] and any fixed u € [v, 7], given the uniform consistency of &(-) and

condition C4(b)-(c), we have

(B0, &) — i (Bl o} = B(2Y {27 Bion(t— w1 = [ 1{Z7a(0) < 2B}
—¢1(1 —u,1— /OTU H{Z"ap(v) < ZTB(U)}dU)D
~ B(2Y{Z" Bwon( —ul— [ HZ a) < 2B}
x / U2 o) < 27 Bw) - 1127 &) < 27 B )
0
- / w1 {B(w), a0 (0)} — w1 {B(w), &(v)}] dv
~ /OTU —wi2{B(u), ao(v) H{&(v) — ag(v)} do, (S3.4)

where ~ indicates that the difference converges uniformly to 0 for on [v, 7/].

With Taylor expansion,we can show that
i {B(u), a0} — iy {By (u), o} = J1{By(u), o HB(u) — By (u)}. (53.5)
and we also have
i {B(M)} = i {Bo(7)} = T1{Bo(r) HB(T) = Bo()}- (S3.6)

Let ¥, (1) = B(1) — By(1) and ¥4(7) = &(7) — eg(7). From (S3.3),(S3.4),(S3.5)
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and (S3.6) we can see that

s(l)(B7d,T) — 3(1)(,(-)0,a0,7) ~ Ag1 (1), (1) — /OT /OTU By (u,v)¥(v) dvdu
_ /0 " B (0)w, (v) do, (S3.7)

where A()l(T) = Jl{ﬁo(’r)}, Bll(u,v) = 711)12{,60(10, Oéo(’U)} and BQl(U) = jl{ﬁo(v), Olo}.

Similarly, we can show that

s (,3,07,7') —s® (ﬂo,aoﬂ') ~ Aoz(T)"/’Q(T) - /OT /OTU B12(uvv)’¢l(v)dv du

_ /OTU B (0)3,(v) dv, ($3.8)

where Ap2(7) = J2{ow(7)}, Bi2(u,v) = —w21{B(v), ap(u)} and Bas(v) = jg{ao(v),ﬁo}.

Let

w('r) _ 8(1)(,3,&,7') —3(1)(,60,a0,7') ’l,b(T) _ ,'7[)1(7—)
s@(B,a,7) - s (By, a0, 7) | ()

then from (S3.7) and (S3.8) we have

wlr) = Aor)p(r) = [ Av(r o)) do, (539)
0
where
Ao(r) = Ao (1) 0 and A, (r.v) B (v) Jo Bii(u,v)du 7
0 A02 (T) fOT Blg(u, ’U) du B22 (U)
Let

n

SV(b,a,T)
Sn(byaa T) = y
S5?(b,a,7)
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from (S3.2) and (S3.9) we have

/28, (8. 0.7) = (Ao(r) + s (1) 5 1 /29(7) = [ {ALE) 04 (1)) 5 0200 o

($3.10)

Equation (83.10) can be viewed as a stochastic differential equation for n'/24)(7). Specif-
ically, it is a Fredholm integral equation of the second kind and the solution can be

presented in the following form (Polyanin and Manzhirov, 2008):

nM2ap(1) = —Ao(7) " H{n'/28,(8y, a0, T) _/ R(7,v) x n'/?8,,(By, o, v) dv} + 0}y 1,1 (1),
0

(S3.11)

where R(7,v) is determined by A;(r,v) and Ag(7), and independent of (7). The

detailed solution can be found in Polyanin and Manzhirov (2008) and thus omitted here.

By observing (S3.11) we can see that, to show the weak convergence of n'/2{3(r) —

Bo(7)} and n/2{&(1)—ap (1)}, it suffices to show the weak convergence of —n'/2S,,(8,, ao, 7).

Let
Ny T8(r
NG — | NlotZEBE)
Noi|g{Z7 a(7)}]
and
Ki(B,a,7) = Jo Yilg{ZI B(u)}] x ¢1(1 —u,1 — [[V I{Z] a(v) < Z7B(u)} dv) du

fo (91 ZT a(u)}] x ¢2(1 — OTU H{Z!B(v) < Z]a(u)}dv,1 —u)du

First we note that {Z;N;(8, a0, 7),T € (0,7y]} is a VC-class (van der Vaart and Well-
ner 1996), and K;(8,, oo, 7) is Lipschitz in 7. It then follows that {Zi{Ni(,BO, oo, T)—
K;(By, 0, 7)}, 7 € (O,TU]} is a Donsker class by the permanence properties. By the
Donsker theorem, —n'/28,, (By, oo, T) converges weakly to a Gaussian process, namely

G(7), with mean 0 and covariance X(s, t) for s,t € (0, 7], where X(s,t) = E{¢;(s)¢;(t)"}
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with ¢; (1) = Z;{N;(By, o0, 7) — K;(By, 0, 7)}, 7 € (0, 7y]. By this fact, coupled with
(S3.11) and condition C3(a), we can see that n'/2{3(r) — B,(7)} converges weakly to
a Guassian process for 7 € [v1, 7y, and n'/2{&(r) — ao(7)} also converges weakly to a

Guassian process for T € [va, 7¢7], where 0 < vy, 9 < Ty

S4 Appendix D: Convergence Criteria for Computing

Algorithms

In this section we provide detailed convergence criteria which is shared by the
two algorithms A and B proposed in Section 2.3. First, we set the maximum num-

ber of iterations, denoted by My, and the tolerance level, denoted by tol. At the

m-th iteration (m > 1), define df}) = —L_ ["[gln+1" (z) — g™ (7)] 7 and
diy = miz 0B (r) = g ()] dr for g = 0, -+ ,p, recalling that 5©)(7)

is the intercept and 8(9)(7) is the coefficient corresponding to the ¢-th element of Z for
g=1,---,p. Let d/[Bm] = maxq{abs(dgtl;)} and ci[ﬁm] = maxq{abs(czgfg)}, where abs(+)
stands for the absolute value function. We also define do") and d"™ in the similar fash-
ion. At the end of Step A2 (B2) of the m~th iteration, we carry out the following steps:
Step 0. Compare m with My. If m < M, then continue to the next step, otherwise

stop and claim non-convergence.

Step 1. If maX{dgn],dgn]} < tol, then announce convergence. Let B(r) = ﬁ[mﬂ]

(1) for
7 € (0,7y,1] and &(1) = &™) for 7 € (0, 7y,2) and stop. Otherwise continue to the

next step.

Step 2. If max{dgn],dgn]} < tol, then announce convergence. Let B(T) = {B[mﬂ]

Hlm—1]

B
and stop. Otherwise continue to Step A3 (B3).

(1) +
(1)}/2 for 7 € (0,70.1] and &(7) = {&™ T (r) + & (r)}/2 for 7 € (0, 70.,)]

In the simulation studies and data analysis reported in Sections 3 and 4, we chose

My = 10 and tol = 1072,
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Table E1. Simulation Results on Parameter Estimation under the Frank copula. Bias:
biases; AvgSD: average estimated resampling-based standard deviations; EmpSD: em-
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Appendix E: Additional Tables and Figures

pirical standard deviations; Cov95: coverage rates of 95% Wald confidence intervals.

S11

T

Bias

EmpSD AvgSD Cov95

Bias

EmpSD AvgSD  Cov95

censoring, 45% dep. censoring to T', 45% dep. censoring to D, model (2.2) for D

10% indep.

0.1 B© 0.03 0.11
AY0.02 0.20
B® 004 011

0.3 B© 001 0.08
AL 0.01 0.16
B?  _0.01 0.08

05 B© 001 0.07
AL 0.01 0.14
B?  _0.01 0.07

10% indep. censoring, 30% dep.

0.1 A© .01 0.09
30 0.02 0.17
83 _0.02 0.09

0.3 B©  0.01 0.07
8D 0.00 0.14
83 0.00 0.07

0.5 B  0.00 0.06
8D 0.00 0.12
83 0.00 0.06

0.7 B©  0.00 0.07
8D 0.00 0.12
83 0.00 0.07

0.12 094 &© 0.01 0.10 0.12 0.95
0.23 0.96 &b  -0.02 0.16 0.19 0.96
0.12 0.95 &2 003 0.11 0.12 0.93
0.09 0.95 a©® 0.01 0.08 0.10 0.93
0.19 0.96 &b  -0.02 0.14 0.15 0.95
0.09 0.95 a® 0.02 0.08 0.09 0.96
0.08 0.95 & 0.02 0.08 0.11 0.96
0.19 0.98 &%  -0.03 0.12 0.16 0.97
0.08 0.98 a® 0.1 0.07 0.08 0.97
censoring to T, 60% dep. censoring to D, AFT model for D
0.10 0.96 &% 0.02 0.09 0.09 0.93
0.19 097 &%  -0.02 0.13 0.14 0.94
0.10 0.96 &? 003 0.09 0.09 0.94
0.08 094 &© 0.01 0.09 0.09 0.94
0.15 095 &  -0.02 0.13 0.14 0.94
0.07 0.95 &?  0.03 0.09 0.09 0.94
0.07 0.96 &© 0.01 0.09 0.09 0.95
0.13 096 &M  -0.02 0.13 0.14 0.94
0.07 096 &? 003 0.09 0.09 0.94
0.08 0.95 &% 0.02 0.09 0.10 0.95
0.17 097 &%  -0.02 0.13 0.14 0.94
0.08 0.97 &®  0.03 0.09 0.09 0.94
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Table E2. Simulation Results on Parameter Estimation when the Copula Function is
Misspecified. Bias: biases; AvgSD: average estimated resampling-based standard de-
viations; EmpSD: empirical standard deviations; Cov95: coverage rates of 95% Wald
confidence intervals.

T Bias EmpSD AvgSD Cov95 Bias EmpSD AvgSD Cov95
Underlying: Clayton, Kendall’s tau=0.58; Assumed: Frank, Kendall’s tau=0.58

0.1 A© -001  0.09 0.10 094 a&©@ 0.01 0.08 0.09 0.97
Y 001 017 0.18 095 a® -0.01 013 0.14 0.95
B®  0.01 0.09 0.10 095 a® -0.02  0.09 0.10 0.94

03 A© -001 007 0.08 095 &© 0.00 0.08 0.09 0.96
Y 001 0.13 0.15 096 & -0.01 013 0.14 0.95
B®  0.02 0.07 0.08 095 a® -0.02  0.09 0.10 0.94

05 B©  0.00 0.07 0.08 0.95 a©® 0.01 0.08 0.10 0.97
BY .01 0.13 0.15 0.96 a® -0.01 0.13 0.14 0.95
B®  0.00 0.07 0.07 0.95 a® -002  0.09 0.10 0.94

0.7 B9 0.00 0.07 0.08 0.96 a©® 0.07 0.10 0.11 0.94
BY  0.05 0.14 0.18 0.97 a® -0.01 0.13 0.14 0.95
B 002  0.07 0.08 0.95 a® -002  0.09 0.10 0.94
Underlying: Frank, Kendall’s tau=0.58; Assumed: Clayton, Kendall’'s tau=0.58

0.1 B 0.04 0.09 0.10 093 &  0.04 0.09 0.10 0.92
A 0.03 0.16 0.19 096 &  -004 0.4 0.14 0.93
A _0.05  0.09 0.10 093 a&? o007 0.08 0.09 0.86

03 B© 003 0.07 0.08 093 & 0.03 0.09 0.09 0.93
AL 0.01 0.13 0.15 096 & -004 0.14 0.14 0.93
B 0.02  0.07 0.07 096 a® 007 0.08 0.09 0.86

05 B© 0.01 0.07 0.07 095 a&a©@ o0.01 0.09 0.09 0.95
BY _0.01 0.12 0.14 0.96 a%  -0.04 0.14 0.14 0.93
A 0.00 0.06 0.07 096 a® 007 0.08 0.09 0.86

0.7 B© 0.00 0.07 0.08 094 a@ -0.01  0.09 0.10 0.95
Y 003 0.13 0.15 096 a® -004 014 0.14 0.93

8?  0.02 0.07 0.08 096 &®  0.07 0.08 0.09 0.86
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Figure E1. Simulation Results on Estimates for 3,(7) under the Correctly Specified
Clayton Copula with Misspecified Association Parameters: Kendall’s tau= 0.79 (Dashed
Lines), Kendall’s tau= 0.33 (dotted Lines), and Kendall’s tau= 0.16 (Dotdash Lines),
and the True Association Parameter: Kendall’s tau= 0.58 (Solid Lines); and the True
Coefficients B,(7) (Bold Solid Lines).
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Figure E2. Simulation Results on Estimates for 3,(7) under the Correctly Specified
Frank Copula with Misspecified Association Parameters: Kendall’s tau= 0.26 (Dashed
Lines), Kendall’s tau= —0.12 (Dotted Lines), and Kendall’s tau= —0.33 (Dotdash Lines),
and the True Association Parameter: Kendall’s tau= 0.58 (Solid Lines); and the True

Coefficients B, (7) (Bold Solid Lines).
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Figure E3. The WASID Example: Estimated Quantiles of Time to Early Termination
of Study Medication under the Clayton Copula with Kendall’s tau=0, 0.2, 0.4, 0.6 and
0.8, with the Stenosis Percentage Fixed at Its Mean ( 63.7%).



