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This supplementary material provides proofs of Theorems 1-3, derivation of

the fixed point equations for EM, and Supplementary Figures 1-6.

1 Proof of Theorem 1.

Using Lagrange multipliers to solve the constrained minimization problem, one
minimizes
M

L=D-)\g(y, €)= ZZI v; In[det(V,)] — A [Zi_l p(dy) — bM} .

By taking derivatives one obtains the system of ¢ + [ + 1 estimating equations,
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eé» is j'" canonical I x 1 vector and u,,, (d) = é% P, (d) is the weighting function

corresponding to the p,, —function. System (S1) implies that A must satisfy the

equation 1l><1%€ Al;xl 76 = 0, where 1,51 is [ x 1 vector of ones, and, therefore,

oD dg
A= < EXlag) <1l><160>

Then, for any j, equation & 39 = 0 in (S1) may be written as

dg\ 0D 0D\ 0Og
;o 0g\ oL o O\ 09
1

Denoting r; = V; 2 (y; — A;8) and using (S4), we can write (S5) as

;u 'V, 2FﬂV rZ =0, where Fj; = (Z 5’9k> 7. <1;X1%§> ({;‘9/;‘17

(S6)
and Fj; is the same as in Theorem 1. Hence, system (S1) may be re-written as
system (2.10)-(2.12) of ¢ + I + 1 equations in ¢ + [ unknowns. System (2.10)-

(2.12) is conditionally unbiased under the true model parameters [/@6, 06], and
normal distribution. This is trivial for (2.12). For (2.10), this easily follows
from each summation term being an odd function of r; and each r; having a
symmetric distribution around zero under the true model (e.g. Lemma 1 in
Kackar and Harville, 1981). Finally, equations (2.11) are conditionally unbiased
if v; = m; 1Ed2~xgl [d*u(d)] . It is enough to show that under the true normal
model, for any j :11, o

D & 12 v
20, 2 Z BN, (01 [u(d)riVy Z (%k r; (S7)

oD 1720V, _
<1m 80) ZEWNW(O,I) [u(d) A iy, 1/21'1']
J

k=1

l
To shorten the notation, let us denote x; = [u(d;)]?r; and W; = 3° g\ﬁ/;i'

M l
—1/2 . —-1/2
Then, ZZ:I EriNNm,L-(O,I) [u(dl)r;Vl / <k21%9‘;1> Vl / I‘i:| =
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M M
> ErN,. (01 [xgvi—mwivi—mxi] = > tr [Vi—1/2WiVi—1/2Cov (xi)} .
i=1 =1

For symmetric p (d) with symmetric u(d), under the true model, x; has a sym-
metric distribution and Ey, N, (0,1 [Xi] = 0. Then Cov (x;) = Ey, N, (o,1) [u(di)rir}]
is a diagonal matrix with equal diagonal elements E [z%u(z% + ...+ zfni)], where
Z1y ey Zm,; are 1.i.d. N(0, 1), because off diagonal elements of matrix u(d;)r;r; are

asymmetric functions in each component of vector r;. Hence,

M 1/2 1/2 M
> Beont, o) w0V WV ] = SmT B [dPuld)] tr [VIW,
i=1 : i=1 i

i v 1/20Viy—1/2 LA 2 -19V;,
ZI-EriNNmi(O:I) [u(di)rivi a0, Vi ri} = Zlmz By, [d*u(d)] tr |:Vi aef} ’
1= 1=

and v; = Eg 2 [d?u(d)] m; ! implies that both sides of (S7) are equal to

M M
_ _10V;
(;Zlvitr [Vi IWz]) ;:1 vitr [Vi 1 8@} .d

2 Proof of Theorem 2.

The GS-estimator may be viewed as a GEE estimator with estimating equations
(3.1)-(3.2). The following regularity conditions (Yuan and Jennrich, 1998) imply

existence of a consistent sequence of GS-estimators:

C1 With probability 1, ¥m(y,&y) — 0, where & is the true value of €.

C2 There is a neighborhood of &,, N(§,), such that with probability 1, all
W\ (y, &) are continuously differentiable and Jacobians %\IIM(y,E) con-

verge uniformly to a nonstochastic limit, which is nonsingular at &.
C1 follows from Lemma 5.3 in Shao (2003) under conditions

C3 For each h;(y;) = supgco [|[Wi(y:, &), i = 1,..., M, there exists § > 0 such
that sup; E |hi(y:)|* ™ < oo and sup; E ||y;|° < .
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C4 for any ¢ > 0 and any sequence {x;} € R™ such that ||x;|| < ¢, the sequence

of functions {g;(§) = ¥,(x;,€)} is equicontinuos on any open subset of ©.

Under assumptions R1-R4, conditions C3 and C4 are satisfied. To show

that C2 holds, we compute the Jacobian a%\I’M(y, &), which is partitioned as

3 B
Q‘I’M( &) = ag' M(Yaﬁ) 39/‘1’ (v, €)

85 35' lI’g/l(yv £) 369’ ‘Ile ( €)

M
I’Bi(yiag)’ \I’OM(yag) :ﬁ 2‘1’01(}’275) and

ME

B —
where Wy, (y, &) =1

Il
—

7

i/‘I’iﬁ(yia £) = _U(di)A;V;lAi — u/(di)di_lA;V;lﬂrir;vglﬂAi

B
0 B ar—19Vi 12
80j‘1’1ﬁ(y“£) - u(dl)szz 69 ) r;
_ ~1/20V; ~1/2 A —1/2,
! (dy)d; ! < VGV ) v 2,
;)ﬂ"l’lej<yi»€) = 2/ (d)d; ALV '[réV{UQFﬁVz’_l/Q“}

C

u(di) ALV,

8 B dg\ 0°D oD (., 0%
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Thus, under assumption R5, Wpi(y, &) is continuously differentiable. As-
sumptions R1-R6 and above arguments imply that conditions 6-8 in Yuan and
Jennrich (1998) are satisfied, and the main Theorem in Yuan (1997) implies that
convergence of %\PM(y,ﬁ) to ®(&) is uniform. Hence condition C2 is satisfied
as well. Then existence of a consistent sequence of GS-estimators follows from
the main result of Yuan and Jennrich (1998). O

3 Proof of Theorem 3.

Under assumptions R1-R7, the multivariate Lindenberg-Feller Centeral Limit
Theorem (e.g. Mukhopadhyay, 2009) gives that M/2® 1/ (y,&,) — N (0,Q2(&p))
in distribution if the Lindenberg’s condition is satisfied. The proof of The-
orem 5.14 in Shao (2003) implies that the Lindenberg’s condition follows if
sup,; E H\I'i(yi,fo)||2+6 < oo for some § > 0. The latter condition is satisfied
under the assumptions R1-R4. Thus, assumptions 1-3 in Yuan and Jennrich
(1998) are satisfied, and Theorem 4 in Yuan and Jennrich (1998) implies that

M2 (&) — &) — N(0, %) where 3 = [2(¢,)] ' 2(&0) [@(&)]
Q (&) = limar—oo {21(&0)}, Que(&o) =37 LM E[ Wiy, £0) Pi(yi, €o)'].

D(En) =limnr oo {P1r(€0)} Par(€s) =F | % Pm(y. E)les, | -

First, we compute ®p/(&,) =F [(%\I’M(y,ﬁﬂgzgo} . Under the true model

parameters £, = [, 06]/, vectors r; = V;1/2 (y; — A;3) have multivarite stan-

dard normal distribution, and Lemma 5.1 in Lopuhaa (1989) implies that d; =
(r;ri)l/2 and di_lri are independent, Erl-NNmi(O,I) [d;lri] =0, and C'ov (di_lrl-) =

—2 ! -1
Erinmi(QI) [di I'iI‘Z-] =m, L. Hence,

i

E |5 Win(yi,€)] = —Elu(d)] AV A= B[ (d;)di) AV (m7'T) VA,

M

so that F [8%/ \Ilg,l(y,f)} = —ﬁ X:IE [u(dl) + mi—lu/(di)di] A;Vi—lAi.

Further, [%qliﬁ(yi,f)} = 0 since %\Piﬁ(yi,g) is asymmetric function



6 INNA CHERVONEVA AND MARK VISHNYAKOV

in each component of r; ~ N, (0,I). Similarly, £ [%‘IJ .(yi,é)} = 0 since

%‘1’10 (rj, Aj, ) is asymmetric function in each component of r; ~ Ny, (0,1).
Finally, E [-2, M® E|%|) 2D o0 (y B| Lo
Inally, [ao' oy, 5)} 1y 20 | | 5656’ Ix17 | 5666
0? ad) sl
— (11 ae) B [aea%’} - LK [ } (12><18080’) Tk [Tg’} ’
where E [%} = 80 because v; = Eg2. 2 [d?u(d)] m; !, Hence,
aD 8D 92 2°D aD
E [ae’M‘P@(y’g)] (12><1 201~ 1;><1) (E [aea%’] o aeae’) o

where F [6980 } =

1 M
E|S Y ae) ey {—u)d (fv, PRV i) v, Aoy oy,
Jj=1lk=1 =1

-1/2 (9V; 10V; 82V, V; 19V; -1/2
—u(d;)r;V; (aakv a6, — 26,00; 69 \3 69k) A2 TQH :

Again using Lemma 5.1 in Lopuhaa (1989),

E{u’(di)df (/V 1/26V’V 1/2 ) ’V 1/28V1V 1/2 }_

Bl (di)d? toviv3) 3 OVin 3
m[i(mH—Z)] tr <[(Vz o Vit ) @ (VP Vit )| Him |

where Hy,, = [I+ K, m, + vee (D) vec ()], Ky, is a (m? x m?)-block ma-
trix with (¢, )-th block K (i, 7) of size (m; x m;) ,which has 1 at entry (i, 5) and
0 otherwise (K (i, 7);; = di;). Also, with the arguments similar to the above,

-1/2 (0V;x/—18V; 82V, OVv/—19V; =172 4| _
E{U(di)révi ( Vi 96, — ve,00, + a9, Vi 80k)v rg]_

-1 2 IV,x7—19V; 3%V, Vix7—10V;
m; E [u(dl)dz] tr |:Vz (aek V a0, 89]‘3919 + a0; Vz a0}, )] , SO that,

i

=1
1 71 / 18\/‘ 1
2 2 2 2
<V v ) <V o, V1))
+u;tr {V 1 < 'V

av 10V | PV,
90, 1 00; " 00,00,




GENERALIZED S-ESTIMATORS FOR LME MODELS 7

Hence, E [@%‘I’M(Yafo)k:go} = Diag (®gg,Pes), where

M
Dpg = — ZA/Vi_lAiE [u(d )+ m_lu’(d )dz]

1 / ! l - *18V1‘

J= i=1
£ vtrot [ (v o (v ) )

Vi 0V, 1 Jd r OV,
, -19Vix;—19Vi L l -1
o (V’ a0, ' aek>}+MC; (<) ®z;”l“"[ ’ ]
Further, Q,/(&g) :ﬁ Zf\il E[¥i(yi, &) ¥i(yi, &)'] may be written as
m(&) = [ ﬁz%lE[\I’iﬁ(rivso)wiﬁ(rbfo)/] M21 1E[ (rnfo)‘l’ie(riaﬁo)l] ]

ﬁzi:1E[‘I’i0(ria50)‘I’iﬂ(ria§o)l] MZ; 1E[ (rlaﬁo)‘I’iO(I‘ifo)/]
where "M E[Wig(r1, &) Tig(ri, &)'] = Sty my ' E [u?(d;)d?] ALV TA; and
E?ﬁlE[\Ilig(ri,EO)Tiﬁ(ri,ﬁo)’] = 0 because W;g(rj, Aj, ) is asymmetric
and Wig(ry, Aj, 5)/ is symmetric function in each component of r;.

Similarly, Z%\ilE[\Pilg(ri,SO)Tig(ri,SO)’] =0.

Finally, 95\94(50) = Z?ﬁlE[\Pig(ri,so)\Pig(ri, EO)'] has elements
_1 1 _1 _1
[934(50)] =EB {21 1“2<d') (rgvi *F;iV, 2ri> (rgVi *F.,V; 21'2')]
I M _1 _1
+E chizlu(di) [p (di) — bm,] (r;Vi *FjiV; 21’i>] +

+E Ckzl 1u(di) [p (di) — bm,] <r§v;;FkiV;;ri>} i

+E cjckzgl [p(d;) — bmi]ﬂ , where Fj; = F;; (0) is given in (2.13).

Using results from Neudecker (1969) and Lemma 5.1 in Lopuhaa (1989)),
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M o 1 1 1 1
. / 2 .. 2 ... / 2 2 ... _
E 350w (d) [0V, 2FyV, 2 ) (1) 2FLV, P ) | =

Vf%F -V-ﬁé / V.ﬁéF--V.f5 vee (252 | =
) i ki Vg ® i Jr T (d?>

E[u?(d;)d?] —1\/ 1 1
E%\/Il mz(r(rzz+2) {[<V ‘Fr,V, 2> ® (VZ- *F;V, 2)} I+ K, + vee(I) vec (I)']},

-
.~

S 1E [u N E [ve

\ =

and F [Zl qu(d;) [p(di) — bm,] r;Vi;Fﬁ-Viéri)] =
S m B [u(di)d? (p (di) — b)) tr [V '], so that

@)l = GarXthE (0 (di) — bm,)?]
+35 M m; 1E[ (d )d2 (di) = bm,)] tr [V 1 (¢jF i + e Fi)]

E[ 1\’ 1 1
M
+Zl 1 m; ml_|_2 {[( 2sz 2) % (Vz‘ *FjiV, 2)] Hmz} .a

4 Derivation of fixed point equations for EM.

l
Linear covariance structure of V; (V; = > 6,L;4, i = 1,..., M) implies that Vi,
g=1

89 = L;; and 29] 89 = V; so that
j=

tr (V;%X?) =tr (V'L Vi IVy) = L 0t [V 1LV Ly,
J

Hence, tr (V;l a(%z> = Qi(0)6, where Q;(6) the [x] matrix with entries [Q;(6)];;, =
tr [V, 'LyjV; 'Ly].  Respectively, tr (V;I%in> = [Qi(0)];. 0, where [Q;(0)],.

stands for j** row of matrix Q;(8).

l
Under the assumption of linear covariance structure, V; = > 64L;, @ =
g=1
1,..., M, each matrix Fj; in (2.13) simplifies to

M M l
Fj = <ELZS> > vptr (Vkl%\g’“) —L;j > vgtr <V,;1 ZL1~3> , where
k=1 s=1

k=1
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M l
> vgtr <V,;1 ZL¢8> is a constant further denoted by Sy,
=1 s=1

M ov M l
SMZ = kaﬁ“ ( Z k) = katr (V;12L23> .
k=1 k=1 s=1

Hence, F;; may be expressed as

l M
Fji = <21Li8> kz Uk [Qk(0>]J 0 — SariLij.
s= =1

Let us further denote by Q(0) the [ x [ matrix with entries
M
0)]]k = Z’Uz‘tT [Vi_lLZ‘jVi_lLik]

l
Then Fj; = (ZLw) Q6 ]j, 0 — SaLij, where [Q(G)]j_ stands for j** row of

)
S=
matrix Q(@), and system (3.2) is written in the matrix form as

ﬁieg@% [u(d v 2 <Zl:1L> [Q(0)],.0 — SMle>V YV2rite; (p(di) — b,)| =

MmZK(%Mﬂ=ZM

~ i—1 Pinz (dl) - bM = (ya 5) )

the third term is [ x 1 vector M ~1g(y,&)c,

the second term is [ x 1 vector Uj,; with entries

Uptj = M~ SMZZ[ v v ]

and the first term is written as

b E o), 0 5 [uamv, (S )) Vi)

Jj=1 S
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Let us further denote

7

M l
Py=M"1 Z u(di)rgvi_l/2 ZLis V._l/Qri
i=1 s=1

then the first term is [ x 1 vector Py;Q(0)0 and system (3.2) is re-written as

PuQ(8)0 + Uy +M g (y, &) c=0.
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Supplementary Figure 1. Error distribution of parameter estimates for simulated data sets
with n=40 without contamination (0,0), with 10% contamination in error terms (0,0.1), with
10% contamination in random effects (0.1,0), with 10% contamination in both error terms and
random effects (0.1,0.1), with 10% of "good" (0.1 glp in X) and "bad" (0.1 glp in X) leverage
points. Four estimation methods used are REML (ML), Robust REML II (RR), GS-estimator
with breakdown parameter 0.2 (S2), GS-estimator with breakdown parameter 0.5 (S5).
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Supplementary Figure 2. Error distribution of parameter estimates for simulated data sets with
n=80 without contamination (0,0), with 10% contamination in error terms (0,0.1), with 10%
contamination in random effects (0.1,0), with 10% contamination in both error terms and random
effects (0.1,0.1), and with 10% of "good™ (0.1 glp in X) and "bad" (0.1 glp in X) leverage points.
Four estimation methods used are REML (ML), Robust REML Il (RR), GS-estimator with
breakdown parameter 0.2 (S2), GS-estimator with breakdown parameter 0.5 (S5).
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Supplementary Figure 3. QQplots of GS parameter estimates with breakdown
parameter 0.2, n
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Supplementary Figure 4. QQplots of GS parameter estimates with breakdown

=80.

parameter 0.5, n
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Supplementary Figure 5. Root mean squared errors (RMSE) in simulated data without
contamination (0,0), with 10% contamination in error terms (0,0.1), 10% contamination
in random effects (0.1,0), 10% contamination in both error terms and random effects
(0.1,0.1), and 10% of "good" (0.1 glp in X) and "bad" (0.1 glp in X) leverage points.
Estimation methods used are REML (squares, dashed lines), Robust REML II (diamonds,
dashed lines), GS-estimator with breakdown parameter 0.2 (circles, solid lines),
GS-estimator with breakdown parameter 0.5 (triangles, solid lines). Missing points for
Robust REML II correspond to the mean squared errors outside the plotting range.
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Supplementary Figure 6. Coverage of asymptotic 95% confidence intervals for sample sizes
40, 80 and 120 in simulated data sets without contamination (0,0), with 10% contamination

in error terms (0,0.1), 10% contamination in random effect of group (0.1,0), 10% contamination
in both error terms and random effect of group (0.1,0.1), and 10% of "good" (0.1 glp in X)
and "bad" (0.1 glp in X) leverage points. Results for GS-estimator with breakdown parameter
0.2 plotted with circles and for GS-estimator with breakdown parameter 0.5 plotted with
triangles. Solid lines show nominal 95%, and the dotted lines limit the approximate acceptance
region [0.92,0.98] for the null hypothesis Hy: p =0.95.





