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S1 Proof of Theorem 2.1

Because P is irreducible, it admits a unique left eigenvector of 1, say u, such that u is a
positive vector that sums to 1, and satisfies the condition

uτP = uτ .

We may identify u with the stationary distribution of the Markov chain with probability
transition matrix P . Let w = (1, . . . , 1)τ denote the right eigenvector of P of eigenvalue
1, so that Pw = w. The spectral decomposition of P gives

P = {1wuτ/uτw}+ Q = wuτ + Q. (S1.1)

Note that zero is an eigenvalue of Q because Qw = Pw − wuτw = w − w = 0, and Q
shares the m−1 right eigenvectors of P of non-zero eigenvalue less than 1 in magnitude.
Consequently, Eqn. (S1.1) implies that, for any positive integer k,

P k = wuτ + Qk. (S1.2)

By the Cayley-Hamilton theorem we have

c(Q) = Qm−1 − c1Q
m−2 − . . .− cm−1I = 0.

Without loss of generality, assume that E(h(Xt)) = 0, otherwise we shall subtract the
nonzero mean from h and argue as below. Let ν = (ν1, . . . , νm)τ and ξ = (ξ1, . . . , ξm)τ ,
where, for 1 ≤ j ≤ m, νj = E(h(σjη)) and ξj = E(h(X0)I{X0 ∈ Rj}). It can be
seen that the vector of stationary probabilities u is orthogonal to the vector ν, by the
following arguments.

0 = E(h(Xt)) = E(E(h(Xt)|Xt−1)) =
m∑

j=1

ujE(h(σjηt)) = uτν.
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It can be checked that the lag-k autocovariance of {Yt} equals

γk = E(Y0Yk) = E(Y0E(Yk|X0, . . . , Xk−1)) = ξτP k−1ν = ξτQk−1ν,

where the last equality follows from Eqn. (S1.2) and the orthogonality of u and ν. The
validity of the Yule-Walker equation defined by Eqn. (3) for the {Yt} process then follows
from the equation c(Q) = 0. This completes the proof of Theorem 2.1.

S2 Proof of Theorem 2.4

The proof is similar to that of Theorem 2 in Wu and Shao (2004), but for completeness,
we outline it below. With no loss of generality, let p = 1 and 0 < α < 1 in conditions
(i) and (ii), because the validity of conditions (i) and (ii) with some α = α0 > 1 implies
that they also hold for all smaller 0 < α < α0, by Hölder’s inequality. It follows from
condition (i) and (ii) that, for all integer k ≥ 1,

E|Yt,k+1(y0)− Yt,k(y0)|α ≤ E[E{|Yt,k(Xt−k−1 + H(y0))− Yt,k(y0)|α|Ft−k−1}]
≤ CζkE|Xt−k−1 + H(y0)− y0|α
≤ CDζk.

Denote δk = CDζk. Then, Markov’s inequality entails that P(|Yt,k+1(y0) − Yt,k(y0)| >

δ
1/(2α)
k ) ≤ δ

1/2
k . As

∑∞
k=1 δ

1/2
k < ∞, it then follows from the Borel-Cantelli lemma

that |Yt,k+1(y0) − Yt,k(y0)| ≤ δ
1/2
k eventually a.s., hence {Yt,k(y0), k ≥ 1} is a Cauchy

sequence a.s. Consequently, there exists Wt which is Ft-measurable and Yt,k(y0) → Wt

a.s. Moreover, Fatou’s lemma implies that

E|Yt,k(y0)−Wt|α ≤
∞∑

`=k

E|Yt,`(y0)− Yt,`+1(y0)|α

≤
∞∑

`=k

δ`

= δk/(1− ζ),

which converges to 0 as k →∞.

Clearly, if {Xt} is stationary ergodic, so is {Wt}. Furthermore, if Yt = Wt then
Yt+1 = Wt+1, showing that the Y -process is stationary ergodic with the appropriate
initial distribution.

Finally, the convergence of Yt,k(y) to Wt holds because

E|Yt,k(y)−Wt|α ≤ E|Yt,k(y)− Yt,k(y0)|α + E|Yt,k(y0)−Wt|α
≤ Cζk|y − y0|α + δk/(1− ζ)

entailing that Yt,k(y) → Wt a.s. This completes the proof.
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S3 Proof of Theorem 3.2(b)

To simplify notations, let Mn= {r : ‖r− r0‖ ≤ B/n}. Note that

E
(

sup
Mn

1
n

∣∣∣
n∑

t=1

X2
t Iit −

n∑
t=1

X2
t I0

it

∣∣∣
)

≤ 1
n

n∑
t=1

E
(

sup
Mn

X2
t |Iit − I0

it|
)

≤ 1
n

n∑
t=1

E(X2
t [I{|Wt−1 − ri0| ≤ B/n}+ I{|Wt−1 − ri−1,0| ≤ B/n}])

≤
(

max
1≤i≤m

σ2
i0

)
{P(|Wt−1 − ri0| ≤ B/n) + P(|Wt−1 − ri−1,0| ≤ B/n)}

for i = 2, ..., m− 1, where I0
it = I{ri−1,0 < Wt−1 ≤ ri0}, and

E
(

sup
Mn

1
n

∣∣∣
n∑

t=1

X2
t I1t −

n∑
t=1

X2
t I0

1t

∣∣∣
)
≤

(
max

1≤i≤m
σ2

i0

)
P(|Wt−1 − r10| ≤ B/n);

E
(

sup
Mn

1
n

∣∣∣
n∑

t=1

X2
t Imt −

n∑
t=1

X2
t I0

mt

∣∣∣
)
≤

(
max

1≤i≤m
σ2

i0

)
P(|Wt−1 − rm−1,0| ≤ B/n).

By Assumption 3.2, fw(·) is bounded on the set
⋃m−1

i=1 {x : |x− ri0| ≤ 1}. Hence, for any
fixed B > 0 and n →∞, we have

E
(

sup
Mn

1
n

∣∣∣
n∑

t=1

X2
t Iit −

n∑
t=1

X2
t I0

it

∣∣∣
)

= O(1/n),

which implies that

√
n sup

Mn

1
n

∣∣∣
n∑

t=1

X2
t Iit −

n∑
t=1

X2
t I0

it

∣∣∣ = op(1).

Similarly,

√
n sup

Mn

1
n

∣∣∣
n∑

t=1

Iit −
n∑

t=1

I0
it

∣∣∣ = op(1),

which yields that

inf
Mn

1
n

n∑
t=1

Iit ≥ 1
n

n∑
t=1

I0
it − op(n−1/2) = {Fw(ri0)− Fw(ri−1,0)} − op(1).
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Thus, by the expression of σ̂2
in(r) and the law of large numbers, it follows that

√
n sup

Mn

∣∣∣σ̂2
in(r)− σ̂2

in(r0)
∣∣∣

≤
(

inf
Mn

1
n

n∑
t=1

Iit

)−1√
n
(

sup
Mn

1
n

∣∣∣
n∑

t=1

X2
t Iit −

n∑
t=1

X2
t I0

it

∣∣∣
)

+

1
n

n∑
t=1

X2
t I0

it

(
inf
Mn

1
n

n∑
t=1

Iit

)(
1
n

n∑
t=1

I0
it

)
√

n
(

sup
Mn

1
n

∣∣∣
n∑

t=1

Iit −
n∑

t=1

I0
it

∣∣∣
)

= op(1).

Furthermore, by the law of large numbers,

√
n(σ̂2

in(r0)− σ2
i0) =

( 1
n

n∑
t=1

I0
it

)−1 1√
n

n∑
t=1

σ2
i0(η

2
t − 1)I0

it

=
σ2

i0

Fw(ri0)− Fw(ri−1,0)
1√
n

n∑
t=1

(η2
t − 1)I0

it + op(1).

By the Cramer-Wold device and the martingale central limit theorem, (b) holds.

S4 Sketch of Proof on the Asymptotic Independence
of the Maximum and its Location of an OU pro-
cess over a Sufficiently Large Interval

We adapt some arguments in Berman (1971) who derived the asymptotic distribution
of the maximum of a stationary Gaussian process. It is readily seen from the proof
of Theorem 3.1 in Berman (1971) that, under some regularity conditions including a
certain asymptotic rate of the autocorrelation function with lag approaching 0 for which
the OU process holds, with a fixed h > 0 and T tending to infinity, the maximum of
such a process over the interval [0, T ] is asymptotically equivalent to the maximum of
the maxima of the process over [ih, (i + 1)h], i = 0, .., T − 1, with the maxima over the
unit intervals being asymptotically independent. (With no loss of generality, T may be
assumed to be a positive integer.) Hence, the maximum of the process over [0, T ] and
the location of the maximum up to an uncertainty of h are asymptotically independent.
By passing to the limit with h → 0, the maximum of the process over [0, T ] can be
shown to be asymptotically independent of the location of the maximum, with the latter
uniformly distributed, for large T . The stationarity of the OU process then allows the
result to hold for any sufficiently large, finite interval in lieu of [0, T ].
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S5 Density Plots of M−
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Figure 8: (a) The density of n(r̂n− r0) when n = 400 and ηt ∼ N (0, 1); (b) The density
of M− when θ0, fw(r0) and f(x) are all known and 10,000 replications are used. (c)
The density of M̂− when θ̂n, f̂w(r̂n) and f̂(x) and 1,000 replications are used. (d) The
density of M̂− when θ̂n, f̂w(r̂n) and f̂(x) and 10,000 replications are used.



S6 KUNG-SIK CHAN, DONG LI, SHIQING LING AND HOWELL TONG

S6 CREF Analysis
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Figure 9: Upper left diagram shows the time plot of the standardized residuals from the
fitted T-CHARM. Upper right diagram is the sample ACF of the standardized residuals.
Lower left diagram plots the p-values of the McLeod-Li test for residual ARCH effects in
the residuals, based on the first k lags of the autocorrelations of the squared standardized
residuals, where k = 1, · · · , 50; the dotted horizontal line shows the 5% level. Lower right
diagram is the quantile-quantile normal score plot for the standardized residuals.

Figure 9 shows that the model provides a good fit to the data. In particular, the
standardized residuals from the fitted T-CHARM appear not to show any conditional
heteroscedasticity as judged by the sample ACF of their absolute values. This conclusion
is corroborated by the McLeod-Li test (see Li and Li, 1996) as well as a (unreported)
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Lagrange multiplier test for residual ARCH effects; see Li (2004) and Ling and Tong
(2011) for surveys on goodness-of-fit tests in time series modelling. The standardized
residuals also appear to be normally distributed, as its quantile-quantile normal score
plot is quite straight.

Figure 10 shows the out-of-sample 1-step-ahead predictive performance of both mod-
els with fifty new observations collected from August 16 to October 24 in the year 2006. It
plots the average cumulative predictive log-likelihood of the new observations; their per-
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Figure 10: Average cumulative 1-step ahead predictive log-like likelihood, from the T-
CHARM (solid line) and the GARCH model (dotted line).

formances seem reasonably comparable with the T-CHARM performing perhaps slightly
better. Interestingly, all the fifty new observations fall into the first regime. If we extend
the out-of-sample comparison further, the GARCH(1,1) model begins to outperform the
T-CHARM, but then the dependence structure of the CREF series also experienced an
unprecedented change as the market was heading into the financial crisis in 2007–2010
(Figure 11). Since financial markets are almost invariably nonstationary, it is wise to note
the limitations of stationary models for financial time series. At best, stationary models
such as T-CHARM and GARCH models merely serve to capture the approximate dy-
namics of the conditional variance over a relatively stationary (therefore limited) period.
A really challenging research problem is to model the nonstationarity in the volatilities
based on past data; this is a daunting task since market collapses are often triggered by
extraneous circumstances, e.g. the credit crisis from 2007 to 2009.
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Figure 11: Time plot of an extended daily CREF returns. The initial black solid line
shows the data initially analysed, the middle gray line corresponds to the period of out-
of-sample forecast and final black solid line draws the more recent data, which shows the
dramatic changes in the dependence structure of the CREF series as the market went
through the 2007-2010 financial crisis.
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S7 The Tree-ring Analysis
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Figure 12: ACF of the absolute residuals from the IMA(1,1) model fitted to the tree ring
data.
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S8 Lagged Regression Plot for the Old Faithful Geyser
Data
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lag−2 regression plot
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lag−3 regression plot
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zlag(x, k)

o

o

oo

o

o

o

o
o

o

o

o

o

o

o

o

o
o

o

o
o

o

o

o o o
o

o

o

o
o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o o

o

o

o

o

o

o

o

o

o

oo
o

o
o

o
o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

oo

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

oo

o

o
oo

o

o

o

o

o

oo

o

o

oo

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o o

o

o

o

o

o

o
oo

o

o
o

o

o

o

o

o

o
o

o
o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

oo oo o

o

o

o

o

o

o

o

o o

o o

o

o

o

o

o

oo

o

o

o
o

o

o

o o

o
o

o

o

o

oo
o

o

o

o

o

o
o

o

o

o

o

3.5 4.0 4.5 5.0

3.
8

4.
0

4.
2

4.
4

lag−5 regression plot

o

o o

o

o

o

o
o

o

o

o

o

o

o

o

o
o

o

o
o

o

o

oo o
o

o

o

o
o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

oo

o

o

o

o

o

o

o

o

o

oo
o

o
o

o
o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o o

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o o

o

o
o o

o

o

o

o

o

o o

o

o

o o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

oo

o

o

o

o

o

o
o o

o

o
o

o

o

o

o

o

o
o

o
o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o oo oo

o

o

o

o

o

o

o

oo

oo

o

o

o

o

o

o o

o

o

o
o

o

o

oo

o
o

o

o

o

oo
o

o

o

o

o

o
o

o

o

o

o

3.5 4.0 4.5 5.0

3.
8

4.
0

4.
2

4.
4

lag−6 regression plot

oo

o

o

o

o
o

o

o

o

o

o

o

o

o
o

o

o
o

o

o

o oo
o

o

o

o
o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o o

o

o

o

o

o

o

o

o

o

o o
o

o
o

o
o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

oo

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

oo

o

o
oo

o

o

o

o

o

oo

o

o

oo

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o o

o

o

o

o

o

o
oo

o

o
o

o

o

o

o

o

o
o

o
o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

oo oo o

o

o

o

o

o

o

o

oo

o o

o

o

o

o

o

oo

o

o

o
o

o

o

o o

o
o

o

o

o

o o
o

o

o

o

o

o
o

o

o

o

o

Figure 13: Lagged regression plot of the log waiting time against its lag k, k = 1, ..., 6.
Open circles are data and solid lines are nonparametric curve fits.
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