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Supplementary Material

In this supplement the proofs of the results of the paper are collected.

S1 Proofs of Theorem [3.1], Proposition 3.3}, and Corol-
laries [3.2] and [3.4]

This section is dedicated to the proof of Theorem [3.1] and Corollaries [3.2] and [34] in
Section [8] The proof is separated in four parts. We start with some technical results,
then we calculate the entropy numbers of the considered function spaces, which yield
the basic arguments to show consistency of the estimator in . Finally, we give the
proof of the asymptotic results given in Theorem and Corollaries and This
section is dedicated to the proof of Theorem and Corollaries and in Section
[Bl The proof is separated in four parts. We start with some technical results, then we
calculate the entropy numbers of the considered function spaces, which yield the basic
arguments to show consistency of the estimator in . Finally, we give the proof of
the asymptotic results given in Theorem [3.1] and Corollaries [3.2] and

S1.1 Some technical lemmata

Before we give the proofs of the main results in Section we need some technical
lemmata.

Lemma S1.1. Forp € [1,00) the mapping § : (Ok, | |oo) = Fr, || - llzr), 6 — f(-,0) is
Holder continuous with index 1/p, and there exists a constant L independent of k such
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that for all 0V, 0 € © the following estimate holds true:

50 60| < (e ‘9(2) o) )1/,,

Lp

Proof. Let (1) = (1951),7'1(1), ... ,19,9)),9@) = (19(2) 19(2 ) € O, and consider the
mapping A : [0,1] — L*([a, b)),

A(t) i= f(-, 00 + (0@ —oW)).

Setting 9, (t ) =1, 1)+t(19 19(1)) fori=1,...,k+1and and 7;(¢) := Ti(l) +t(71(2) —Ti(l))

for i =0,...,k+ 1 we get from the integral form of the mean value theorem that
k+1 ri(t) 6f P
|36 = 6| =a) 9 (. 0:(1))| dtdy
Ti_ 1(t) 879

+ Z/o ‘[f(n(t)ﬁ(t))]‘pdt \sz) - Ti(l)‘

with the constant C' 1= supyey, yejq,5) max((2[f(y, 9)[)?, (b — a)diame (¥)P~ 1|aﬁ (y, M),
which is finite since ¥ is compact. O

Lemma S1.2. Suppose that Assumption C holds true. Then A : O — L*(I) is contin-
wously differentiable and the derivative is given by

b
x, i_ ,0)d i #0mod (r+1),
(N [len) () = /aw( Y) g f(y,0)dy #0mod (r + 1) si

oz, 7 )V [f,0)] (r_i) t=0mod (r+1).

Proof. We show that the mapping Ag : ¥ X [a,b]*> — L*(I)

T2

Ao(d,71,72) = / (), 1), 9) dy

1

is continuously differentiable with derivative

T2

0
Kol )59, 70,6m2) = [ o)) 5 (0 9060 dy 1

— (-, m)f(9) (71, 9) 071 + @[+, 2)f(I) (12, 0) 672

from which the assertion follows immediately. We write Ag = ®( o § as the composition
of the mappinng § : ¥ x[a, b]? — C([a, b]) x[a, b]?, (I, 71, 72) := (f(-,9), 71, 72) |, which is
continuously differentiable with derivate §'[J, 71, 72] (69, 71, d72) = (% (-,0)69, 671, 079) T
by the first property in Definition and the integral operator ®q : C([a, b]) x [a, b]?
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LA(I), (®0(g,71,72))(x) == [7*¢(x,y)g(y) dy which is continuously differentiable with
derivative ®ylg, 71, 72](dg, 671, 672) = Po(dg, 71, T2) — @ (-, T1)g(T1)dT1 +©(+, T2)g(T2) 672 by
the fundamental theorem of calculus and Assumption C. Now (S1.2)) follows from the
chain rule Aj[0](00) = ©([F(0)]'[0](60) with 0 := (¥, 71, 72). O

Corollary S1.3. Suppose that Assumptions B and C are met. Then, uniformly for all
f € Fy([a,b]), it holds

op(1) + st @fII% < NPFl72 0y < sull®FII5 + 0p(1)

with constants sy, s, depending on the design density (cf. Assumption B), only.

Proof. The claim follows from [Boysen, Bruns, and Munk] (2009, Lemma 4.3) together
with Assumption Ci). O

S1.2 Entropy results

In order to show consistency of the least squares estimator fn in 1' we apply uniform
deviation inequalities from empirical process theory. To this end, it is necessary to
calculate the entropy of the space of interest, which is defined in the following way.

Definition S1.4. Given a subset G of a linear space G, a semi-norm || -] : G — [0, 00),
and a real number 6 > 0, the 6-covering number N(6,G, ||-||) is defined as the smallest
value of N such that there are functions g1, ...,gn with

. < .
él}lgrlNHg gil| <6 forallgeg

Moreover, the §-entropy H and the entropy integral J of G are defined as

H(6,G,| - |]) = log N(6,G, || - ||) and

s
J(57ga H ' ||) ‘= max (67/ HI/Q(uagv || : ||)du> )
0
respectively.

We are interested in the entropy of the set
Gy = {®f € L*(I) | f € Fyla,b]}, (S1.3)

where ® is a known integral operator with kernel ¢ as defined in (L.2). In order to
deduce consistency of fn, additionally we have to know the entropy of the set Fy. By
definition, all functions f € Fj are determined by a parameter vector 6. Thus the core
of the problem reduces to determination of the entropy of the parameter set ©y.
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Lemma S1.5. Let Fy, and d = (k+ 1)r 4+ k be as in Definition[2.4, Then there exists
a constant Tr,Tr > 0 depending only on the considered function class F in Definition

such that
nT
H(6, Fy,| - ||p1) < dlog (W> 7 (S1.4)

5
H(S, Gy, || - ||n) < dlog <(k“)5f”> . (S1.5)

Proof. Note that the diameter of O with respect to the maximum norm is bounded by
a constant M independent of k and recall that § : (O, |- |s) = (Fk, || - lz1), 8 — f(-,0)
is Lipschitz continuous with constant L(k + 1) (cf. Lemma [SI.1)). Hence, with
Tr := 2ML follows from the fact that the number of balls with radius 6/(L(k + 1))
which are needed to cover a subset of R? with diameter bounded by M can be estimated
by (2M L(k+1) +6)?/§¢ (cf.|del Barrio, Deheuvels, and van de Geer| (2007, Lem. 2.5)).
Analogously, we obtain with T := 2M L||®||1_ 00 - O

S1.3 Consistency

Theorem S1.6. Let ® be an operator satisfying Assumption C and fo = f(-,6p) € F.

Furthermore, assume that Assumption A1 and B are met. Then, for fn = f(-,0,), the
least squares estimator in , it holds that

”(I)fn - (I)fOHH =op(1).

Proof. Due to Inequality (3.1)) we have
1@ fn = Y2 < [ @fo = Y7 + 0p(n ).
Inserting Y = ® fy + ¢ leads to
1@ o = Soll} — 202 fn — B fo,)n + [l€ll? < llell? + 0p(n ™)
which implies

[9fn — foll2 < 2@fn — ®fo,e)n +0p(n )
= 2(<(I)fm5>n —(®fo,e)n) + Op(nil)

4 sup [(g,€)n| +o0p(n71).
g€Gy

IN

Lemma gives boundedness of the entropy H (0, G, P,,) uniformly in n, for all
§ >0 and so n ' H(8, Gy, P,) — 0 as n — oo. With this result it follows directly from
van de Geer| (2000, Theorem 4.8) that sup,cq, [(9,€)n| = op(1). O
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Corollary S1.7. Under the assumptions of Theorem[S1.6 one has

|® f — @ follL2(ry = op(1).

Proof. Since the design in Definition (|I.1]) is assumed to satisfy Assumption B the claim
follows directly from Theorem and Corollary O

Lemma S1.8. Under the assumptions of Theorem [51.6] it holds that

1@ fo = follzacry = 0p(1) implies |If(-,60) = £, 0u)ll 20,0y = 0p(1).

Proof. The operator @ : (Fy, || - [|22((as))) — (L*(1), ] - lz2¢r)) is linear and bounded
and hence continuous. According to Assumption Cii) it is injective and it follows from
Lemma that the set (Fy, | - [|z2(ja,p))) is totally bounded. Since it also contains
functions with less than k change points, it is additionally closed and therefore compact.
Hence ® : F, — {®f € L?(I) : f € Fy} is a bijective continuous mapping from a
compact set to a Hausdorff space, hence a homeomorphism (see tom Dieck| (2008], Prop
1.5.3)). 0

Lemma S1.9. Assume that fo = f(-,00) € Fi, with §T(fo) = k and let {f(-,6n) tnen be
a sequence in Fy. Then

1£(500) = £ (s 0n)llL2(fa ) = 0(1)  implies |00 = Onloo = o(1).

Proof. Due to the definition of J(-) in Subsection 2.2, the assumption §J(fo) = k
implies that f(-,6p) has precisely k change points. That means, f(-,6y) = f(-,0) implies
0 = 0o, i.e. for all 0y # 6 € ©p we have ||f(-,00) — f(-,0)|l12(ja,p)) > 0. Now assume
that || f(-,00) — f(-,0n)ll£2([a,e)) = 0(1) but that there exist a subsequence {0, }nen and
a constant ¢; > 0, such that |6y — Ok, | > ¢1 for all n € N. Since ©y, is compact, we
can choose a further subsequence of this subsequence, which converges to some 6 € Op.
W.lo.g we assume lim,, |é — 0k, |0 = 0. By construction |6y — 9\00 > ¢; and so
uniqueness of 6y implies || f(-,60) — f(-, é)HLQ([a,b]) > ¢p > 0 for some constant cy. Since
the mapping 6 — ||f(-,0) — f(-,00)|/2(ja,p)) is continuous by Lemma there exists
some ng € N, such that for all n > ng we have

176280 = 780 2oy > 5e2 > .
This is a contradiction to || f(-,60) — f(-,0n)ll22((a,e)) = 0(1) and the claim follows. [
Corollary S1.10. Under the assumptions of Theorem[SI.€] it holds that
1£(+60) = £, 00) | 2 (tayy = 0p(1)-

Moreover, if the true function fo has exactly k change points it also holds that

|90 - én|oo = Op(l).

Proof. This follows from Theorem [ST.6] by application of Lemma [S1.8] and [ST.9} O

S5
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S1.4 Asymptotic normality

In this subsection we show asymptotic normality of the least squares estimator 6, in .
Therefore, we focus on the stochastic process ||[Y —®f,[|2 = n~! S0 (y; —  fu(2:))? for
the random observations (Y, X) as in , which henceforth we write as the empirical
expectation

Enm(', *y 9) = nil Z m(xiv Yi, 0)

with m defined as

m(x,y,0) == (y — (A(0))(x))*. (51.6)
Hence, 6, the least squares estimator is the minimizer of § — E,,m(-,-,0). Let Ee; =0
and EE% = 0?2 then expectation of m(-,-,0) can be calculated as

Em(" ) 0) = E((I)f(,&o) - (I)f(70))2 + o’
= E(®f(-,00) — ®f(-,0))* + Em(-,-,0). (S1.7)

By Lemma/|S1.2} the function 6 — m(-,y, 0) is differentiable with derivative /00 m(-,y,0) =
2(A () — y)A'[0] such that for all hy, hy € RY

E (aarg(’ .790)}11) (aé;;(, .,Ho)hz) — 402E(A/[90]h1)(A'[90]h2) _ 40'2h1TV90h2.
(S1.8)

Classical conditions for asymptotic normality of 0, require that the function 6 — m(x,y, 0)
is twice differentiable, which is not the case on our situation. Therefore, we follow a dif-

ferent route according to Theorem 5.23 (Chapter 5.3) in [van der Vaart| (1998) where a

second order expansion of the expectation 6 — Em(-, -, 0) instead of the function m itself
is sufficient to obtain the desired normality.

Theorem S1.11. For each 0 in an open subset of Euclidean space let (z,y) — m(x,y,0)
be a measurable function such that 0 — m(x,y,8) is differentiable at 6y for P-almost
every (x,y) and such that, for every 61 and 02 in a neighborhood of 0y and a measurable
function 1 with Em? < co

‘m(xvyael) - m(xay792)| < m(x’y)wl - 92‘00 (Slg)

Furthermore, assume that the map 0 — Em(-,-,0) has the asymptotic behavior

1
Em(:,,0) = Bm(-,-,00) + 5(0 — 00) V(0 —00) +0(|60 — 0|2),  as|fo—0le —0
(S1.10)
at a point of minimum 6y with a nonsingular symmetric matriz V. If E,m(-,-,0,) <
infg E,m(-,-,0) +op(n~1t) and 0, LY 0y, then
1 < Om
Vil =) = =V = (g fo) + op(1).

1=1

In particular, the sequence \/ﬁ(én — 0p) is asymptotically normal with mean zero and
covariance matriz V- EZ2 (-, 00) 22 (-,+,00) TV L.
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Proof. Along the lines of the proof of jvan der Vaart| (1998, Thm 2.23). O

Proof. (of Theorem [3.1) We show that the assumptions of Theorem are satisfied:
It follows from Lemma and the assumed boundedness of ® : L ([a,b]) — L°°(I) that
A= -F:(0,] |x) = (L] - |lze) is Lipschitz continuous, which implies condition
(S1.9)) is satisfied with constant 7h. Moreover, with V' = Vj, follows from Lemma
According to this theorem, together with (S1.8), the sequence V6, — 0p) is
asymptotically normal with mean zero and covariance matrix 02‘/9;1, which proves ().
Part (ii) follows from jvan der Vaart| (1998, Cor. 5.53). Part (iii) is now a consequence
of part (ii) and Lemma [S1.1} Finally, part (iv) follows from part (iii) with p = 1 and the
boundedness of ® : L'([a, b]) — L>(I). O

Proof. (of Corollary Due to the differentiability of & in Definition Lemma
and [ST.2] hold analogously for the reduced parameter domain by the chain rule. More-
over, the mapping 66 — A’ [h(é]h' [5]59 is injective by Assumption C and the injectivity
assumption in Definition and hence Vj is nonsingular. Therefore, the proof of the
corollary is completely analogous to the proof of Theorem O

Proof. (of Corollary[3.4) Statements (i) - (iv) from Theorem [3.1]are valid for the reduced
parameter vectors 6y and 6, by Corollary In order to show , we skip the
dependencies of the parameter components, for the sake of simplicity and consider the
pieces f(y, ") instead of f(y,9(9)) for all i = 1,...,k + 1, keeping in mind that for all
occurring derivatives we actually need to apply the chain rule.

Now f has a kink in 7; for all i = 1,..., k. W.l.o.g. we assume that 7; > 7;, then we
have

/ (7,07 = i, 0"y < /

i Ti

i, 9) = i, 09 1§73, 0%) = s 9] + [, 97) = T, 0901y

T4

(Ifty, 1) = (2, 0

By the mean value theorem we have [f(r;,0") — f(7:,9%)| = O(|9* — ¥]). The term
|§(7i, 91T1) — §(7:,9%)| vanishes because there is a kink at 7;. Finally, remembering the
definition of the modulus of continuity v in (3.5)), we get

sup (|f(y719i+1> - f(Ti7 ﬁi—H)Iv ‘f(Tia 191) - f(y71§’)|) = 1/(]:7 |Ti - 7A—Zl) .

yE[Ti,7i]

Hence, it follows from (ii) that

\/ﬂ (f(y,ﬁz+1) *f(l/,ﬁﬂ)pdy = O(|T1*7A'Z|)(l/(]:7 |TZ*7A-1|)+|’(9171§7‘|)2

= Op(n 2 (w(F,n"2)P +nP/?).

Since this holds for all i = 1, ..., k, this proves (3.6). O
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S1.5 Proof of Proposition

Proof. (Proposition It is obvious from the definition that the matrix Vj is
symmetric and positive semi-definite, so we have to study under which conditions it is
positive definite. Since h'Vyh = f; |A'[6o]h|?s dy for h € R?, it follows from Assumption
B on s that that A" Vyh = 0 is equivalent to A’[f]h = 0. Hence, Vjp, is non-singular if
and only if A’[f] is injective. It follows from Lemma that A’'[] = @ o F'[0] is the
composition of the integral operator ® : M — L?(I), which is injective by Assumption
Cii) and the formal derivative §'[6o] : ©r — M, of the mapping Fb := f(-,8) given by

3/[191,7'1,192, P ,Tk,’l9k+1](6’l91,(57'1,(5192 6Tk,519k+1)

of k
= (519]-)T7j(.’ ) P +Z 1 (75)67; -

j=1 j=1

Since the mappings %’ . y[0;]60; = (5193')T8%%(" ¥;) are assumed to be injective (see
Definition 2.1)) § is 1nJectlve if and only if [f(-,0)](7;) # 0 for j = 1,...,k, i.e. if and
only if f(-,6) has jumps at all change points. O

S2 Proof of Theorem 3.5

From Inequality (3.2) we obtain the basic inequality
12 fx, = @folls < 2(2fo — @fs hn + A8 (fo) = £7(fx,) +o(n ™). (S2.11)

Again we have to consider the behavior of the empirical process (®fy — ® fxn,s>n, and
therefore the entropy of the respective function space to gain a bound for this process.
We use the results from |[Boysen, Bruns, and Munk! (2009).

Lemma S2.1. Suppose that Assumptions A and Al are satisfied. Then, for all f €
Goo ={®f € L?(I) | f € Fy}, we have
(@f,e)nl = Op(n™2) @S (8T(£) 2429,

for any € > 0.

Proof. For fixed number of jumps k, we find from Lemma that

H(5,Gy,, P,) < dlo (Tf Vk+1+5>
’ 5

?

with d = (k + 1)r 4+ k and a constant T, which is independent of k. Using this entropy
bound, it follows along the lines of the proof of Lemma 4.18 in [Boysen, Bruns, and Munk
(2009) that

[{g,€)nl L
sup = OP(n 2)7
9€Cx, lglln<s kS (1 +log (Tf\er&))
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holds uniformly for all k. For all ®f € G, this implies

(@,2)a
STl (1 + log <T¢@|+|fu)>
<  sup 1{g,€)n] _ OP(n_%).

e , Tr /8 (F)+12fIn
loln<iofi. VEI DNl (1 + log <f EXir—— )>

Analogously to the proof of Corollary 4.19 in Boysen, Bruns, and Munk| (2009)), this
directly yields the claim. O

Lemma S2.2. Let fy € Foo and { fy}nen a sequence in Fyys) p, with

1fo = fallL2([a,p)) = o(1).

Then, there exists an ng € N, such that for all n > ng
8J(fo) = 8J(fn)-

Proof. W.lo.g let §J(fp) = 1. Now we assume that there exists a subsequence fi, with
no jumps, i.e. fi, € Fop for all n. Furthermore fj, is a subsequence of a converging
sequence, and thus converges to the same limit function fy. As shown in the proof of
Lemma the set Fg p is compact thus the limit function of f;, has to be contained
in Fo p, which leads the contradiction

fo € Fop.

Now we are prepared for the proof of Theorem [3.5

Proof. (of Theorem [3.5)) Throughout the proof w.l.o.g we assume that ¢ < 1. From
Lemma and (S2.11]), it follows that

0fs, — Bfoll2 < Op(n H)|[@fx, — Bfolls 2 (BT (fr, — fo)) 21+
A (BT (fo) — 8T (fr,)) +o(n ™)
< Op(n )| ®fx, — Dol T 4T (Fa )30 — Mt T () + At T (fo),

where we took into account that A, is assumed to converge slower than n~! and that
we have $7(fo) < oo, which implies that $7(fx, — fo) = Op(3T (fan))-

2Choosing f = 0 on the right hand side of Equation (3.2) implies A\,27(fy,) <
IY]lZ = Op(1) and hence, we have

87 (fr.) = Op(A1). (S2.12)
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We assumed that /\;171_1/(“'6) — 0, for n — oo, which gives
n~t = o(ALT). (S2.13)
By compactness of ¥ we have that sup;cp_ ||f|lc < R and thus
Sup 1@ flln < llplloc 2 < 00 (52.14)

Inserting (S2.14)), (S2.12) and (S2.13) into (S2.12)), we obtain
. 1te 1-c . 1, A P

1P fx, = @follZ < 0p(Aa® Y0P NI fx, = ®folln 28T (Fa) = Mt T (f,) + At (fo)

= (0p(An) = A)ET (fx,) + AnlT (fo)- (S2.15)
Since 0,(\,) — Ay, becomes negative for increasing n, this implies

1@ fx,, = ol = Op(\n)
and with Corollary
1@ fx, = ®foll72(r) = Op(An) + 0p(1) = 0p(1). (52.16)
Again considering Equation (S2.15]) we find that this is equivalent to
0 < (0p(An) = A)8T (f,) + AaT (fo),
which means R
(1 —op(1))1T (fx,) < 8T (fo)-

Because 4.7 (fo) and #7(fx,) are integers, this implies P(27(f,) < #7(fo)) — 1. For
17 (fr,) < 4T (fo) in turn, it holds that fo, fx, € Fyz(s,) and Lemma together with
(S2.16), yields

o = Faullz2(any = op(1).

Using Lemma [S2.2] this implies that lim,_,ec P (jjj( fo) = 87( f}n)) = 1, which is the
claim. O

S3 Proofs of the Theorems [4.2], and

Proof. (Theorem[d.2)) ad Ci): It is straightforward to show that || ® f||gee < [|@| e f]l11,
so ¢ € L (L*([a,b]), L>([e,d])). Since ¢ € BV ([ac, bd]) there exist monotonically increas-
ing and bounded functions ¢1, ¢ such that ¢ = ¢1 — ¢o. Setting ¢;(z,y) := ¢;(zy) for
i = 1,2 we obtain for z,z + § € [a,b] with 6 > 0

[(@f)(x) — (®f)(z+ )| =

b
/ (o1(2,) — 1@+ 6,9) — pa(z,y) + p2(e + 6,)) f (w)dly

IA

[1flloo

b b
/I¢1(x+5,y)—w1(wvy)\dy+/ Isoz(w+5,y)—wz(w+5,y)l®%l7>

b b
1 £l oo V (<p1(1+5,y)*¢1(x,y))dy+/ (wz(x+5,y)¢z(5,y))dy]
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using the monotonicity of ¢; in the last line. The integrals on the left hand side can be
estimated by

CE+5) 1

b bx
[ o —oelay= g [ a2 [ ot

bx 1 b(z+96) a(z+6)
- (m+5_x> s i(u )du—i-? </bac (bi(U)du_/aac ¢¢(u)du>

0b — da
<:c+(5 ) ol <

s0 [(@f)(z) — (@) (x +8)| < 22225([|d1lloc + 192]lo0) 1 flco-

ad Cii): Assume that the Miintz condition (4.1)) holds true and that

”ooa

()| [o,e2] = 0
a’b
for some Borel measure p € B([a,b]). Since zy € [p1, po] if 2 € [2-, 2] and y € [a, b] and

since the series expansion of ¢ converges absolutely and hence uniformly on the compact
interval [py, p2], integration and summation may be interchanged, and we obtain

/(bxydu Zx]/ ajy? dpy Zc] , xe[%,%ﬂ

with ¢; = «; fab y'du(y). In order to see that the power series > 2% cja/ converges
absolutely and uniformly for € [2-, £2], note that |¢;| < [u|([a, b])|a;|b7, so

> lese?| < llast) Ylasl <00 e [B 5]

Since a power series with positive radius of convergence vanishes identically if and only
if all its coefficients vanish, we obtain

b
/ ydu(y) =0 for all j € J.

By the Miintz-Theorem lthlb implies that f g(y)du(y) = 0 for all g € C([a,b]), so
w=0,1ie ®:B([a,b]) = L*([a,b]) is injective.

If the Miintz condition is violated, then the converse implication of the full
Miintz Theorem entails that the closure of span({y’ : j € J}) does not coincide
with C([a,b]), and as a consequence of the Hahn-Banach theorem (cf. [Yosidal (1995l
§IV.6)) there exists a functional i, # 0 in the dual space C([a,b])’ which vanishes on
span({y? : j € J}). By the Riesz representation theorem (cf.|[Rudin| (1987, Thm 6.19))
Ty can be expressed by a (signed) Borel measure py € B([a,b]) via fip(g) = f: gdpo, and
our previous computations show that ®uy = 0. O
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Proof. (Theorem ad Ci): Obviously, [|®f| L < ||¢]lLe || f]lL2,s0 ¢ € L (L ([a,b]), L>([a,b])).
As in the proof of Theorem [£.2] we can write ¢ = ¢ — ¢ with bounded, monotonically

increasing functions ¢1, ¢o, and define ¢;(z,y) := ¢;(x — y) such that eq. (S3.17)) holds
true. Here the integrals on the left hand side of (S3.17) can be estimated by

b z—b+9d r—a+d
/ (@il +6—y) —dilz—y)dy = — / pi(u)du + / bi(u)du < 21564,

—b r—a

and we obtain |(®f)(z) = (f)(x + 6)| < 26(/|¢1[loc + [[d2loc) [ flloc -
ad Cii): Take p= f+3_,_, 70z, € M([a,b]) and assume that

b n
@)() = [ 6= I dy+ D pole —2;) =0, forallx € fa,b]
a j:1

Extending f by 0 on R\ [a, ], it follows from the Plancherel theorem and the Fourier
convolution theorem that

0 = [ @@n Y @)
- k=1

/O:o fle) /O; ol@—y)fly)dyde + i% /Z F(@)p( — x;) da

+30 [ olo— ) ) dy+ 33wl — o)
k=1 —o0 k=1j=1
2

- / Fl&) + 3 pye2mies| Ge)de.

Jj=1

Using the assumption QAS > 0 a.e., we find that f(f) + Z?zl yje” ¥ = 0 for a.e.

§ € R. Since limj¢_,o f(f) = 0 by the Riemann-Lebesgue lemma, this implies fA: 0 and
71:...:7”’:0,50#:0. |

Proof. (Theorem ad Cii): This follows from the first part of Theorem since
analytic functions are of bounded variation.

ad Cii): Assume that ®u = 0 for p = f+ >, 70z, € M([a,b]). Since ¢ is
analytic, it has a holomorphic extension to a neighborhood ¢/ of R in C. By a compactness

argument Uy := ﬂye[a’b] U — y is also a neighborhood of R in C. Define

b n
9(2) :Z/ ¢(Z—y)f(y)dy+2w¢(z—xj)7 z € Up.

Interchanging differentiation and integration, it follows that g is holomorphic, and g(z) =
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(Pp)(x) =0 for = € [a,b]. Hence, g vanishes identically. Therefore,
0= > —2mikx dr = N 7 = 2mitw; R
= | @) dr = 6(€) | () + ) _we . EER
i=1

Since we have assumed that (E # 0 a.e., it follows that the term in parenthesis vanishes
a.e., and hence p = 0. O
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