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S1 On the minimization of the anticipated variance

in (2.6)

Let X and Z be matrices with rows x}, i € A and z}, i € A, respectively. Also let V be
the diagonal matrix with diagonal elements v;, i € A. Then it suffices to show that (a)

the matrix

H=Z'X)"YZ'vz)(X'2)"' - (X'VIX)!

is non-negative definite and that (b) H equals the null matrix when Z’ = X’V =1, Since
(b) is obvious, we consider only (a). Let T = (Z2’X)"'Z' — (X'V1X)7tX'V~L. Clearly,
TVT’ is non-negative definite. But a little algebra shows that TVT’' = H and this proves

(a).

S2 Computational details

A1 in (3.1) is the solution of the following calibration equation

N
E Ww;iX; = E X,
i=1

JjEA

where
(d;j — Vexp {Nz1,/(d; — 1)}

W =1+w; =1+ (N —n)

Note that (S2.1) can be written as

Dicaldi — 1) exp(Ajz];)xui 1 Z N
* - 1%
Y icaldi — 1) exp( 123;) N-—n b

Yieald; = Vexp {Niz1;/(d; — 1)}

(S2.1)

(S2.2)

(52.3)
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where z3;, = z1;/(d; —1). The left side of (S2.3) is a weighted mean of x;; among sampled
units while the right side of (S2.3) is a simple mean of x;; among non-sampled units.

To solve (S2.3), we can use a Newton-type algorithm. Let X157 be equal to the right
side of (S2.3). We can express (52.3) as

UA) = wi(Ar) (x1i — Riar) = 0 (S2.4)
icA
where w;(A1) = (d; — 1)exp(A\jz%;). The Newton method for solving (S2.4) can be

written as
L+ (@) (t) 2 (t) _
Al = )\1 — { } Zwl Xli — XlM) (825)
€A

NG
where M(A1) = ;4 exp(AX1213)z); (x1; — X1a7) - Since the partial derivative M()\g ))
n (S2.5) may be not symmetric, which can make numeric problems in computation,
instead of (S2.5), we can use

M(S\Y))'Z (A (xys — x0a0), (S2.6)
i€EA

~ (t41) ®) (t) (t)
A=A = Py

which is equivalent to finding X; that minimizes Q(A) = U(X)'U(A). We can simply

use 5\50) = 0 as the initial value of A;.

S3  Proof of (3.2)

To prove (3.2), assume that a sequence of finite populations and samples is defined as in
Isaki and Fuller (1982), which satisfies

N
Zdj(xg'ayj Z Xzayl (n71/2)'
=1

JEA

Moreover, we assume that the calibration equation (S2.1) has one unique solution almost
everywhere.

For ?}), after some calculation, we can establish that ), 4. X] Bz is equivalent to

Y B =S+ Xy = X)) T (dy = D)(z1,— 2y, s

i€Ae jeA

where § = 37,c,(d; — Dy /{jeald; = D} Xy = (N =n) 7' Ficpexs, T =
Diealdi=1)(z],— Z*)(Xn X1)', 25y = 2/ (di=1), X1 = Ve a(di=1)x1i/ e a(di=1),
and Z’lk = ZieA le/ ZieA(di — 1)
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Write
(d; = Vexp (¢21,/fx)
ZjeA(dj — Lexp (‘Abzfj/fN> 7

nj(é) =

where fy =n/N, (}5 = fN):l, and A is the unique solution of the calibration equation
(52.1), then Yearp = > ;e 41 + (VN — n)n; (@) }y;. Since ¢ is the unique solution of the
following equation :

U(8) = 3 mi(@); — - O % =0,

JjEA i€A°
a Taylor expansion of IAJ(qAb) around ¢ = 0 yields

0 ="0(0) + U(0)(¢ - 0) + 0,(||]),

where U(¢) = dU(¢)/d¢. Note that U(0) = fi* Dieald; — 1)} 1F is bounded in

probability. By Cauchy-Schwarz inequality,

va| T O] IVaU(©0)4]|

<
< WU H0)0(0)]| + 0p(v/nl [T (0) )

= 0y(1) + 0p(Vl|9]])-

Thus ¢ = O,(n"/2) and

¢ =—-U"10)U(0) + 0, (n1/?). (S3.1)

Now, taking a Taylor expansion of nj([ﬁ) around ¢ = 0 and by the continuity of the
partial derivatives of n;(¢), we have

Z Uj(gb)yj = Z n;(0)y; + Z Y;1i; (0)(¢ — 0) + 0,(n"1/?),

JjeA JEA JEA
where 7j;(¢p) = 91j;($) /0. Using (S3.1), 1;(0) = {3, 4(di — 1)} (d; — 1), and 1j;(0) =

-1 ~
i [ZjeA(dj - 1)} (d; — 1)(z}, — Z%), we have established

S i@y =G+ Xyon —X0) T (dj = 1)(z5; — Z})y; + 0p(n~'/?).
JEA JEA

Since (N — 1) (Yearp — ¥p) = (N = 0) "' S ae X182 — 35415 (@)y;, we have (3.2).

S3
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S4 Two-step Calibration

For the two-step calibration weights proposed in Section 4, we have

/ -1
wé}c) > doyp + (Z dipXp — ngkxk> (Z Zk.X§€> Z,
Ay Ag

Ao

! —1
d d
w;;u(lekzngxm)( de> Gy
U As Az

(2)
Woy,

IR

and the alternative estimator ﬁp,new = ZieAQ wg)yi has the form of

/
Vipnew = 3 0y + (z zw;>xu> b

i€As ieU i€As
= Z do; (yi - X;B) + Z dy; (X;B - X/uf)l) + ZXMEM,

i€As 1€EA; €U
where .

- day, day,

b; = ( dZuX/li) ( T i | -

icA, 1k ica, 1k

Writing

-1
61 = (Z ZuX/h) (Z Zli?/i) ,
€A €A
we can establish

Vipnew = Z da; (yz - X;B) + Z dy; (X;B - X’1i51) + ZXuBl

1€As €A, €U

and B R o R
plimb; = plim (,3172 + ﬂw)z,ﬁg}z) =plimB, .

Thus,
Ytp,new = Z do; (yz - X;B) + Z dy; (X;B - XlliBLz) + leiBl,27
1€EAg 1€EA; €U

which establishes the asymptotic equivalence between Ytpm in (4.5) and }Aftpvnew =D i Ay wg)yz



