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S1 Sketch of proofs

Following Johnson, Lin, and Zeng (2008), we employ a zero-crossing estimator 6 to the
penalized estimating equation if, for j =1,...,s,
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lim —U;(0 +¢e;)U;(0 —ee;) <0,

T 0,0+ 26,030 — ee;) <
where U is the jth component of U(-) and e; is the jth canonical unit vector. Further-
more, an approximate zero-crossing estimator 6 is defined if

1 . R

rr}gnoo 51—1>%1+an(9 + 66]‘)Uj(0 — eej) <0.
It is obvious that when U is continuous, the zero-crossing estimator is the same as
an exact solution to the penalized estimating equation. Different from only the mean
penalized estimating equation in Johnson , Lin, and Zeng (2008), the proposed approx-
imate zero-crossing estimator is for both the mean and the covariance robust penalized
estimating equations.
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where
ufi(s) = _f;xmﬁ)lhmw)), (S1.1)
Uf() = f;ﬂT(%”>‘lh?(fi(v)), (51.9)
DY) = 32D R, (519

The following assumptions are required to establish asymptotic properties.
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(C.1) The covariate vectors are fixed. Also, for each subject the number of repeated
measurements, n;, is fixed.

(C.2) The design matrices in the joint models are all bounded, meaning that all
the elements of the matrices are bounded by a single finite real number. The first four
moments of y;; exist.

(C.3) The random functions U*(-) satisfy Lipschitz condition, that is, there exists
a measurable function m(-) such that, |[UR(0y,-) — UE(62,-)|| < m(-)||61 — 02||, for every
01, 65 in the neighborhood of 6y, where fmz(-)dP < 00.

(C.4) For some § > 0, we assume
sup; { ||y () |12+, B|lhg; (7)1, Ellhg; (07)]**} < oo,

where hg; () is similar to h;(-) but the former is evaluated at the true value of parameters.
Moreover,

Ehgi(ﬂi)hoﬁi(/ii
with sup,{||E||, ||} ||, [ FA]} < oo.

T
) = FP >0, E,(7)hi, (i) = F) >0, BB, (0?)hi(0?)" = F} >0

(C.5) The function CJ (1) = E[Y(A; > (y; — wi))), CF (7:) = Elp(D; 2 (ri — )]
and C}02) = E[ip(A; /?(e2 — 62))] has bounded second derivative. The functions t)(-)
is piecewise twice differentiable, and the second derivatives are bounded.

(C.6) (a) For SCAD penalty we assume the tuning parameters 72, 77, and 7))

m?
satisfying 7., — 0, /m7,, — 0o when m — oc.

(b) For ALASSO penalty we assume the tuning parameters 72, 77 and 7)) satisfying
vmty, — 0, m7,, — oo when m — oo.

By (C.3), the convergence is uniform about # in the neighborhood of 6. (C.4)
and (C.5) imposed on the score function ¢ can be easily checked to be satisfied when 1)
is bounded as that in section 2.2. (C.6) guarantees the oracle properties when we use
SCAD or ALASSO penalty.

Proof of Theorem 1.

The proof is a generalization of that in Johnson, Lin, and Zeng (2008). On one
hand, we propose three estimating equations for parameters in the mean regression
model together with the decomposed covariance matrices. Moreover, we robustify the
three penalized estimating equations.

To prove (a) in Theorem 1, we verify that § = (8517, 07)7 is an approximate zero-
crossing estimator for U(-), where 8t = 65' — m~Y(G*)~"*U(6y). Here U, (-) and
UL () denote the nonzero sy-components of U(-) and UF(-).

The following result

sup Im =Y 2UR(0) — m 20 (09) — m /%G (0 — 60)|| = 0,(1),  (S1.4)
[[0—00||<Mm—1/2
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was assumed in Johnson, Lin, and Zeng (2008). It can also be obtained by our conditions
(C.3) and (C.4), because (C.3) indicates that {U(0) : § € ©,0 C RPt9T4} is a Donsker
class of empirical process and the convergence is uniform about 6 in the neighborhood
of 00.

Meanwhile, conditions for multivariate Lyapunov central limit theorem for UQR
can be verified by the conditions (C.3)-(C.5) we imposed, i.e, m~/2(G*)" UL (6y) —
N, (0, (G5)71B1[(G*)T]71),as n — oo in distribution.

Therefore under (S1.4) and 6 = 6y + O,(m~1/?), we have
mil/zUj(é tee;) =0p(1) — mfl/Qqu(WAj + 5\)sgn(\éj te|), j=1,...,s1,
where Uj(+) is the jth component of U (:).

Under condition (a) in (C.6), for any nonzero fixed § € 6, we have lim,, oo v/mg-,, (|0]) =
lim,, 00 g7, (|0]) = 0 for SCAD penalty. For ALASSO penalty, given condition (b) in

(C.6) we conclude v/mqs, (|0]) = /m7,/|0] — 0 if 1/]0] < oo and ¢._(|6]) = 0, where
0 stands for the regression coefficient estimates obtained from UF(6) (without penalty).
As a consequence, for any € — 0T, m_l/QUj(H teej) =o0p(1),7=1,...,s1.

Furthermore, for SCAD and any M > 0, v/m infig|<rrp-1/24r,, (10]) = vV/mTpm — oc.
When /m(f — 6y) = O,(1) under some conditions, then /m inf‘9|§Mm_1/qum/|§\ =

M~'mr,, — oo for ALASSO. Therefore, for j = s; +1,...,s, éj =0, m’l/QUj(GA +ce;)
and m’1/2Uj(9A — ee;) are dominated by —m~1/2¢q, (e) and m~'/2¢,, (e) with opposite

signs when € — 0. As a result, we conclude that 6 is an approximate zero-crossing
estimator by its definition.

We denote 0 = (él, .. éS)T as y/m consistent approximate zero-crossing solution of
U(6) = 0. To prove (b) in Theorem 1, we need to show that for any € > 0, when m is
sufficiently large, .

P{0; #0,j=s1+1,...,8} <e.

On one hand, for j = s; +1,...,s, there exists some M > 0 such that when m is
large enough, P{0; # 0,j = s1 +1,...,s,|0;] > Mm~'/2} < ¢/2. Therefore, we only
need to show that P{éj #0,j=s1+1,...,s, |é]| < Mm~'?} < /2 when m is large
enough.

As shown in Johnson, Lin, and Zeng (2008), [77”F1/2UJ-(9A)]2 = 0p(1) and there exists
some M’ > 0 such that for large m,

P{éj £0,j=5+1,...,s, |éj| < Mm=Y2 m'2q. ( éj|) > M'} <¢g/2.

Because for any M > 0, limy, oo vVminfig<ppm-1/2 ¢r,,(|0]) — oo, by condition
(C.6), éj #0,j=s1+1,...,s, |é|J < Mm~1? implies that m~1/2¢, ( 6A?J|) > M’ for
large m. Thus P{f; # 0,5 = s, +1,...,s,]0;| < Mm~'/?} < £/2 and Theorem 1 (b)
has been proved.
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Proof of Theorem 2.

We apply the Taylor series expansion on the last term of
mfl/QUff(Ho) +m!/2G5 (6% — 05") — m2q, (16°|)sgn (%) = op(1),

and rearranged by ¢ = (g, (|05 )sgn(651), - - - =, (105, )sgn (65, )T and Q! to obtain
that
V(G + Q{05 — 051 + (Gl + Q) lem} —a Ne, (0, B™).

For any nonzero fixed § € ©, under conditions (a) and (b) in (C.6), lim,;, 0 v/mgr,, (|0]) =
limy, o0 ¢}, (|0]) = 0 for SCAD penalty and /mg-,, (|0]) = v/m7,/]0] — 0 if 1/]0] < oo
and ¢, (|6]) = 0 for ALASSO penalty, where 6 stands for the regression coefficient es-
timates obtained from UT(6) (without penalty). Therefore, c,, tends to zero for both
SCAD and ALASSO penalized estimators as m — o0o.

S2 An algorithm

We describe the algorithm for estimating 3, v and A simultaneously. The iterative MM
algorithm can be written as:

BETD = ") 1 [G(BW) + ALy (B®)) UL (BW),
A =8 1[G (W) + Ao (Y)] T (v V),
AL — 2B (GO £ Ao W)Uz (AP,

where G(f8), G(y) and G(X) are p x p, ¢ X ¢ and d x d submatrices of G corresponding
to the parameters, and

o) @B

A_a =di
w0 (F) iag( €p + |51 7 ’ €p + |Bp|

),

g2l g (g gz (D | g (M)
A’T :dla/ 7..' ) ? AT A :dla ,.'. ’ ’
(2)(7) g( €p+ |'71| 5p+ "7q|) (3)( ) g( 5p+ ‘)\1| 5p+ |)\d| )

Here ¢, is a fixed small number for the purpose of preventing computational singular,
and chosen to be 107% in our simulation.

Convenient initial values for the covariance parameters are v = 0 and A = 0, which
indicate independence structure in the covariance matrix. A natural choice of the initial
estimate 3() of 3 is the solution to (2.2) in this special case as the robust GEE estimator
under working independence covariance structure, whose consistency has been proved.
The following algorithm summarizes the computation of the penalized GEE estimators
for joint mean and covariance model.

Algorithm:
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0. Take zeros as initial values of v and \, that is 4(9) and A\(9). Then take (0 as
the the solution to (2.2) with independent working matrix.

1. Given current {3%) (") XF)1 yse the MM algorithm to update v and A until
convergence, which are denoted as v**t1) and A(++1),

2. For the updated y**1) and A*+1 form
k
o = gliy™ ), and (02) 3D = exp(2 A% )
to construct
D) _ (D) =1 pED [+ DT
Then update 8 according to the MM algorithm to obtain S*+1)
3. Repeat Step 1 and Step 2 above until convergence.

This widely-used algorithm (the non-robust version, i.e. the tuning parameter of
Huber function c is set to a very large value) has been proved to be well performed under
the usual case (no outliers) by Kou and Pan (2011). However, in our simulation, we find
the non-robust algorithm behaves poorly when there are outliers. Since the joint mean
and covariance model introduces more parameters than GEE, the algorithm based on
the non-robust penalized estimating equations faces a great challenge to obtain a reliable
estimator when the contamination can happen in any of three estimating equations. Even
a tiny contamination can result in non-convergence or estimation with a large bias. In
contrast, the robust algorithm performs fairly well against perturbations.

S3 Standard errors and losses of covariance matrix
estimators in Studies 1 and 2

To judge the performance of the proposed covariance estimator, we introduce two com-
monly used loss functions: the entropy loss

Li(2,%) =m™! Z{traee(Eiﬁ);l) —log |22 — ni}
i=1
and the quadratic loss
Ly(2, %) =m™! Ztrace(E{lii —1)?,
i=1

where ¥; and X; are the true covariance matrix and its estimator.
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Table S3.1: Standard errors for SCAD estimators in Study 1

v=0 v#0
n=100 n=200 n=100 n=200
NR R NR R NR R NR R
NC
B 0.023 0.025 0.016 0.018 0.022 0.026 0.016 0.018
B4 0.027 0.030 0.018 0.020 0.025 0.031 0.016 0.024
Bs 0.028 0.031 0.019 0.022 0.025 0.030 0.016 0.020
Bio 0.027 0.029 0.017 0.020 0.026 0.030 0.015 0.018
v 0.006 0.006 0.002 0.003 0.008 0.009 0.005 0.006
X2 0.095 0.109 0.064 0.073 0.087 0.101 0.063 0.072
X 0.076 0.085 0.052 0.058 0.074 0.089 0.052 0.064
Co
B 0.052 0.029 0.041 0.019 0.056 0.043 0.044 0.023
B4 0.038 0.030 0.037 0.020 0.050 0.043 0.053 0.024
Bs 0.043 0.034 0.036 0.023 0.049 0.038 0.033 0.028
Bio 0.036 0.028 0.030 0.019 0.045 0.038 0.029 0.022
v 0014 0.007 0.004 0.002 0017 0.014 0.016 0.002
A2 0152 0.112 0.158 0.074 0.182 0.122 0.222 0.078
Xs  0.229 0.092 0.194 0.058 0.294 0.119 0.265 0.064

Table S3.2: Standard errors for mean estimators in Study 2

NC C1
IPjar  IPjin  IDPg€€ar  IPgE€ex  IPLECin,  I'Pjar  IPlin  I'P8E€ar  I'DEECex  I'DPEECin
IN
B1 0.048 0.048 0.047 0.047 0.047 0.054  0.054 0.057 0.056 0.057
B4 0.049 0.049 0.047 0.047 0.047 0.050  0.050 0.052 0.052 0.052
Bs 0.051  0.051 0.051 0.051 0.051 0.056  0.056 0.059 0.059 0.059
Bio 0.048 0.048 0.047 0.047 0.047 0.051  0.051 0.061 0.061 0.061
AR
51 0.055 0.055 0.046 0.050 0.054 0.059 0.059 0.059 0.059 0.063
Ba 0.056  0.056 0.046 0.048 0.054 0.063  0.063 0.062 0.061 0.064
Bs 0.061  0.061 0.050 0.057 0.060 0.067  0.067 0.065 0.066 0.067
Bio 0.054 0.054 0.046 0.052 0.054 0.057  0.057 0.063 0.065 0.066
EX
51 0.056  0.056 0.043 0.041 0.057 0.061  0.061 0.061 0.058 0.065
B4 0.064 0.064 0.052 0.045 0.063 0.069  0.069 0.066 0.062 0.069
Bs 0.061  0.061 0.050 0.048 0.060 0.068  0.068 0.063 0.060 0.066
B0 0.056  0.056 0.045 0.044 0.056 0.060 0.060 0.062 0.060 0.066

Three normal covariance structures are set as the truth: working independence (IN), auto-regressive
(AR) and exchangeable (EX) with correlation parameter 0.5. rpjar and rpj;, are robust joint models
with independent and AR(1) correlation structure in (2.4,) respectively; rpgeee;n,, rpgeeear, and rpgeeecs
are robust penalized GEE estimations with IN, AR and EX as working correlation matrices.
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Table S3.3: Entropy loss (L) and quadratic loss (L) in estimating ¥ in Study 2
IN AR EX
L, Lo Ly Loy Ly Lo
IDjar 0.052 0.027 1.213 0.043 1.728 0.054
IPjin 0.052 0.028 1.211 0.043 1.726 0.053
rpgee,- 0.013  0.014 0.039 0.036 0.570 0.045
NC rpgee., 0.012 0.015 0.509 0.025 0.040 0.038
rpgee;, 0.003 0.004 1.155 0.005 1.679 0.007
pgeeqr 0.015 0.017 0.019 0.022 0.549 0.033
pgee.,  0.014 0.017 0.505 0.022 0.019 0.023
pgee;,  0.003 0.004 1.155 0.005 1.679 0.007

I'Djar 0.042 0.042 1.205 0.050 1.727 0.064
IDjin 0.042 0.042 1.206 0.052 1.728 0.065
rpgeeq, 1.079 0.071 1.952 0.088 2.484 0.090
Cl rpgee., 1.079 0.071 2.009 0.087 2.278 0.101
rpgee;, 1.080 0.071 2.218 0.072 2.745 0.077
pgee,r 1.046 0.069 1.877 0.120 2.410 0.120
pgee.,  1.044 0.069 1.932 0.103 2.168 0.135
pgee;,  1.046 0.069 2.187 0.070 2.713 0.074

S4 Estimates for mean after removing the outlier in
hormone data analysis

Table S4.1: Estimates of the mean parameters 5 and standard errors (inside brackets)
after removing the outlier (observation 10 of subject 1)

Intercept Age BMI  Time Time? Agex BMI Agex Time BMIx Time

rpj 0.882 0 0 0.717 0 0 0 0
(0.074) () () (0.053) () (0) Q) (0)

Pj 0.890 0 0 0.684 0 0 0 0
0075) () () (051 () ® 0 ®

gee 0.981 - - 0.746 - - - -

(0.088) - - (0.045) - - . -




