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This supplementary material gives the detailed proofs of the theorems in the paper.

S1 Useful Lemmas

We define a VW, class as a class of functions F,, indexed by 6 € © which satisfies
the conditions in (2.11.21) and the conditions of Theorem 2.11.22 in van der Vaart and
Wellner (1996). That is, the envelope function F,, satisfies

P*F2 =0(1),
P*F}I (F, > /nn) =0, ¥ n>0,

sup P(fn,el - fn,02)2 — 07 v 671 \l/ 07
p(01,02)<dn

where p is a metric for 6 so that (9, p) is total bounded. Moreover,

/Sgp VBN (€l Fulloa: o, L2(Q)) = 0, ¥ 5, 40,
where N is the covering number and Q is the discrete probability measure.

We divide the proofs of Theorems 1 and 2 into a sequence of steps. Without loss
of generality, we assume that Z and W are bounded by 1. Let P, and P denote the
empirical measure of n i.i.d. observations and the expectation, respectively; i.e., for any
measurable function f(Y) in Lo(P),

Pof(Y)=n"'> f(Yi), PfY)=Ef(Y).
=1

Let G,, denote the empirical process based on n i.i.d. observations, i.e., G,, = /n(P,—P).
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For k=0,...,r, we define

A (F) . o
A’n (£7t) - nhn ZKhn(Wl 'LUO) hn

S =1

n k
1 W, —
<w0> Z:I(log X; — £7ZF > 1),

and

n n

(k) 1 W—’LUO k T
A€ ) = —F Khn(W—wo)( ; ) ZI(log X —€TZ* > 1)}

Clearly, we can write

" 1
AV = —G, (A, X, W, Zi €. 1) + AL (€., (A1)
nhy
where
(k) 1 W —wo\" Ty
60 (A X W, Z:6,8) = =, (W = wo) ZI(log X — €7Z* > 1).

Let to be the upper bound of (log X — £gZ*), and we consider a class
Fi = {80 (A, X, W, Z3€,0) ¢ 1€ — &oll < 0t € (—00,t0) },

for some small constant §,,. We first state two lemmas followed with their proofs, re-
spectively.

Lemma S.1 FJ} is a VW, class.

Proof. Clearly, an envelope function is given by

1
Vhn

and thus, E(F2%,) < O(1)h, ' E{Kp, (W —wo)?*} = O(1). In addition,

For = Ky, (W —wyp),

B{F2I(Fu > i)} >0,

as v/nh, — oo. It holds that for any two functions f,; and f,2 indexed by (&,,t1) and
(623 t2)7

P(fnl - fn2)2
B B { K, (W = wo) | Z|2 | (log X — €]Z° > t1) — I(log X — €5 2" > 1)}

IA

IN

O()E {|1(log X — 12" > ) — I(log X — £12" > 1)]},
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according to condition (C1). We can choose p((&;,t1), (€5,t2)) as defined at the right-
hand side of the above inequality, which is a totally bounded semimetric as implied in
the following arguments. On the other hand,

{1ogX €77t |lE— &) <0 te [O,to}}

is a VC class, and so is {1ogX —€TZ  —t>0: € - &) <dn,t e [O,to}}. Therefore,

the uniform entropy integral condition holds for this class, and it also holds for F7}. by
a factor |[Fpnk|/r,(0) for any probability measure Q. In conclusion, as the covariance

for any two functions in F7}, has a limit, we have that v/nh, {A;k) (&,t) — A;’“)(g,t)}

converges weakly to a tight Gaussian process uniformly in & and ¢.

We now consider the (k + 1)th component of U, (&),

, 1 — K, (W; — W, — ho)*Z; A I(log X; — €727 <0
U (g) = WZ o ( wo)(( wo)/hn) (log 3 < )+log(1—7),
n 1=1

2 (F) "
An (5) IOgXZ - éTZL)

where hereafter the division and multiplication of vectors are componentwise, unless
otherwise noted.

Using the empirical process notation and expansion (A.1), we can write

1
U () ——GnS)Y (A, X, W, Z:€)
_ _ k _ T * <
—|—LE K, (W wo)((Wkwo)/hn) ZA:;T(logX £°Z*<0) +log(1— 1),
n AP (& log X —£7Z7)
where

1 Kp, (W —wo)(W —wo)/hn)*ZAI(log X — ¢7Z* < 0)
Vin A (€ 10g X — €727)
5 {1 K, (W = wo) (W = wo)/hn)*ZAI(log X — €77 < 0)
AP (€ log X — €TZ)AD (€, 1og X — £7Z)

SE(A, X, W,Z;¢) =

£9 (A, X, W, Z;€,log X — gTz)} :

and F takes the expectation with respect to (A,X,W,Z). Let F3). be a class that
contains all the functions S (A, X, W, Z; £) for ||€ — &,|| < bn.

Lemma S.2 Fj, is a VW, class.

Proof. To prove this lemma, we first show

- { 1 K, (W —wo)(W — wp)/hn)*ZAI (log X; — €T ZF < 0)
TV AY (g log X — €72)

1€ = &oll < 5n}
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is a VW, class. Following similar arguments as in the proof of Lemma S.1, we can easily
verify that FJ, satisfies condition (2.11.21) in van der Vaart and Wellner (1996) with an

envelope function O(h;l/QKhn(W — wyp)), by noting that both Aik)(é, t) and AP (g, )
converge to

B {ZI(log X — €72" > )|W = wo },
uniformly in & and ¢ with the limit bounded away from zero.

It remains to verify the uniform entropy condition in Theorem 2.11.22 in van der

Vaart and Wellner (1996). We first argue that {Aik)(é,logX —€TZ%) € - &l < bn}
has a finite uniform entropy integral. To see this, we note that

n kY !
~ (k) T rp % 1 Wi—’wo
A, (& logX —¢"Z ){nhnZKhJWi—wo) (h) }

i=1

is a convex combination of function I (log X Y VARS t) for t = log X; —ETZj. Moreover,

n k
1 Wi — wo
nh, Z K, (Wi — wo) (hn>

i=1

has a non-zero limit. Thus, {A;k)(é,logX — €777 ;€ - & < 6o} has a finite
uniform entropy integral according to Theorem 2.6.9 in van der Vaart and Wellner
(1996). Since the limit of A;k)(é,t) is bounded from zero, the same conclusion holds
for {A;k)(é,logX —¢fzH) e —¢ < 6n}. It is then easy to see that Ff has a

finite uniform entropy integral.

The same arguments apply to the class containing

) ) o
E{Kh”( OV o) ha) 2B os X~ & ?So)fﬁ)m,x,w,z;s,log)?sTZ>}'
oA, (€ log X — €TZ)AP (¢, log X — £7Z)

Particularly, from condition (C2), the function in this class is Lipschitz with respect to

¢ with the Lipschitz coefficient bounded by O(h, V2g h, (W —wp)). Thus, the uniform

entropy integral condition holds for this class, and Lemma S.2 holds.

Next we will prove Theorems 1 and 2, respectively.

S2 Proof of Theorem 1

We have that



VARYING-COEFFICIENT CENSORED QUANTILE REGRESSION S5

where S,,(€) = {S{(€)7,...,8{(€)T}7T, and R, (€) = (R ()T, ..., R (€))7 with

(k) -
R,7(€) = 5 AP (¢ 1log X — £72Z7)

n

1 o { K, (W = wo) (W — wo)/hn)FZAI (log X — 727 < 0) } +log(1—7).

Furthermore, it is straightforward to verify that the covariance function of Sg“) (&) has a
finite limit. Theorem 2.11.22 in van der Vaart and Wellner (1996) yields that G,,S, (&)
converges weakly to a normal distribution with variance-covariance matrix ;.

We perform the Taylor series expansion of R,,(€) in a (nh,)~'/?-neighborhood of

SOa
R.(§)
. DH(e— g0+ B | o PV = )0V~ w0) 1) AT X ~ 2 0) ]
E{hn Kp, (W —wo)(W — wo)/hn)*ZI(log X — &, Z* > log X — &, Z*)}
+log(1 —7) + of|[H(£ — &o)I]),
where

ZAI(log X — B7Z <0) W
= = = = =wy|,
E{I(log X — B7Z > log X — BTZ)|W = wy} 0

0
D=I11)x(+1)® aﬁTE

evaluated at 8 = B,(wp). We also note that

gW)ZAI(log X — By(W)"Z < 0)

E
E{g(W)ZI(log X — By(W)" Z > log X — Bo(W)TZ)}

+log(l—7) =0,

for any measurable function g(W) € Ls(P), and from condition (C7),
€2 —Bo(W)"Z = By (wo) (W — wo) ™ + ok},

whenever W — wg = O(h,,). Hence, we have

E{ha 'Ky, (W —wo)(W — wo)/hn)*ZI(log X — ¢LZ* > log X — £ 7))
W Ky, (W = wo) (W = wo)/ha)FZAI(log X — By(W)TZ < 0) ]
B{hi K, (W — wo) (W — wo)/hn)FZI(log X — By(W) Z > log X — By(W)Z)}
+hI by, + o(RIFY)
= —log(l —7)+ A" by + o(hiTh),

W K, (W — wo) (W — wo) /ha)FZAI(log X — £5Z* < 0) 1

= FE
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with the constant

by,

_ [r+1] T
_ B (0 gl ZAIeX (< 0By (wo) Z ‘W = wo, Z ‘W = wo
M ¢ | E{I(log X — By(wo)TZ >log X — C)|W = wp}

+M€;ME(ZAI(IogX — Bo(wo)TZ < 0)
k

E[B%E{I(logf( — E > log X — By(wo)TZ) BT—H] (wo)TZ\W = wo, Z}|W = wyp)
8 F{I(log X — ¢ > log X — By(w0)TZ)|W = wo}?

‘szo ,

evaluated at ¢ = ¢ = By(wo)TZ. If we define b = (bl ,..., b)), then

R, (&) = DH(E — &) + iy, 'b + o(hy ™ + [[H(E — &)

We now study the asymptotic behavior of the covariance matrix €2, (€). For the
first term in Q,(€), ' Y1, u;(§)w;(€)7, each p x p submatrix has a form of

n . k-‘rj
(nha) ™Y lhanhn (Wi —wo)? (W) AiI(log X; — £7Z; < 0)

i=1

T
y Z; Z;
AP (e logX; —€7Z7) | | AY (€ log X, —€72;) | |

¥

r k,j =0,...,r. From Lemma S.1, the first term of Q, (&) is equivalent to 3o(1 +
0p(1))/hy, for some positive definite matrix 3o. The second term of §2,,(¢) is U,,(§) U, (&) =
)

(
»(1).

Q

Finally, we have that

Qu(e) = {(nha) 126, 8.(60) + DH(E — &) + b+ ol + [H(E ~€))}
X (Sa/hy -+ 0p(1))
% { (1) /26,8, (69) + DH(E = &) + hi b+ ok + [HE &)

in a (nh,)”/?-neighborhood of &,. Therefore, if we let & = &, + (nhy,)"'/?y, then
(nh2)Qn(&y + (nhy,)~/?y) converges uniformly for y in any compact set to a quadratic
function with a unique minimum at y = 0. We thus conclude that there exists a local
minimum &, for minimizing Q,(¢) and &, = &, + O,((nh,)~/?). This completes the
proof of Theorem 1.
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S3 Proof of Theorem 2

Applying the standard M-estimation theory such as Theorem 3.2.16 in van der Vaart
and Wellner (1996), we have that

(nhn)~"2GnSn (&) + DH(E — &) + i 'b + 0 (h:;“ + 1,1) = op(1).
nhy,

Hence, Theorem 2 holds with ¥ = D', D L.
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