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S1 Assumptions and Proofs of Theorems 1 — 7

Let f(-) be the probability density function of X and G(X) = f(X)exp{g(X)}H{1 — 7(X)},
where g(X) is defined in (2.1). Take w(z,y) = P(d = 1|X = z,Y = y),n(z) = P(6 =
11X = z), m(2;0) = E{¢(Y, Z;0)|X = z,6 = 0}, mo(X) = E(Y|X,6 = 0), and myy(X) =
E(Y¢(Y,Z;0)|X,5 = 0). The symbol 9 denotes partial differentiation with respect to parameter
6.

Some regularity conditions are required for the proofs of Theorems 1 — 7.

(C1) The probability density function f(z) is bounded away from oo on the support of X, and
the second derivative of f(z) is continuous and bounded.

(C2) The probability function 7(X,Y) satisfies min; 7(X;,Y;) > co > 0 a.s. for some positive
constant cg, and 7(X) = E(n(X,Y)|X) # 1 a.s.

(C3) E(Y?) and E{exp(27Y)} are finite.

(C4) (+;0) is twice continuously differentiable in the neighborhood of the true value 6y, and
my (x;0) is twice continuously differentiable in the neighborhood of x.

(C5) 0 < E|Y(Y,Z;0)]* < co and 0 < E|aT (Y, Z;0)|* < oo for any constant vector o
991 (+;0) and 1(-; 0) are bounded by some integrable function M (z) in the neighborhood
of 6.

(C6) Matrices Vi, Va, Vi, Vi, and D, are positive definite, and E{8s¢(Y, Z;0)} has full column
rank p.

(C7) The kernel function K(-) is a probability density function such that
(i) is bounded and has compact support;
(ii) is symmetric with 0® = [w?K(w)dw < o0;

(iii) K(w) > d; for some d; > 0 in some closed interval centered at zero.
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(C8) nh — oo and nh* — 0 as n — co.

These assumptions are common in the missing data and nonparametric literatures. Conditions
(C2) is similar to that used in Kim and Yu (2011); (C3) — (C6) are standard assumptions for
empirical likelihood based inference with estimating equations; (C7) and (C8) are common in
the nonparametric literature.

Lemma 1 Suppose (C1)-(C8) hold. Then

‘WZwM Y;, Zi,0) 5 N(0, 1), ZwM Yi, Zi,00)%° 5 Vo, 07t Ophna (Y, Zi,00) 5 T

i=1 =1 i=1

Proof We first proof n1/2 > zZSM (Yi, Z;,0) A N(0,V1). By the definition of 1[1M (Y, Zi, 6o),
i=1
we obtain the following decomposition

n n n

Tr L (Y Zisbo) = Jn 3 0{w(Ya Zi; o) = mi(Xis00)} + J5 32 mu(Xis6o)
+7= ] Z(l — 8i) {1y (Xis 00) — miy (Xi500)}
= I1+12+13

It is easily shown that E{dexp(7Y)|X} = exp{g(X)}(1 — n(X)) with m(X) = E(J|X). Define
G(X) = f(X)exp{g(X)}(1 — 7(X)). Thus, using kernel regression method, we have G(X) =
> =1 0 exp(vY;) Kn(X; — X). Then, for I3, we have

L r 65 exp(YY) Kp (X5 — X ) {9 (Y;,25;0)—m3, (X5300)}
G(X;)

Is = =3 (1-46)
=1

g 25 (1= 6o (X5 00) — m (X5 00)} {1~ &5

=t 1 0
1 STy 85 exp(vY;) Kp (X — X ) {mY (X;;00)—mY (X;300)}
SECPIClD axy -

= I31 + Iz2 + I33.
We first derive asymptotic distribution of I3;.

Let By (X, X:) = 65 exp(vY;){my, (X;; 60) —miy (Xis 00)}, Wi = 8; exp(YY;){9 (Y5, Z530) —
oy, (X55600)}, on(Xi) = 5 202y Kn(Xs — X)Wy, Ba(Xi) = 3 27, Kn(X; — Xi)By(X;, Xa)
and S; = (Xj,Yj,0;). Define a kernel function of the U statistic for all pair (4, 7), H(S;, S;) =
LK (X —X;){(1-6;)Wi/G(X;)+(1—6:)W;/G(X:)}. By some tedious calculations, we obtain
E{W;} =0, from which it can be shown that E{K(X; — X;)(1 — §)W,;/G(X;)} = 0. By the
symmetry of U statistic H(S;, S;), we have E{H(S;,S;)} =0

On the other hand, we have

6 8;
B{H(S5, SIS} = S E{K(Xs — X){S5HT + S5rdr s}
4,
— 2h{é(XJ)E{K(X — X;)Wil S5} + W, BAK (Xi — X;) 73251851}
= J1+ Ja.

It follows from E{WJ|X } =0 that J1 = 0. It is easily shown from the expression of J» that
fK )exp{—g(hu + X;)}du. Taking Taylor expansion of exp{—g(hu + X;)} yields

- W(XJ’Y )57{1/1(16, Z;j;0) —my,(X;;00)} + Op(h*). Then, we have

{1 — m(X;,Y5) ;{0 (Y5, Zj; 0) — m3,(Xy560)}
2m(X;,Y;)

JQZ

{1+ 0(r*)}.

H\(S)) = E{H(S:,5,1S;)} =
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Now, we prove that

Zlf Yo i>/G<Xi>:%ZH1<Si>, (S1.1)

%\

Z X,)/G(X;) = O(h?). (S1.2)
To save space, we only prove (Sl.l)7 (S1.2) can be similarly shown.

It can be shown that n=" Yo" (1 — 8:)en(Xs)/G(Xi) = n 2301 H(S:, Si) + Un, where
Un=3%30", i<; H(Si, Sj). By the definition of H(S;, i), it is easy to obtain that E{H (S, Si)} =
0. By the Law of Large Numbers, we obtain that -z >°" | H(S;, S;) approximates o(n™1) in
probability, which indicates that it suffices to only consider statistic U, in statisticn™" 37 (1—
8:)n(X;)/G(X;). By direct calculation, we obtain ¢; := Var{H(S;)} = E{(4n(X;,Y:)) " (1 —

m(X:, Vi) (¥(Ys, Zi3 00) — mY,(Xi;600))2°H1 + O(h?)). Similarly,

Co 2 Var{H (S;, S;)}
1—5-)W1®2 (1-6)WP?
= iE {Kﬁ(Xi—Xj)(cz%}ﬁE {Kﬁ(x"_xﬂ')fxii
= K+ Ks.
For K, we have
5. @2
K = lE E{K,%(Xi—xj)%m,n&}}

5
= 1E{WEB{BE(KA(X, - X)élzx))|X1,X],Y)|X1,Y}}
= BB (- (01X |

= A E{WeLerGI) [ (y) du}-i—op

GZ(X1)
L [ (om0 Z00) - (X001
= wh TR D) JK “)d“}+op(1)~

Similarly, for K5, we obtain

1 [V Zi00) - mO (X0 e |
T { (X V)1~ w(X)F(X) [ }* ().

Combing the above two equations yields

G2 = 2hE{[l — m(X YVIPIH(Y, Z360) — miy (X 60)]° /K2 du} + op(1).

(X, Y)[1 = w(X)]f(X)

eneAn:f n 1(5;), from which it can be shown that An:fl, so, the
Define U, fL iq H1(Ss), f hich be sh hat EU? ﬁ{ Al by th

definition of Uy, we have E(U2) = 45:5;3)14)1 + n(fff 17 Combining the above equations yields

E(U, —U,)? = —22_ 4+ O(n™?), from which it can be shown that

n(n—1)

Un

1
o~ _ 2
Un + {n(?ffn + O(no 2)}
D8 (W(Y5,2Z4300)—mY, (X4300)) (1—7(X;,Y3)) _1
"X s {14 O0(h?)} + O((n*h) ).

This completes the proof of (S1.1). Using same arguments, we can prove (S1.2).
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It follows from the results given in (S1.1) and (S1.2) that

(1 — 7(X:, Yi))6: (v(Yi, Zi; 00) — mS (X3 60))
Isz3 = 0p(1), Iz1 = f Z (XY ki + op(1).

Using similar arguments given in Wang and Chen (2009), we obtain that I32 = 0,(1). Combing
the above results leads to

ﬁ li O (Yi, Zis00) = % Zi §:{(Ys, Zi; 00) — mS,(Xi;00)}
+%ZX::1 m3(Xi;00) + 0p(1) (S1.3)
= X 2231 iy (W (Ya, Zi60) — m (Xi3 60)}
+7= ém?p(Xi;Qo) T 0,(1).

V(Yi, Zi;00) — m3(Xi;600))} = 0. Again, since my (X;;00) is
Xi;6o), thus we have

It is easily shown that E{W
independent of ¥ (Yi, Zi; 60) — mJ,

—_

— M(Yl,ZZ,@o) *)N(O Vi(60o)),

3

where

Vi(6o)

Var { -5 [0V, 743 60) — mS (Xs00)] b + B {m (Xi; 00)mS (X5 60)}
= FE %[w(ﬁ,zz,eo) m%(Xi;ﬁo ®2}+E{m% Xi;eo) OT(X»;;@())}
E{ oy [0 (Y, Zis 00) — mi (Xis 00)]%2 } + B {ml (X5 00)mT (Xi500)}

‘We now proof the results

1, o7 P I~ - P
— D bu (Vi Zi 00)hir (i, Zi00) = Vo, > 00w (Vi Ziy 00) = T

i=1 i=1

Firstly, we prove that 77, (X;0) defined as (2.6) is a consistent estimator of mJ(X;0) =
E{y(Y,Z;0)|X;6 = 0}. In fact, it follows from the standard kernel regression theory that

. _ E{6¥(Y,Z;0) exp(hY)|X}
Pnlglgo Z wlU( )"/}(Yza Zi; 0) = E{gexp(.yyp;&}

_ B{n(X,Y)$(Y.Z:0) exp(yY)|X}
E{n(X.Y) ep(7V)[X]

_ Blashuxsvy 1X) (51.4)
Bl oot —yy X0
_ E{5J(Y,Z:0)|X}

- E{[1-3][X}
E@(Y, Z;0)|X,6 = 0).

By (S1.4) and Law of Large Numbers, we have

L ilﬁM(W, Zi,00)9%;(Yi, Zi,00) =L 2{5 U(Yi, Zi;0) + (1 — 6:)m3, (Xi;0) }2% 4 0,(1)
= 1 S (Bh(¥i, Zi3) — m) (X )} 4+ mb (Xis0)] 2 + 0p(1)

[
>
P
<b

o) + op(1).
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Let 170y (X30,7) = Y72, wio(X37)80(Yi, Zi50) and my,(X;0) = E{9e(Y, Z;0)|X;6 = 0},
Then p lim Y7 | wio(X;7)0e0(Yi, Zi;0) = E{0s(Y, Z;0)|X;6 = 0}. Thus
n—oo

15 B0t (Vi Zi0) = 3 0p{00p(Yi, Zi560) + (1 — 81y (X3 0)}
=1 =1

1%{689%,2“9) + (1= 6:)mGy, (Xi:0)} + 0p(1)
E{:000(Yi, Zi30) + (1 — 6:)mGu (X2 0)} + op(1).

‘We note that

E{3:000(Yi, Zi30) + (1 — 8:)m,, (Xi;0)}

B{ B304 2 01 + pr(6 = 01X, E(@ub (¥, Zis )5, =0, |

E{ E(8:000(Yi, Zi;0)| X)) + pr(d: = 0| X;)E{(1 — §,)8%(Yi, Zi;0)| X:}/ E{(1 — 5i)|Xi}}
= E{@gw(Yi, Zi;e)} =T

Therefore n= ! $°" 89¢M(Yz,Zz»90)

Lemma 2 Suppose (C1)-(C8) hold. Then, as n — oo, with probability tending to 1, 02 (0)
attains its minimum at some point 0. in the interior of the ball | @ — 0y ||< n~ 3, and the

solutions 0. and A1 = A1 (6’6) satisfy

in( e, nl) =0 and QnQ( A ):0

Proof. Let 6§ = 6y + unié, for 0 € {0] || 0 — 00 ||I< nié}, where || u ||= 1. Following the

arguments of Owen (1990), it can be shown that
1 1
N ) A . . N : . 1
)\nl(e) = {TL ;:1 wM(}/u Zia G)wM(Y;7 Z17 0)} {TL ;:1 wM(}/w Z’n 9)} + 0(1’L 3) (Q‘S.)

uniformly for 8 € {0] ||  — 6o ||< n"s }. By this and Taylor expansion, we have (uniformly for

E{ E(6:00v(Yi, Zi;0)| Xs) + pr(d; = 0|X;) E{6:00v(Yi, Zi; 0) exp(vY3)| Xi }/ E{d: exp(in)lX,-}}
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i) = _ithm,zi;m—éi(t Dt (Vi Z530)) + o(n'/?)  (a.s.)

-1

3=
M:
w
=
N
=
3=
M:
=
N
=
<
gH
=
N
=

.
Il
—
s
.
Il
—

X

Il
SIE
/‘\/\/‘\/‘\/-\
3|~
NgE
<

3=
=
=
2
]
~
=
N
5
~
N
H
_|_
S
=N
—
S~
w
N
—
IS
VA
=

s
Il
—

n R T
i (Y, Zi500) + £ 32 Oathas (Vi 2 eo)un*/i”)
=1

N
Il
—

X

1

<
Il
—

3= 3=
M=10= 1
@ <

X

vt (Vi Zi300) + 1 zaowm,zz,eo)un-l”)+o( 13 (a.5)

i=1

.
Il
=

w3

T
(0( Y2 (loglogn)'/?) + E@sthai (Vi Zis 00) yun~/?)
. -1
x (B(ar Vi, Zis 00)ibfy (Y, Zi300) )
x (O(n=?(loglogn)*/?) + E(BgiM(Yi,Zi;G))unfl/B) +o(n'?) (a.s.)
> (c=om'?, (as)
where ¢ — ¢ > 0 and c is the smallest eigenvalue of
. T . . —1 .
[E400nr Vi, 23000} (B (Vi, 2 00)0T1 (Vi Z500))]  [E{O0bas (i, Zis00)}] -

Similarly,

n T no . —1
i) = o <% Z Yz,zl,a)> (i > wwf(n,zi;e)¢{4(m7zi;a)>
i=1 i=1
(% S B n,zi;e)) +o(1) as.
=1
= O(loglogn). a.s.

Since /5/(6) is a continuous function about 0 as 6 € {0] || 6 — 6o < n™ 3} with probability
tending to 1, EM(G) has a minimum 0 in the interior of the ball and 0 and A1 satisfy
f%M Z {009ns (Y, Zi30)} " Anr (0) _
=1 1+)\T1¢M(K7Z170)

aefM(e) _ z": b (Yi, Zi36)
OAn1 1+ )\qu/)M(YuZua)

Lemma 3. Suppose (C1)-(C8) hold. Then

Y25 Ai(00) 5 N0, Viau), n by Ai(0)AT (60) B Vaau,
i=1 i=1
where
\% D
Va,au = ( DZT D: )

Proof. Let A, = 23"  A(X;), from the proof of Lemma 1, we obtain

Cov <\szM Yi, Zi;60) ,LZA ) = Cov(I1, vnA)+ Cov(l2,/nA)+ Cov(ls, vnA).

n
i=1
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By direct calculation, it can be obtained that

Cov(I1,/nA) E{n(X,Y)[(Y, Z;00) — my,(X;00)]AT (X)},

Cov(lz,/nA) = E{my(X;60)A"(X)}.
Using some of arguments employed in the proof of the Lemma 1, we can prove
Cov(Iz,/nd) = Cov(Iz1,/nA)+o(1)

= —E{x(X,V)[Y(Y, Z;00) — m3,(X;00)]AT (X)} + o(1).
Then

Cov (% Z;lZA{(Y;,ZZ‘;QQ),ﬁZ;A(Xi)) = E{mw X 00) }+O

Thus, by the Central Limit Theorem, we obtain

Z (60) 5 N(0,Va.au(60)),

Similarly , we can show that L+ >7 | O (Yi, Zi;00) AT (X)) B E {m3(X;60)A" (X)}. The Law
of Large Numbers implies that + 7 = A(X;)A"(X;) 2 E {A(X)A"(X)}. Then, it can be
shown that

—ZA 00)AT (60) —>V2AU(90)

Lemma 4. Let U be r-vector of random variables that satisfies U 5 N(0,1I,), where I is the
r X r identity matriz. Let P be a r X r nonnegative definite matriz with eigenvalues l1,--- 1.

Then, UT PU e Lixi+- -+ 1.x2 where x3’s (i =1,...,r) are x* random variables each with
one degree of freedom.

Proof. Since P is a r x r nonnegative definite matrix, thus there exists an orthogonal
matrix Q such that P = QDQ", where D = diag(l1,...,1,) is a diagonal matrix with diagonal
elements I1,--- 1. Let U = QTU = (Uy,...,U,)T. Then, it follows from U 5 N(0,1I,) that
U 5 N(0,1,). Therefore,

UTPU =UTQDQTU = (QTU)'D(QTU) =U"DU = 1,U} + - + 1,.U2,

~o L
where U? 5 2.

Lemma 5. Suppose (C1)-(C8) hold. Then

(i) when the parameter estimate for v is compute from an independent survey,

1 < - -

T 2 Ur(Yii Zi,0) S NV,
i=1

where ‘71 = Vi + H?V,.

(i) when the parameter estimate for «y is obtained from a validation sample,

1 < - -
T 2 Un(Yi Zis0) 5 N(0, Vo),
i=1



S8 N. Tang, P. Zhao, and H. Zhu

where Vi, = Var(ni:),
ri
mi = my(Xi;0,70) + {5 @A =d) + 0 H{u(Vi, Z6;0) — my(Xi50,70)},
m?z,(Xi;H,'y) =pr lim my(X;0,v), v=E(r|0 =0), and vo is the probability limit of 4.
n—oo

Proof. (i) By the definition of or (Yi, Zi, 00), we have the following decomposition

K

S (Vi Zia0) = e 3 0¥ Zi) — ml (X)) + 5 3 mb(Xah)
o 2 (1= 8 (X::6) = mi (X:56)

+05 ;(1 — 03) {1y (X33 0,9) — 1y (X33 0)}
= 11+IQ+I3+I4,

-

where I, I, Is were defined as in Lemma 1. For I4, taking a Taylor expansion of 7 (X;;6,%)

at v yields
. 1 < Oy (X5 0,7) .
L=F-9"— 1—§) 2D Vs /(4 — )W,
2=G-7) \/ﬁ;( ) > V(y =)W,
where
iy (X0 El 85 exp(Y;) K (X —X3)Y;$(Y;,2;300)
9y

n
'21 85 exp(VY;)Kp(X;—X;)
q=

n n
'21 85 exp(VY;) K p (X;—X;)¥(Y;,Z53:600) '21 5 exp(VY;) K (X;—X;)Y;
= J=

{ _il 85 exp(vY;) Kp (X, —X,)}2
=

Let mo(X) = E(Y|X,d = 0) and myy(X;6) = E(Y¢(Y,Z;0)|X,5 = 0). Then, using kernel
regression method, we obtain

85 exp(VY;) K (X;—X;)Y; Z 8 exp(YY;) Kp (X —X;)Y;9(Y;,2;;0)

)
o (Xi) = 25 » My (Xi;0) =
Z j exp(VY;) Kp (X;—X;) _Zl 85 exp(vY;) Kp (X;—X;)
=1 j=

Thus, we have 91y (X;7) /0y = my ¢ (X;0) —1hy(X;0,7)m0(X). Let An(X) = G(X) — G(X).
Decomposition of W is given by

L 85 exp (YY) Kp (X —X){Y (Y, Z5;:0)—mo(X;)mY, (X;;60)}

n
w = % ;(1 — &) %)
+% Zn: (1— 6 ) i1 eXP(WY}’)K}L(Xj*Xi){c;’?())((j(j)m%(X]ﬁg)*mO(Xi)m?b(Xi§9)}
i=1
n mo (Xi)m (Xi30)An (X)) ) (X;5,0)G(X;)
+2 ;(1—5) . 2/;<X.) L Z( )%A (Xi)

3=
=1
—~
-

My (X430)G(X; )—myw(XwG)G(X )
- 6 ) GZ(X;) A ( )

i=1
1 & M (X 0)G(X 2
—r (=4 ){mw(Xzﬁ)mO( i) = mo(Xi)my, (Xi; 0)}

s
Il
-

[
=
_|_

-4+ W
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According to the same arguments as given in (A.4) of Wang and Rao (2002), we have W3 +
Wi+ Ws 4+ Ws = op(n_l/Q). For W7, we have

Wy = %é(l—&){mw(xl,e)mo( ) — mo(X)mS (X:;0)}
= %i(l—é) 0 (X3) {1 (Xi10) — m0,(Xi; 0)}
—1 (1= 6)(0(X:) — mo(X0) {rin (X3 0) — m0 (X:;0)}

.
-

3l

—% (1—5)mw(X179)(m0(X) mo(X;))

= W71 + Wra + Wes.

Standard argument yields Wro = op(n_l/ 2). According to the same arguments as given in I3

of proof of Lemma A1, we have

5;(1—m(X;,Y; _
Won = =2 35 {02000 (v, 7,50) — m (X,30))mo(X,)} + op(n/2),

D5 (1—w(X,,Y; -
Wra = =2 52 { 2 0ZELED (v — mo(X;))mi (X5:0)} + 0p(n™"72).
By the Law of Large Numbers, we have

{0 ) mo (XY, Z56) — mo(X ) (X30)),
Was B B {P0-mI (y g (x))md (X:0) }

= —E{(1 = 8)(Ymy(X;0) — mo(X)miy (X;0))}.

Wn 5 E{5<1 ) (Y, Z3.6) —mg(x;e))mo(x)}

We now derive the asymptotic distribution of W;. Note that

W, = % é(l . 51) P AR exp(’YYj)Kh(Xj—Xg({;i;l’(ijzj;g)—mo(xj)mg)(XjSG)}
g (1=6:) Kp(X;—X;
= 2 30 e () (Vi (Y Z530) — mo(X;)mi) (X;:0)) e
Ry
= 72 2 Qi
j=1i=1

Denote W1 = % Doy 2 B{Qij|(X5,Y5,65)}, and write Wi = W1 + Wi — Wi. From the
arguments given in proof of Lemma 1 of Wang and Chen (2009), W is dominated by W1, whilst
Wy — W1 is of smaller order. Thus, we just only consider the asymptotic properities of W. It
can be shown that

—0;)Kp(X;—X;
2 63 {exp(0 Yy (Y0¥ Z536) — mo(X; Jmy (X)) S22 v

n —m(X; ) Kp(X,;—X;
= zéE{eme)(Yw(YJ,zg,e) mo(X;)mi (X;;0)) EmERR=N)

= % 2 Sile (V) (YVi(Ys, Z550) — mo(X)mi (X, 0)} [ H=0g0s 5= [ (2)da
=< > 03{exp(7Y5) (YVylYs, Z556) - mo(X;)my,(X;;0))} [ exp(—g(z)) Kn(X; — z)dz

j=1

3 S=
3\ :

3

3=

Z} 83 {exp(vY5) (Y5 (Y, Z;;0) — mo(X;)miy (X;;0)} [ exp{—g(hu + X;) K (u) }du.
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Taking the Taylor expansion of exp{—g(hu + X;)} yields

Wi = %g%{exp(ij)(YW(Yij;@)—mo(Xj)m?p(Xj;9))}exp(—g(Xj))+0p(h2)
§i{exp(vY; — g(X;) (Y (Y, Z;30) — mo(X;)my,(X;;0))} + Op(h?)

55 (1=7(X;,Y5))

7(X;,Y;) (Yi(Y5,Z5;0) — mO(Xj)m?p(Xﬁ 0)) + Op(h2)~

3=

n
>
j=1
2
Jj=1
By the Law of Large Numbers, we obtain

W B B {mmC) (v (Y, 2;0) — mo(X)mY (X;6))}

= E{(1 - 0)(Y¥(Y, Z;0) — mo(X)my(X;6))}.

According to the arguments given in the proof of Lemma 1, we have Wy = op(n_l/Q). Combing
the above equations leads to

W B EB{(1-8)(YY(Y, Z;0) — mo(X)mY(X;0))}

—E{(1 = 8)(mo(X)y(Y, Z;0) — mo(X)my,(X;6))}
—E{(1 — 8)(Ymy(X;0) — mo(X)my(X;0))
= E{(1=0)(Y —mo(X))(¥(Y, Z;0) — my(

)

<o

}
X;@))}.

~

Hence, 14 is asymptotically equivalent to \/n(5—v) E{(1—8)(Y —mo (X)) ((Y, Z; 0)—my,(X;6))}
and Iy 5 N(0, H?V;.), where H = E{(1 — 6)(Y — mo(X))(¥(Y, Z;0) — m),(X;0))}.

From the decomposition of ﬁ > ¥r(Yi, Zi; 0), we have
1 = - 1 = -
— > (Y5, Zi0)=h+ L+ s+ Li=— ¢Yu(Yi, Zi;0) + Lu.
Vi Vi

Under the condition that 4 is independent of 1[1M (Yi, Z;; 0) and the Lemma 1, it can be shown
that

1 = -~ C ~
= > (¥ Zis0) B N(O.T),
vn i=1

where \~/1 = Vi + H®?V,.

(ii) Denote
Pr(r) = = S UBb(Ye, Zi 0+ (100 (Xis 0,9+ S (1-80) T (Y Zis 0) = (X:0,7)}.
i=1 i=1

One may note that
dr) = 23S e zs0), B{ Zérly=n0} =0

T’y_nile 7y (2] I a,yT,V’y_’YO - Y-
where o is the probability limit of 4. According to Kim and Yu (2011) and Randles (1982),
using v/n(¥ — ) = Op(1), by Taylor expansion, we have

br(§) = dr(v0) + 0p(n~1?).
Writing
my(X30,7) = pr lim 1y (X;0,7) = E{0y(Y, Z;0) exp(yY)| X} /E{s exp(7Y )| X},
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we have

I
3=
NgE
—~
S
<
~
=
N
=
=
R
>
NS
3
<
=
I
<
2
N
—

r(70)

+
o (1= 80) (1 — ) {ry (X5 0,7) — my,(Xi50,70)}
Var(y) + Va2 (y) + Vas(y)-
Since nVp1(y) + nVp2(y) is sum of i.i.d random variables, it follows from the Central Limit
Theorem that
. -

V{Vai(y) + Va2 (y)} = N(0, V),

where V, = Var(n1:),

M = mi (Xi:0,90) + {7 (1 = 80) + 8} {w(Yi, Zi;0) — miy (Xi:60,70)},
m% (X5;0,v) =pr nh_}ngo My (X;0,7), v=E(r|0 =0) and 7o is the probability limit of 4.

According to the Lemma 1 and the proof of Theorem 3 in Kim and Yu (2011), we can
prove that v/nV,3(y) = 0p(1) similarly. Then, Lemma 5 is completed.

Lemma 6. Suppose (C1)-(C8) hold. Then
1= - o P 1. - P
— E Yi, Z;; 0 Yi, Zi; 0 y — E Yi, Zi; 6 r
i v e v gt oo R

where Vo = E {[0:{¢(Yi, Zi;0) — my,(Xi;0)} + my,(Xi;0)]9°} and I' = E{9e(Y, Z;0)}.

Proof.  Since ¥4 is a consistent estimator of v, using the same methods given in the proof of
Lemma 1 and Lemma 5, we can show that the result of Lemma 6 hold.

Lemma 7. Suppose (C1)-(C8) hold. Then

(i) when the parameter estimate for v is compute from an independent survey,

1 ¢
TZA (60) 5 N(0,Vi,av), ZA 00)AT (0) 5 Vaau,

- (Vi D ([ Va Dy

Vl,AU—<D¥“ Dy ), Vz,AU—(DT Dy >
with D1 = E {m3,(X;00)A" (X)}, D> = E{A(X)A"(X)}, Vi is defined in Theorem 4 and Va
is defined in Theorem 2.

where

(i) when the parameter estimate for ~ is obtained from a validation sample,
\FZA ) 5 N0, Va,av), *ZA (00)AT (60) B Vaav,

where

- V. D Va D
VV’AU:<D1T D;)’ V“U:(DTT D;)
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VV is defined in Theorem 6.

Proof.  According to the proof of Lemma 3 and Lemma 5, and by the definition of @T(Yi, Z;;0)
and the consistency of 4, we can show the Lemma hold.

Proof of Theorem 1 Let ée and ;\n1 be the solutions of the following equations
Qn1(97 >\n1) - O: Qn2(97 )\nl) =0
Taking the Taylor expansion of in(éh37 5\n1) and Qn2 (ée, 5\n1) at (0, 0) yields

0 = Quile,Ant) = Qua(60,0) + 22572 (B — 60) + 2255 (Ans = 0) + 0p(om),
0 = Q’ﬂ2(087 )\nl) = Qn2(9070) + %(990’0)(65 - 90) %&?00)()\"1 - O) + Op(Un)7
(S1.5)
where ¢, =|| 6 — 6o || + || An1 ||. By direct calculation, we obtain
Pdaget) = 2 ;fjelﬁM(Ym Zi0), et = -1 2 w (Ya, Zi 0)931 (Yi, Zis 0)
7‘9@065990’0) = 0, 7869:5\%910’0) = % Z:lael/)M(Yi, Z;; ).

k3

Then, from (S1.5), we have

( At ) :Sgl( ~Qn1(00,0) + 0p(0m) ) (S1.6)

op(on)

where

— L Y (Y, Z50)05,(Yi, Zi50) % 8ewM(Yz,Z“9)

LSS 99 (Vi Z:30) 0

T\'Ms

From Lemma 1, we obtain

~Va(6o) T
Snzs:( F2§0) o)'

From Lemma 1, we have Qn1(60,0) = 357 wM(Yi,Zi;G) = 0,(n"/?), which yields o,, =
O,(n~%/?). Thus, it can be shown from (S1.6) and the expression of S™' that

V(6. — 00) = —EJTVQ*% > (15, Z0) + 1)

Since L Z? 11[1M(Y1,Z,;9) = N(0,V1), we have \/ﬁ(ée — 6o) =y N(0,X.), where 3. =

Ell“TV 1V1V T and ¥y = (T7V; ')~

Proof of Theorem 2 Using the same arguments as done in Zhou, Wan and Wang (2008),
we have

1=

Ia(00) = n‘1/2iz/3M(YuZi%9) {n_ Z"; ) ,(m,zi;e);z}ﬁ(m,zi;e)}_

i1
xn~1/? Z?ﬁM(YuZue)'f‘op( )-

i=
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From Lemma 1, we have &, = Vl_l/Q{% S (Vi Zi30)} 5 N(0,1). Therefore, it follows
from Lemma A5 that

Iu(00) = EXVIPVe W 4 0p(1) B 0xE + - + 002
where x?’s (i = 1,...,q) are the x? random variables each with one degree of freedom, and the
weights g; (i = 1,--- ,¢q) are eigenvalues of matrix V, 'V;.

Proof of Theorem 3 (i) Let éae and 5\n2 be the solutions of the following equations
Mnl(ﬂ, Anz) = 0, Mn2(0 )\ng) =0 and Mn3(0,/\n2) = O7

where A\p2 = (A%51, A155)7 and An2 = ()\th )\n22) . Taking the Taylor expansion of My (éae, 5\”2)
at (0o, 0) yields

OM,1(00,0) , 4 OM,1(00,0) < OMn1(60,0) ¢
0= Mn1(00,0)+—"L(0ue—00)+———"(An21—0)+ ———"(An22—0 n)-
1(00,0)+ 50 o)+ T, (An21—0)+ AT, (An22—0)+op(on)
Similarly, taking the Taylor expansion of My (éae, ang) and Mn3(éae, j\ng) at (6o, 0) yields
0 = Mua(0o,0) + 5700 (fae — 00) + P52 (a1 — 0) + S50 (Rnza — 0) + 0p(om),
0 = Mag(0,0) + 23l000 G, — ) 4 2aslth) 55, ) 1 2asllo) (5., —0) 4 0, (0),
where o, =|| 6 — 6o || + || An2 ||. By direct calculation, we obtain
OMn1(00,0) 1<~ - OM,1(60,0) 1 - o
—ay = = Yi, Z2i;0), —7——— = —— Yi, Zi; Yi, Zi;0),
50 - ;&ﬂlw( 0) AT, - Z¢w1( 0)as( 0)
aMnl 90 8Mn2 90
7’:—7 A(X:) 01 (Yi, Zi3 0 77:—7 A(X) 1 (Yi, Zi;0
AT Z ) T Z )
8Mn2 00, T 8Mn2(90, ~ T
Ot LS A AT, ) = 2 S o (Y, Zi 0}
AT, Z L o, - ;{ bt ( )}
8Mn2(90, 0) _o OMr2(60,0) ~0 OM,,3(00,0) _o
ONT,, ’ 00 ’ 00 '
Then, we have
/A\n21 —Mn1(0,0) + op(on)
AAn22 - 7:1 _Mn2(9a 0) + Op(Un) )
0—0 Op(an)
where
% > 1/AJM(Y1', Zi; 9)1/;1{1(5@7 Zi;0) —% > 'l/;M(Yi, Zi; ) AT (X)) % > 80121M(Yz‘,Zi;9)
i=1 i=1 i=1
Sn = —% X AT (Y, Zis6) — 15 A(X)AT(X) 0
i= i=1
%Zae%(m,zi;e) 0 0
From Lemma 1 and Lemma 3, it follows that
Vo —-D; T
S, 5 =bpT -D, o0 ::S:(é‘} ﬁ)
T 0 0
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where B = (I'", 07)", ¢ = —BT A7'B and
_( Vo —Di

From Lemma 1, we have M,1(00,0) = L S°0 s (Vi, Zi50) = Op(n=Y/?), Mn2(60,0) = L 37 A(X)) =
O,(n~?), which yields o, = O,(n"'/?). Thus, it can be shown that

V(fae —00) = —C'BTAT — ZA +o0p(1

Since —= Y"1, Ai(fo) 5 N(0,V4,a0), we have v/7(fac — f0) = N(0, Sa)-

(ii) Similar to the proof of Theorem 2, we have

av(6o) = TZ:: i(6o) }VQAU{TZ: i((00)}" +0p(1).

From Lemma 1, we have n, = V] Al{f \} > A(0) AN N(0,I). From Lemma 4, Combing the
above equations yields

~ — L
Lav(00) = np Vi Vaau Vi At + 0p(1) 5 01x3 + -+ + 0rtaXisas

where x?’s (i = 1,...,7 + q) are the x* random variables each with one degree of freedom, and
the weights 0; (i =1,...,r + q) are eigenvalues of matrix VQTA{U Vi,avu.

Proof of Theorem 4 — Theorem 7 Using the same methods given in the proofs of Theorems
1 — 3 and the above Lemma 1 — Lemma 7, we can prove that Theorems 4 — 7 hold.

S2 The weighted estimating equations with nonignor-
ably missing response data

In practice, it is common that initial nonresponders are followed up and are given a second oppor-
tunity to respond to the survey. Let Ry = (Ri1,--- , Rn1) and R2 = (Ri2,- -+ , Rn2) be vectors
of indicator functions for the observation (Y, Z;), where R;, = I(Y;, Z; is observed at time k)
for k = 1,2. Note that if (Y, Z;) is already observed at the first time, that is (R;1 = 1), no effort
will be made to observe it again, that is (Rs2 = 0). The two sets of missingness probabilities
are defined as m;1 = P(Ri1 = 1|X;,Y5) and mi2 = P(Ri2 = 11X;,Y5, Ri1 = 0), where X; is Z;
or a subset of Z;. Based on this twice survey, Troxel, Lipsitz, and Brennan (1997) (denoted as
TLB below) proposed the following weighted estimating function

n

G(B) =D (Ra + Riz)m; i Wi (Vi — i), (52.7)
i=1
where T = i1 + (1 — 71','1)7'('1'2, i = E(K|X1) = g(ﬁTXi), /.LZ = 8”1/8ﬂ, and Wi = Var(Yi).
It can be shown that E{G(3)} = 0 under the specified nonignorable missing data mechanism
assumption. Let T™E be an estimator of (S2.7).
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S3 Algorithms for computing MELE and EL-basd CI

The algorithm for computing MELEs under unknown - includes the following two steps:

1. Use the Levenberg-Marquardt algorithm to solve Equation (3.7) to get an estimated tilting
parameter 4.

2. For the estimated tilting parameter 4, optimize the proposed LELRF's to get our proposed
MELESs.

The grid search algorithm for constructing the EL-based CIs of 6 is given as follows:

1. Arbitrarily choose an interval, which contains the true values 6o;

2. Use the Levenberg-Marquardt algorithm to solve (3.7) to calculate an estimated tilting
parameter #;

3. Given a search step length, we evaluate LELRFs (i.e., £7(6o)) at each search point in the
given interval, and find the grid-point 6y such that ¢7(6y) < é,, which indicates that 6o
is just the upper (or lower) bound of the EL-based CI. Moreover, ¢, is the 1 — a quantile
of the distribution of LELRF's ET(GO). In practice, é, can be calculated by using Monte
Carlo simulations.
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