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S1 Assumptions and Proofs of Theorems 1 – 7

Let f(·) be the probability density function of X and G(X) = f(X) exp{g(X)}{1 − π(X)},
where g(X) is defined in (2.1). Take π(x, y) = P (δ = 1|X = x, Y = y), π(x) = P (δ =

1|X = x), m0
ψ(x; θ) = E{ψ(Y,Z; θ)|X = x, δ = 0}, m0(X) = E(Y |X, δ = 0), and mY ψ(X) =

E(Y ψ(Y,Z; θ)|X, δ = 0). The symbol ∂ denotes partial differentiation with respect to parameter

θ.

Some regularity conditions are required for the proofs of Theorems 1 – 7.

(C1) The probability density function f(x) is bounded away from ∞ on the support of X, and

the second derivative of f(x) is continuous and bounded.

(C2) The probability function π(X,Y ) satisfies mini π(Xi, Yi) ≥ c0 > 0 a.s. for some positive

constant c0, and π(X) = E(π(X,Y )|X) ̸= 1 a.s.

(C3) E(Y 2) and E{exp(2γY )} are finite.

(C4) ψ(·; θ) is twice continuously differentiable in the neighborhood of the true value θ0, and

mψ(x; θ) is twice continuously differentiable in the neighborhood of x.

(C5) 0 < E|ψ(Y,Z; θ)|2 < ∞ and 0 < E|αT ∂θψ(Y,Z; θ)|2 < ∞ for any constant vector α;

∂θψ(·; θ) and ψ3(·; θ) are bounded by some integrable function M(z) in the neighborhood

of θ.

(C6) Matrices V1, V2, Ṽ1, Ṽv, and D1 are positive definite, and E{∂θψ(Y,Z; θ)} has full column

rank p.

(C7) The kernel function K(·) is a probability density function such that

(i) is bounded and has compact support;

(ii) is symmetric with σ2 =
∫
ω2K(ω)dω <∞;

(iii) K(ω) ≥ d1 for some d1 > 0 in some closed interval centered at zero.



S2 N. Tang, P. Zhao, and H. Zhu

(C8) nh→ ∞ and nh4 → 0 as n→ ∞.

These assumptions are common in the missing data and nonparametric literatures. Conditions

(C2) is similar to that used in Kim and Yu (2011); (C3) – (C6) are standard assumptions for

empirical likelihood based inference with estimating equations; (C7) and (C8) are common in

the nonparametric literature.

Lemma 1 Suppose (C1)–(C8) hold. Then

n−1/2
n∑
i=1

ψ̂M (Yi, Zi, θ)
L→ N(0, V1), n

−1
n∑
i=1

ψ̂M (Yi, Zi, θ0)
⊗2 P→ V2, n

−1
n∑
i=1

∂θψ̂M (Yi, Zi, θ0)
P→ Γ.

Proof We first proof n−1/2
n∑
i=1

ψ̂M (Yi, Zi, θ)
L→ N(0, V1). By the definition of ψ̂M (Yi, Zi, θ0),

we obtain the following decomposition

1√
n

n∑
i=1

ψ̂M (Yi, Zi; θ0) = 1√
n

n∑
i=1

δi{ψ(Yi, Zi; θ0)−m0
ψ(Xi; θ0)}+ 1√

n

n∑
i=1

m0
ψ(Xi; θ0)

+ 1√
n

n∑
i=1

(1− δi){m̂ψ(Xi; θ0)−m0
ψ(Xi; θ0)}

:= I1 + I2 + I3.

It is easily shown that E{δ exp(γY )|X} = exp{g(X)}(1− π(X)) with π(X) = E(δ|X). Define

G(X) = f(X) exp{g(X)}(1 − π(X)). Thus, using kernel regression method, we have Ĝ(X) =∑n
j=1 δi exp(γYj)Kh(Xj −X). Then, for I3, we have

I3 = 1√
n

n∑
i=1

(1− δi)
1
n

∑n
j=1 δj exp(γYj)Kh(Xj−Xi){ψ(Yj ,Zj ;θ)−m0

ψ(Xj ;θ0)}
G(Xi)

+ 1√
n

n∑
i=1

(1− δi){m̂ψ(Xi; θ0)−m0
ψ(Xi; θ0)}

{
1− Ĝ(Xi)

G(Xi)

}
+ 1√

n

n∑
i=1

(1− δi)
1
n

∑n
j=1 δj exp(γYj)Kh(Xj−Xi){m0

ψ(Xj ;θ0)−m0
ψ(Xi;θ0)}

G(Xi)

:= I31 + I32 + I33.

We first derive asymptotic distribution of I31.

Let Bψ(Xj , Xi) = δj exp(γYj){m0
ψ(Xj ; θ0)−m0

ψ(Xi; θ0)}, Wj = δj exp(γYj){ψ(Yj , Zj ; θ)−
m0
ψ(Xj ; θ0)}, φn(Xi) = 1

n

∑n
j=1Kh(Xj − Xi)Wj , Bn(Xi) = 1

n

∑n
j=1Kh(Xj − Xi)Bψ(Xj , Xi)

and Sj = (Xj , Yj , δj). Define a kernel function of the U statistic for all pair (i, j), H(Si, Sj) =
1
2
Kh(Xi−Xj){(1−δj)Wi/G(Xj)+(1−δi)Wj/G(Xi)}. By some tedious calculations, we obtain

E{Wj} = 0, from which it can be shown that E{Kh(Xi −Xj)(1− δi)Wj/G(Xi)} = 0. By the

symmetry of U statistic H(Si, Sj), we have E{H(Si, Sj)} = 0.

On the other hand, we have

E{H(Si, Sj)|Sj} = 1
2h
E{K(Xi −Xj){ (1−δj)Wi

G(Xj)
+

(1−δi)Wj

G(Xi)
}|Sj}

= 1
2h

{ 1−δj
G(Xj)

E{K(Xi −Xj)Wi|Sj}+WjE{K(Xi −Xj)
1−δi
G(Xi)

|Sj}}
:= J1 + J2.

It follows from E{Wj |Xj} = 0 that J1 = 0. It is easily shown from the expression of J2 that

J2 =
Wj

2

∫
K(u) exp{−g(hu + Xj)}du. Taking Taylor expansion of exp{−g(hu + Xj)} yields

J2 =
1−π(Xj ,Yj)
2π(Xj ,Yj)

δj{ψ(Yj , Zj ; θ)−m0
ψ(Xj ; θ0)}+Op(h

2). Then, we have

H1(Sj) := E{H(Si, Sj |Sj)} =
{1− π(Xj , Yj)}δj{ψ(Yj , Zj ; θ)−m0

ψ(Xj ; θ0)}
2π(Xj , Yj)

{1 +O(h2)}.
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Now, we prove that

1√
n

n∑
i=1

(1− δi)φn(Xi)/G(Xi) =
2√
n

n∑
i=1

H1(Si), (S1.1)

1√
n

n∑
i=1

(1− δi)Bn(Xi)/G(Xi) = O(h2). (S1.2)

To save space, we only prove (S1.1), (S1.2) can be similarly shown.

It can be shown that n−1∑n
i=1(1 − δi)φn(Xi)/G(Xi) = n−2∑n

i=1H(Si, Si) + Un, where

Un = 2
n2

∑n
i=1

∑n
i<j H(Si, Sj). By the definition ofH(Si, Si), it is easy to obtain that E{H(Si, Si)} =

0. By the Law of Large Numbers, we obtain that 1
n2

∑n
i=1H(Si, Si) approximates o(n−1) in

probability, which indicates that it suffices to only consider statistic Un in statistic n−1∑n
i=1(1−

δi)φn(Xi)/G(Xi). By direct calculation, we obtain ζ1 := Var{H(Sj)} = E{(4π(Xi, Yi))−1(1−
π(Xi, Yi)) (ψ(Yi, Zi; θ0)−m0

ψ(Xi; θ0))
⊗2}(1 +O(h2)). Similarly,

ζ2
∆
= Var{H(Si, Sj)}

= 1
4
E

{
K2
h(Xi −Xj)

(1−δj)W
⊗2
i

G2(Xj)

}
+ 1

4
E

{
K2
h(Xi −Xj)

(1−δi)W
⊗2
j

G2(Xi)

}
:= K1 +K2.

For K1, we have

K1 = 1
4
E

{
E{K2

h(Xi −Xj)
(1−δj)W

⊗2
i

G2(Xj)
|Xi, Yi, δi}

}
= 1

4
E
{
W⊗2
i E{E(K2

h(Xi −Xj)
(1−δj)
G2(Xj)

|Xi, Xj , Yi)|Xi, Yi}
}

= 1
4
E
{
W⊗2
i E{K

2
h(Xi−Xj)
G2(Xj)

(1− π(Xj))|Xi}
}

= 1
4h
E
{
W⊗2
i

[1−π(Xi)]f(Xi)
G2(Xi)

∫
K2(u)du

}
+ op(1)

= 1
4h
E

{
(1−π(X,Y ))2(ψ(Y,Z;θ0)−m0

ψ(X;θ0))
⊗2

π(X,Y )(1−π(X))f(X)

∫
K2(u)du

}
+ op(1).

Similarly, for K2, we obtain

K2 =
1

4h
E

{
(1− π(X,Y ))2(ψ(Y,Z; θ0)−m0

ψ(X; θ0))
⊗2

π(X,Y )(1− π(X))f(X)

∫
K2(u)du

}
+ op(1).

Combing the above two equations yields

ζ2 =
1

2h
E

{
[1− π(X,Y )]2[ψ(Y, Z; θ0)−m0

ψ(X; θ0)]
⊗2

π(X,Y )[1− π(X)]f(X)

∫
K2(u)du

}
+ op(1).

Define Ûn = 2
n

∑n
i=1H1(Si), from which it can be shown that EÛ2

n = 4
n
ζ1. Also, by the

definition of Un, we have E(U2
n) = 4(n−2)ζ1

n(n−1)
+ 2ζ2

n(n−1)
. Combining the above equations yields

E(Un − Ûn)
2 = 2ζ2

n(n−1)
+O(n−2), from which it can be shown that

Un = Ûn +
{

2ζ2
n(n−1)

+O(n−2)
} 1

2

= 1
n

n∑
i=1

δi(ψ(Yi,Zi;θ0)−m0
ψ(Xi;θ0))(1−π(Xi,Yi))

π(Xi,Yi)
{1 +O(h2)}+O((n2h)−

1
2 ).

This completes the proof of (S1.1). Using same arguments, we can prove (S1.2).
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It follows from the results given in (S1.1) and (S1.2) that

I33 = op(1), I31 =
1√
n

n∑
i=1

(1− π(Xi, Yi))δi(ψ(Yi, Zi; θ0)−m0
ψ(Xi; θ0))

π(Xi, Yi)
+ op(1).

Using similar arguments given in Wang and Chen (2009), we obtain that I32 = op(1). Combing

the above results leads to

1√
n

n∑
i=1

ψ̂M (Yi, Zi; θ0) = 1√
n

n∑
i=1

δi{ψ(Yi, Zi; θ0)−m0
ψ(Xi; θ0)}

+ 1√
n

n∑
i=1

(1−π(Xi,Yi))δi(ψ(Yi,Zi;θ0)−m0
ψ(Xi;θ0))

π(Xi,Yi)

+ 1√
n

n∑
i=1

m0
ψ(Xi; θ0) + op(1)

= 1√
n

n∑
i=1

δi
π(Xi,Yi)

{ψ(Yi, Zi; θ0)−m0
ψ(Xi; θ0)}

+ 1√
n

n∑
i=1

m0
ψ(Xi; θ0) + op(1).

(S1.3)

It is easily shown that E{ δi
π(Xi,Yi)

(ψ(Yi, Zi; θ0)−m0
ψ(Xi; θ0))} = 0. Again, since mψ(Xi; θ0) is

independent of ψ(Yi, Zi; θ0)−m0
ψ(Xi; θ0), thus we have

1√
n

n∑
i=1

ψ̂M (Yi, Zi; θ0)
L→ N(0, V1(θ0)),

where

V1(θ0) = Var
{

δi
π(Xi,Yi)

[ψ(Yi, Zi; θ0)−m0
ψ(Xi; θ0)]

}
+ E

{
m0
ψ(Xi; θ0)m

0T
ψ (Xi; θ0)

}
= E

{
δi

π2(Xi,Yi)
[ψ(Yi, Zi; θ0)−m0

ψ(Xi; θ0)]
⊗2
}
+ E

{
m0
ψ(Xi; θ0)m

0T
ψ (Xi; θ0)

}
= E

{
1

π(Xi,Yi)
[ψ(Yi, Zi; θ0)−m0

ψ(Xi; θ0)]
⊗2
}
+ E

{
m0
ψ(Xi; θ0)m

0T
ψ (Xi; θ0)

}
.

We now proof the results

1

n

n∑
i=1

ψ̂M (Yi, Zi, θ0)ψ̂
T
M (Yi, Zi, θ0)

P→ V2,
1

n

n∑
i=1

∂θψ̂M (Yi, Zi, θ0)
P→ Γ.

Firstly, we prove that m̂ψ(X; θ) defined as (2.6) is a consistent estimator of m0
ψ(X; θ) =

E{ψ(Y,Z; θ)|X; δ = 0}. In fact, it follows from the standard kernel regression theory that

p lim
n→∞

n∑
i=1

ωi0(X; γ)ψ(Yi, Zi; θ) = E{δψ(Y,Z;θ) exp(γY )|X}
E{δ exp(γy)|X}

= E{π(X,Y )ψ(Y,Z;θ) exp(γY )|X}
E{π(X,Y ) exp(γY )|X}

=
E{ ψ(Y,Z;θ)

1+exp(g(X)−γY )
|X}

E{ 1
1+exp(g(X)−γY )

|X}

= E{[1−δ]ψ(Y,Z;θ)|X}
E{[1−δ]|X}

= E(ψ(Y, Z; θ)|X, δ = 0).

(S1.4)

By (S1.4) and Law of Large Numbers, we have

1
n

n∑
i=1

ψ̂M (Yi, Zi, θ0)ψ̂
T
M (Yi, Zi, θ0) = 1

n

n∑
i=1

{δiψ(Yi, Zi; θ) + (1− δi)m
0
ψ(Xi; θ)}⊗2 + op(1)

= 1
n

n∑
i=1

[δi{ψ(Yi, Zi; θ)−m0
ψ(Xi; θ)}+m0

ψ(Xi; θ)]
⊗2 + op(1)

= V2(θ0) + op(1).
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Let m̂∂ψ(X; θ, γ) =
∑n
i=1 ωi0(X; γ)∂θψ(Yi, Zi; θ) and m0

∂ψ(X; θ) = E{∂θψ(Y, Z; θ)|X; δ = 0},

Then p lim
n→∞

∑n
i=1 ωi0(X; γ)∂θψ(Yi, Zi; θ) = E{∂θψ(Y,Z; θ)|X; δ = 0}. Thus

1
n

n∑
i=1

∂θψ̂M (Yi, Zi, θ0) = 1
n

n∑
i=1

∂θ{δiψ(Yi, Zi; θ) + (1− δi)m̂ψ(Xi; θ)}

= 1
n

n∑
i=1

{δi∂θψ(Yi, Zi; θ) + (1− δi)m
0
∂ψ(Xi; θ)}+ op(1)

= E{δi∂θψ(Yi, Zi; θ) + (1− δi)m
0
∂ψ(Xi; θ)}+ op(1).

We note that

E{δi∂θψ(Yi, Zi; θ) + (1− δi)m
0
∂ψ(Xi; θ)}

= E

{
E(δi∂θψ(Yi, Zi; θ)|Xi) + pr(δi = 0|Xi)E{δi∂θψ(Yi, Zi; θ) exp(γYi)|Xi}/E{δi exp(γYi)|Xi}

}
= E

{
E(δi∂θψ(Yi, Zi; θ)|Xi) + pr(δi = 0|Xi)E(∂θψ(Yi, Zi; θ)|δi = 0,Xi)

}
= E

{
E(δi∂θψ(Yi, Zi; θ)|Xi) + pr(δi = 0|Xi)E{(1− δi)∂θψ(Yi, Zi; θ)|Xi}/E{(1− δi)|Xi}

}
= E{∂θψ(Yi, Zi; θ)} = Γ.

Therefore n−1∑n
i=1 ∂θψ̂M (Yi, Zi, θ0)

P→ Γ.

Lemma 2 Suppose (C1)–(C8) hold. Then, as n → ∞, with probability tending to 1, ℓ̂M (θ)

attains its minimum at some point θ̂e in the interior of the ball ∥ θ − θ0 ∥≤ n− 1
3 , and the

solutions θ̂e and λ̂n1 = λn1(θ̂e) satisfy

Qn1(θ̂e, λ̂n1) = 0 and Qn2(θ̂e, λ̂n1) = 0.

Proof. Let θ = θ0 + un− 1
3 , for θ ∈ {θ| ∥ θ − θ0 ∥≤ n− 1

3 }, where ∥ u ∥= 1. Following the

arguments of Owen (1990), it can be shown that

λn1(θ) =

{
1

n

n∑
i=1

ψ̂M (Yi, Zi; θ)ψ̂
T
M (Yi, Zi; θ)

}−1{
1

n

n∑
i=1

ψ̂M (Yi, Zi; θ)

}
+ o(n− 1

3 ) (a.s.)

uniformly for θ ∈ {θ| ∥ θ − θ0 ∥≤ n− 1
3 }. By this and Taylor expansion, we have (uniformly for



S6 N. Tang, P. Zhao, and H. Zhu

u)

ℓ̂M (θ) =
n∑
i=1

tTn ψ̂M (Yi, Zi; θ)− 1
2

n∑
i=1

(tTn ψ̂M (Yi, Zi; θ))
2 + o(n1/3) (a.s.)

= n
2

(
1
n

n∑
i=1

ψ̂TM (Yi, Zi; θ)

)(
1
n

n∑
i=1

ψ̂M (Yi, Zi; θ)ψ̂
T
M (Yi, Zi; θ)

)−1

×
(

1
n

n∑
i=1

ψ̂NP (Yi, Zi; θ)

)T
+ o(n1/3) (a.s.)

= n
2

(
1
n

n∑
i=1

ψ̂M (Yi, Zi; θ0) +
1
n

n∑
i=1

∂θψ̂M (Yi, Zi; θ0)un
−1/3

)T
×
(

1
n

n∑
i=1

ψ̂M (Yi, Zi; θ)ψ̂
T
M (Yi, Zi; θ)

)−1

×
(

1
n

n∑
i=1

ψ̂M (Yi, Zi; θ0) +
1
n

n∑
i=1

∂θψ̂M (Yi, Zi; θ0)un
−1/3

)
+ o(n1/3) (a.s.)

= n
2

(
O(n−1/2(log logn)1/2) + E(∂θψ̂M (Yi, Zi; θ0))un

−1/3
)T

×
(
E(ψ̂M (Yi, Zi; θ0)ψ̂

T
M (Yi, Zi; θ0))

)−1

×
(
O(n−1/2(log log n)1/2) + E(∂θψ̂M (Yi, Zi; θ))un

−1/3
)
+ o(n1/3) (a.s.)

≥ (c− ε)n1/3, (a.s.)

where c− ε > 0 and c is the smallest eigenvalue of[
E{∂θψ̂M (Yi, Zi; θ0)}

]T [
E(ψ̂M (Yi, Zi; θ0)ψ̂

T
M (Yi, Zi; θ0))

]−1 [
E{∂θψ̂M (Yi, Zi; θ0)}

]
.

Similarly,

ℓ̂(θ0) = n
2

(
1
n

n∑
i=1

ψ̂M (Yi, Zi; θ)

)T (
1
n

n∑
i=1

ψ̂M (Yi, Zi; θ)ψ̂
T
M (Yi, Zi; θ)

)−1

×
(

1
n

n∑
i=1

ψ̂M (Yi, Zi; θ)

)
+ o(1) a.s.

= O(log logn). a.s.

Since ℓ̂M (θ) is a continuous function about θ as θ ∈ {θ| ∥ θ − θ0 ∥≤ n− 1
3 }, with probability

tending to 1, ℓ̂M (θ) has a minimum θ̂e in the interior of the ball and θ̂e and λn1 satisfy

∂ℓ̂M (θ)

∂θ
=

n∑
i=1

{∂θψ̂M (Yi, Zi; θ)}Tλn1(θ)
1 + λTn1ψ̂M (Yi, Zi; θ)

= 0.

∂ℓ̂M (θ)

∂λn1
=

n∑
i=1

ψ̂M (Yi, Zi; θ)

1 + λTn1ψ̂M (Yi, Zi; θ)
= 0.

Lemma 3. Suppose (C1)–(C8) hold. Then

n−1/2
n∑
i=1

Λi(θ0)
L→ N(0, V1,AU), n−1

n∑
i=1

Λi(θ0)Λ
T
i (θ0)

P→ V2,AU,

where

V2,AU =

(
V2 D1

DT
1 D2

)
Proof. Let Ān = 1

n

∑n
i=1A(Xi), from the proof of Lemma 1, we obtain

Cov

(
1√
n

n∑
i=1

ψ̂M (Yi, Zi; θ0),
1√
n

n∑
i=1

A(Xi)

)
= Cov(I1,

√
nĀ)+Cov(I2,

√
nĀ)+Cov(I3,

√
nĀ).
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By direct calculation, it can be obtained that

Cov(I1,
√
nĀ) = E{π(X,Y )[ψ(Y,Z; θ0)−m0

ψ(X; θ0)]A
T (X)},

Cov(I2,
√
nĀ) = E

{
m0
ψ(X; θ0)A

T (X)
}
.

Using some of arguments employed in the proof of the Lemma 1, we can prove

Cov(I3,
√
nĀ) = Cov(I31,

√
nĀ) + o(1)

= −E{π(X,Y )[ψ(Y,Z; θ0)−m0
ψ(X; θ0)]A

T (X)}+ o(1).

Then

Cov

(
1√
n

n∑
i=1

ψ̂M (Yi, Zi; θ0),
1√
n

n∑
i=1

A(Xi)

)
= E

{
m0
ψ(X; θ0)A

T (X)
}
+ o(1).

Thus, by the Central Limit Theorem, we obtain

1√
n

n∑
i=1

Λi(θ0)
L→ N(0, V1,AU(θ0)),

Similarly , we can show that 1
n

∑n
i=1 ψ̂M (Yi, Zi; θ0)A

T (Xi)
P→ E

{
m0
ψ(X; θ0)A

T (X)
}
. The Law

of Large Numbers implies that 1
n

∑n
i=1A(Xi)A

T (Xi)
P→ E

{
A(X)AT (X)

}
. Then, it can be

shown that
1

n

n∑
i=1

Λi(θ0)Λ
T
i (θ0)

P→ V2,AU(θ0),

Lemma 4. Let U be r-vector of random variables that satisfies U
L→ N(0, Ir), where Ir is the

r × r identity matrix. Let P be a r × r nonnegative definite matrix with eigenvalues l1, · · · , lr.
Then, UTPU

L→ l1χ
2
1 + · · ·+ lrχ

2
r, where χ

2
i ’s (i = 1, . . . , r) are χ2 random variables each with

one degree of freedom.

Proof. Since P is a r × r nonnegative definite matrix, thus there exists an orthogonal

matrix Q such that P = QDQT , where D = diag(l1, . . . , lr) is a diagonal matrix with diagonal

elements l1, · · · , lr. Let Ũ = QTU = (Ũ1, . . . , Ũr)
T . Then, it follows from U

L→ N(0, Ir) that

Ũ
L→ N(0, Ir). Therefore,

UTPU = UTQDQTU = (QTU)TD(QTU) = ŨTDŨ = l1Ũ
2
1 + · · ·+ lrŨ

2
r ,

where Ũ2
i

L→ χ2
1.

Lemma 5. Suppose (C1)-(C8) hold. Then

(i) when the parameter estimate for γ is compute from an independent survey,

1√
n

n∑
i=1

ψ̂T (Yi, Zi, θ)
L→ N(0, Ṽ1),

where Ṽ1 = V1 +H2Vr.

(ii) when the parameter estimate for γ is obtained from a validation sample,

1√
n

n∑
i=1

ψ̂T (Yi, Zi, θ)
L→ N(0, Ṽv),
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where Ṽv = Var(η1i),

η1i = m0
ψ(Xi; θ, γ0) + {ri

ν
(1− δi) + δi}{ψ(Yi, Zi; θ)−m0

ψ(Xi; θ, γ0)},

m0
ψ(Xi; θ, γ) = pr lim

n→∞
m̂ψ(X; θ, γ), ν = E(r|δ = 0), and γ0 is the probability limit of γ̂.

Proof. (i) By the definition of ψ̂T (Yi, Zi, θ0), we have the following decomposition

1√
n

n∑
i=1

ψ̂T (Yi, Zi; θ) = 1√
n

n∑
i=1

δi{ψ(Yi, Zi; θ)−m0
ψ(Xi; θ)}+ 1√

n

n∑
i=1

m0
ψ(Xi; θ)

+ 1√
n

n∑
i=1

(1− δi){m̂ψ(Xi; θ)−m0
ψ(Xi; θ)}

+ 1√
n

n∑
i=1

(1− δi){m̂ψ(Xi; θ, γ̂)− m̂ψ(Xi; θ)}

:= I1 + I2 + I3 + I4,

where I1, I2, I3 were defined as in Lemma 1. For I4, taking a Taylor expansion of m̂ψ(Xi; θ, γ̂)

at γ yields

I4 = (γ̂ − γ)T
1√
n

n∑
i=1

(1− δi)
∂m̂ψ(Xi; θ, γ)

∂γ
,

√
n(γ̂ − γ)W,

where

∂m̂ψ(Xi;θ,γ)

∂γ
=

n∑
j=1

δj exp(γYj)Kh(Xj−Xi)Yjψ(Yj ,Zj ;θ0)

n∑
j=1

δj exp(γYj)Kh(Xj−Xi)

−

n∑
j=1

δj exp(γYj)Kh(Xj−Xi)ψ(Yj ,Zj ;θ0)
n∑
j=1

δj exp(γYj)Kh(Xj−Xi)Yj

{
n∑
j=1

δj exp(γYj)Kh(Xj−Xi)}2
.

Let m0(X) = E(Y |X, δ = 0) and mY ψ(X; θ) = E(Y ψ(Y, Z; θ)|X, δ = 0). Then, using kernel

regression method, we obtain

m̂0(Xi) =

n∑
j=1

δj exp(γYj)Kh(Xj−Xi)Yj

n∑
j=1

δj exp(γYj)Kh(Xj−Xi)
, m̂Y ψ(Xi; θ) =

n∑
j=1

δj exp(γYj)Kh(Xj−Xi)Yjψ(Yj ,Zj ;θ)

n∑
j=1

δj exp(γYj)Kh(Xj−Xi)
.

Thus, we have ∂m̂ψ(X; γ)/∂γ = m̂Y ψ(X; θ)− m̂ψ(X; θ, γ)m̂0(X). Let ∆n(X) = Ĝ(X)−G(X).

Decomposition of W is given by

W = 1
n

n∑
i=1

(1− δi)
1
n

∑n
j=1 δj exp(γYj)Kh(Xj−Xi){Yjψ(Yj ,Zj ;θ)−m0(Xj)m

0
ψ(Xj ;θ)}

G(Xi)

+ 1
n

n∑
i=1

(1− δi)
1
n

∑n
j=1 δj exp(γYj)Kh(Xj−Xi){m0(Xj)m

0
ψ(Xj ;θ)−m0(Xi)m

0
ψ(Xi;θ)}

G(Xi)

+ 1
n

n∑
i=1

(1− δi)
m0(Xi)m

0
ψ(Xi;θ)∆n(Xi)

G(Xi)
− 1

n

n∑
i=1

(1− δi)
mY ψ(Xi,θ)G(Xi)

G2(Xi)
∆n(Xi)

− 1
n

n∑
i=1

(1− δi)
m̂Y ψ(Xi;θ)Ĝ(Xi)−mY ψ(Xi;θ)G(Xi)

G2(Xi)
∆n(Xi)

+ 1
n

n∑
i=1

(1− δi)
m̂Y ψ(Xi;θ)Ĝ(Xi)

G2(Xi)Ĝ(Xi)
∆2
n(Xi)

− 1
n

n∑
i=1

(1− δi){m̂ψ(Xi; θ)m̂0(Xi)−m0(Xi)m
0
ψ(Xi; θ)}

:= W1 + · · ·+W7.
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According to the same arguments as given in (A.4) of Wang and Rao (2002), we have W3 +

W4 +W5 +W6 = op(n
−1/2). For W7, we have

W7 = − 1
n

n∑
i=1

(1− δi){m̂ψ(Xi; θ)m̂0(Xi)−m0(Xi)m
0
ψ(Xi; θ)}

= − 1
n

n∑
i=1

(1− δi)m0(Xi){m̂ψ(Xi; θ)−m0
ψ(Xi; θ)}

− 1
n

n∑
i=1

(1− δi)(m̂0(Xi)−m0(Xi)){m̂ψ(Xi; θ)−m0
ψ(Xi; θ)}

− 1
n

n∑
i=1

(1− δi)mψ(Xi; θ)(m̂0(Xi)−m0(Xi))

:= W71 +W72 +W73.

Standard argument yields W72 = op(n
−1/2). According to the same arguments as given in I3

of proof of Lemma A1, we have

W71 = − 1
n

n∑
j=1

{ δj(1−π(Xj ,Yj))
π(Xj ,Yj)

(ψ(Yj , Zj ; θ)−m0
ψ(Xj ; θ))m0(Xj)}+ op(n

−1/2),

W73 = − 1
n

n∑
j=1

{ δj(1−π(Xj ,Yj))
π(Xj ,Yj)

(Yj −m0(Xj))m
0
ψ(Xj ; θ)}+ op(n

−1/2).

By the Law of Large Numbers, we have

W71
P→ −E

{
δ(1−π(X,Y ))
π(X,Y )

(ψ(Y,Z; θ)−m0
ψ(X; θ))m0(X)

}
= −E{(1− δ)(m0(X)ψ(Y,Z; θ)−m0(X)m0

ψ(X; θ))},
W73

P→ −E
{
δ(1−π(X,Y ))
π(X,Y )

(Y −m0(X))m0
ψ(X; θ)

}
= −E{(1− δ)(Y mψ(X; θ)−m0(X)m0

ψ(X; θ))}.

We now derive the asymptotic distribution of W1. Note that

W1 = 1
n

n∑
i=1

(1− δi)
1
n

∑n
j=1 δj exp(γYj)Kh(Xj−Xi){Yjψ(Yj ,Zj ;θ)−m0(Xj)m

0
ψ(Xj ;θ)}

G(Xi)

= 1
n2

n∑
j=1

n∑
i=1

δj
{
exp(γYj)(Yjψ(Yj , Zj ; θ)−m0(Xj)m

0
ψ(Xj ; θ))

} (1−δi)Kh(Xj−Xi)
G(Xi)

:= 1
n2

n∑
j=1

n∑
i=1

Qij .

Denote W̌1 = 1
n2

∑n
j=1

∑n
i=1E{Qij |(Xj , Yj , δj)}, and write W1 = W̌1 +W1 − W̌1. From the

arguments given in proof of Lemma 1 of Wang and Chen (2009), W1 is dominated by W̌1, whilst

W1 − W̌1 is of smaller order. Thus, we just only consider the asymptotic properities of W̌1. It

can be shown that

W̌1 = 1
n

n∑
j=1

δjE
{
exp(γYj){Yjψ(Yj , Zj ; θ)−m0(Xj)m

0
ψ(Xj ; θ)}

(1−δi)Kh(Xj−Xi)
G(Xi)

|Xj , Yj
}

= 1
n

n∑
j=1

δjE
{
exp(γYj)(Yjψ(Yj , Zj ; θ)−m0(Xj)m

0
ψ(Xj ; θ))

(1−π(Xi))Kh(Xj−Xi)
G(Xi)

|Xj , Yj
}

= 1
n

n∑
j=1

δj{exp(γYj)(Yjψ(Yj , Zj ; θ)−m0(Xj)m
0
ψ(Xj ; θ))}

∫ (1−π(x))Kh(Xj−x)
G(x)

f(x)dx

= 1
n

n∑
j=1

δj{exp(γYj)(Yjψ(Yj , Zj ; θ)−m0(Xj)m
0
ψ(Xj ; θ))}

∫
exp(−g(x))Kh(Xj − x)dx

= 1
n

n∑
j=1

δj{exp(γYj)(Yjψ(Yj , Zj ; θ)−m0(Xj)m
0
ψ(Xj ; θ))}

∫
exp{−g(hu+Xj)K(u)}du.
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Taking the Taylor expansion of exp{−g(hu+Xj)} yields

W̌1 = 1
n

n∑
j=1

δj{exp(γYj)(Yjψ(Yj , Zj ; θ)−m0(Xj)m
0
ψ(Xj ; θ))} exp(−g(Xj)) +Op(h

2)

= 1
n

n∑
j=1

δj{exp(γYj − g(Xj)(Yjψ(Yj , Zj ; θ)−m0(Xj)m
0
ψ(Xj ; θ))}+Op(h

2)

= 1
n

n∑
j=1

δj(1−π(Xj ,Yj))
π(Xj ,Yj)

(Yjψ(Yj , Zj ; θ)−m0(Xj)m
0
ψ(Xj ; θ)) +Op(h

2).

By the Law of Large Numbers, we obtain

W̌1
P→ E

{
δ(1−π(X,Y ))
π(X,Y )

(Y ψ(Y, Z; θ)−m0(X)m0
ψ(X; θ))

}
= E{(1− δ)(Y ψ(Y,Z; θ)−m0(X)m0

ψ(X; θ))}.

According to the arguments given in the proof of Lemma 1, we have W2 = op(n
−1/2). Combing

the above equations leads to

W
P→ E{(1− δ)(Y ψ(Y,Z; θ)−m0(X)m0

ψ(X; θ))}
−E{(1− δ)(m0(X)ψ(Y,Z; θ)−m0(X)m0

ψ(X; θ))}
−E{(1− δ)(Y m0

ψ(X; θ)−m0(X)m0
ψ(X; θ))}

= E
{
(1− δ)(Y −m0(X))(ψ(Y,Z; θ)−m0

ψ(X; θ))
}
.

Hence, I4 is asymptotically equivalent to
√
n(γ̂−γ)E{(1−δ)(Y −m0(X))(ψ(Y,Z; θ)−m0

ψ(X; θ))}
and I4

L→ N(0,H2Vr), where H = E{(1− δ)(Y −m0(X))(ψ(Y,Z; θ)−m0
ψ(X; θ))}.

From the decomposition of 1√
n

∑n
i=1 ψ̂T (Yi, Zi; θ), we have

1√
n

n∑
i=1

ψ̂T (Yi, Zi; θ) = I1 + I2 + I3 + I4 =
1√
n

n∑
i=1

ψ̂M (Yi, Zi; θ) + I4.

Under the condition that γ̂ is independent of ψ̂M (Yi, Zi; θ) and the Lemma 1, it can be shown

that
1√
n

n∑
i=1

ψ̂T (Yi, Zi; θ)
L→ N(0, Ṽ1),

where Ṽ1 = V1 +H⊗2Vr.

(ii) Denote

ψ̂T (γ) =
1

n

n∑
i=1

{δiψ(Yi, Zi; θ)+(1−δi)m̂ψ(Xi; θ, γ)}+
1

n

n∑
i=1

(1−δi)
ri
ν
{ψ(Yi, Zi; θ)−m̂ψ(X; θ, γ)}.

One may note that

ψ̂T (γ̂) =
1

n

n∑
i=1

ψ̂T (Yi, Zi; θ), E

{
∂

∂γ
ψ̂T (γ)|γ = γ0

}
= 0.

where γ0 is the probability limit of γ̂. According to Kim and Yu (2011) and Randles (1982),

using
√
n(γ̂ − γ) = Op(1), by Taylor expansion, we have

ψ̂T (γ̂) = ψ̂T (γ0) + op(n
−1/2).

Writing

m0
ψ(X; θ, γ) = pr lim

n→∞
m̂ψ(X; θ, γ) = E{δψ(Y, Z; θ) exp(γY )|X}/E{δ exp(γY )|X},
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we have

ψ̂T (γ0) = 1
n

n∑
i=1

{
δiψ(Yi, Zi; θ) + (1− δi)m

0
ψ(Xi; θ, γ0)

}
+ 1
n

n∑
i=1

(1− δi)
ri
ν
{ψ(Yi, Zi; θ)−m0

ψ(Xi; θ, γ0)}

+ 1
n

n∑
i=1

(1− δi)(1− ri
ν
){m̂ψ(Xi; θ, γ)−m0

ψ(Xi; θ, γ0)}

:= Vn1(y) + Vn2(y) + Vn3(y).

Since nVn1(y) + nVn2(y) is sum of i.i.d random variables, it follows from the Central Limit

Theorem that √
n{Vn1(y) + Vn2(y)}

L→ N(0, Ṽv),

where Ṽv = Var(η1i),

η1i = m0
ψ(Xi; θ, γ0) + {ri

ν
(1− δi) + δi}{ψ(Yi, Zi; θ)−m0

ψ(Xi; θ, γ0)},

m0
ψ(Xi; θ, γ) = pr lim

n→∞
m̂ψ(X; θ, γ), ν = E(r|δ = 0) and γ0 is the probability limit of γ̂.

According to the Lemma 1 and the proof of Theorem 3 in Kim and Yu (2011), we can

prove that
√
nVn3(y) = op(1) similarly. Then, Lemma 5 is completed.

Lemma 6. Suppose (C1)-(C8) hold. Then

1

n

n∑
i=1

ψ̂T (Yi, Zi; θ0)ψ̂
T
T (Yi, Zi; θ0)

P→ V2,
1

n

n∑
i=1

∂θψ̂T (Yi, Zi; θ0)
P→ Γ,

where V2 = E
{
[δi{ψ(Yi, Zi; θ)−m0

ψ(Xi; θ)}+m0
ψ(Xi; θ)]

⊗2
}
and Γ = E{∂θψ(Y,Z; θ)}.

Proof. Since γ̂ is a consistent estimator of γ, using the same methods given in the proof of

Lemma 1 and Lemma 5, we can show that the result of Lemma 6 hold.

Lemma 7. Suppose (C1)-(C8) hold. Then

(i) when the parameter estimate for γ is compute from an independent survey,

1√
n

n∑
i=1

Λ̃i(θ0)
L→ N(0, Ṽ1,AU),

1

n

n∑
i=1

Λ̃i(θ0)Λ̃
T
i (θ0)

P→ V2,AU,

where

Ṽ1,AU =

(
Ṽ1 D1

DT
1 D2

)
, V2,AU =

(
V2 D1

DT
1 D2

)
with D1 = E

{
m0
ψ(X; θ0)A

T (X)
}
, D2 = E

{
A(X)AT (X)

}
, Ṽ1 is defined in Theorem 4 and V2

is defined in Theorem 2.

(ii) when the parameter estimate for γ is obtained from a validation sample,

1√
n

n∑
i=1

Λ̃i(θ)
L→ N(0, Ṽv,AU), ,

1

n

n∑
i=1

Λ̃i(θ0)Λ̃
T
i (θ0)

P→ V2,AU,

where

Ṽv,AU =

(
Ṽv D1

DT
1 D2

)
, V2,AU =

(
V2 D1

DT
1 D2

)
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Ṽv is defined in Theorem 6.

Proof. According to the proof of Lemma 3 and Lemma 5, and by the definition of ψ̂T (Yi, Zi; θ)

and the consistency of γ̂, we can show the Lemma hold.

Proof of Theorem 1 Let θ̂e and λ̂n1 be the solutions of the following equations

Qn1(θ, λn1) = 0, Qn2(θ, λn1) = 0.

Taking the Taylor expansion of Qn1(θ̂e, λ̂n1) and Qn2(θ̂e, λ̂n1) at (θ0, 0) yields

0 = Qn1(θ̂e, λ̂n1) = Qn1(θ0, 0) +
∂Qn1(θ0,0)

∂θ
(θ̂e − θ0) +

∂Qn1(θ0,0)

∂λTn1
(λ̂n1 − 0) + op(σn),

0 = Qn2(θ̂e, λ̂n1) = Qn2(θ0, 0) +
∂Qn2(θ0,0)

∂θ
(θ̂e − θ0) +

∂Qn2(θ0,0)

∂λTn1
(λ̂n1 − 0) + op(σn),

(S1.5)

where σn =∥ θ̂e − θ0 ∥ + ∥ λ̂n1 ∥. By direct calculation, we obtain

∂Qn1(θ0,0)
∂θ

= 1
n

n∑
i=1

∂θψ̂M (Yi, Zi; θ),
∂Qn1(θ0,0)

∂λTn1
= − 1

n

n∑
i=1

ψ̂M (Yi, Zi; θ)ψ̂
T
M (Yi, Zi; θ)

∂Qn2(θ0,0)
∂θ

= 0, ∂Qn2(θ0,0)

∂λTn1
= 1

n

n∑
i=1

∂θψ̂M (Yi, Zi; θ).

Then, from (S1.5), we have(
λ̂n1

θ̂e − θ0

)
= S−1

n

(
−Qn1(θ0, 0) + op(σn)

op(σn)

)
, (S1.6)

where

Sn =

 − 1
n

n∑
i=1

ψ̂M (Yi, Zi; θ)ψ̂
T
M (Yi, Zi; θ)

1
n

n∑
i=1

∂θψ̂M (Yi, Zi; θ)

1
n

n∑
i=1

∂θψ̂
T
M (Yi, Zi; θ) 0

 .

From Lemma 1, we obtain

Sn
P→ S =

(
−V2(θ0) Γ

ΓT 0

)
.

From Lemma 1, we have Qn1(θ0, 0) = 1
n

∑n
i=1 ψ̂M (Yi, Zi; θ) = Op(n

−1/2), which yields σn =

Op(n
−1/2). Thus, it can be shown from (S1.6) and the expression of S−1 that

√
n(θ̂e − θ0) = −Σ1Γ

TV −1
2

1√
n

n∑
i=1

ψ̂M (Yi, Zi; θ) + op(1).

Since 1√
n

∑n
i=1 ψ̂M (Yi, Zi; θ)

L→ N(0, V1), we have
√
n(θ̂e − θ0)

L→ N(0,Σe), where Σe =

Σ1Γ
TV −1

2 V1V
−1
2 ΓΣ1 and Σ1 = (ΓTV −1

2 Γ)−1.

Proof of Theorem 2 Using the same arguments as done in Zhou, Wan and Wang (2008),

we have

ℓ̂M (θ0) = n−1/2
n∑
i=1

ψ̂M (Yi, Zi; θ)

{
n−1

n∑
i=1

ψ̂M (Yi, Zi; θ)ψ̂
T
M (Yi, Zi; θ)

}−1

×n−1/2
n∑
i=1

ψ̂TM (Yi, Zi; θ) + op(1).



Nonignorably Missing Data S13

From Lemma 1, we have ξn = V
−1/2
1 { 1√

n

∑n
i=1 ψ̂M (Yi, Zi; θ)}

L→ N(0, I). Therefore, it follows

from Lemma A5 that

ℓ̂M (θ0) = ξTn V
1/2
1 V −1

2 V
1/2
1 ξn + op(1)

L→ ϱ1χ
2
1 + · · ·+ ϱqχ

2
q,

where χ2
i ’s (i = 1, . . . , q) are the χ2 random variables each with one degree of freedom, and the

weights ϱi (i = 1, · · · , q) are eigenvalues of matrix V −1
2 V1.

Proof of Theorem 3 (i) Let θ̂ae and λ̂n2 be the solutions of the following equations

Mn1(θ, λn2) = 0, Mn2(θ, λn2) = 0 and Mn3(θ, λn2) = 0,

where λn2 = (λTn21, λ
T
n22)

T and λ̂n2 = (λ̂Tn21, λ̂
T
n22)

T . Taking the Taylor expansion ofMn1(θ̂ae, λ̂n2)

at (θ0, 0) yields

0 =Mn1(θ0, 0)+
∂Mn1(θ0, 0)

∂θ
(θ̂ae−θ0)+

∂Mn1(θ0, 0)

∂λTn21
(λ̂n21−0)+

∂Mn1(θ0, 0)

∂λTn22
(λ̂n22−0)+op(σn).

Similarly, taking the Taylor expansion of Mn2(θ̂ae, λ̂n2) and Mn3(θ̂ae, λ̂n2) at (θ0, 0) yields

0 = Mn2(θ0, 0) +
∂Mn2(θ0,0)

∂θ
(θ̂ae − θ0) +

∂Mn2(θ0,0)

∂λTn21
(λ̂n21 − 0) + ∂Mn2(θ0,0)

∂λTn22
(λ̂n22 − 0) + op(σn),

0 = Mn3(θ0, 0) +
∂Mn3(θ0,0)

∂θ
(θ̂ae − θ0) +

∂Mn3(θ0,0)

∂λTn21
(λ̂n21 − 0) + ∂Mn3(θ0,0)

∂λTn22
(λ̂n22 − 0) + op(σn),

where σn =∥ θ̂ − θ0 ∥ + ∥ λ̂n2 ∥. By direct calculation, we obtain

∂Mn1(θ0, 0)

∂θ
=

1

n

n∑
i=1

∂θψ̂M (Yi, Zi; θ),
∂Mn1(θ0, 0)

∂λTn21
= − 1

n

n∑
i=1

ψ̂M (Yi, Zi; θ)ψ̂
T
M (Yi, Zi; θ),

∂Mn1(θ0, 0)

∂λTn22
= − 1

n

n∑
i=1

A(Xi)ψ̂
T
M (Yi, Zi; θ),

∂Mn2(θ0, 0)

∂λTn21
= − 1

n

n∑
i=1

A(Xi)ψ̂
T
M (Yi, Zi; θ),

∂Mn2(θ0, 0)

∂λTn22
= − 1

n

n∑
i=1

A(Xi)A(Xi)
T ,

∂Mn2(θ0, 0)

∂λTn21
=

1

n

n∑
i=1

{∂θψ̂M (Yi, Zi; θ)}T ,

∂Mn2(θ0, 0)

∂λTn22
= 0,

∂Mn2(θ0, 0)

∂θ
= 0,

∂Mn3(θ0, 0)

∂θ
= 0.

Then, we have  λ̂n21
λ̂n22
θ̂ − θ

 = S−1
n

 −Mn1(θ, 0) + op(σn)

−Mn2(θ, 0) + op(σn)

op(σn)

 ,

where

Sn =


− 1
n

n∑
i=1

ψ̂M (Yi, Zi; θ)ψ̂
T
M (Yi, Zi; θ) − 1

n

n∑
i=1

ψ̂M (Yi, Zi; θ)A
T (Xi)

1
n

n∑
i=1

∂θψ̂M (Yi, Zi; θ)

− 1
n

n∑
i=1

A(Xi)ψ̂
T
M (Yi, Zi; θ) − 1

n

n∑
i=1

A(Xi)A
T (Xi) 0

1
n

n∑
i=1

∂θψ̂
T
M (Yi, Zi; θ) 0 0

 .

From Lemma 1 and Lemma 3, it follows that

Sn
P→

 −V2 −D1 Γ

−DT
1 −D2 0

ΓT 0 0

 := S =

(
A B
BT 0

)
,
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where B = (ΓT , 0T )T , C = −BTA−1B and

A =

(
−V2 −D1

−DT
1 −D2

)
.

From Lemma 1, we haveMn1(θ0, 0) =
1
n

∑n
i=1 ψ̂M (Yi, Zi; θ) = Op(n

−1/2),Mn2(θ0, 0) =
1
n

∑n
i=1A(Xi) =

Op(n
−1/2), which yields σn = Op(n

−1/2). Thus, it can be shown that

√
n(θ̂ae − θ0) = −C−1BTA−1 1√

n

n∑
i=1

Λi(θ) + op(1).

Since 1√
n

∑n
i=1 Λi(θ0)

L→ N(0, V1,AU), we have
√
n(θ̂ae − θ0)

L→ N(0,Σae).

(ii) Similar to the proof of Theorem 2, we have

ℓ̂AU (θ0) = { 1√
n

n∑
i=1

Λi(θ0)}V −1
2,AU{

1√
n

n∑
i=1

Λi(θ0)}T + op(1).

From Lemma 1, we have ηn = V
−1/2
1,AU

1√
n

∑n
i=1 Λi(θ)

L→ N(0, I). From Lemma 4, Combing the

above equations yields

ℓ̂AU (θ0) = ηTnV
1/2
1,AUV

−1
2,AUV

1/2
1,AUηn + op(1)

L→ ϱ1χ
2
1 + · · ·+ ϱr+qχ

2
r+q,

where χ2
i ’s (i = 1, . . . , r+ q) are the χ2 random variables each with one degree of freedom, and

the weights ϱi (i = 1, . . . , r + q) are eigenvalues of matrix V −1
2,AUV1,AU.

Proof of Theorem 4 – Theorem 7 Using the same methods given in the proofs of Theorems

1 – 3 and the above Lemma 1 – Lemma 7, we can prove that Theorems 4 – 7 hold.

S2 The weighted estimating equations with nonignor-
ably missing response data

In practice, it is common that initial nonresponders are followed up and are given a second oppor-

tunity to respond to the survey. Let R1 = (R11, · · · , Rn1) and R2 = (R12, · · · , Rn2) be vectors

of indicator functions for the observation (Yi, Zi), where Rik = I(Yi, Zi is observed at time k)

for k = 1, 2. Note that if (Yi, Zi) is already observed at the first time, that is (Ri1 = 1), no effort

will be made to observe it again, that is (Ri2 = 0). The two sets of missingness probabilities

are defined as πi1 = P (Ri1 = 1|Xi, Yi) and πi2 = P (Ri2 = 1|Xi, Yi, Ri1 = 0), where Xi is Zi
or a subset of Zi. Based on this twice survey, Troxel, Lipsitz, and Brennan (1997) (denoted as

TLB below) proposed the following weighted estimating function

G(β) =

n∑
i=1

(Ri1 +Ri2)π
−1
i µ̇T

i W
−1
i (Yi − µi), (S2.7)

where πi = πi1 + (1 − πi1)πi2, µi = E(Yi|Xi) = g(βTXi), µ̇i = ∂µi/∂β, and Wi = V ar(Yi).

It can be shown that E{G(β)} = 0 under the specified nonignorable missing data mechanism

assumption. Let β̂TLB be an estimator of (S2.7).
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S3 Algorithms for computing MELE and EL-basd CI

The algorithm for computing MELEs under unknown γ includes the following two steps:

1. Use the Levenberg-Marquardt algorithm to solve Equation (3.7) to get an estimated tilting

parameter γ̂.

2. For the estimated tilting parameter γ̂, optimize the proposed LELRFs to get our proposed

MELEs.

The grid search algorithm for constructing the EL-based CIs of θ is given as follows:

1. Arbitrarily choose an interval, which contains the true values θ0;

2. Use the Levenberg-Marquardt algorithm to solve (3.7) to calculate an estimated tilting

parameter γ̂;

3. Given a search step length, we evaluate LELRFs (i.e., ℓ̂T (θ0)) at each search point in the

given interval, and find the grid-point θ̂0 such that ℓ̂T (θ̂0) ≤ ĉα, which indicates that θ̂0
is just the upper (or lower) bound of the EL-based CI. Moreover, ĉα is the 1−α quantile

of the distribution of LELRFs ℓ̂T (θ0). In practice, ĉα can be calculated by using Monte

Carlo simulations.
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