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S1 Proof of Lemma 1

Decompose 3(s1,81) — S(s0) = S(s1,81) — S(s0, By) + S(s0,By) — S(s0). First study
S(s1,81) — S(s0,8;). Using the arguments of Lai and Ying (1988), it follows that with
probability 1,

sup |S(31751) - S(So,ﬁo) —&(51,B81) + (50, By)| = 0(”_1/2)»

(s1,81)€B

where
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where E, denote the expectation conditional on X, G; is the survival function of C;
conditional on X; and f is the density function of S. Note that £(s, By) = S(s).

Now denote by d = 3 — 3, and by A(:) the hazard function for S. Note that
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f(saﬁ) = exp { 721’ Gl(s + /6()Xz +d }(/1)5(8 +/d XL)()\(S +/d Xz) — /\(S))ds . / )\(s)ds}
{/ S Gils + BuX; +d'X;)S(s 4+ d'X)AD (s + d.X;)d' X, }

$) exp —= 7 7 7 ds

S(s)41—d * 2 Gils+ BoXi + d//Xi)S(S :l— d'Xi)/\(l)(s + dL.X;)X;
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where A(V)(-) denotes the first derivative. Hence,

g(slvﬂl) - 5(807ﬂ0)
= 5(517ﬁ1 517ﬁ0) +é.(slaﬂ()> 5(507ﬂ0)
S Gi(s+ By X +d'X;)S(s + d'X)AW (s + d). X)X

- S, Gils + BX; + d'X;)S(s + d'X;) ds
+S(s1) — (80,,60) o(/ld][)
_ s [ Zalils BoXi + d’,Xi)S(s + d’Xi))\(l)(ls + X)X,
> Gil(s+ B X; +d'X;)S(s +d'X,)
—f(s0,B0)(s1 = s0) + o([|d[| + [s1 — s0]),
where ||d.|| < ]|d||- Denote by
(s, By) = plim% D Gils + ByX)XET (S1.1)

for r = 0, 1,2, where for a vector a a®? = 1,a®! = a and a®2 = aa’ and plim denote the
probabilistic limit. The argument of Ying (1993, p.87) leads to

ZiGi(s+66Xi+d’Xi)S(s+d/Xi))\(1)(s+d;Xi)Xid 7/8 M (s, By)

S Gi(s + BiX; + d'X;)S(s + d'X;) * 7 ) TO(s,B,)

Hence, (s1, 81)=S(s0, 8y) = (B1=B0)" { = [ G dA(s) x S(s0) |~ (50, Bo) (51~
so) +o(n 12,18y — Byl + |51 — sol)-

Finally, note that
. 50 S dM;(u,
$(s0.0) = S(s0) = S(eo) [ 2]
= n25(s0)Z(s0) + 0p(n”V/?),

where the last equality comes from the Martingale CLT, M;(u,B,) = N;(u,3y) —
JY . Yi(u, By)dA(u, By) and Z(s) is a version of W (v(s)), where W(:) is the Wiener
process and

dA(s)+o(|[d]])

+ op(n_1/2)

t
v(t) :/ (s, By)ds/m(s,By)- (51.2)

Here» W(svﬁo) :pllm%Y(SaIBO) = ( ) (0)( /80)
Hence, the result follows by denoting A(so, By) = — [ II:EO;EZ g“;d)\( s). O

S2 Proof of Proposition 1

Denote by 3, the truth and

f(ﬁ)

v S{ezwo)})

(2

EYi|Y;,0i,Xi,80) =Y+ (1-6;)
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where S is the (true) survival function corresponding to the distribution function F, ie
S(.)=1-F(.). Then

ixz{ff 5 ~v} = ZX {Vi(s ) ?;O}Jrixi(ﬁo—m (52.1)

The second term on the right hand side of (??) is O,(n'/?) by the CLT, we only
need to consider the first term on the right hand side of (?7?), which is equal to

1250, 86,8 )s [ S(s)ds
S(e:(3),8%)  SleB))) [

(S2.2)

-]

where S(t, B) is the Nelson-Aalen estimator based on data (Y;* — X}3,6;),i =1,...,n

Equation (??) is asymptotically equal to

~ > -+ (0) o
Z S{el (o)} {/ 50 S(s, B )dS—/Ei(ﬁO) S(s)ds} (S2.3)

Xl(l - 61) fei(go) S(S)dS A (0)
Z S%{ei(Bo)} {S (87,5

(3

)~ S{ei(Bo)} } + 0(1)(52.4)

Next consider (?7). Note that

/ ) g(s,ﬁ(o))ds—/ S(s)ds
ei(B) ei(8o)

ei(A(O) 0o
_ / ? (s, B(O))der/ (8(s, 8 = S(s)}ds

ei(Bo) i(Bo)

ei(B) ei(B) . A
[ steeds+ [ 86,8 - steitso) s

i(Bo) ei(ﬂo)
o ar 2O
—I—/ {S(s,8 ") — S(s)}ds.
6@'(/30)

It is obvious the first term in the above equation is equal to

B - (0) 17 7(0)
/’.(B ) S{ei(Bo)})ds = S{ei(Bo)Hei (B 7) —ei(By)} = —5{ei(By) }Xi(B " — By).

~ (0
For the second term, applying Lemma 1 and noting that ﬂ( ) By = Op(n_l/Q) yields

wB)
/ [S(s, 37 ) — S{ei(By) Hds = op(n~1/?).
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Finally, for the third term as

Vi(S(s,B8”) = S(s)} = 8(s)2(1)

weakly, where Z(t) is a version of W (v(t)), by the weak convergence of stochastic integrals
(e.g Theorem 2.2 of Kurtz and Protter (1991)) and the Skorohod representation theorem,
we have that

[ 368" - sonas =2 [ sz)ar+o 0.

ei(Bo) ei(Bo)

When applying Theorem 2.2 of Kurtz and Protter (1991), we need to verify that the vari-
ance of the integrand of the last integral (or the “change of the time” in the Gaussian pro-
cess), which is var{S(t)Z(t)} = S?(t)v(t) is bounded at co. That is lim sup,_, ., S?(t)v(t) <

oo. Indeed,
2 )‘0 S 50) * dF(s,By)
/ SO < | oy <

by the regularity condition. Hence, (??) is equal (in distribution) to

ZXi(l — ;) {(Ai(ﬁo) - S{ei(ﬁo)}xi)’(ﬁ(o) _8y)
n~1/2 > & v 2
) /6i<ﬂo> SteaBa} (t))dt} +op(n''?)
= Op(n1/2),

where fli(ﬁo) fooﬁo) 5Tes (ﬁo)}A(,BO, s)ds and the last equality stems from that (IB(O) —

Bo) = Op(n~112).
Finally consider (?7?). Using the Lemma, it is follows that
3(e(8""), 8" - s{es(Bo)})
{e:(Bo) HA(es(Bo), Bo) — Mex(Bo), Bo)Xa} (B = Bo) +n2W (v(es(Bo)))} + op(n~2),

where < is for equal in distribution.

4

Hence, (?7?) is equal, in distribution, to

fe (go)s( ) S
D (A}

+n-1/2W<v<ei<ﬁo)>>] +o0,(n'/?)
S Xi(Fi(Bo) = Y HA((Bo). By) + Mex (B). By X B = By) + Opn™/2)] + 0,(n'/2)

(0)

[{A(ei(Bo), Bo) + Mes(Bo), Bo)X)HB" — Bo)

= Op(nl/Q)-
Combining (??) and (??) yields the result. O



Dantzig Selector for Censored Linear Models
S3 Proof of Lemma 2

Define the Lagrangian

L(B, ) = [[WB|[ + w'Z' (Y = ZWB) = A1
Then (11) and (12) imply

IWBII1 = L(B, i) = W'Z'Y — || r]]1.

Since
inf L(B,p) = WZY =Nl +inf (sgn(8) — p2'2)' W
WZ'Y = Nplly i [|Z'Zp)| < 1
—00 otherwise,

and because (10) holds, we have

||W,3H1 = inf L(B, i) < supinf L(B, u) < sup L(,Z'}7 )
B u B m

for any (3. This, the inequality (9), and the fact that

supL(B,pu) = |[WB||1 +sup p'[Z'(Y — ZWS) — dsgn(p)]
© ©

IWBIl1 i [|Z/(Y — ZWB)| | < A
00 otherwise

imply that |[W3||; < |[W8||1 whenever |Z/(Y —ZWg3)| < X. This means that 3 solves
(ADSC). 0

S4 Proof of Proposition 2

With & and B as in (13)-(16), we check that (9)-(12) hold with probability tending to
1. First note that
Z)Zjp =7\ Zajry = sg0(By)a
and
ZiZjp = ZzZa(ZZ\Za) sgn(Bo)a

= (Wi XGPoXa(X,PuXa) ™ "W a asgn(B) 4

= Op(].).
This implies that (10) holds with probability tending to 1. To see that (9) holds with
probability approaching 1, first observe that

Z\(Y — ZWB) = Asgn(f1) 4. (S4.1)

S5
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Furthermore,

Z5(Y ~ZWB) = 2 1= Za(Z4Z) 2] Y + NZAZa(Z4Z) s
= WLX4P, - P X4 (X P, Xa) ' X P,] Y (54.2)
+>‘W,?Z,1AXAP7LXA(XAPnXA)AWA,Asgn(ﬂ)A.

Proposition 1 implies that

X3P, [I- P, X4 (X, P, X)X, P, ] Y = X,P, I-P,XA(X,P,X4)"'X,P,] Y
+0p(vn)
= OP(\/{’;)v

where the second equality above holds because
X5P, [I-P,Xs(X P, X)X, P,] Y = X3P, I - P, X4(X,P,, X4) ' X, P, ] €

and
|X/P, [I—- P, X4 (X, P, X4) ' X, P, | P, X;| < X)X,

which implies that
L
Vn

has mean 0 and bounded variance. Since WE}A = op(A/y/n), it follows that

X3P, [I-P, XX, P, X4) ' X, P,] Y

WL XP,, [1- P, Xa(X4 P, Xa) ' X,P,] Y = 0p().
Combining this with (??) and the fact that
AW 23X 4P Xa(XaPrXa) ™ ' Wa asgn(is) 4 = op(A)

gives

Z (Y —ZWp) = op()).
This fact, plus (??), implies that (9) holds with probability tending to 1. Since
WZIWE = (i \Z\ZaW 4 4B, = sen(B) s Wa 4B,
and sgn(B)A £ sgn(B,) 4, the probability that (refeq9) holds converges to 1. Lastly,
('Z (PY —ZWP) = fyZy (P, Y — ZWPB) = Mtysgn(jt) a = N[ ol

which implies that (12) holds. We conclude that (9)-(12) hold with probability tending
to 1 and the proposition is proved. O
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S5 Proof of Corollary 1

Let 3 be any sequence of solutions to (ADSC), let T = {j; /3]1 # 0} and let E =
{7 12 (Y — ZWS)| = \}. Proposition 2 implies that by slightly perturbing 3 if neces-
sary, we can assume that £ C A C T. The conditions (9)-(12) in Lemma 2 imply that
there exists t € {#1}/T! such that

[[WX'P, X7 (XpP,X7) "Wr rt||e < 1. (S5.1)

Since w; /wy, £ oo, whenever j € A and k € A, it follows that T = A, with probability
tending to 1. Thus, P(T = A) — 1 and 3 is consistent for model selection. O

S6 Proof of Proposition 3

~(0,T) ~(0,A)

Since {T = A} {8 =
2, it follows immediately that

}, coupled with P(T = A) — 1 implied by Proposition

p (B(O,T) _ B(O,A)) Y

~ (0, - (0,4
Therefore, \/ﬁ(,@'f o Bo.a) = \/ﬁ(ﬁ(AO - Bo.4) + op(1). Further, as Theorem 4 of

Lai and Ying (1991) implies that

(0,A

p ) d
V(B " = Bo,a) = N(0,%),
the original claim is thus proved. O
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