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Supplementary Material

S1 Proof of Lemma 1

Decompose Ŝ(s1,β1) − S(s0) = Ŝ(s1,β1) − Ŝ(s0,β0) + Ŝ(s0,β0) − S(s0). First study
Ŝ(s1,β1)− Ŝ(s0,β0). Using the arguments of Lai and Ying (1988), it follows that with
probability 1,

sup
(s1,β1)∈B

|Ŝ(s1,β1)− Ŝ(s0,β0)− ξ(s1,β1) + ξ(s0,β0)| = o(n−1/2),

where

ξ(s,β) = exp

{
−

n∑
i=1

∫ s1

−∞

dExNi(s,β)

ExȲ (s,β)

}
= exp

{
−
∑

iGi(s+ β′Xi)f(s+ (β − β0)′Xi)∑
iGi(s+ β′Xi)S(s+ (β − β0)′Xi)

ds

}

where Ex denote the expectation conditional on X, Gi is the survival function of Ci

conditional on Xi and f is the density function of S. Note that ξ(s,β0) = S(s).

Now denote by d = β − β0 and by λ(·) the hazard function for S. Note that

ξ(s,β) = exp

{∫ s

−∞
−
∑

iGi(s+ β′0Xi + d′Xi)S(s+ d′Xi)(λ(s+ d′Xi)− λ(s))∑
iGi(s+ β′0Xi + d′Xi)S(s+ d′Xi)

ds−
∫ s

−∞
λ(s)ds

}
= S(s) exp

{∫ s

−∞
−
∑

iGi(s+ β′0Xi + d′Xi)S(s+ d′Xi)λ
(1)(s+ d′∗Xi)d

′Xi∑
iGi(s+ β′0Xi + d′Xi)S(s+ d′Xi)

ds

}
= S(s)

{
1− d′

∫ s

−∞

∑
iGi(s+ β′0Xi + d′Xi)S(s+ d′Xi)λ

(1)(s+ d′∗Xi)Xi∑
iGi(s+ β′0Xi + d′Xi)S(s+ d′Xi)

ds

}
+ o(||d||),
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where λ(1)(·) denotes the first derivative. Hence,

ξ(s1,β1)− ξ(s0,β0)

= ξ(s1,β1)− ξ(s1,β0) + ξ(s1,β0)− ξ(s0,β0)

= −S(s1)d′
∫ s

−∞

∑
iGi(s+ β′0Xi + d′Xi)S(s+ d′Xi)λ

(1)(s+ d′∗Xi)Xi∑
iGi(s+ β′0Xi + d′Xi)S(s+ d′Xi)

ds

+S(s1)− S(s0,β0) + o(||d||)

= −S(s0)d′
∫ s

−∞

∑
iGi(s+ β′0Xi + d′Xi)S(s+ d′Xi)λ

(1)(s+ d′∗Xi)Xi∑
iGi(s+ β′0Xi + d′Xi)S(s+ d′Xi)

ds

−f(s0,β0)(s1 − s0) + o(||d||+ |s1 − s0|),

where ||d∗|| ≤ ||d||. Denote by

Γ(r)(s,β0) = plim
1

n

∑
i

Gi(s+ β′0Xi)X
⊗r
i (S1.1)

for r = 0, 1, 2, where for a vector a a⊗0 = 1,a⊗1 = a and a⊗2 = aa′ and plim denote the
probabilistic limit. The argument of Ying (1993, p.87) leads to∫ s

−∞

∑
iGi(s+ β′0Xi + d′Xi)S(s+ d′Xi)λ

(1)(s+ d′∗Xi)Xi∑
iGi(s+ β′0Xi + d′Xi)S(s+ d′Xi)

ds =

∫ s

−∞

Γ(1)(s,β0)

Γ(0)(s,β0)
dλ(s)+o(||d||)

Hence, Ŝ(s1,β1)−Ŝ(s0,β0) = (β1−β0)′
{
−
∫ s

−∞
A1(s,β0)
A2(s,β0)dλ(s)× S(s0)

}
−f(s0,β0)(s1−

s0) + o(n−1/2, ||β1 − β0||+ |s1 − s0|).

Finally, note that

Ŝ(s0,β0)− S(s0) = S(s0)

∫ s0

−∞

∑
i dMi(u,β0)

Ȳ (u,β0)
+ op(n−1/2)

= n−1/2S(s0)Z(s0) + op(n−1/2),

where the last equality comes from the Martingale CLT, Mi(u,β0) = Ni(u,β0) −∫ u

−∞ Yi(u,β0)dΛ(u,β0) and Z(s) is a version of W (v(s)), where W (·) is the Wiener
process and

v(t) =

∫ t

−∞
λ(s,β0)ds/π(s,β0). (S1.2)

Here, π(s,β0) = plim 1
n Ȳ (s,β0) = S(s)Γ(0)(s,β0).

Hence, the result follows by denoting A(s0,β0) = −
∫ s

−∞
Γ(1)(s,β0)

Γ(0)(s,β0)
dλ(s). �

S2 Proof of Proposition 1

Denote by β0 the truth and

Ỹ 0
i = E(Yi|Y ∗i , δi,Xi,β0) = Y ∗i + (1− δi)

∫∞
ei(β0)

S(s)ds

S{ei(β0)})
,
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where S is the (true) survival function corresponding to the distribution function F , ie
S(.) = 1− F (.). Then

n∑
i=1

Xi

{
Ŷi(β̂

(0)
)− Yi

}
=

n∑
i=1

Xi

{
Ŷi(β̂

(0)
)− Ỹ 0

i

}
+

n∑
i=1

Xi(Ỹ
0
i − Yi) (S2.1)

The second term on the right hand side of (??) is Op(n1/2) by the CLT, we only
need to consider the first term on the right hand side of (??), which is equal to

∑
i

Xi(1− δi)


∫∞
ei(β̂

(0)
)
Ŝ(s, β̂

(0)
)ds

Ŝ(ei(β̂
(0)

), β̂
(0)

)
−

∫∞
ei(β0)

S(s)ds

S{ei(β0)})

 , (S2.2)

where Ŝ(t,β) is the Nelson-Aalen estimator based on data (Y ∗i −X′iβ, δi), i = 1, . . . , n.

Equation (??) is asymptotically equal to

∑
i

Xi(1− δi)
S{ei(β0)}

{∫ ∞
ei(β̂

(0)
)

Ŝ(s, β̂
(0)

)ds−
∫ ∞
ei(β0)

S(s)ds

}
(S2.3)

−
∑
i

Xi(1− δi)
∫∞
ei(β0)

S(s)ds

S2{ei(β0)}

{
Ŝ(ei(β̂

(0)
), β̂

(0)
)− S{ei(β0)}

}
+Op(1)(S2.4)

Next consider (??). Note that∫ ∞
ei(β̂

(0)
)

Ŝ(s, β̂
(0)

)ds−
∫ ∞
ei(β0)

S(s)ds

=

∫ ei(β̂
(0)

)

ei(β0)

Ŝ(s, β̂
(0)

)ds+

∫ ∞
ei(β0)

{Ŝ(s, β̂
(0)

)− S(s)}ds

=

∫ ei(β̂
(0)

)

ei(β0)

S{ei(β0)}ds+

∫ ei(β̂
(0)

)

ei(β0)

[Ŝ(s, β̂
(0)

)− S{ei(β0)}]ds

+

∫ ∞
ei(β0)

{Ŝ(s, β̂
(0)

)− S(s)}ds.

It is obvious the first term in the above equation is equal to∫ ei(β̂
(0)

)

ei(β0)

S{ei(β0)})ds = S{ei(β0)}{ei(β̂
(0)

)− ei(β0)} = −S{ei(β0)}X′i(β̂
(0)
− β0).

For the second term, applying Lemma 1 and noting that β̂
(0)
− β0 = Op(n−1/2) yields

∫ ei(β̂
(0)

)

ei(β0)

[Ŝ(s, β̂
(0)

)− S{ei(β0)}]ds = op(n−1/2).
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Finally, for the third term as

√
n{Ŝ(s, β̂

(0)
)− S(s)} → S(s)Z(t)

weakly, where Z(t) is a version ofW (v(t)), by the weak convergence of stochastic integrals
(e.g Theorem 2.2 of Kurtz and Protter (1991)) and the Skorohod representation theorem,
we have that∫ ∞

ei(β0)

(Ŝ(s, β̂
(0)

)− S(s))ds = n−1/2

∫ ∞
ei(β0)

S(t)Z(t)dt+ op(n−1/2).

When applying Theorem 2.2 of Kurtz and Protter (1991), we need to verify that the vari-
ance of the integrand of the last integral (or the “change of the time” in the Gaussian pro-
cess), which is var{S(t)Z(t)} = S2(t)v(t) is bounded at∞. That is lim supt→∞ S2(t)v(t) <
∞. Indeed,

S2(t)v(t) <

∫ t

−∞
S2(s)

λ0(s,β0)

π(s,β0)
ds <

∫ ∞
−∞

dF (s,β0)

Γ(0)(s,β0)
<∞

by the regularity condition. Hence, (??) is equal (in distribution) to∑
i

Xi(1− δi)
{

(Ãi(β0)− S{ei(β0)}Xi)
′(β̂

(0)
− β0)

+ n−1/2

∫ ∞
ei(β0)

S(t)

S{ei(β0)}
W (v(t))dt

}
+ op(n1/2)

= Op(n1/2),

where Ãi(β0) =
∫∞
ei(β0)

S(s)
S{ei(β0)}A(β0, s)ds and the last equality stems from that (β̂

(0)
−

β0) = Op(n−1/2).

Finally consider (??). Using the Lemma, it is follows that

Ŝ(ei(β̂
(0)

), β̂
(0)

)− S{ei(β0)})
d
= S{ei(β0)}{A(ei(β0),β0)− λ(ei(β0),β0)Xi}′(β̂

(0)
− β0) + n−1/2W (v(ei(β0)))}+ op(n−1/2),

where
d
= is for equal in distribution.

Hence, (??) is equal, in distribution, to∑
i

Xi(1− δi)

∫∞
ei(β0)

S(s)ds

S{ei(β0)}

[
{A(ei(β0),β0) + λ(ei(β0),β0)Xi)}(β̂

(0)
− β0)

+n−1/2W (v(ei(β0)))
]

+ op(n1/2)

=
∑
i

Xi(Ỹi(β0)− Y ∗i )[{A(ei(β0),β0) + λ(ei(β0),β0)Xi)}(β̂
(0)
− β0) +Op(n−1/2)] + op(n1/2)

= Op(n1/2).

Combining (??) and (??) yields the result. �
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S3 Proof of Lemma 2

Define the Lagrangian

L(β,µ) = ||Wβ||1 + µ′Z′(Ŷ − ZWβ)− λ||µ||1.

Then (11) and (12) imply

||Wβ̂||1 = L(β̂, µ̂) = µ̂′Z′Ŷ − λ||µ̂||1.

Since

inf
β
L(β,µ) = µ′Z′Ŷ − λ||µ||1 + inf

β
(sgn(β)− µZ′Z)′Wβ

=

{
µ′Z′Ŷ − λ||µ||1 if ||Z′Zµ||∞ ≤ 1

−∞ otherwise,

and because (10) holds, we have

||Wβ̂||1 = inf
β
L(β, µ̂) ≤ sup

µ
inf
β
L(β,µ) ≤ sup

µ
L(β̃,µ)

for any β̃. This, the inequality (9), and the fact that

sup
µ
L(β,µ) = ||Wβ||1 + sup

µ
µ′[Z′(Ŷ − ZWβ)− λsgn(µ)]

=

{
||Wβ||1 if ||Z′(Ŷ − ZWβ)||∞ ≤ λ
∞ otherwise

imply that ||Wβ̂||1 ≤ ||Wβ||1 whenever |Z′(Ŷ−ZWβ)| ≤ λ. This means that β̂ solves
(ADSC). �

S4 Proof of Proposition 2

With µ̂ and β̂ as in (13)-(16), we check that (9)-(12) hold with probability tending to
1. First note that

Z′AZµ̂ = Z′AZAµ̂A = sgn(β0)A

and

Z′ĀZµ̂ = ZĀZA(Z′AZA)−1sgn(β0)A

= (W−1
Ā,Ā

)′X′ĀPnXA(X′APnXA)−1WA,Asgn(β0)A

= oP (1).

This implies that (10) holds with probability tending to 1. To see that (9) holds with
probability approaching 1, first observe that

Z′A(Ŷ − ZWβ̂) = λsgn(µ̂)A. (S4.1)
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Furthermore,

Z′Ā(Ŷ − ZWβ̂) = Z′Ā
[
I− ZA(Z′AZA)−1Z′A

]
Ŷ + λZ′ĀZA(Z′AZA)−1sgn(µ̂)A

= W−1
Ā,Ā

X′ĀPn

[
I−PnXA(X′APnXA)−1X′APn

]
Ŷ (S4.2)

+λW−1
Ā,Ā

XĀPnXA(XAPnXA)−1WA,Asgn(µ̂)A.

Proposition 1 implies that

X′ĀPn

[
I−PnXA(X′APnXA)−1X′APn

]
Ŷ = X′ĀPn

[
I−PnXA(X′APnXA)−1X′APn

]
Y

+OP (
√
n)

= OP (
√
n),

where the second equality above holds because

X′ĀPn

[
I−PnXA(X′APnXA)−1X′APn

]
Y = X′ĀPn

[
I−PnXA(X′APnXA)−1X′APn

]
ε

and ∣∣X′jPn

[
I−PnXA(X′APnXA)−1X′APn

]
PnXj

∣∣ ≤ X′jXj ,

which implies that

1√
n

X′ĀPn

[
I−PnXA(X′APnXA)−1X′APn

]
Y

has mean 0 and bounded variance. Since W−1
Ā,Ā

= oP (λ/
√
n), it follows that

W−1
Ā,Ā

X′ĀPn

[
I−PnXA(X′APnXA)−1X′APn

]
Ŷ = oP (λ).

Combining this with (??) and the fact that

λW−1
Ā,Ā

XĀPnXA(XAPnXA)−1WA,Asgn(µ̂)A = oP (λ)

gives

Z′Ā(Ŷ − ZWβ̂) = oP (λ).

This fact, plus (??), implies that (9) holds with probability tending to 1. Since

µ̂′Z′ZWβ̂ = µ̂′AZ′AZAWA,Aβ̂A = sgn(β)′AWA,Aβ̂A

and sgn(β̂)A
P→ sgn(β0)A, the probability that (refeq9) holds converges to 1. Lastly,

µ̂′Z′(PnŶ − ZWβ̂) = µ̂′AZ′A(PnŶ − ZWβ̂) = λµ̂′Asgn(µ̂)A = λ||µ̂||1,

which implies that (12) holds. We conclude that (9)-(12) hold with probability tending
to 1 and the proposition is proved. �
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S5 Proof of Corollary 1

Let β̂ be any sequence of solutions to (ADSC), let T = {j; β̂1
j 6= 0} and let E =

{j; |Z′j(Ŷ − ZWβ̂)| = λ}. Proposition 2 implies that by slightly perturbing β̂ if neces-
sary, we can assume that E ⊆ A ⊆ T . The conditions (9)-(12) in Lemma 2 imply that
there exists t ∈ {±1}|T | such that

||W−1X′PnXT (X′TPnXT )−1WT,T t||∞ ≤ 1. (S5.1)

Since wj/wk
P→ ∞, whenever j ∈ Ā and k ∈ A, it follows that T = A, with probability

tending to 1. Thus, P (T = A)→ 1 and β̂ is consistent for model selection. �

S6 Proof of Proposition 3

Since {T = A} ⊂
{
β̂

(0,T )
= β̂

(0,A)
}

, coupled with P (T = A)→ 1 implied by Proposition

2, it follows immediately that

P
(
β̂

(0,T )
= β̂

(0,A)
)
→ 1.

Therefore,
√
n(β̂

(0,T )

A − β0,A) =
√
n(β̂

(0,A)

A − β0,A) + oP (1). Further, as Theorem 4 of
Lai and Ying (1991) implies that

√
n(β̂

(0,A)

A − β0,A)
d→ N(0,Σ),

the original claim is thus proved. �

References

Kurtz, T and Protter, P. (1991). Weak limit theorems for stochastic integrals and
stochastic differential equations. Annals of Probability 19, 1035–1070.

Lai, T. and Ying, Z. (1991). Large Sample Theory of a Modified Buckley-James Es-
timator for Regression Analysis with Censored Data. Annals of Statistics 19,
1370–1402.

Ying, Z. (1993). A Large Sample Study of Rank Estimation for Censored Regression
Data. Annals of Statistics 21, 76–99.


