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Abstract: We consider the problem of estimating a relationship using semipara-
metric additive regression splines when there exist both continuous and categor-
ical regressors, some of which are irrelevant but this is not known a priori. We
show that choosing the spline degree, number of subintervals, and bandwidths via
cross-validation can automatically remove irrelevant regressors, thereby delivering
‘automatic dimension reduction’ without the need for pre-testing. Theoretical un-
derpinnings are provided, finite-sample performance is studied, and an illustrative
application demonstrates the efficacy of the proposed approach in finite-sample set-
tings. An R package implementing the methods is available from the Comprehensive
R Archive Network (Racime and Nid (20001)).
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1. Introduction

Classical parametric regression models are known to impose rigid structure
upon the underlying data generating process (DGP). In applied settings, re-
searchers are expected to not only select the functional form of the model, but
also to select the relevant regressors in the model; getting either of these wrong
will adversely affect the model’s performance. Researchers sometimes gravitate
towards nonparametric models to address functional form concerns, which pro-
vides an enormous amount of flexibility. However, to be successful in practice,
a model must inevitably strike a balance between flexibility and the so-called
‘curse-of-dimensionality’ whereby the model’s rate of convergence worsens as the
number of regressors increases. Nonparametric models are frequently criticized
and avoided since they suffer from this curse.

Semiparametric additive regression models, on the other hand, are sometimes
chosen over their nonparametric counterparts simply because they circumvent
the curse-of-dimensionality and attain the one-dimensional nonparametric rate
by imposing a flexible, albeit additive, structure. As such, they are widely used
in applied settings and have attracted a considerable amount of attention
in the past three decades; see Friedman and Stuefzld (I981), Sfond (I985),
Hastie and Tibshirani (T990), Cinfon ([997), Fan, Hardle, and Mammen (I99R),
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Fan and Jiang (2005), and Carroll et all (2009), among others. Stond (T98H) pro-
posed estimators for the components of additive models possessing optimal rates
of convergence. These were later called ‘polynomial spline estimators’ in Sfone
(1994), Huang (T998), Huang (2003), and Huang and Yang (2004). Stond’s (I985)
proposed spline method has the merits of simple implementation, fast computa-
tion, and an explicit expression that is particularly attractive to practitioners.

Categorical regressors are frequently encountered in applied settings, and de-
velopments from the nonparametric kernel literature on categorical variables have
recently been combined with spline methods to allow researchers using nonpara-
metric spline methods to handle the mix of categorical and continuous regressors
often encountered in practice; see Ma, Racine, and Yang (2011) for details. Ir-
relevant regressors also appear surprisingly often in applied settings, be they
categorical or continuous; the presence of irrelevant regressors adversely affects
a model’s performance as the model is ‘over-specified’. If it were known a priori
that a particular regressor was in fact irrelevant, it would not be included in the
model, but if not known a priori, there are a number of thorny issues for the prac-
titioner, in particular, those surrounding pre-testing. To address these issues, this
paper extends the spline idea of Sfond ([994) to an estimating approach combin-
ing polynomial splines with local categorical kernels to deliver a semiparametric
additive model capable of admitting both continuous and categorical regressors,
and of automatically removing irrelevant regressors.

We provide theoretical support for the use of cross-validation for concur-
rently selecting the spline degree vector, number of interior knots vector, and
bandwidth vector for semiparametric additive regression spline models (band-
widths are associated with categorical regressors; see Ma, Racine, and Yang
(2017)). Moreover, cross-validation automatically determines which components
are relevant and which are not, through assigning low spline degrees (zero) to
the latter and consequently shrinking them toward the uniform distribution on
the respective marginals; this effectively removes irrelevant regressors from con-
tention by suppressing their contribution to estimator variance. Cross-validation
also gives important information about which components are relevant; they are
precisely those which cross-validation has chosen to smooth in a traditional way,
by assigning them smoothing parameters of conventional size. Cross-validation
produces asymptotically optimal smoothing for relevant components, while elimi-
nating irrelevant components, leading to more efficient and parsimonious models,
and avoiding pre-testing completely. We obtain uniform convergence by using a
one-step least squares procedure, and we provide theoretical underpinnings that
justify the use of cross-validation for selecting relevant regressors.

The rest of this paper proceeds as follows. Section 2 outlines the model
and introduces the general framework, notation, and assumptions underlying our
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analysis. Section 3 provides the underpinnings of additive spline regression with
categorical regressors, along with our proposed cross-validation method. Sec-
tion 4 contains a modest simulation experiment that buttresses our theoretical
analysis, Section 5 contains an illustrative application, while Section 6 presents
some brief concluding remarks. All proofs are relegated to the Appendix. An
R (R Development Core Team (2012)) package that implements these methods
is available. See the R package crs (Racine_and Ni€ (2011)) available from the
Comprehensive R Archive Network (cran.r-project.org) for software that im-
plements the proposed method.

2. Model

‘We consider models of the form

Y :g(Xa Z) +J(X7 Z)57 (21)
where X = (X7, ... ,Xq)T is a ¢ -dimensional vector of continuous regressors, Z =
(Zy,...,Z.)" is an r-dimensional vector of categorical regressors, and o%(X, Z)

T—1, and assume that

zs takes ¢y different values in Dy = {0,1,...,¢s—1}, s =1,...,r, with ¢, a finite
positive constant. Let (V;, X}, ZT)"; be an i.i.d. copy of (Y,X,Z), in which
X = (X1, - ,Xiq)T and Z; = (Zi1, ..., Zi)*. Assume for 1 <1< q, each X; is
distributed on a compact interval [a;, b;] and, without loss of generality, take all
intervals [a, b;] = [0, 1].

We consider the case in which some of the regressors may be irrelevant, but
that this is not known a priori. Without loss of generality, assume that only the

is the conditional variance of Y given X and Z. Let z =(z;)

first ¢1 (1 < ¢1 < q) components of X and the first r; (0 < 7 < r) components of
Z are “relevant” regressors. Let X = (X1,..., X)) 7T, X = (Xgpi1s--, X1, Z =
(Z1,...,Z:)T, and Z = (Zy, 41, ..., Z)T. Assume (Y, X, Z) are independent of
(X,Z). Then (EC0) can be written as

Y =9(X,Z) +5(X,Z)e.

We assume that g(X, Z) satisfies the additive relation, in X,

9X,Z) = 90(Z) + 91(X1, Z) + - - + 9, (X, Z). 22)

For identifiability, additive component functions satisfy the conditions E{g;(X,
Z)} =0, for 1 <I1<q.

A Dbrief discussion regarding the presumption of independence is necessary
before proceeding. As mentioned in Hall, Li, and Racind (2007), ideally we would
like to assume that, conditional on the remaining relevant components (X, Z),
the irrelevant components (f(, Z) are independent of Y. However, this raises
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technical issues that we are unable to handle at this stage. We do note that Hall:
Li, and Racing (2007) report extensive simulations that allow for a high degree of
correlation among the components of (X, Z). Simulations, not reported here for
space considerations, indicate that the results remain valid for the conditional
independence case, though we have been unable to prove this result.

3. Estimation Methods

For the categorical regressors, we adopt the discrete-support kernel function

1 when Z; = z;

l(Z:S) Zs, >\s) = {

A otherwise.

L(Z,2,)\) = Hz Zs, 25, \s) = f[Ast#zs).

Here, for 1 < s < r, A\; € [0,1] is the smoothing parameter for z;. Let G; =
Gl(mlfl) be the space of polynomial splines of degree m; and pre-select an integer
Ny = Ny, for 1 <1 < q. Divide [0, 1] into (N; + 1) subintervals I;, = [t;,, tj,+1),
J1=0,. — 1, In, = [tn;, 1], where {t}, }j\l[l: | is a sequence of equally-spaced
points, called interior knots, given as

gy, = =lo=0<t < - <ty <1l=tn41=""=tIN+m+1,

in which ¢;, = 5;/(N; +1), 7, =0,1...,N;+ 1. Then G consists of functions
w satisfying (i) w is a polynomial of degree m; on each of the subintervals
L, ji=0,...,Ny; (ii) for m; > 1, w is m; — 1 times continuously differentiable
on [0,1]. Let K,,; = N; +m; + 1, where N is the number of interior knots and
my is the sphne degree, K, = Zl 1 Ky and Ky, max = max(Kn’l)?zl.

Let { l(a:l) 1< ]l < Kn l} be the normalized B-spline basis system of the

space Gj. Take cji(z = [Y i (x1) fi(z |z)dx; where fi(x;|z) is the conditional
denmty of the Ith contmuous variable X; on Z. Thus for 1 <1 < q1, ¢j,0(2) =
c]h fbgll z) fi(z|Z)dxy, and for g1 + 1 < 1 < q, ¢j,.(z) = ¢j,1(z) =

f i (21) fi(x; |z)dx;. Define the centered B-spline basis bj, 1(x;,z) as bj, (21, 2) =
bﬂ (@) — [(¢,1(2))/(cj—1,(2 ))]bﬂ 11(z1), and the standardized B-spline basis
By, 12(21,2) as

bjl,l (xla Z)

By i(w1,2) = b
j

| (3.1)
lleQ,Z

for 1 < jy < Ky, 1 <1 <q, where ||bjl,, = {[ bjii(z1,2)2f (2;|z)dz; }/? is the
Ly norm of bj, ;(x;,2) on [0,1] for any given z €D, so that E{B;, ;(X;,Z)|Z} =0
and E{Bﬂ (X1,Z)|Z}=1. Let B(x,2z)=[{1, Bj,i(zi, Z)}1T§jngw71§l§q](1+Kn)x1a
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and B =[{B(Xi,Z)} <;<plnx(1+k,)- Then g(X,z) can be approximated by
B(x,z)3(z), where 3(z) is a (1+K,,) x 1 vector. We estimate 3(z) by minimizing
the weighted least squares function

n

2 . T 5\2

B(z) = arg _min | g(y — B(X;,Z:)" B)’L(Zi, 2, \).
The use of a weighted least squares objective function in semiparametric and
nonparametric settings is well-studied; see [Li"and Racind (2004) for its use in
local polynomial modeling, and Li, Ouyang, and Racind (2011) for its use in
semiparametric settings by way of illustration. Let £, = diag{L(Zi,z,\),...,
L(Z,,z, \)} be a diagonal matrix with L(Z;,z,A), 1 < i < n as the diagonal
entries. Then 3(z) can be written as

B(z) =V, (n 'BTL.Y),

where Y =(Y1,...,Y,)T and V,, = n " 'BTL,B. Here §(X,z) is estimated by
g(x,z) = B(X,Z)TB\(Z). Denote the space of kth order smooth functions as
Cc®0,1]={g ‘g(k) €C[0,1]}. Least squares cross-validation selects N= (N, .. .,
Nq)T, m=(fq,...,Mm,) T, and A= (Xl, e ,XT)T to minimize the cross-validation

function
n

CV(N’ m, )‘) =n"! Z{Y; - /g\—i(Xi’ Zi)}Q’ (32)

=1
where §_;(X;,Z;) is the leave-one-out spline estimator of g(X;,Z;). Let D =
D; x ---x D,,. The conditions needed for the asymptotic results are as follows.

(C1) For any given z€D, 1 < | < q, there exists an integer 1 < p; < my + 1,
such that the lth component of the regression function g,(x;,z) € C®)[0,1].

(C2) The marginal density f(x) of X satisfies f(x) € C[0,1]? and f(x) € [cf, Cy]
for constants 0 < ¢y < Cy < oo. There exists a positive constant cp such
that P(Z = z|X) > cp for all z €D.

(C3) The noise € satisfies E(c|X,Z) =0, E(e?|X,Z) = 1. There exists a pos-
itive value § and a finite positive M such that supxe(o 1)a zeD BE(le]*™ X =
x,Z = z) < My and E(|e|**°) < Ms. The standard deviation function
o( x,2z) is continuous on [0,1]? X D and 0 < ¢; < infycp 1)a2ep 0(X,2) <
SUPxe[0,1)9,2€D U(Xv Z) < Cp <00,

(C4) As n — o0, K2 ..n tlog®n = o(1), and there exists a positive constant ¢

n,max
such that K, L. (logn)T¢ = o(1).
As the relevant components are not known a priori, we consider the following

condition, with

Go(x,2) = B(x,2) ' {E(V,)} 'E(n'BTL.Y). (3.3)
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(C5 =3, J{9)(z) — 9(X,2)}* f(x,2)dx, a function of Ny,...,Ng, Ai,...,
)\7"17 vanishes if and only if all of the number of knots converge to infinity
and the bandwidths converge to zero.

In the Appendix we show that II, only depends on the smoothing param-

eters Ni,...,Ng, mi,...,mg, Ai,...,Ar, and (C5) implies that as n — oo,
Ny —ooforl <lI<grand Ay > 0forl<s <. LetN{), . Ngl,ml,...,mgl,
)\(1), . ,)\91 denote values of Ny,..., Ny, mi,...,mg, A1,.. .,)\rl that minimize

I, +1I', where IT/ is defined in (BA—T3), with each of them required to be nonneg-
ative. It is shown in the Appendix that II; and II’ do not contain the irrelevant
components (X, z).

Theorem 1. Under (C1)—(C5), the smoothing parameters Moo A, N, .
Nq, and myq, ..., my that minimize CV(N,m, \) satisfy as n — oo, i) s — 1in
probabzlztyfor Tl—l-l <s<r, Nl — 0 and my; — 0 in probability, for 1+1 <1 < q;
i) hy s/AY — 1 in probability, for 1 < s < rq, Nl/N0 — 1 and my/m) — 1 in
probability for 1 <1 < qy.

Theorem 1 states that the cross-validated smoothing parameters for the ir-
relevant categorical and continuous regressors converge to the upper and lower
extremities of their ranges, respectively. Therefore, all irrelevant regressors are
asymptotically smoothed out, and the smoothing parameters for the relevant re-
gressors are asymptotically equivalent to the optimal smoothing parameters that
would be selected by cross-validation in the absence of the irrelevant regressors.

Theorem 2. Under (C1)—(C5), as n — 00, SUp,ep xe(o1)e [9(%, 2) — §(X,Z)| =
Oa.s. { (K maxn ! logn)l/2 FY NP ST OAY

Theorem 2 states the uniform convergence rate of the estimator g(z,z) to
the true mean function g(7,z). This convergence rate is the same as that given in
Theorem 1 of Ma, Racine, and Yang| (2011), when the dimension of the continuous
regressor is ¢ = 1. See the Appendix for the proof.

A few words on the numerical optimization of (82) are in order. Search takes
place over Ni,...,Ng, m1,...,mg, and Aq,..., A\, where the A are continuous
lying in [0,1] and the N and m are integers. Clearly this is a mixed integer
combinatorial optimization procedure that renders exhaustive search infeasible
when facing a non-trivial number of regressors. However, in settings such as
these one can leverage recent advances in mixed integer search algorithms, and
we pursue this in the Monte Carlo simulations and the illustrative application.
In particular, we adopt the ‘Nonsmooth Optimization by Mesh Adaptive Direct
Search’ (NOMAD) approach (Abramson_ef-all (2011)). Given that the objective
function can be trivially computed for large sample sizes, as it involves nothing
more than computing the hat matrix for weighted least squares, it turns out that
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the computational burden is in fact nowhere near as costly as, say, cross-validated
kernel regression for moderate to large data sets, even though the optimization
space is larger.

We conducted a set of simulation experiments designed to assess the rele-
vance of our asymptotic results in finite-sample settings.

4. Monte Carlo Simulation

In this section we consider the finite-sample performance of the proposed
method for choosing the spline degree, number of interior knots, and bandwidths
for additive categorical regression splines. We consider a DGP based on the
Doppler curve given by

om(1 + 2(9—43')/5)}

1 .
(Xi1 1 20-5)75) +—Zin+e, i=1,...,n, (4.1)

Y; = Xz (1 - Xﬂ) sin{ 20

and without loss of generality we set j = 4 for what follows. For the simulation
that follows we took four regressors, two continuous (X, X2) and two categorical
(Z1, Z2) and had X9 and Zs irrelevant though not known a priori hence included
in the regression. Simulations had X; and X independent uniform, while z;
and Zy were independent Bernoulli with P(Z = 1) = 1/2, and ¢ ~ N(0,0?)
with ¢ = 1/20. Code was written in R Version 2.13.2 (R Development Coré
Teand (2017)) and ANSI C/C++. Optimization of the cross-validation function
with respect to the spline degree vector, knot vector, and bandwidth vector was
conducted via NOMAD 3.5.0 (Abramson_ef all (201T)).

We generated M = 1,000 replications from the DGP and, for each replica-
tion, we chose the spline degree and number of knots for each of the continuous
regressors X1 and X9 and the bandwidths for the categorical regressors Z; and
Z5 by minimizing (82). We report the median values of the spline degree (m,
m2), the number of interior knots (Nl, NQ) for each continuous regressor, and
the bandwidths (5\1, 5\2) for each categorical regressor over the M replications.
For the irrelevant continuous regressor Xy we would expect o — 0 and NQ — 0
in probability, while for the irrelevant categorical regressor Zs we would expect
Ao — 1in probability. We therefore also report the proportion of mo and Ny
equal to 0 (mg and Ny are integers) and the proportion of Ao > 0.5 (A2 is con-

tinuous lying in [0, 1]), denoted ngzoa P and Ps <05 respectively. Results

are summarized in Table 1 (RMSE denot]\ebs ‘?root mean square error’).

Table 1 reveals that the theoretical results are borne out by simulations
indicating that, indeed, cross-validated selection of the spline degree, number of
subintervals, and bandwidths can automatically remove irrelevant continuous and

categorical regressors for additive spline models without the need for pre-testing.
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Table 1. Median spline degrees (11, 1712), number of interior knots (1\717 ]\72),
and bandwidths (A1, A2) for relevant X; and Z; and irrelevant X5 and Zs,
and relevant proportions.

n ﬁll Thg Pm2=0 N1 N2 PI\72=0 )\1 )\2 Pj\2>0'5 RMSE
250 7 0 0.720 7 0 0.885 0.105 0.990 0.830 0.0189
500 7 0 0.788 8 0 0.903 0.061 1.000 0.879  0.0136

1000 9 0 0.828 8 0 0.932 0.035 1.000 0.927  0.0099
2000 9 0 0.835 8 0 0.951 0.019 1.000 0.943  0.0070
4000 9 0 0.824 8 0 0.965 0.009 1.000 0.961  0.0050
8000 10 O 0.814 7 0 0.934 0.005 1.000 0972  0.0035

A few words about the spline orders reported in Table 1 are warranted.
Naturally, there is a trade-off between the spline order and number of knots.
A plot of the Doppler function in (E) reveals that quite high orders and/or
numbers of knots are necessary to approximate it. Further simulations reveal
that a very large number of knots may be needed (holding the spline degree
constant at three), clearly illustrating the trade-off involved.

4.1. Monte Carlo comparison with similar approaches

As suggested by an anonymous referee, an alternative spline-based approach
could involve treating the categorical effects as random, the smooth terms as
penalized, and then estimating the variance components and smoothing parame-
ters by maximum likelihood or restricted maximum likelihood (even though the
true model in this case is not a random effects model). This is a fairly stan-
dard approach nowadays, and has the appealing property that consistency of the
smoothing parameters and variance components does not require new proofs.
There is also software available in R (the gam function in the mgcv package,
Waood (2004)).

In Table 2 we report the median relative efficiency of the random effects
smoothing spline estimator versus our method for the Doppler DGP in (B7T). As
indicated by an anonymous referee, the default number of knots, k& = 10, used
by the gam function is not appropriate for this DGP, thus placing the burden of
judicious selection of the number of knots on the researcher’s shoulders, unlike
the method proposed here. We therefore investigated the effects of changing the
number of knots on relative efficiency. Note that setting the knots deterministi-
cally reduces variability, but with an inappropriate k relative efficiency suffers;
allowing k to be stochastic naturally harms performance relative to the optimal
non-stochastic values reported in Table 2 (e.g., k = 60).

One appealing aspect of using the gam approach is that it does not involve
numeric search for the number of knots (the presumption is that the user has
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Table 2. Relative efficiency of the penalized random effects smoothing spline
estimator (gam) versus the proposed estimator. Numbers greater than one
indicate better performance of the proposed estimator.

n k=20 k=40 k=60 k=280
1000 1.16 0.98 0.98 0.99
2000 1.43 1.05 1.05 1.05
4000 1.90 1.13 1.10 1.12
8000  2.59 1.27 1.17 1.19

set them appropriately). Our approach, meanwhile, searches for the number of
knots and the spline degree and requires more computation. Cross-validation
could be used to select k for the gam approach, but it appears that our method
would dominate this approach since it dominates it for all non-stochastic values
of k used in Table 2 as n increases, n > 1,000 in this simulation. This could well
reflect model-misspecification as the DGP is not a random effects setup. Results
not reported here indicate that the effective number of parameters for the contin-
uous and categorical predictors are essentially zero for the irrelevant components
using the random effects approach; however, additional variation is introduced
by treating this as a random effects specification, likely why, as n increases, our
method dominates even with its stochastic selection of all smoothing parameters.

The model suggested by the anonymous referee for (E71) has an additive
nonparametric function for the continuous variables and random effects for the
categorical variables. If we replace the random effects for the categorical variables
by a linear parametric function of the categorical variables, which is actually the
correct and true model, it is an additive partially linear model (APLM). The
APLM is a special case of our model and, coincidentally, at (B1) we generated
the data by an APLM of the form g(x1)+ z1; the anonymous referee’s suggestion
is certainly justifiable in this context.

If we generated the data from g(x1, z1) and not from g(x1) + 21, the alterna-
tive approach can no longer be justified though, as pointed out by the anonymous
referee, the natural comparison in this case would be with a random effects model
in which the smooths are also dependent on the categorical predictors. Of course,
the practitioner would not know this a priori and the burden of whether to allow
the smooths to depend on the categorical predictors is placed on the practitioner,
unlike the method proposed here.

In Table 3 we report the median relative efficiency of the random effects
smoothing spline estimator versus our method for the Doppler curve with j =
3+ 21, z1 = {0, 1}. Hence now we generated data with g(z1, z1) # g(z1)+ 21 and

om(1 4 200-4(3+Z11))/5)
| }+a,i:L”wn

Y; = Xil(l — Xﬂ) sin{
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Table 3. Relative efficiency of the penalized random effects smoothing spline
estimator (gam) versus the proposed estimator. Numbers greater than one
indicate better performance of the proposed estimator.

n k=20 k=40 k=60 k=280
1000 1.22 1.19 1.18 1.18
2000 1.38 1.25 1.24 1.23
4000 1.57 1.35 1.33 1.32
8000 1.83 1.51 1.42 1.42

For the gam model we allowed the smooths to be dependent on the categorical
predictors as suggested by the anonymous referee. Relative efficiency is reported
in Table 3.

5. Illustrative Application

We consider Wooldridge’s (2002) ‘wagel’ data set that involves n = 526
observations. We consider modeling expected (log) hourly wages (‘lwage’) based
on the following regressors:

‘educ’: years of education,
‘exper’: years potential experience,
‘tenure’: years with current employer,
‘female’: “Female” if female, “Male” otherwise
9 )
‘nonwhite’: “Nonwhite” if nonwhite, “White” otherwise,

‘married’: “Married” if Married, “Nonmarried” otherwise.

We treat the regressors educ, exper and tenure as continuous, the others
as categorical. The regressors ‘nonwhite’ and ‘married’ are smoothed out by
cross-validation, hence automatically removed from the resulting estimate. The
additive regression spline model has an R-squared of 0.52, a degree vector (3,4, 1),
and a number of interior knots vector (3,0,2) for regressors ‘educ’, ‘exper’, and
‘tenure’, respectively, and bandwidth vector (0.039,1.00, 1.00) for regressors ‘fe-
male’, ‘nonwhite’, and ‘married’, respectively. We use quantile knots rather than
uniform knots in this application given the non-uniform nature of the regressors.
Of course, one could also use cross-validation to select whether to use uniform or
quantile knots, and here the cross-validation score is lower for the quantile knots
(0.1497 versus 0.1511).

A linear regression model that is additive and quadratic in the continuous
regressors and additive in the categorical regressors produces a model, with an
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Table 4. Linear regression model summary.

Estimate Std. Error t value Pr(> [t])

(Intercept) 0.7643 0.1963 3.89 0.0001
educ -0.0312 0.0296 -1.05 0.2932

I(educ"2) 0.0047 0.0012 3.82 0.0002
exper 0.0283 0.0053 5.37 0.0000
I(exper"2) -0.0006 0.0001 -5.21 0.0000
tenure 0.0303 0.0068 4.48 0.0000
I(tenure"2) -0.0005 0.0002 -2.35 0.0193
femaleMale 0.2745 0.0359 7.64 0.0000
nonwhiteWhite 0.0385 0.0573 0.67 0.5016
marriedNotmarried -0.0505 0.0404 -1.25 0.2118

R-squared of 0.46, summarized in Table 4. Note that Table 4 indicates that the
regressors ‘nonwhite’ and ‘married’ are deemed insignificant in this specification,
they remain in the model after estimation, and re-estimating the model would
raise serious issues surrounding pre-testing that many would like to avoid. The
additive regression spline model appears to produce a fit that is more faithful to
the data than the additive parametric model while automatically removing the
irrelevant regressors without the need for pre-testing.
A plot of the additive regression surfaces appears in Figure 1.

6. Concluding Remarks

Regression splines constitute a particularly appealing approach to nonpara-
metric and semiparametric modeling as they are simple to implement, simple to
interpret, and fast to compute, requiring nothing more than least squares fitting.
The curse-of-dimensionality afflicts many nonparametric approaches, while semi-
parametric additive models strike a reasonable balance between flexibility and
the curse-of-dimensionality. We have extended semiparametric additive regres-
sion spline models to admit categorical regressors, adopting cross-validation to
concurrently select the smoothing parameters in the model (degree vector, knot
vector, and bandwidth vector). We have demonstrated that cross-validation can
remove irrelevant regressors by smoothing them out of the model completely
thereby avoiding the need for pre-testing. These features are potentially ben-
eficial in applied settings. An R (R Development Core Team (2017)) package
that implements these methods is available to facilitate further investigation and
application.
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Figure 1. The wagel data regression surfaces and their 95% asymptotic
confidence intervals.

Shared Hierarchical Academic Research Computing Network (SHARCNET: www-
sharcnet _ca). We are grateful to an anonymous referee for suggestions and to
Simon Wood for his extremely helpful feedback on the gam function.

Appendix

For positive numbers a,, and b,, n > 1, let a,, ~ b, mean that lim,_,~ a, /b,
= ¢, where ¢ is some nonzero constant. We denote by the same letters ¢, C, any
positive constants without distinction. Let D= Dy, 11 X ---x D,. Denote by Ij
the k x k identity matrix and O, xx, the k1 x kg zero matrix. Let K, = Z;’;l Ky,
K, = Z?:qﬁl Ky, K max = max(KnJ)?il, and Ky max = max(KnJ)?:qu.

For any sx s symmetric matrix A, denote its L, norm as [|A||, = max¢ecrs ¢£0
JACI (IS Tet || All,, = maxj<i<s 25, [4ij|. In particular, if A is non-
negative definite, ||A|, = Amax(A) and, if A is also nonsingular, HA‘1||2 =
Aol (A). For any vector ¢ = ((1,...,Cs) € R®, set the norm |[C[|, = (|G| +- -+
&)Y 1 < r < o0, ||¢]lo = max(|Ci], ..., |¢s]). For any functions ¢, ¢, define
the empirical inner product and norm as (¢, ¢),, . =n"1Y" | o(Xi, Zi)e(Xi, Z;)
L(Z;,z, ), H‘Mi,az =n 3" (X, Zi)L(Zi, z,)). If functions ¢, ¢ are Lo-
integrable, we have the theoretical inner product and the corresponding norm as
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(0,0) . = B{6(X, Z)p(X, Z)L(Z, 2, \)}, |97, = E{¢*(X,Z)L(Z,2,\)}. Let

, (A1)

V ZE(V,) = voo  Oixk,
" O, x1 Vgt g v

}(1+Kn)><(1+Kn)

where v = EL(Z,2,)), vj0j,0 = EBju(X1,2)Byy, v(Xp, Z)L(Z, 2, \). Let
L(Z,7,2) = [T M%7 and L(Z,2,0) = [T, 0 57 For 1 <1 <
q1,q1 + 1 S l/ S q, v i lj, = {EB] <Xl7Z) (Z,Z,)\)}{EB / l/(Xl/ Z) (Z,fi7 )\)}
= 0. Similarly, for g +1 <1 < ¢q,1 <1I' < ¢, = 0 Then V is block
diagonal with

leJ

0
V]_l { 0= il -/ l/)1~><~I/(T;_<l < !
Kn,x1 l Tyt I T L S6ES4q1 (1+Fn)><(1+fn)

Vo ={(v Yl )Jz,Jl/7Q1+1<ll'<q}Kn><Kn

Since for 1 < I < qq, the spline function Bj,;(x;,z) defined in (B) only de-
pends on (x;,z), then it can be written as Bj, ;(x;,2) = Bj(%,2). Simi-
larly, we have for ¢y +1 < I < q, Bj,i(%1,2) = Bj,i(%;,2). Then B(x,z) =
{B(x.2)", B(x,2)"}", where B(%,2) = [{1, Bj,u(w1. D) h<ji<k,n<i<all )0
B(%,2) = {Bju(n, D hjzk,anzisdy - Thus B =(B(X;,Z))", B(X;,
Z;)T)"_,. Take

R(z) =V n'BTL.E), 3(x.2) = B(x,2)"(2),
- R (A.2)
Be(z) =V, (n 'BTL.E), By(z) = V' (n 'BTL.E),

where E ={7(X,Z)c1,...,5(X,Z)e,}' and g={9(X1,Z1),...,9(Xn,Z,)}".
Thus

9(x,2) = g-(x,2) —tﬁg(x, z), for g.(x, z) ~
= B(x,2)" 5.(2), Gy(x,2) = B(x,2)" By(2). (A.3)

Lemma A.1. Under (C2) and (C4), as n — oo,

K’T'L max log n
sup sup <szyz,Bj’,,l> - <sz,z,Bj/,,z> = Oa.s( )»
2€D jy jl, 1 Y.L P L n

logn

sup  sup <Bj,l, Bj’,,l’> - <sz,l, Bj’,,l’> = Oa.s< )
2€D jy g, AV AT 0L "
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Proof. The results can be proved by Bernstein’s inequality as in Theorem 1.2
of Bosqd (T998) and the Borel Cantelli Lemma, see Lemma A.5 of Ma and Yang

(201T)

We take

-0 /= T S/~ T V1_11 0(1+f )x K. —1RT

P2 = {Bx2)", BT}, o b (n ' BTLE)
(1+Kn)xKn 22

= (B(X,2)'V + E(i,z)TV521) {n—l (gg; %DZZI EZE}

=0 {Bx2)"VB(X.Z)+ B(X,%) "V B(X;, Z;)}
=1
x L(Zs, 2z, \)o(X, Z)e;. (A.4)

It is pointed out at (4.30) of Liand Racind (2007) that the leading term of
CV(N,m, \) is related to the pointwise MSE by CV (N, m, \) ~ x, where

X=> / MSE{j(x,2)}f(x,z)dx (A.5)
= Z/Var{’g\e(x,z)}f(x,z)dx—l— Z/E{ﬁg(x, z) — g(x,2) 2 f(x, z)dx.

We find the smoothing parameters N;, m;, 1 <[ < g and As, 1 < s < 7, that
minimize x. From (A=), we have

S [ Varl@x.m)ftx. 2)ix
=n"ty / E{B&x,2)"V'B(X,Z) + B(X,2) V5, B(X,Z)}?

xL*(Z,2,\7*(X,Z)|f(x,z)dx

x L*(Z,z,\)a*(X,Z)] f(x,z)dx
=1II; + II,.
For 1 < jl7.jl// < Nn,lv 1< lvl/ < q, let
voo = EL(Z, 7z, X)aivjll,jl’,l’ = EBj,,(Z, Xl)le/“l,(Z, XL(Z,z, ), (A.6)
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Then Vi1 = {EL(Z,z,)\)} V11, where

 Va { voo 0,7,
Vi = o .
07 v il -/ 14
KnXl Ji 7]1/ (1+Kn)><(1+Kn)

Take p(z) and p(z) as the probability distribution functions of z and z, respec-
tively, and let f(X,Z) and f(X,z) be the density functions of (X, Zz) and (X,2),
respectively. Then

I =™ (O R3S | B2V W@V, Bix afxaax (A7)
where R(z) = E{L2(Z,z )\)}/{EL(Z Z,\)}2 and W (z) = {E(X Z)B(X,Z)*
L'(Z,7, M52 (X, Z)}. Let vj50 = BB, (X1, 2)By, v (Xu, Z)L(Z,%, ) for 1 <
jl,jl// < Nn,l,Q1 +1 < l,l/ < q. Then VQQ = {E (2 X }VQQ, where V22 =
(vjllvjl//l,)I}nXI}n. Thus

= (S R@pe) Y [ BTV W@V BERAIE DI (49
where R(z) = E{L"(Z,7, No*(X,Z)}/{EL(Z,7,))}? and W(z) = E{B(X,Z)

B(X,Z)T12(Z,7,\)}.

Lemma A.2. Under (C2)—(C4), there exist constants 0 < ¢y < Cy < 00,
0<cy <Cp <00, 0< e <O <00 and 0 < ¢ < O < 00, suchthatfor
allzGD ﬁIK +1 <V11 SO I Ko+17 CVSVQQ <CVIK , C*IKR_H SW( )_
O Iz, and el < W(Z) < Ol

Proof. For any a =(ag, a;,;) € RK"‘H, by Theorem 5.4.2 of DeVaore and Lorentz
(r993), we have

sup( aVyia' ) = sup B[E {aO+ZZaMBMXl, 7)Y | Z]L(Z,%,)\)]

zeD zeD =1 ji=1
< Cy(ad + Z a? ) sup E{L(Z,%,\)} < Cyaa’,
zeD
q1 Knl B
in%(aVna )>inf E[E[{ao+Y > aj1B;.(X1,2)}*| Z|L(Z,Z,))] > crraa”,
ze 7€ ]

for some constant 0 < ¢ < Cf < oo that do not depend on z €D. Thus we
have, for all z€D, cylg 1 < V11 < Cylg, - 1 Following the same reasoning we

can prove the inequalities for Vag, W (Z) and W (Z).
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A special case of Theorem 13.4.3 in DeVore and Lorentz (T993) plays an
essential role in the proof of Lemma A.5. Letting m be a positive integer, a
matrix A = (a;j) is said to be a band matrix with bandwidth m if a;; = 0 when
|i — j| > m, and m is the smallest integer with this property.

Lemma A.3. If a matriz with bandwidth m has bounded inverse A=' on Iy
and k = k(A) = ||A]], HA_1H2 is the condition number of A, then HA_lHOO <
2¢o(1 — v) 7L, with ¢y = v=2™ HA*1H2 and v = (k> — 1)/ (52 4 1) 1/4m,

0 _ 0 Kn,val 0 [
Lemma A.4. Let Vi, = {(v jll,j’,l’)jl,jl’,zl,l,l' R, xR, where Vi = Uikl
as at (BB) forl =1, and vj Ly = =0 forl #1', where 1 <1,I' < q1. Under (C2)

and (C4), there exist constants, 0 < cyo < Cyo < 00 and 0 < C},_; < oo, such
that for allZ €D, cyoly < VY, < Cyoly  and sup, H(V?l)*lHoo <Y,

Proof. For any a =(aj,;) € RF", by Theorem 5.4.2 of DeVore and Torentz
(993), we have

sup( aV%') = sup E[E Z{Zaﬂ 1Bj (X1, Z)Y |Z]L(Z,%, )]

zeD z €D =1 j=1
< Ca(z a?z,l) Sup E{Z(Z z, X)} < CvoaaT,
zeD
11’1£( aVHa Z{Z aj,. lle7 Xla }2 ‘Z Z X > CvoaaT,
zeD
=1 j=1

for some constant 0 < cpo < Cyo < oo that do not depend on Z€D. Thus
we have for all ZeD, cyolp < Vi < Cyoly and C;&Ifn < (Vi) t <
_11— . By the properties of B-splines, V(l]1 is a band matrix with bandwidth
m= max(ml)l | + 1. For all zeD

(V(1)1W) <V11W) }1/2

[ Vil =sup {
w U w3

< su { (Vuw) (V(l)l)_l(v(l)lw)}l/2
w Tl
1/2
w Iwl3

Similarly,

‘(V(fl)’lHZ < c‘_/%;Thus, K = HV(1J1H2 H(V(l)l)ﬂHz < CVOC‘_/(I) .
Meanwhile, let w;; be the K, x1 vector with all zeros except the jith ele-
ment being 1, 1 < ji < Kj,1 <1 < ¢1. Then clearly w; lvllell—H JMH;
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|wjull, = 1, and in particular W;EZV?IWM < Amax HWHHg = Amax, W1T1V(131W11 >
Amin ”Wlng = >\min- Thus

wT 0
1 m11V11Wm11
K = Amax A _—

min = W1?V(1)1W11

By the definition of the B-spline and (C1), one has ||Bm11||§ > Cy HBMHg for
some constants Cy > 1 when n is large, so k > 1. Next, applying Lemma B3
with v = (k2 — 1)Y/4™ (k2 + 1)"/4 and ¢ = v=27 (V) _1H2, one obtains
H(V(l)l)_lH <2w72me V%(l v)~t Let C),_; = sup,ep 21/_2m Vé(l v)~1, then
0 < CY,_; < oo by the above results, and sup,cp H(VO)*lH(>o <Oy

Lemma A.5. Under (C2) and (C4), there ezists a constant 0 < Cy -1 < 00, such

that for V;f at (B8), with probability approaching 1 asn — oo, sup, HV H
S Cv—l .

V00 71:{ (v00) ™" O1xk, }
(Vi) Ok, x1 (Vi)™

By Lemma A.4, sup,cp ||(V])) o < max(CY_ 1,(UTO)_1). By the proper-
ties of B-splines, sup, 5 HVH — V??H = Oas. (30 K_l). Let £ = V% y for

n,l

= 0. —
Proof. LetVOOZ{ Y00 1XK"} _ —
H 0%, <1 Vi (‘1+Kn)X(1+Kn)

any given Vector n with dimension (K, + 1) x 1. Then for any given z € D,

H (V90)~ §H H(V(l)(l))—luoo €]l < Cy H§|]OO by Lemma A.4, and thus

[Vi9ll. = Gyt [lnll- Since [|(Viy —V?? )| oo HVn — V[l Il ome

has for n large enough HVHnH (1/2)Cyr— HnH If ¢&=Vi1n, then

HVH le < Cy-1 |61, for any given z € D and n large enough. The result
oo

follows.

Lemma A.6. Under (C2)—(C4), there exist constants 0 < ¢; < C1 < 0o and
0 < ca < Cy < oo such that, for II; and Ily defined in (B2) and (BR),
Cln_lemax <II < Cln_lKn,max; c2n_1Kn,max <II < CQn_lKn,max-

Proof. By Lemma A.2 and (A7),

I < n ' Cype Z/sz X,2)f(X,2)dx

Kn,1,q1
=g e D | B s miFx m)ix)
z jl:1,1:1

_n_lcwcf +Zp Z nl <Oln Knmax
=1
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for some constant 0 < C; < co. Similarly we can prove that II; > clnflfn max
for some constant 0 < ¢; < co. Following the same reasoning, we have con -1
Kn’maX <II, <Cyn~ Kn ;max, for some constants 0 < ca < Ca < 00.

The §g(x, z) at (B33) can be written as gg(x, z)=B(x,z)TV1E(n 'BTL.g),
and II, (C5) can be written as

10, = Z/ %,2)"Vy, E{B(X,Z)L(Z,7, Ng(X,Z)} - 3(%,2)]°f (X, Z)dx.

(A.9)
Apparently, II, contains only relevant regressors (X,z), so that it depends only
on the smoothing parameters associated with relevant regressors. The following
lemma shows that (C5) implies that as n — oo, N; — oo for 1 <1 < ¢q, and
As = 0 for 1 <s<nr.

Lemma A.7. Under (Cl1), (C2), (C4) and (C5), as n — oo,
q1 — 1
0, =0{Q_ N "+> )%

Proof. For 1 < s <, let Z_, be the leave-one out vector of Z, so
T1
L(Z,z)) = [[ M%) =1(Z =2) + Z)\ V(Zo# 20, B =7-5) +0(D_ As)

== E(B(x.2)'V, BX.2)1(Z =2)3(X.2)} - 3(x.2).
)‘ 1(Zs # 26, Z-s = 2-5)g}9(X, Z)],
= = B{B(x.2)'V BX. 2)5(X, Z>}o<2 L)
By de Boor (2001, p. 149) for any given Z€D, there exists {Bg(z)}(ur?n)xlv such
that supge(o a1 ‘E(iv Z)Tﬁg(z) -9(%, 2)‘ =0 L, N/) and

sup  |Zq]
x€[0,1]91,z€D

- s B2V / B(x,2)7(%,2) (X, 2)d% — B,(2)}
x€[0,1]91,zeD
+E(iv 2)TBg (E) - g(i7 2)‘

< sw  [Bx2)(V; / B(x.2)B(x.2)"3,(2) [ (X.2)dx} - F,(2)

x€(0,1]91,Z2€D
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b s \B( ATV [ B ez o N

x€[0,1]91,7z€D

— O Z N pl
By the properties of B-splines and Lemma A.2, we have SUDg (0,101, Z€5 |Za| =
O(325L1 As) and supgc (g 1y 5 Z3] = 03051 As). Thus, I1, = O{(3C/L, N7+
S As)?)
Lemma A.8. Under (C2)—(C4), as n — oo,

sup max n” ZBM Xit, Zi) L(Zi, 2, \)7 (X, Zi)e
z€D ]l: i=1
+ sup nilzL(Zi,z,)\)E(Xi,Z)&' == Oa.s.{(nfllogn)lﬂ}-
z€D

Proof. Let D, = n? with ¥ < 1/2, 9(2+6) > 1 and 9(1 +6) > 1/2, satisfied by
0> 0. We decompose the noise variable ¢; into a truncated part and a tail part
€ :511 +5 +EZ3 , where 55{‘ =¢el(lei] > Dy), € 2" =¢e;I(|le;| < Dp)— f)g”

and Py = Ele:d(ei] < Dy) X0, Z:}. Since ‘ Dol < (B |e;|*" X, 2Z:) /DL =
o(n=1/?), then

sup [0S By (X, Z) (2,2, NT (K, Z)ePy
jlalszD

= o(n~1/?).

The tail part vanishes almost surely, since > o7, P(|e,| > Dy) < Msy 2,
n~Y2+9) < 0o. The Borel Cantelli Lemma shows

sup ‘" 12 Bj (X, Zi)L(Zi, 2, N7 (Xi, Z)e;
Ji,l,ze€D

=0(n~*), for any k>0.

For the truncated part, using Bernstein’s inequality in Theorem 1.2 of Bosd
(T998) one has, as n — oo,

slupD’n_1 Zz . jl,l(XilaZi)L(Ziaza )\)E(Xuizz')fff
jl7 yZE

=045 {(n ‘log n)1/2}.

Thus
n n o
e ’n_l Zi:l Zi:l Bj, (X, Z:)L(Z;, 2z, \)o (X, Z;)e;

jlvthD
= Og.s.{(n " logn)/?}.
Similarly, we can prove |n V(Z, 2, N (X, Z;) EZ’ =045 {(n " logn)'/?}. There-
fore the result in Lemma A.8 follows directly.
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Lemma A.9. Under (C2)—(C4), as n — oo,
sup Hn_lBTﬁzEHOO = Ous{(n 'logn)'/?},
ze€D

sup [0 'BTL.E||, = Ous {(Kpmaxn"logn)'/?}.
z€D

Proof. The results follow from Lemma A.8 directly.

Lemma A.10. Under (C2)—(C4), as n — oo for g% as at (BE33), one has
SUPzeD,xe(0,1) @g(X, Z)| = Oa.s.{(Kn,maxnil log n)l/Z}-

Proof. From (B33), similar to the decomposition in ( &), g¥(x,z) can be

written as g2(x,z) = ¥y . + WUy, where

Ve ="' BE2V, BX, Z:)L(Zi, 7 Vo (Xi, Zi)es,
=1

i=1

Following the same reasoning as in Lemma A.8, we can prove that, as n — oo,

[e.o]

supH IZB Z)L(Zs, 7, No(Xs, Zi)es
z€D

= Ous{(n " logn)"/2).

[e.e]

supH 1ZBXZ,Z (Zi, 2, N7 (Xi, Zi)e;

This, with Lemmas A.5 and A.2, one has, as n — oo,

B\g(z)‘ = Oa.s_{(n*1 log n)1/2 + I?mmax(nfl log n)1/2},

oo

sup
zeD

sup W] < sup HB X,Z H sup HV11 H
zeD,x€(0,1]1 zeD,x€[0,1]91 zeD

XsupHn 1ZB (Xi, Z)L(Zs, 7, N (Xs, Zi)ei

zeD (o)
= Oa.s.{( n,maxn 10g n)l/Q}'
sup Wy .| < C' Ky max sup B(X,7)
ZeD, xe[0,1]9- 91 z€D,x€[0,1]9- N
X sup Hn ! ZB Xi, Zi)L(Zi, 2, N7 (Xi, Zi)e;
o

zeD i=1
= Ou.s { K32 (n logn)'/?}.

n,max
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Then from Theorem 1 one has, as n — oo,

sup ’95 X, Z) ‘ = Og.s { (K maxn 1logn)1/2}
z€D,x€[0,1]¢
Lemma A.11. Under (C1), (C2), (C4) and (C5), as n — oo, for’gg as at (A73),
one has SUp,ep xepo.1)e [99(%,2) — G(X,2)| = O, N7+ 3701 As).
Proof. From (A3, similar to the decomposition in (B4), §9(x,2z) — g(X,Zz) can

be written as

E{Bx,2)"V{!B(X,Z) + B(X,2)" V5, B(X,Z)L(Z,2,\)§(X,Z)} — §(X, %)

= B(x,%)" Vi E(BX,2)L(Z,z )3(X,Z)} - 5(x.7)
From de Boot (2001, p. 149), for any given Z€D there exists {Bg(z)}(pr?n)xl
such that supge(o 1jn |B(%, 7)1 3,(z) — (X, z)| = O, N/ P). By (B1m),

<
I
=

{B("X,2)B(X,z) }+Z _B{BX.,Z)B(X.Z) }O(ZS )
= B{B(X,z)B(X,Z) }{1+O(ZS:1 As)}-

Thus §(x,z) — §(X,Z) = 'y + 'y, where

I =B(x2)" [E(BX.2)BX.2)")) E{BX.03X.2)}{1+ 03" \))

~9(%,%) = B(x.2)"5,(2) ~5(%,2) + O3 N7+ " M)

_ 771 —_
r=>  Bx2)'"VyEBX2)gX2)00]" N
Thus supzep, wejo,1ja D1 = O NP+ 30 A
S = -1
sup o] <C  sup  ||B(X,2)| an H
z€D,x€[0,1]91 z€D,x€[0,1]91 o0
X sup |E{B(X,z)g(X, Z)}|| ZS 1)\3)

7z €D,x€[0,1]91
= 0(28;1 As)-

Therefore, sup,cp xefo,1s ‘ﬁg(x, z)—g(X, Z)‘ < 8UP,ep xefo,)e |I'1H8UPe D xelo,1]e
T2 = O( ?;1 Nlipl + 221:1 As)-

Lemma A.12. Under (C2)—(C4), as n — oo,

SUD,ep xefo,1)o |9 (%, 2) — G2(x,2)| = Oa.s. (K asn ™t log ).
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Proof. By Lemma A.2, one has sup,cp HV2_21 HOO < C'I?mmax for some constant
0 < C" < co. By Lemma A.5, one has with probability approaching 1, as
n — 00, SUP,cp HVﬁlHOO < Cy,—, for some constant 0 < C{,_; < oo. From
(D), sup ,ep HVﬁlHOO < max(C{,_1, C'Kpmax)- By Lemma A1, following the
reasoning in Lemma A.5, one has, with probability approaching 1, as n — oo,
SUP,cp H V;lHOO < max(CY,_1, C'Kpmax). Thus

sup

Bu(2) - B(a)
zeD S

=sup [V, '(V-V, )V ' (n 'B'L.E)|
zeD

<sup [V | IV = Vallao [V 27 BT LB,
VA4S

- Oa.s.(l + 1?2

n,max

)0u.s{(Kpnmaxn  1ogn)/2Y0,. {(n~ logn)/?}.

Following the reasoning in Lemma A.2, we can prove that there exist constants
0 < cy < Cy < oo such that, for all z €D, cylk,+1 <V < Cylk,+1, and with
probability approaching 1, as n — oo for all z €D,

CVIKTL+1 S Vn S CVIKH+1. (Al].)

The second result follows from the first together with Lemma A.1. According to
(B), one has V,,3.(z) = V2(z), which implies (V — V,,)8%(z) = V,,{B:(z) —
Bg(z)} For all z € D, one has, with probability approaching 1, as n — oo, for
Bg(z) as at (A7)

|B@)| [n "B LE|, > B2) (BT L.B)=B(2) VA () 2 e | Ba) |
Thus
sup BS(Z)H < sup c‘_/1 HnilBTﬁzEH2 = Oa.s.{(fmnaxnf1 logn)l/z} (A.12)
zED 2 zeD

by Lemma A.9 and Theorem 1. Then by Lemma A.1 and (A=T2),

sup an{ga(z) - /gg(z)}H2 = sup H(V B Vn),/B\g(Z)’L

z€D z€D
< Oa.s.{Kn,max(n_l log n)l/Q} ‘ B\g(z) 9
—=3/2 _
= Oa.s.{Kn{maXn Yogn}.

n,max

Thus by (&), sup,ep |5-(2) - B(2)
sult, together with Lemma A.9, yields

B-(z) — B(=)

, = OCL,S_{F?’/2 n~'logn} and this re-

= sup H(V;1 — V_l)(n_lBTEZE)H

oo z€D

sup

z€D o
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=sup |V, '(V-V,) V! (n 'BTL.E)
z€D

< sup ¢y (V- Vn)(n_lBTEZE)H
zeD

o0

o0
<¢” sup [V = Valleo sup [ 'BTL.E|

= Og.s. (Kmmaﬂf1 logn).

s [g.(x,2) 2 = s [Be2)™{B(2) - R(2))
z€D,x€(0,1]4 zeD,x€[0,1]4
< sw |Bx2)|sup |B.(2) - Bz
z€D,x€(0,1]¢ zeD o0
=04, (Kgy/lflaxnfl logn).

Lemma A.13. Under (C1), (C2), (C4) and (C5), as n — oo,
> op [ B x.2) — 302012 (. 2)de = O~ og )

> p | ENGx2) - Bx N x.2) - 55,2} | fw,2)ds
= O(Kn,maxn_l) + o(1)II,.
Proof. By Bernstein’s inequality in Theorem 1.2 of Bosd (T99R), it can be proved
that sup,ep sup;, ‘(le,l@n’cz —(Bj,1:9) .| = Oq.s(v/n~Tlogn). sup,ep supj, ;
)<le,l,§> cz‘ — Ous(Kib2). Thus sup,cp ||n"'BTL.g|| = Ous(Knii) and
this result, together with Lemma A.1, yields

Z /E{’g},(x, z) —ﬁg(x, 2)}’ f(x,z)dx

z€eD
<23 {E|V,HV - V)V (n B L))
z€D

+F HV_I{(n_lBTﬁzg) — E(n_lBTﬁzg)}Hi} / HB(X,Z)H?)O f(x,z)dx

2
e

_ _ 2
< Cley*E{sup |V — VnHzo sup ||n 1BT£ZgHOO}
zcD z€D
_ _ _ _ 2 _
—i—cVQE{sug |(n 'BTL.8) - E(n 1BTﬁzg)Hoo}] = O(n"'logn).
VAS]
Then Lemma AT, for some constant ¢ > 0,

2 Z /E{’g\g(x, z) — §2(x, z)}{ﬁg(x, z) —9(X,2)} f(z,z)dx

z€D
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Ky max(logn) ~17¢ Z /E{gg X,Z) — gg(x 2)}2 f(x, z)dx

ze D

+K,, Ilnax (logn)'T¢ Z /{gg x,2z) — §(X,%2)}2 f(x,z)dz

zc D
= 0o(Kpmaxn ) + o(1)II,.

Proof of Theorem 1. By the definitions of x, IT;, IT, and IIj in (A=3), (A7),
(A=R) and condition (C5), and lemmas A.10, A.12, and A~T3, one has

[x — I + I + I
< E{SUPzeD,xe[o,l]q ‘/g\€(xa z) — gg(xa Z)‘}2

+2E{SUpzeD,xe[0,1]q ‘ﬁs(x,z) - §2(Xa Z)‘}{SuPzeD,xe[o,l]q ‘gg(xv Z)’}

+QZZ6D/EH%(X7Z) — Go(x, 2)H{gy(x,2) — (X, 2)}| f(x,2)dx

+ Z zED / E{gy(x,2) — §2(X, Z)}Qf(X, z)dx
— 0(K3

n, max
+o(1)I1,
= O(Knvmaxn_l) + o(1)Ip.
By Lemma A8 and (C4), one has en Ky max < II; + Iy < Cn 1K, may for
some constants 0 < ¢ < C' < oo. Thus, as n — oo,

CV(N,m, )\) ~ {1 + O(l)}(Hl + Ils + Ho)

“2log?n + Kfl a2 10g?? n+ " logn) + o( K maxn ™)

In (A9), II does not contain the irrelevant variables (x,z), the vector of con-
tinuous regressors X is only contained in Ily. From Lemma AT, we know that
II; ~ n_lKnymaX. In order to minimize C'V (N, m,\), we have ]Vl — 0 and
m; — 0 in probability for g1 +1 <1 < ¢, as n — co. Thus Iy is asymptotically
smoothed out. In (B77) the irrelevant variable z appears in R(z). By Holder’s
inequality, R(z) > 1 for all choices of z and Ar 41,...,Ar. Also R(z) — 1 as
As = 1, for 11 +1 < s < r. It is proved in Hall, Li, and Racind (2007) that
E(E) = 1if and only if A\; = 1, for r1 +1 < s < r. In order to minimize
CV(N,m, \), we have Xs = 1forry +1 < s < r. Thus the irrelevant compo-
nents are asymptotically smoothed out, and the smoothing parameters for the
relevant regressors Nl, my for 1 <1 < ¢, and )\ for 1 < s < ry converge in
probability to the smoothing parameters minimizing IT] + ITy, where

=Y [ B VWV B e

which does not contain the irrelevant components (X, z).
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Lemma A.14. Under (Cl1), (C2), (C4) and (C5), as n — oo, for gy as at (B23),
one has SUPzeD,xe[0,1]9 |§g(xa z) —9(X,z)| = Oa.s.(zg1 Nl_pl + 221:1 As)-

Proof. For 1 <i<mn, 1< s <7, if Z_;, is the leave-one out vector of Z;, then

L(Z:,7,)\) = H)\l Zi?2) = 1(Z; =2) + 0> ),

s=1

Let L.=diag{L(Z1,%,),. .., L(Zn,7%,\)}, L.=diag{L(Z1,%,%),. E(zn,z,z)},
so L, =L, E Let £, = [,Z 1+ L2, where £, 1 = diag{1(Z; = z) S 1(Z, =
Z)}, and L,2 = O3 11, X\s)I,. Thus by (A=3) and

Jo(x.2) — G(X,Z) = B(x,2) "V, ' (n"'B"L.L.E) — §(X,2) = U1 + Vs,
where

U, = B(x,2)TV, 1(n'BTL, 1£Zg) 9(X,7),
Uy = B(x,2)' V' (n'BTL, 2 L.8).
By Theorems 12.8 and 13.69 of de Boor (2001), for any z €D there exists
B(z) € RE»+1 guch that SUPsc(0,1]a1 ‘B X Z)Tﬁg(i) 9(%,2) ‘ = O L, N.
If By(zZ) ={B,(2)", 0,z } " then supycpo 1jo | B(x,2)" By (Z) — ?(iﬁ)\=0(~ i
Nl_pl). Let g, = {9(X1,2),...,9(X,,,2)} T, ¥ = B(x,z)Tan(n_lBTzzylﬁzgz)
—9(X,z) = Uy + V1o, where
Uy = B(x,2)"V, '[n'B"L.1L.{g, - B, (2)}],
Uy = B(x,2) 'V, {n 'BYL, 1 £.BB,(2)} — g(x, 2).

one has

sup HV;ln_l BTZZ,IEZ{gz - Bﬂg(z)}H
zeD e

< sup [[Vi | [n BT Zo AL g ~ B @)
sup[g, — Bx,2)"5,(2)

< A\ H “IBTC, L
_ilelgH n Hoo n oo 0,10

q
= Oa.s. {K;%l{aQX(Z Nl_pl)}a
=1

s |Wul<  swp B2l ||Vatn BT L g, - BS,(2)}|
x€[0,1]9,zeD x€[0,1]9,zeD o0

_ Oa,s.(qu Nl*pl)’

=1
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SUPxe(0,1]9,2eD "I’l2|
< SUPsepp1)s zep [ BX, 2)75,(2) - g(x,2)
+ $Usepp s zep [B(x,2) TV, {0 BT L 2L, B, (2)}
<o(3" N

+ B(x, v, “IBTBB, @) 0> A
P BBl | Vil I BB |, 00, A

= OaAs.(Z;il Nlipl + 2:1:1 )‘S)

Thus supxefo,ije,zep V1| < SuPxeio,1jo.2en([P11] + [P12]) = Ous G2 N7 +
ZZZI )\5)) and

SUpP,ep “VT_LI(R_IBT2272ZZ§)“OO < SUP,ep HV;IHOO SUpP,ep Hn_lBTZZ,QZZE

‘ (o9}

=S V_l S _IBTi O " )\5
sup Vo[l sup [0 "B g, O _ As)
_ —1/2 1
- Oa-&{Kn,max(ZS:l )‘3)}
Thus, supye 1]9,2ep [¥2| = Oas. (3411 As). Therefore,

sup  [gy(x,2) —g(X,2)| < sup  (|W1]+ [W2)
x€[0,1]4,zeD x€[0,1]9,zeD

B @y 1
= 005D, NP HY A
Proof of Theorem 2. Theorem 2 follows from Lemmas A.10, A.12 and A.14.
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